CHUONG 3:
PAO HAM VA VI PHAN
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Pao ham
Bai toan mdé dau 1: Tim tiép tuyén cua dwong cong
Xét dwong cong y=f(x).
Mét diém P(a,f(a)) co dinh trén dwdng cong

Cho diém Q(x,f(x)) chay trén dwdng cong t&i diém P.

r

Néu céat tuyén PQ dan )

dén vi tri gi¢i han Pt thi O )
dwong thang Pt duoc Pl o / }_ﬂ\_{; f(x)— fla)
goi la tiép tuyén cua \

dﬁ’b’ng cong tai P / x=a
Tiép tuyén co hé sb goc: /

m= lim T(x)-1(a) 0 /ﬁ a 2

X—a X—da

va di qua P. T|m dwoc m, ta tim duo’c tlep tuyen

uuuuuuuuuuuuuu
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- Dbaoham )
Bai toan mo dau 2: Tim véan toc thue cua chuyén déng

Xét mot vat chuyén dong trén dwdng thang.
Tai thoi diém t, nd & vi tri M, v&i hoanh dé s, = s(t,)
Tai thoi diém t né & vi tri M v&i hoanh dé s= s(t)

Ta tinh dwoc quang M, M
dwong As = s — s, trong | |
khoang thoi gian o t
At =t—t,

Van toc trung binh la ti s6 As/ At. Van toc nay sé cang
gan v@i van toc thwc néu khoang thoi gian cang nhoé
AS s(t) —s(tp)

V= lim —=lim
A0 ALty T-1
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Pao ham
Ca hai bai toan trén déu dan ta dén viéc tinh gi¢i han
cla ti sO Af/ Ax khi Ax—0. Ttc 1a dan dén viéc lap
ham f(x) va tinh dao ham cua né

Dinh nghia: Cho ham f(x) xac dinh trong lan can

cua X,, dao ham tai x, cua ham f(x) la

.I:r(XO) — lim f (X) — f (XO) — lim f (XO +AX) — f (XO)
X—>Xq X — Xq AX—0 AX

Néu gi&i han trén 1a hiru han

Cac quy tac tinh dao ham
(f+g)’:f’+g’ (f]’_fg_grf
(f.g) = fy+gf
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Pao ham
Bang dao ham cac ham co ban

1/(ax)’:axlna:>(ex)'=ex 9/(arccosx)': _12
2/(xa)’=a.x""‘1 , X
3/(Iogax)' _ 1 ~ (In x)' 1 10/ (arctan x) =
| xIna X . 1
4/ (sin x)':cos_x 11/ (arccot x) T2
5/(cosx) :—S|1nx 12/(shx)' = chx
6/ (tan x)' — —1+tan’x 13/(chx) —shx
COS“ X
7/(cotx) =— _12 = —(1+cot® x) 14/(thx) = ch2
sin‘ x .
1 15/(cthx) ==
8/(arcsinx) = sh”x

DuongThanCagg. 01 _ X2 s//fb.com/tailieudientucntt
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Pao ham

Pao ham 1 phia:

Dao ham trair /(%)= lim &%) = T(X)
AX—0" AX

Dao ham phai: /(%)= lim T{AX+Xp) — T(%)
AX—0" AX

DPinh ly: Ham f(x) c6 dao ham tai x, khi va chi khi n6
c6 dao ham trai, dao ham phai tai x, va 2 dao ham
do bang nhau

. . T(AX+Xy)— (X
Pao ham vo cung: Néu  lim (AX+ %) = T(X) _
AX—0 AX

o0

Thi ta n6éi ham f c6 dao ham & vo cuc

ooooooooooooooooo
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Pao ham

Vi du: Tinh dao ham ctia ham f(x) =3/x-1

Ap dung cac quy tac va bang dao ham ta cé
f'(x) = L
33 (x-1)°

Suy ra, tai x=1 khéng thé thay x=1 vao f’ dé tinh
ma phai dung dinh nghia

. 3
£y = lim SN =T VA
AX—0 AX AX—0 AX
vay: | . X#1

£/ =133(x-1)?

CuuDuongThanCong .com w, X p— 1 https://fb.com/tailieudientucntt
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Pao ham

Tai x=1:

f'(1) = +o0

Nén tiép tuyén I3
dwong thang x=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Pao ham

‘ﬂnxX¢O
Vidu: Tinh dao hamclia f(x)={ x

1,x=0

Khi x#0, ta tinh binh thwong. Khi x=0, ta dung d/n
UC .1 (sIinAXx
P«D=IM1fQ“+O) 1O _ jim ( —4j:0

AX—0 AX Ax—0 AX AX
Vay: ”xcosx—sinx’x;éo
f'(X) = x2
0,x=0
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Pao ham

Pao ham ham hop

h=fog=h="f'g
Tie la y = g(x),h(x) = f(y) =h'(x) = £'(9(x)).9'(X)

Vi du: Tinh dao ham cac ham : a. f(x) = tan (X3+x)

b. g(x) = esi™

(x*+x)  3x*+1

f'(x)= =
) cos’ (x> +X)  €os*(x° +X)

g'(x) =e"*.(sin x)’ = cos x.e""*
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Pao ham

Pao ham cua cac ham hop co ban

l/(ef(x)]’ —ef™ £/(x) 8/ (arcsin f(x) \/1f ]EX)( :
| X
21(In £ (9) =~ f'(9 ~f(x)
| (X) 9/(arccos f (x))
3/(F(0?) =af (') V1= 109
4/(sin f(x)) =cos f(x).f'(x)  10/(arctan f(x)) = 1+f 1:(;<()X)
5/(cos f(x)) =—sin f(x).f'(x) D ()
' 11/ f —
6 (tan f (x)) = f'(x) (arccot f (x)) 1+ F2(x)

cos®( f (x))

7/(cot £ (x)) = —-)

ccccccccccccccccc
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Pao ham

Vi du: Tinh dao ham cGia ham vy = cos” (singj

y’:—Zcos(sinij.sin(sinEj.lcosi:_—1.cos§.sin(25in§)
3 3)3 3 3 3 3

Vi du: Tinh dao ham cla y = 3/shx +1

pat: u:\/srTx Thi: y=3u+1
1 (shx)’
Suyra: y(X)= y(U)U(X)_B\/(u+1)2 > T

) 6%/(\/shx +1)2shx
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Pao ham

Pao ham ham ngworc
Gia str ham 1-1: y =f(x) c6 ham nguwoc la x = g(y).
Tai X = X, ham f(x) co dao ham hiru han khac 0 thi
ham g(y) sé co dao ham tai y, = f(x,) va

0'(Yo) =~ nviét X(Y) = —
0 F'(%) Hay ta con viét V' (X)

ooooooooooooooooo
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Pao ham

Vi du: Tim dao ham ham ngwoc ctia ham y =2x° -1

Do y=2x"—-1=y =6x°=0Vx=0
Nén theo CT tinh dao ham ham nguwoc ta dwoc

X'(y) = :i Vx#0

V() 6x2 ()= \/(y+1

Vi du: Tim dao ham ham ngwoc cua ham y = chx

Y'=shx:>x’=i,=i _ _

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Pao ham

Pao ham clia ham cho b&i phwong trinh tham so

.| x=x(t
Cho ham y=f(x) dwoc cho bdi pt tham so { \
y=y(t)
x > \ , 2" / . y’(t)
Pao ham cda ham y dwoc tinh béi  y'(X) = 0

Vi du: Tinh y’(x) biét y(t) = etcost, x(t) = etsint

~y'(t) (e'cost)’ e'(cost—sint)
X'(t) (e'sint)  e'(sint+cost)

o cost—sint
smt+cost
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Pao ham

Pao ham dang u(x)v&):

Ta viét lai dang u¥ thanh u(x)"?) = g'Nut)

Suyra: (U(X)V(X) )’ _ (ev(x)lnu(x) )'

= g/(¥/Inu(x) .(v’(x) Inu(x) +v(x) l:'((:(()) j

(u(x)" ) =u(x)"® (v’(x) INu(x) +V(x) ‘:'((X)

3
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Pao ham

X

Vidu: Tinh dao ham y =2hnx

x Y x N S
y'=|2inx | =2inx In2| 2| —onx |p2 %"
In X 2

In“ X
X
Vi du: Tinh dao ham y = (NX)
an
C(Inx)* @™kt x
y= Xlnx - eInx.Inx =€

y' = g*Mn(inx)-In"x (x. In(Inx) - In? x)'

(Inx)*[
o ylnx

uuuuuuuuuu hg.co

(In(lnx)+x. L j—ZInxi
xInx X
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Pao ham cap cao

Cho ham y = f(x) c6 dao ham z = f (x). Lay dao
ham cua ham z, ta dwoc dao ham cap 2 cua ham
f(x) — ki hiéu la |f"(x)

Tiép tuc qua trinh dé, te} goi dao ham cua dao ham
cap (n-1) la dao ham cap n

f 00 = ("2 ()

Vi du: Tinh dao ham cap 1, 2 ctia ham y = tan(x?+1)

2x v 2c05(X° +1) + 2.2X.2x.5in(x* +1)
cos>(x° +1)

a cos®(x* +1)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Pao ham cap cao
Pao ham cap cao ctia ham cho bdi pt tham s

Cho ham y = y(x) xac dinh boi x = x(t), y = y(t)
y'(t)
X'(t)
Tlc 1a dao ham cap 1 clng 1d ham cho b&i pt tham so

X = X(t), Y’ = igi ~ g

Pao ham cép 2: |y"(X) =

Pao ham cap 1: Y (X) =

g'(t) _ y"(O)x(t) — y'()x"(t)
X(t) (X' (1)’

Twong tw, dao ham cap (n-1) :
vn 12 ham cho bipttham | (y"V(9),
sd nén dao ham cap nduwoc | Y (X)) = ()

tinh theo cach tren
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Pao ham cap cao

Vidu: Tinhy’, y” biét x = e2tsht, y = e2cht

y'(t) _ e (2cht+sht)  2cht + sht
X'(t) e®(2sht+cht) ~ 2sht+cht

y'(X) =

(2cht + sht j (2sht + cht)® — (2cht + sht)?

) 2sht+cht ) _ (2sht + cht)?
y'(X) = , - 2t
X'(t) e”" (2sht + cht)
3(sh%t + ch?t)

" 2 (2sht + cht)?
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Pao ham cap cao
Pao ham cap cao ctia ham hop — CT Leibnitz

Cho ham hop h =f.g (h(x) = f(u),u=g(x))
Ph cép 1: h'(x) = f'(u).g’(x)
Suy ra dh cAp 2: h"(x) = (f'(u)) .g'(x) + f'(u).(g'(x))
= (f"(u).9'(x)).9'(x) + f'(u).g"(x)

Pao ham cua tich
Bang QUY NAP, ta chirng minh duoc

n
CT Leibnitz: (f.9)!" =2 Cp.f%).gi"
k=0

Trong do, ta quy woce O = f (@h ham cap 0 bang

uuuuuuuuuuuu .com https://fb.com/tailieudientucntt
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Pao ham cap cao

Vi du: Tinh dao ham cap 3 clia ham y = sinx.In(x+1)

3
y® =" C5 (sinx)" (In(x +1))
k—0

y& =CJsinx) P (In(x +1))® +...+ C3(sin x)® (In(x + 1))

y® =sinx 2 5 +3C0s X — 2—3sinxi—cosx.ln(x+1)
(X+1) (X+1) X+1
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Pao ham cap cao

Vi du: Tinh dao ham cap n cla hamy = (x+1) 2. Tw
do suy ra dao ham cap n cua ham In(1+x)

Pao ham cua (x+1)2
vy =a.(x+1)**! | y"=a(a-1).x

Loy M =a@-1..(a-n+1).(x+1)""

a—2

: . 1
Khi a = -1, ta dwoc dao ham cua ham y:ﬁ
_|_
(n)
1 —1-n
— | =(-1)(-1-2)..(-1-n+1).(x+1
) =D imn e (e
(-1)" .n!

(X n 1)n+1
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Pao ham cap cao

Vi du: Tinh dao ham pép ncua hamy = (x+1) 2 Tw
do suy ra dao ham cap n cua ham In(1+x)

(ﬁjw) ) ((x_+1)1n):+!1

A s .1
Pao ham cap 1 cua ham In(x+1) la ——
X+1

1 (n_l)
Suyra (In(x +1))(n) = (ﬁj
_.|_

e (s @ _ DT (n-1)
Vay : (In(x+1)) ety

CuuDuongThanCong .com https.//fb.com/tailieudientucntt
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Pao ham cap cao

Ph cap cao mdt s6 ham thwong gap

1\ (=)"n!

(n)
ay(n) _ B B a-n | _—
1/(x%) a(a-1...(a—n+1)x (x+1)

o (X _I_l)n+1

2/ (€)M = gNe®

m _ )" (n-1)!
3/ n(x+ ) =)

4/ (sinax)™™ = a"sin(ax +n %)

5/ (cosax)™ = a" cos(ax + ng)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Pao ham cap cao

Vi du: Tinh y™ biét y = (2x2-x+3)sin(2x+1)

Pat f(x) = 2x%-x+3, g(x) = sin(2x+1) thi y = f.g
Ap dung CT Leibnitz véi lwu y: vé&i moi k>2 thi f0=0
n

y(n) _ ZCrl: f (k)g(n—k)
k=0

=CotOgM iy 2y

— (2x% — x+3)2"sin(2x +1+ n%)

+n(4x—1)2"sin(2x +1+ (n —1)%)

2N =D) ) on-2gincox +1+(n—2)%)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Pao ham cap cao

Vidu: Tinhdhcapncla y=

x> —1



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Pao ham cap cao

Vi du: Tinh dh cap n cla y = sin4x+cos?x

Bién dbi lwong giac:

y =1-2sin® xcos” x :1—%sin2 2X

:1—3(1—cos4x) = §+Ecos4x
4 4 4

Suy ra: y( = %4” cos(4x + n%) = 4" cos(4x +n %)
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Pao ham cap cao

Vi du: Tinh dh c&p 10 ctia y = X+11
X_
! -5
pat f(xX)=x+19(x)= =(x-1) 72
it f(X) g(x) N (x=1)
Suyra: y%=1f.g" +10.g®
1-3 1719 -2
=(X+1 X—1
= ( )2 5 ( )
o138 15 17(X Y
2 2 2

13.17 1 19(x+1) (% 1
o ~10(x 1)
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Pao ham cap cao

Phwong phap tinh dao ham céap cao.

1. Phan tich thanh tdng cac ham da biét.

2. Phan tich thanh tich caa hai ham: f.g, trong dé6 f la
ham da thire (chi c6 dao ham khéac khéng dén 1 cap
hiru han), hodc f va g 1a cac ham da co CT tinh dh cap
n sau d6 st dung cong thire Leibnitz

3. S dung khai trién Maclaurint, Taylor (sé& hoc)
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Vi phan

Pinh nghia: Ham f(x) dwoc goi la kha vi tai diém x,
néu ton tai hang sd A sao cho
Af = T (AX+Xy) — T (X)) = AAX+ O(AX)

Khi do, A.Ax dwgre goi la vi phéan cua ham tai x, va
Ki hiéu la df(x,)

DPinh ly (Lién hé gilra dao ham va vi phan) : Ham f(x)
kha vi tai x, khi va chi khi ham c6 dao ham tai x,

Khi dé6: hang so A = f/(x,) ttrc 1a vi phan cta ham 1a
df(xy) = '(xp).Ax = F(x,)dx
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Vi phan
1. Ham f(x) kha vi tai x,: f(AX+Xy) — f(X5) = AAX+O(AX)

— lim F(AX+X5) = T(Xg) _ _ im A.AX +O(AX)
AX—0 AX AX—50 AX
= |im (A+ O(Ax)j =A =3f'(x)=A
AX—0 AX (A :
2. Ham c6 dao ham tai x,: f'(x,) = lim (AX+%g) = T (%)
AX—0 AX
= lim (”AXH@)_ %) f’(xo)j:O
AX—0 AX
— 1im f(AX+X5)— T(Xy)— T'(X).AX _q
AX—0 AX
= f (AX+X) — T (%) — f'(Xg).Ax = O(AX)
F'(%g)=A

> (Ax +X5) — T(Xy) = AAX+ O(AX)

CuuDuongThanCong.co m https://fb.com/tailieudientucntt
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Vi phan

Tw cong thire  df (x,) = f'(Xy)dx ta suy ra cach tinh
vi phan cling nhw bang vi phan cac ham co ban
giong nhw dao ham.

Vi du: Tinh dy néu y = arctan(x2+x)

Ta tinh dao ham, sau do thay vao cong thuwc vi phan

, 2X+1 , 2X+1
y' = > > =>dy=y.dx= 5 > dx
1+ (X° + X) 1+ (X° + X)
Vi du: Tinh dy néu y = In(sinx+cosx)
_ c_osx—smx o dy = y'dx= c_osx—smxdx
Sin X + COS X Sin X + COS X

_ 7T
= dy T COt(X T A) dXhttps://fb.com/taHieu

uuuuuuuuuuuuuuuuu dientucntt
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Vi phan

U'ng dung vi phan cap 1 dé tinh gan dung
Af = f (AX+Xy) — T (X) = T'(Xy).Ax+ O(AX)
F(X)= T(x)+ f’(xo).(x— Xo0)

Vi du: Tinh gan dung arctan(0.97) nhé& vi phan cap 1

pat f(x) = arctanx, can tinh gia tri ham tai x = 0.97
giatridacbiét x;= 1, Ax = x - X, = -0.03
1 1

f'= = f'(1) =
1+ x° D 1+1°

arctan(0.97) ~ f (1) + f'().Ax = % +0.5(—0.03)
~0.7854—0.015 = 0.7704

CuuDuongThanCong .com
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Vi phan
Vi du: Cho ham f(x) = x3. Tim df va Af tai x, = 2 vOi
hai gia tri Ax = 0.1 va Ax =0.01

1. VoI Ax =0.1:

Af = f(AX+X0)— T (X)) = F(21) - F(2) =(2.1)°-2°=1.261
f/(x)=3x* =df (2) = f'(2).Ax =1.2 = |Af —df|=0.061
2. VoI Ax =0.01 :

Af = (AX+Xo) — T (%) =(2.01)° - 2% =0.1206
f'(x) =3x* = df (2) = f'(2).Ax =0.12 =|Af —df|=0.006

Khoang cach gitra df va Af cang nhé néu Ax cang nhé

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Vi phan

Vi phan cap 2 cta ham f(x) 1a vi phan (néu cd) cla vi
phan cap 1: df = d(df)

d*f (x) = d(df (x)) = d (f'(x).dx)
=d(f'(x))dx+ f'(x).d(dx)
= f"(x)dx*

Vi phan cap n clia ham f(x) & vi phan (néu co) cla
vi phan cap (n-1). Twong tw nhw trén, ta dwoc:

d"f (x) = f M (x)dx"
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Vi phan

Vi du: Cho ham f(x) =In(e** —e ™ +1)
Tinh df, d*f tai x=0

Ta tinh dao ham roi thay vao céng thirc vi phan

=25 +e £/(0) =3
er_e—x_I_l — ()—
) 4e?* —9e* —g™*
F"(x) = > = f"(0)=-6
(ezx —e ¥ +1)
2X —X
Vay: df (x) =o€ dx = df (0) = 3dx
e —e " +1
2X _ oaX __a—X
d2f(x) =26 %€ 7€ 432 42¢ (0) = 60’

(ezx —e* +1)

uuuuuuuuuuuuuuuuu com/tailieudientucntt
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Vi phan

Vi phan ham hop:

Cho ham hop y = y(u),

Vi phan cap 1:

u = u(x) ,tec la y = y(u(x)).

dy = y'(x)dx = y'(u).u’(x).dx

Mat khac, vi u = u(x) nén du =u’(x).dx

Suyra: dy=y'(u).du

Vay vi phan cua ham f

udn bang dao ham cla f theo

bién n&o nhan véi vi phan cda bién d6 cho du bién
do la doc lap (bien x) hay phu thugc (bién u).

Ta goi d6 1a TINH BAT

ccccccccccccccccc

BIEN CUA VI PHAN CAP 1

https://fb.com/tailieudientucntt
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Vi phan

Vi phan cap cao cia ham hop:

Cho y=y(u), u=u(x). Ta di tinh vi phan cap 2 cta hamy
d?y =d(dy) =d(y'(u).du) =d(y'(u))du+y'(u)d(du)

d?y = y"(u)du?® + y'(u)d“u

Vi u la ham nén d?u =u”(x)dx# 0

Vay voi ham hop, ta co 2
Cach 1: Tinh theo u, du

Cach 2: Tinh theo x, dx
T cap 2 tré di, vi phan k

ooooooooooooooooo

céch tinh vi phan cap 2

d?y = y"(u)du?® + y'(u)d“u

d’y = y"(x)dx’

ndng con tinh bat bién

https://fb.com/tailieudientucntt
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Vi phan
Vi du: Cho ham y = In(1+x?), trong d6 x = tant. Tinh
d?y theo x va dx, theo t va dt

Tinh theo t va dt: Ta thay x=tant vao ham y=In(1+tan?t)

. 2tant(l+tan’t) 2
= =2tant = y'(t) =

1+tan°t cos*t
2dt”
d%y =
gapver ,
Tinh theo x va dx: y'(x) = 2X2 = y'(X) = 20X 3
1+X (l+ x2)
2
dzy:2(1—x ) ix? 1+ —2X_ 42

(1+ x2)2 1+x°

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Vi phan

Nhw vay, ta co 2 két qua khi tinh theo 2 cach

2dt” ) g2y = 2= X)dx T 2X2d2x(2)

cos”t (1-|—X ) 1+ X

Ther lai: Bang cach thay x = tant, dx = (1+tan2t)dt,
d?x = 2tant(1+tan2t)dt2 vao (2)

dy—

g2y - 2L-tan t)(1+tan t) dt2 + Ztantz 2tant(1+tan2t)dt?
(1+tan t) 1+tan”t
2
d?y =2(1+tan’t)dt® = ——dt’
COS t

Chu v: Trong cac trwong hop, néu khéng co yéu
cau dac biét, ta ludn tinh vi phan cua ham theo vi
phan Cua blen doéc lap

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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Vi phan

Vi du: Tinh dy, d2y néu vy = f(e¥)

Ta dang c6 1 ham hop, dat thém bién trung gian: U
— exthi y = f(U)

y'(x) =y'(u).u’(x)
= f'(u).e*
— dy = f'(e*).e*.dx
y'(x) = y"(u).(u'(x))* + y'(u).u"(x)
= f"(u).(e¥)* + f'(u).e*
= f7(e).e”* + f'(e*) e
= d2y = y"(x).dx? :( fr(e¥).e? + f '(eX).eX)dx2

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Vi phan

Vi du: Tinh dy, d2y néu y = sh(e®)
Pat thém bién trung gian :  u = '™ thi y = sh(u)

y'(x) =y'(u).u'(x)
=ch(u).(e"™.f'(x))

= dy =ch(e™).(e"™ . f'(x)).dx
y'(X) = y"(u).(u'(x))* + y'(u).u"(x)
=sh(u).(e". )2 +chu).(e".f .f' +e'.f"

> d%y = (sh(ef<X>).e2f<X>. f2(x)+ch(ef™)e2T® 2(x) 4™ ¢ "(x)))olx2
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Quy tac L’Hospital
4 dinh ly gia tri trung binh:

Pinh ly Fermat
Ham y=f(x) xac dinh trong lan can cuta diém x, va dat
cwe tri tai d6. Néu ton tai dao ham f (x,)thi f (x,) =0.

Pinh Iy Rolle Néu ham y = f(x) thda

1. Lién tuc trén doan [a,b
' N [a.b] Thi: EICe(a,b):

2. Kha vi trong khoang (a,b)
3. f(a) = f(b)

saocho f (c)=0
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Quy tac L’Hospital

Dinh ly Lagrange: Néu ham y = f(x) thda

1. Lién tuc trén doan [a,b] } Thi 3Jce(a,b):

f(b)—1(a)
b—a

=f (c)

2. Kha vi trong khoang (a,b) ) sao cho

BPinh ly Cauchy: Cho hai ham y = f(x) va y = g(x).
1. Lién tuc trén doan [a,b] ) Jce(a,b):

2. Kha vi trong khoang (a,b) f(b)-f(a) _ f (c)

g(x)=0,vxe(a,b) gb)-(a) g (c)
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Quy tac L’Hospital

Dinh Iy 1 (dang % )

Cho 2 ham f(x), g(x) kha vi trén khoang (a,b) thoa
L lim f(x)=0, lim g(x)=0

X—b~ X—b Khi do:

2.0'(x) #0,Vx e (a,b f(x
g'(x) | (a,b) i f(x) _ A

3 lim f’(x) _ A X—h~ g(X)
x—b~ g'(X)

Chuy:

1. Dinh ly van dung khi x—a+
2. Pinh ly van dang khi b =+« a= - ‘
3. Dinh ly van ddng néu ta phai tinh dao ham k lan
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Quy tac L’Hospital

Vi du: Tinh cac gi¢i han

. X—tanx . Incos2x
1.1im e 2.lIm —
x—=0 X x—0 SIN2X
2 2
. X—tanx . 1—-(1+tan“ x R
1.1im 3 =lim ( > ) =lim tan” X
x>0 X x—0 3X x—0 3x°
. =X 1
:Ilm—2 = -—
x—0 3X
—251N2X
. Incos2x
2.1Im — lim —C0s2X_ _

x>0 SIN2X x50 COS2X
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Quy tac L’Hospital

_ o0
Pinh ly 1 (dang—)
@)
Cho 2 ham f(x), g(x) kha vi trén khoang (a,b) thoa
L lim f(X)=o, lim g(x)=o0 Khi d6

X—b~ X—b

2.9'(x) ¢'O,‘V’Xe(a,b) i 1(x) _A

3 lim 1"(x):A x—b~ g (X)
x—b~ g'(X)

Chuy:

1. Dinh ly van dung khi x—a+
2. Binh ly van ding khi b =+e, a= -~ hodc A=+ «
3. Dinh ly van ddng néu ta phai tinh dao ham k lan
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Quy tac L’Hospital

Vi du: Tinh cac gi¢i han

. Inx . chx
1. lim —(a>0) 2. lim —
X—+o X% x—0 X
1
. Inx . v . 1
1. lim —(a>0) = lim —2— = lim —=0
a (04 (04
X—>+00 X X—>+0 (¢ X X—>+0 (¢ X
. chx . shx
2.lm— =|lim—=w

X—oo X X—>00 1
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Quy tac L’Hospital

Cach kh(r cac dang vé dinh bang quy tac L’Hospital

229 oo—oo:oo(l—f)
170 o
0.00 = 0 o .o0olnl 0.0
% © o 1"=e"""=¢e
cl)_oo 00 — 0.0 _ 0.0
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Quy tac L’Hospital

Vi du: Tinh cac gi¢i han

X—>=+00

L, = lim x(In(l+§j—ln§ Dang (e - )
N 2 2 '

_ 1+X2 | |
L, = lim xIn = lim xIn(1+ ) = lim x.= =2
X—>=+00 % X—>+00 X—>+00
. Intanx
1 In(tan x) lim
_ _T T
L, = lim (tanx)x_% = lim eX A :eHA X_%
T
e 7%
1+tan? x

lim
_eX—>% tan x —62

= T Jodd 7In TR FOA L "
CUUDOUNY T TA TCUNY CUNT TIPS 7O CUNMT AT TeuurTituortt
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Quy tac L’Hospital

] y E - 1|n(x+2x) Ilm 1+2X|n2
L; = lIim (x+2 )X: lim eX _ pxore x+2"
X—>+00 X—>+00 o
. 2%In%2 . 2%In32
lIm lIm

— @ l+2¥ N2 — @x>02¥In’2 _ 9

“n]inx
+ 1
: sin X : sin xIn x -0
L, = lim X = |lim e _ e sin X
Xx—0" Xx—0" o
1
lim —2% .
w0t —COSX SIN“ X

. 2 lim
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Quy tac L’Hospital

Cac trwdng hop khéng dung dwoc quy tac L'Hospital

. X+ COSX . 1-sinx _ '
lim 258X i 223 3 1im '(x)
X—>00 X X—>00 1 K00 g’(x)

- N1+x® L X Saukhidung LH thi van
lim lim ) I .
Xx—0o X x—>w 14 x2 chidwoc gidi han ban dau

. X+SInX .
lim Gi¢i han dang 0 =0
x—0 COt X 00
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Cong thure Tavlor - Maclaurint

Ham f(x) kha vi dén cap (n+1) trong 1 lan cén cua x,

" n £ () oy
Pa R = 100> P (x-x)t, GO0 =(x-x)"™
Thi: k=0 '
R(X,) = R'(Xy) =R"(%y) =...= R (x,) =0

G(%) =G'(%) =G"(Xy) =...= G (x,) =0
Theo dinh ly Cauchy ta co

R(X) R(X)—R(%Xy) R'(x) V&i x, nam

G(x) G(X)-G(x) G'(x) githa X, va X
S dung dinh ly Cauchy tiép tuc nhw vay véi x, nam
gitra x; va x, ta dwoc R'(x) _ R(x)~R'(%) _ R'(X,)
G'(x) G’(Xl)—G'(wﬁo) G"(x;)

ccccccccccccccccc
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Cong thure Tavlor - Maclaurint

Tiép tuc qua trinh do theo (n+1) budc, ta dwoc

R(x) R(x) R'(x)  R™(x,0) " (x,)
G(x) G'(x) G"(x) ~ 6™V(x_.)  (n+D)

V&i X.,, nam gitra X va X, (XSX,,,1<Xg).
Pat c = x4, ta co dinh ly:

Dinh ly Taylor: Cho ham f(x) kha vi dén cap (n+1)
trong khdéang (a,b). Khi ay, v&i x, x, thudc (a,b) ta co
y f (n+1) (C)

_k:O " (X—=X%p)" + (n+1)! (X—X%p)

n+1
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Cong thure Tavlor - Maclaurint

Dinh ly Taylor: Cho ham f(x) kha vi dén cap (n+1)
trong khoang (a,b). Khi ay, v&i x, x, thubc (a,b) ta co

n f (k) f (n+1) -
=3 2000+ S )™
f(x)=T(xy)+ f’(xo).(x—x0)+% f”(xo).(x—xo)2 +...

(n) (n+1)
Ll n(!XO)(x—xO)n + f(n+1()(!:) (X—Xg)™

Tadat R =1 (©) el :
adat Ry == X7%)"" va goi la phan du

dang Lagrange cua cbéng thirc Taylor



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Cong thure Tavlor - Maclaurint

Xet gidi han

n (k)

lim = [im k=0 ' dang —
X—>Xg (x—xo)n X—>Xg (X—Xo)n 0

L 99 (%) k-1

Fo0-3 00 (x—x,)
_ (n) (n)
= lim o K 1)}1_1 ~ = lim X2 g
X—>Xg n(x— XO) X—>Xq n!

Suy ra

: R(X) = f(x)—zn: f(kl)((lx())(x—xo)k :O((X—Xo)n)
Vay ta dwoc =0

, )
dang thir 2 co =S 00) KL o ((x— )
cua CT Taylor () Z;‘) k! (X=%)"+ ((X %) )

Vé&iphan dw Peano R, :O((x—xo)”)

uuuuuuuuuuuuuu s://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint

St dung phan dw Lagrange khi s& dung CT Taylor
dé tinh gan dung co6 danh gia sai s6

S& dung phan dw Peano khi st dung CT Taylor dé
tinh gi¢i han

Khi x, = 0 thi CT Taylor dwgc goi la CT Maclaurint

SEAMON
f(x)=kZ:(:) T +R,

" (n)
= f(0)+ f'(0).x + r(0) X2+ ...+ 0 X" +R

21 n! "
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Cong thure Tavlor - Maclaurint

Vi du: Khai trién Taylor ham y=x4+3x3-5x2+x-1 tai x,=1

y(1) =-1
V =4 +9x* —10x+1 =Yy () =4

y" =12x% +18x —10 = y"(1) =20
y" =24x+18 = y" (1) =42
y* =24 =y (1) =24

Vay: y=-1+4(x-1)+10(x-1°+7(x-1)*+(x-1)*

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint

Céng thirc Maclaurint mét s6 ham co ban v&i phan

duw Peano
X 1 2 1 3 1 n n
e =1+ X+=X"+=X"+..+—X +0O(Xx")
2 3! n!

_1\" _O 2n+1
SinX:X_£X3+£X5+".+ ( 1) X2n+1_|_ (X )
3t 5 (2n+1)! O(x21+2)

> 1 4 (D" 2n o(x*")

COSX:l—iX +—X 4.+ X
21 41 (2[’])' O(X2n+1)
ShX:X+£X3+£X5++ 1 X2n+1_I_O(X2n+l)
31" 5l (2n+1)!
1 5, 1 4 1

X" +O(x*")

https://fb.com/tailieudientucntt

chx=14+—X"4+—X"+...+
2! 41 (2n)!
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Cong thure Tavlor - Maclaurint

Céng thirc Maclaurint mét s6 ham co ban v&i phan
duw Peano

3 5 N
arctan X = X — ~— + > _...+( 1) X2 1 O(x2™h
3 5 2n+1
_n\h-1
N+ x)=x—=x? + 5x¢ -yt ED 0 oy
2 3 4 n

1+ Xx)% =1+ ax+ a(il_l) X2 4.+ a(a—l)...(la— N+1) 4o
! n!

L=1—x+x2 —X3+---+(—1)nxn +O(Xn)
1+ X

1
1-X

+0O(x")

=1+ X+ X2+ X 4.+ X"+ O(X")
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Cong thure Tavlor - Maclaurint

Vi du: Khai trién Maclaurint dén cap 2 ham

1
f(x)=
() X2 —3X+2
1 1 1 1 1

f(x)=——- =, +
X—2 x-1 -21-x/2 1-xXx

i=1+x+x2+()(x2)
1-X

1 3. 75 2
f(X)==+—=X+=X"+0(X
(X) =2+, %X+3 (x%)
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Cong thure Tavlor - Maclaurint

Vi du: Khai trién Maclaurint dén cap 5 ham

1
f(x)=
(%) X —3X+ 2
2 3 4 5 5
1 X X X X X X
N ROROROR(0
1-x/2 2 \ 2 2 2 2 2
i:1+x+x2+x3+x4+x5+O(x5)
1-X
£ (x) = 1. 1 N 1
—2 1-x/2 1-X

f(x):l+§x+zx2+Ex3+§x4+§x5+0(x5)
2 4 3 16 32 04
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Cong thure Tavlor - Maclaurint

Néu bd phan dw trong 2 khai trién trén, ta sé duoc 2
ham xap xi v&i ham f(x) ban dau.
1

L, o T2 2
N f(x)_2+4x+8x +0(x%)

f(x) _1 35ty +Ex3+§x4+§x5+0(x5)

2 4 8 16 32 04
R rang, véi ham xap xi 1a da thirc bac cao hon thi
phan dw Peano sé 1a \/CB bac cao hon tire |a gia tri
cia VCB bé dé nhd hon nén gia tri ham xap xi gan
v&i ham ban dau hon trong lan cén x,

Ta s& vé do thi lan lwot 3 ham : f(x), khai trién f(x)
dén bac 2 va khai trién f(x) dén bac 5 dé so sanh

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

-10

1(x% -3 x + 2)

CuuDuongThanCong.com

/
\\\\ // \\
e
/
N
S : :

Ham f(x)

__XAp xi bac 3

™

n

Xap xi bac 5
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Cong thure Tavlor - Maclaurint

X3

Ham y=tanx, khai trién Taylor dén bac 3: x+ o

o , 17x" 2x° x°
Va khai trien Taylor dén bac 7:

-+ +—+X
uuDuongThanCong.com h%:ﬂf. 5/tai lieudi entugit 5 3
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Cong thure Tavlor - Maclaurint

Vi du: Khai trién Maclaurint ham f(x) = In(x2+5x+4)
va tinh f19)(0)

£(x) = In(x+2) + In(x+4) = In(x +1) +In 4+ In(1+ 5)

:In4+£x—%x2+...+(_l)nlx +O(x" )] [%—E(X)er BB _1( ) +O((— ))]

ST (=L _1(1+i)x +O(x")

:In4+Zx——(1+ )x +..+

(-

vay: f(x)_|n4+z (1+—)x +0O(x")

f (10) (O)

Theo CT Taylor: La hé so cua x10 trong khai

9 10
trién trén. Suy ra: ¢ (10) (= l) 1 1+4
uuuuuuuuuuuuuu r7(0) =101 (1+ @de.em —9! 410
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Cong thure Tavlor - Maclaurint

Vi du: Khai trién Maclaurint dén cap 5 ham y = sin2x
£ (x) = 1—-cos2x

2
:%—%(1+0(2x)——(2x) +0.(2x)° +—(2X) +0.(2%)° + O(x )j

Vay: f(x)=x —%x4+0(x5)

Chu ¥: Vi hé s cla x5 trong khai trién trén |4 bang 0
va yéu cau khai trien dén bac 5 nén ta phai viét
phan du la 0(x>)

Néu trong vi du trén, chi yéu cau khai trien dén bac

4 th‘| phén dU’ Ié. O(X4) : f(X) X _1X4 +O(X4)
3



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Cong thure Tavlor - Maclaurint

Vi du: Khai trién Maclaurint dén cap 3 ham y=arcsinx

Taco: Yy =

\/ y_(_ j
1-—t dt 1 —t°)+ O(t
yjlt f( ) cf) () ()

arcsin x = x+é x> +0(x°)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint — Phu luc

Vi du: Tim bac cua cac VCB sau (khi x—>0) SO VOi X
va kiém tra lai bang MatLab o (x)=€" —xy/1+x -1

az(x)_cosx+x7—1 a3(X) =¢e —\/1+2x+2x

Trong VCB da cho ¢4 bao nhiéu ham, ta sé khai trién
Maclaurint ctia bay nhiéu ham cung bac nhw nhau
dong thoi , sau mdi bwée ta cong lai, néu tdng bang 0
lam tiép dén khi tdng khac 0 thi ngirng

X —1=-1+1+X+ 1x2 +£X3+O(x3) -
1 2 23- = o (X) ~ —x°
—x(L+ x)% = —x( toX —gX +0(x%)) 24

Pén bac 1, tdbng Ia 0; dén bac 2, tbng 1a 0; dén bac 3,
tdng khac.0.nén ta ngirng lai. Vay bac.cia.o,(x) 1a 3
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Cong thure Tavlor - Maclaurint — Phu luc

1 5 )
—1+—X 1 1
f . >:>a2(x):ﬁx4+0(x4)~ﬁx4
cosx:1—§x2+$x4+0(x4) | |

Pén bac 2, tng bang 0. Dén bac 4, tbng khac 0
Vay bac cua a,(x) la 4 (so voi x)
olrx 4okl lyd
2 6
—(1+ 2X + 2X° )%z —(1+%(2x +2%°) —%(ZX +2X%)% + %(ZX +2x°)°

=-1-X _EXZ -I-;X3

2
, , 2
Pén bac 3, tdng khac 0 a5(X) ~ §x3 Bac 3
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Cong thure Tavlor - Maclaurint

, , . tanx—sinx
Vidu: Tinh gidi han |im —
=0 SIN” X

S dung khai trién Maclaurint trén tlr so vi tl s 13
tdng 2 VCB cung twong dwong véi x khi x—0.
Con dwdi mau so, ta chi can thay sindx ~ x5,

Nhw vay, bac cla mau sb 1a 3 (so v&i x) nén tlr s
ta cling khai trién dén x3.

tan X —sin X = (x+lx3 +O(x3)j—(x—%x3 +O(X3)j

3
:Ex3+0(x3) 1y
i 3
Vay: Iimtanx smx:"mJ/ZX 1

X—0 sin3 X Xx—0 x3

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint

, . In(1+ x3)—23inx+2xcosx2
Vidu: Tinh gidi han L = |im

X—0 tan X —sin x
Vi: tan X —sin X ~ Ex?’ Nén trén tl so ta cling khai

trién cac ham dén xs.

In(L+x%) = x> + O(x°) —25inx=—2(x—%x3+0(xs)j

2XCOS X° = 2x(1+ 0.x° +O(x2)) K.tr ham cosx* dén bac 2
vi da co 2x nhan vao

oo o) o

L =1lim 7
0
X—> _X3

8 2

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint

Vi du: Tinh giéi han | = [jm 17X 008X~ V1+2X
Xx—0 In(1+ X)—X

Ta sé dung k.tr Maulaurint vi khong thay VCB dwoc

Dwéi mau s0, ta chi can khai trién dén cap 2 la khac
0 nén tr sO ta cling khai trien dén cap 2

In(1+ x)—x:(x—%x2 +O(x2)j—x IV

2
14+ XCOSX —+/1+42X =
=1+ x(l—O.x+O(x))[1+ %2x+ %(% D (2x)2 +O(x2)]~ %xz

. 2
L= im 22X

x>0 1/2x>
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Cong thure Tavlor - Maclaurint

. arcsin x—sin x
Viduy: Tinh gi¢i han L=1lim—
x—>0e" +In(1—x) -1

Khai trién dén x3 vi t&r s6 chi can dén x31a khac 0

arcsin X —sin x = (x + %x?’ + O(x3)j - (x - %x3 + O(x3)j ~ %x3

¥ +In(1-x)-1=

B 12 13 3 IV VRN YR 3y |
_(1+x+2x +6x +0(x )j+(( X) 2( X) +3( X)” + O(X )j 1
N
6
3
L= lim 23X
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Cong thure Tavlor - Maclaurint

Vi du: Tinh gan dung vai sai sO € = 103 gia tri
A =1In(1,05)

Sai sO la sw chénh |&ch gitra gia tri dung cia A ma ta
khdng tinh dwoc va gié tri gan dung cla A ma ta sé
tinh dwoc. Khi sai s6 cang nho, gia tri ta tinh dwoc
cang chinh xac.

Trqng phan nay, ta sé st dung céng thirc Taylor voi
phan du Lagrange dé tinh
- 1, 13 (-)" .
Dat f(x)=In(l+X)=x—=x"+=x°+...+ x"+R
2 3 n
Can tinh A = In(1,05) tire la ta chon x,=0,05, hang
sO C trong phan dw Lagrange R, nam giira 0 va 0,05

n

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint

(n+1) n n+1
() yna| | (1) 0,05 ,0<c<0,05

(n+1)! (c+)™ (n+1)!
Ta phai tim n dé |R,|<10°3

‘Rn‘:

1
(1+c)"

0<c<0,05 =21<1+¢c<105 =1>

0,05™ 1
< <10‘3—i —n=2

= |R,| < = =
R (n+1)!  (n+2)120"* ~ 1000

Vay:

A= In(1,05) ~ 0,05—%(0,05)2 ~0,05-0,00125 = 0,04875 ~ 0, 49

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Cong thwre Taylor - Maclaurint
Vi du: Tinh g&n ddng voi sai sé € = 105 gia tri A=329

bat f(x)=@1+x)"3 x =3A 3f( )

y<y D, K- 1) <y D o
10 ol [504-D- G4 H

f(x)= 1+— x+ X2+ ..+

(n+1)! (n+1)! 27
R (< 2.5...(3n—1)( 2 j”” 2"25.(3n-1) _ 1 ,
3™+ \ 27 34 (n +1)! =3.100000 =

3 27 232 729 633 19683 24.3% '531441
— 3 0723

375 3(1+1 2 2 4 25 8 258 16 j
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Cong thure Tavlor - Maclaurint — Phu luc

Khai trién Maclaurint dén cap n sau do kiém tra lai
bang cach dung MatLab cac ham sau

x* +1 N_a

h(X)= X2 +1

fL(X) = (x* +1)(x —l)+2_x 140 1
X% +1 X% +1

= X —1+2(1—X + x4 +O(X ))zl—x -|-2x4+O(X4)

T, 3
n=5,f,(x) = In(x +Vx2 +1)= X‘gX3+4_oX5+O(X5)

f, = L :1—£x2+:x4+0(x)

\/x +1

= f,(X) = j f, (t)dt j(l—%tz Jrgt4 +O(t4)1dt
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Cong thure Tavlor - Maclaurint — Phu luc

1
n=23 fy(X)=
3(X) X2+ X+1

=1—(X+ X°) + (X + x?)? = (x+ x°)* + O ()
=1-Xx—X*+ x° +2x°> = x>+ O(X°)
=1-x+ x> +0O(x°)

n=3,f,(x)=In ;X”

— In(2x +1) — In(2 — 5x)

In(2x+1)—In2— In(1+ %)

(oy_Lon2 i Lion3 3y | pao [ X 1 9X2 1 -9X3 3
_(2x (27 +(20° +O(x )) In2 ( (59 +5(=)° +0(x ))

2 2
=—In2+gx+gx2+@x3+0(xs)
2 8 24
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Cong thwre Taylor - Maclaurint — Phu luc
Khai trién Taylor dén cap n tai x=x, , sau do kiém tra
lai bang cach dung MatLab cac ham sau

n:3,x0:2,f5(x):L X=X—2X+2:1+ L
X—1 X +1 X +1
=1+1- X + X = X3+0(X?>)

=2 (x=2)+(x=2)% = (x=2)} +O((x—2)°)

n—= 6, XO :1’ .I:G(X) _ eX2_2X—|-2 _ e(X—1)2-|—1

1 1
=e[1+(x—1>2 +§(X—1)4+§(X—1)6+O((X—1)6)}
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Cong thure Tavlor - Maclaurint — Phu luc

X+1 1 1
nN=4,x,=-1 f;(x) = =(x+1 —
’ (%) X° —5X +6 ( )(X—B x—2j
( )
1 1 -1 1 1 1
X:x+1X( - j:x +2
_ _ _X _X
X—-4 X-3 41-X) 31-X7

\
X X X X3 3|, X[ X X2 X3 3
= (1+4+(4) +(4) +0O(X )j+3(1+3+(3) +(3) +0(X )j

1 1 1 1\,2 (1 13\,3 (1 1)\,4 4
= ——— | X + = X"+ — X"+ — X7 +0(X
e N Ear

(x+1)*+0O(X ™

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint — Phu luc

Tinh cac gi®i han bang cach s dung quy tac
L'Hospital hoac cong thirc Maclaurint. Sau do kiém
X° —sin® x

tra lai bang MatLab 1 2
X —(x—yx3 +O(x3)j

x—>0 X“SIn“ X X—0 )(4

X —(xz IR +O(x6)j
9 36

= lim
X—0 x4
Zyx3o Ly +0O(x°) 1 ]
— lim® 6 _lim3___=

4

X—0 X X—0 x4
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Cong thure Tavlor - Maclaurint — Phu luc

1 1 e -1-x X _1_
L2—||m —— :Ilm < :Ilme 1-X
x—»0\ X e*—-1 x—0 X(e” —1) x—0  X.X
X
. e -1
= lim im X _ 1
x—0 2X x—02X 2
1 2 .2 2 2
L, —Ilm(—z—cot xj_| %_C?SZX _qim SIN”X—X"C0s" X
x>0 X x>0\ X°  Sin“X ) x50  x2.sin?x

2 2
1 3 3 2 1 2 2
sin?x—x2cos?X (X_GX +0O(x )j — X (1—2x +0O(x )j

= lim

= lim
x—0 X .X° x—0 x2 x2
1 1 2 1 2
—xt P xExE x2S O (x%) = x4 5
= lim—3 7 4 _I|m34 =—
X—0 X Xx—0 X

CuuDuongThanCong.com

https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Cong thure Tavlor - Maclaurint — Phu luc

1 X
L, = lim ( - — lim 1-X —_1
-1 Unx Inx) xo1r In(L+ (x —1))
. 2% 1 —In(x+e2x) |im|n(x+e2X)
L = Ilm(x+e ) = limeX —pxo0 X
X—0 X—0
"m1+2e2X
_ ex—>0 Xe2X _ e3
1 In X In X
L6 — |im XIn(e -1) _ — Iim eIn(e -1) — ||m+elnx —e
Xx—0" Xx—0" x—0
COS X — 1+yx ( XE |x4+O(x4))—1+ X?
L7 = |lim = |lim % % 7 %
X—0 x—0 X

104 +O(x ) 1
= lim £24 —
X _)O CuuDuongThanCO)((ﬂ'ﬂ 2 4 https://fb.com/tailieudientucntt
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Cong thuec Tavlor - Maclaurint — Phu luc

In(tan x)
1
. -2 . B ]

L8 — Iim (tan X)ﬂ X_ lim e(yz 2X) In(tan x) — lim e(ﬁ_ZX)

x—>% x—>% X_)%+

1
2
CoS é.tanx (r—2%)’
s 2
_ Iim e (72__2)()2 _ Iim eZ.Sln (%_X)COt(%—X)

X715 X—7/,
(7=2%)° (%/y=X)
2
im e 20279 _g0og

-7 B

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Ly = lim

Cong thure Tavlor - Maclaurint — Phu luc

1+ XCOSX —+/1+2X

x—=0  In(x+1)—X

= |lim
Xx—0

1 11,1 9 5
1+ x(1+0.x+O(x))—(l+22x+2.2.(2—1)(2x) +0(x9)

)

(x—%x2 +0O(x?)) = X

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint — Phu luc

X
I_10:"me X1+ Xx -1

x—0 SIN XchX — shx
/ 1 5 1 3 3 1 2 2
X+ oXT+ X7+ O(X7) =X I+ DX+ o= x+0(x7) | -1
— lim- 2 2222
- [
L2 vt |1 van 008+ o)
\

1l +0(x%)
= lim 8 _
X_’O—lx3—£x3—lx3+0(x3) 20

2

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Cong thure Tavlor - Maclaurint — Phu luc

X
L11=Iime +In(1-x)-1
x>0 g x3 -2

1 2 1 3 2 1 2 1 3 2
(1+x+2x +€x +0O(x )j+(—x—2(—x) +§(—x) +0O(x )j—l

= Iin?) 3
" 2[(1—")% —1j
1 1 ?
= x3—Zx3+0(¢°)
= |lim e =—2
X—0 1 —Xx

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)
Céac budc khdo sat va dwng do thi ham y=f(x)

1. Tim MXD, tinh chan, 1&, chu ky tuan hoan (néu co)
2. Tim tiém can

3. Tim cuwec tri, khoang tang giam, tiém can dac biét

4. Tim khdang 16i, IdBm va diém udn (néu can)

5. Lap bang bién thién

6. Dwng do thi
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Khao sat ham y=f(x)

1. Tim MXD, ham chan I&, tinh tuan hoan

Ham chan néu f(x) = f(-x), khi d6 do thi ham nhan
truc Oy la truc doi xirng

Ham 1& néu f(x) = -f(-x), khi 6 d6 thj nhan gobc toa
dd O la tam doi xirng

Ham tuan hoan néu ton tai hang s6 T sao cho
f(x) = f(x+T). Hang sc? T>0 duic_)’c goi la chu ky,tuén
hoan cua ham f(x) néu T la s6 dwong nhd nhat thoa
f(x)=f(x+T) va khi do6 ta chi phai khao sat ham trong
1 chu ky

ccccccccccccccccc
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Khao sat ham y=f(x)

2. Tim tiém can

V@i X, 1a diém khdng thudc MXD cta ham,

néu: lim f(x)=oo thi ham co TCH x = x,

Néu

Néu

3

X—>X,

Im f(x)=y, Thihamco TCNy =y,

X—>00

(lim f(x) =00
X—>00
f () Thi ham co TCX y = ax+b
lim ——==a
X—oo X

lim [ f (x)—ax|=b

[ X—>00
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Khao sat ham y=f(x)

2X
X° —5X+6

Vidu: Tim tiém cadn cua ham VY=

MXD : R\{2, 3}

im £ () = lim——2X_ _o Ham c6 TCH: x = 2
X—>2 X—>2 )(2 —5x+6

. . 2
lim (x) = lim — a =00 Hamco TCD: x =3
X—3 Xx—>2 X —5X+6

2X

lim f(x) = lim

5 =0 HamcOTCN:y=0
X—>00 Xx—o X —B5x4+06
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Khao sat ham y=f(x)

2
Vidu: Tim tiém can cua ham y=xe* +1

MXD: R\{0}

2 2
2 ox ——5 €%
lim y= lim xeX+1 =1+ lim =— =1+ lim -2
Xx—0" Xx—0" X—0" 1 x—0" i
2 X X
=1+ lim 2e* — Hamcéd TCD x=0
Xx—0"
2

lim y = lim xeX+1_-1 Ham khdong co TC
Xx—0" Xx—0"

2

lim y = lim xeX +1 =00
X—>a0 X—>0

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

2
limy = lim xe* +1=o0
X—>a0 X—>0

2

X 2
lim 2 = lim 25 + = lim [ex +1] =1
X—0 X X—>o® X X—>00 X

2 2
im(y—x)=lim(xeX+1-x) =1+ lim x{ex —1}
X—>00 X—>00 X—>00
14 limx2=3 Hamco TCXy = x+3
Xx—owo X

Vay ham dachoco 1 TCBDx=0valTCXy=x+3

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

3. Tim khoang tang giam, cuwc tri :
Tinh dao ham cap 1 va gidi phwong trinh y’ = 0
Néu y’>0 trong (a,b) thi ham tang trong (a,b)

Néu y’<0 trong (a,b) thi ham giam trong (a,b)

Néu y’=0 hodc khéng ton tai y’ tai x=x, va y’ doi dau
khi di qua x=x, thi ham dat cuc tri tai x=x,

Neu y”(x0)>0: ham dat cwc tiéu tai x,, y=Y(Xo)
Néu y"(x,)<0: ham dat cwc dai tai Xy, Y .4=Y(Xo)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

Vi du: Tim cwe tri cua ham y=|x|(x+2)

(x+2) x50 (2% +2,x>0
y= o =y ={-2x-2,x<0 Y =0=x=-1
—X(X+2),x<0
A, x=0

Nhw vay, ta co 2 diém nghi ngo ham dat cuec trila  x
=0vax=-1

Pé xac dinh cwc tri, khdang tang gidm, ta lap 1

bang bién thién

X| 1 0 . Vay hté\.m CO 2
Y + 0 . N cwce tri:
| 1 Yea=Y(-1)=1,

ccccccccccccccccc
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Khao sat ham y=f(x)
4. Tim khdang 16i 16m, diém udn

Tinh dao ham cap 2 va giadi phwong trinh y” = 0
Néu y”>0 trong (a,b) thi ham [6m trong (a,b)

Néu y’<0 trong (a,b) thi ham [6i trong (a,b)

Néu y"=0 hodc khdng ton tai y”tai x=x, va y” doi dau
khi di qua x=x, thi ham co diém udn la (X,,f(Xy))

Ham 16i trong (a,b) khi
7Q y’<0
.

ccccccccccccccccc
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Khao sat ham y=f(x)

Vi du: Tim khdang 16i 16m va diém udn ctia ham y=x2Inx

y' =2xInx+Xx,y"=2Inx+3

V=0 X=—
Je?
Ta cling 1ap bang bién thién dé khao sat

X| 0 1/\/e73 o
0

+

Vay ham |0i trong khdang (O,i) , [om trong khoang

( +o0)  Va co diém udn la e ( L 3 )
—, o0 y M~
A ’eg CuuDuongThanCong .com A ’ @)glfb.comﬁl' |e@c§t
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Khao sat ham y=f(x)

Vi du: Khao sat va dung dd thi ham y — e x

MXD : R\{0}

Tiém can: limy=lim e% — X =00
X—>00 X—>00
¥
imY = lim&E=X- 1\ TCX: y=x+1

X—>oo X X—>00 X

lim (y +x) = lim e% =1

X—>00 X—>00
lim y= lim (e% X)=+0 TCD: x=0
x—0" x—0

lim y = lim (ey X)=0

X—0" Xx—0"
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Khao sat ham y=f(x)

s
K x2

2

1 e
Cuctri: Yy = __29% —-1=-
X X

y' <0, ¥xeR

—00 0 +00

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

Vi du: Khao sat va dwng do thi ham y = /x(x—1)?

MXD: R
Tiém can: lim y = lim ¥/x(x-1)? =
X—>00 X—>0
x(x-1)3

lim 2 = lim
X—00 X X—>00 X X—>00 3 X2

Ham khong co tiém can

Cue tr: (x=1)2 + 23/x(x-1)

y_
3\/7
' x=1

-0 Va y'(0)=+
y Cj_x:1/7
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Khao sat ham y=Ff(x)
Y = i(x—1)2 +23/x(x -1)
3 X2

Vi dao ham cap 2 phtrc tap nén ta sé khong tinh
Bang bién thién

X | —o0 0 1/7 1 o
y’ + + 0 - 0 +
00
__—0 \ 0
— 00
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Pé6 thi

CuuDuongThanCong.com https://fb.com/tailieudientucntt
5 1

Khao sat ham y=f(x)

y=0.3841

y=3§(><—1x)r2 '

1/7

X=

—-0.5 0 0 1.5
| I T T T . T T . T T T . T T T T I |
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Khao sat ham y=f(x)

Vi du: Khéo sat va dwng doé thi ham y = Inx-x+1

MXD: R*
Tiém can:

Iim y=Ilim(Inx—x+1)=—0 Hamcd TCD x =0
x—0" x—0"

Iim y= Iim (Inx—x+1) =1+ lim x(ln—x—lj:—oo

X—>—+00 X—>—+00 X—>—400 X

. . Inx—x+1 . In x 1

lIm y = |lim = lim|—-1+=|=-1
X—>+0o X X—>+00 X X—>+00 X X

lim (y+x)= lim (Inx—=x+1+Xx)= lim (Inx+1)= o
X—>+00 X—>+00 X—>+00

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

Cuwc tri: y':i—l y’:0<:>£:1<:>x:1
X X

Bang bién thién:
X 10 1

y + 0 -

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Khao sat ham y=f(x)

T T
-1

I
0

=t

—-15

-1
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Khao sat ham y=f(x)

. 3
Vi du: Khao sat va dwng do thi ham y = \/‘xz —2‘

MXD R 3
Tiém can: limy=lim \/‘XZ—Z‘ = 400
X—>0 X—>00

2 S 3

ug 2 _
lim Y = lim \/‘X ‘ — lim (x*-2) .
X—0 X  X—o© X X300 X2

2 o 5 \3

_2 _2

lim 2 = lim \/‘X ‘ = lim (1) [ 2 | —
X—>—0 X X——00 X X—>—00 N X

Ham khdng co tiém can
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Khao sat ham y=f(x)

Cwc tri:
( 3 -
~ (XZ—Z)AJXP\E 3x(x2—2)%,|x|2\/§
y_< y :>y’:<
(2-x%)72,| x|< /2 \—3x(2—x2)%,|x|<\/§

y’:0<:>x:0,i\/§
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Khao sat ham y=f(x)
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Ham c6 2 tiép tuyén nam n ang wng voi 3 nghiém |
cua pt y'=0 la va y=+/8
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Khao sat ham y=f(x) — Phu luc

Tim tiém can cua cac ham

1 1 1
y =XIn(e+—) X=——y=X+—
X e e
_§/ 3 2 1
y=4X" —X y=x—§
:% y:O
X
y = Ee_ X x=0,y=0
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Khao sat ham y=f(x) — Phu luc

Tim cuwc tri cda cac ham

y= XV]-_XZ Ymin = y(\/—) Y max = Y(\/—)
y= % Ymin = y(€)
y= |XX;21| Ymin = y(d), Ymax = y(2)

y= X2 — 2X Ymin = y(l)
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Khao sat ham y=f(x) — Phu luc

Khao sat va vé do thi

1.y=(1+ x)%
2

2.y = X
41
3.y=\/| x* —3|
X
4.y:x+m
AX—X°

b.y=e
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6.y =xe*
7.y:%x2(x2—3)2
2

X“+1
8.y =
g X° —4x+5
9.y = 8X
VX2 —4
10.y = x°In x
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