CHUONG 4: TICH PHAN
1. Tich phan bat dinh

2. Tich phan xac dinh

3. Tich phan suy rong

4.ng dung hinh hoc cua tich phan
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Tich phan bat dinh

Nguyén ham: Ham F(x) dwoc goi la nguyén ham cua
ham f(x) trong khéang (a,b) néu tai moi diém x thudc
(a,b) ta déu co F'(x) = f(x)

Tw dinh nghta nguyén ham ta suy ra:

1.Néu F(x) 1a mét nguyén ham cua f(x) thi F(x)+C
clng la nguyén ham cua ham f(x)

2. Moi nguy@&n ham cua f(x) déu cé dang F(x)+C

Dinh Iy: Moi ham lién tuc trén [a,b] (lién tuc vx e (a,b)

va lién tuc trai tai b, lién tuc phai tai a) thi cé nguyén
ham trén [a,b]
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Tich phan bat dinh

Dinh nghta tich phan bat dinh : Néu ham F(x) 1a mét
nguyén ham cua ham f(x) thi F(x)+C (C: hang s0)
dwoc goi la tich phan bat dinh caa ham f(x), ki hiéu

[f(x)dx=F(x)+C

Tinh chat:
[ f'(x)dx=f(x)+C
d

— [ f(x)dx = f(x)
dx

Ja.f(x)dx =a.[ f(x)dx

[[F0)+g(x)]dx = f (x)dx + [ g(x)dx
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Tich phan bat dinh

Bang tich phan cac ham co ban

Xa+1 1
[x%dx = +C.a#-1 [—=—dx=tanx+C

o+l COS” X
jldx=ln\x\+c |— >—dx =—cotx+c
X Sin“ X

% 1 1 X
Xy — & dx =—arctan—+C
ja X Ina_l_C jE:12+X2 a a
sinxdx =—cosx+C 1 1, [x+a
y | [——=dx==In +C
Jcosxdx =sinXx+c a” — X 2a |Xx—a
Iﬁzh’]tanz_kc £:|ntan(§+£j+c
Sin X 2 COS X 2 4
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Tich phan bat dinh

Bang tich phan cac ham co ban

| L dx=arcsin X+ c
\/az_xz a
j\/ 21 = dx = In X+x%+a2|+C
X~ *ta

X\/a —X

j\/a — X dx—7arcsm +

a
jshxdx:chx+C jd—)z(:thx+C
chex
dx
_ ——— =—Cthx+C
[ chxdx = shx +C jshzx
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Tich phan bat dinh

Phwong phap déi bién:

Dinh ly:  Néu
Thi:

[ f(x)dx=F(x)+C

| f(p)¢'(t)dt = F(p(t)) +C

Vi o(t) 1a ham kha vi

Ta kiém tra lai bang cach tinh dao ham vé phai:

(F(p(1)+C) =F'(p(t)¢'t) = f(p).¢'(t)

Ta dwoc ham dwdi dau tich phan vé trai tie 1a dinh
ly dwoc chirng minh

Pinh ly trén 1a co s& cta 2 cach doi bién thuworng gap

sau day

ccccccccccccccccc
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Tich phan bat dinh

Phwong phap doi bién 1: Dat x = o(t), @(t) 1a ham
kha vi va c6 ham nguoc t= ¢1(x) thi ta co

| F(x)dx =] f(e()e'(t)dt
Néu nguy&n ham cuia f(e(t))e’(t) 1a G(t) thi
[ f(x)dx=G(t)+C =G(p "(x))+C

Vi du: Tinh tich phan |, = | 1— x%dx

(dx = costdt (t = arcsin X
Pbat x = sintthi < va s
V1-x* = cost $in2t = 2xy1-x°
|, = [cos” tdt
1+ cos 2t 1 1. i NG
= dt ==t +=sin2t+Cc=resinx X L= X +C

CZ ooooooooo .com 2 4 httpz b.com/tailieudientucntt 2
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Tich phan bat dinh

Phwong phap dbi bién 2: Bat u = ¢(x), du=@’(x)dx va
giastr [ f(x)dx=[g(p(x))¢'(x)dx Vo

[g(x)dx=G(x)+C
Thi [ f(x)dx =G(e(x))+C

dx
X° +a°

Vi du: Tinh |2:j

2
Ta viétlai: x° +a° =a’ [1+ X_zj
a
. X
bat u=— :>du:£dx:>dx=adu
d a
1 . adu
[ = “Lactanurc = tarctan’ic
a“~"u-+1 a a a

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Tich phan bat dinh
Vidu: Tinh I;=[e"\4+e"dx

Pat u=vV4+e = eX=u’-4=eXdx=2udu = dx = ZZUdZ
u —_
I = [ (u? -4 2“d” _j2u2du—§u3+C =%\/(ex+4)3+c
Vidu: Tinh |4:j X
2% +1
Patu =241 =du=2"In2dx < dx = du
(u=1In2

1 . du 1 J( 1 __jdu

4 = Inzju(u—l) In2

— 1 X
= (Infu=1|-Injul)+C= 1, =~ 2(xlnz In(2 ~1))+C

uuuuuuuuuuuuuu /tailieudientucnt

1
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Tich phan bat dinh

Phwong phap tich phan tivng phan:

Dinh ly. Cho cac ham u(x), v(x), kha vi va u(x), v’(x)
cO nguyén ham trén (a,b). Khi ay ham u’(x), v(x)
ciing co nguyén ham trén (a,b) va ta co

Ju'Ov(x)dx = u(x)v(x) — Ju(x)v'(x)dx

Pang thc trén twong dwong voi:
(U OQv(x) +u(x)v'(x) ) dx = u(x)v(x)

Pang thire nay hién nhién dung theo cdng thirc dao
ham cua tich

Ta con viét CT trén & dang jUdV =Uuv — deU

uuuuuuuuuuuuuuuuu com/tailieudientuc
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Tich phan bat dinh
Vi du: Tinh 15 = [arcsin xdx
Pat u=arcsinx, dv=dx

l; = Judv =uv —[vdu =arcsinx.x— [ xd (arcsin x)

= Xxarcsin x — [ L dx_xarcsmx+1 d(1-x°)

\/1—x \J1-— X2
— xarcsin X +v1—x% +C

Vidy: Tinh g = [x*In xdx

bat x°dx = %de =dv,u=Inx

3 3 3 2 3Inx X3

I——Inx —d Inx_—lnx ——dx_ ——+4+C
3 j (Inx) 3 I 3 9

CuuDuongThanCong.co m https://fb.com/tai lieudientucntt
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Tich phan bat dinh

Vidu: Tim cong thl]’C truy hoi cho tich phan

i _I(x +a%)"

=] S VO — [ xd !

(x? +a%)" (x? +a°)" (x? +a°)"
X 2nxdx

= + | X
(X2_|_a2)n I (XZ_I_aZ)I’H—l

X +2nj(x +a°)—

T (2 +ad) (X2 +2a?) o

n+1

a 1 X
Vay: || . = +(2n=DI
2na® | (x*+a°)" en=Dl,

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Tich phan bat dinh

dx
(x* +a°)"

I, =]

:>|n+1:

1

X

2na®| (x* +a°)"

+(2n-1)I,

1,2,..

dx 1

X

voin=1. | =[— = —arctan—=+C

Voin=2: l2=]

CuuDuongThanCong.com

x°+a’ a
dx 1

a
X 1

(x> +a)® 2a?

|

x°+a’ a

https://fb.com/tailieudientucntt

X

+ —arctan —

a

J+c
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Tich phan bat dinh
1. Tich phan phan thirc don gian loai 1:

I(axl\fb) kj(x(_xj//)) IE:./lI( 1}k (H%)H

2. Tich phan phan thirc don gian loai 2: v&i ax?+bx+c

la tam thwc bac 2 khong co nghiém thuwe

f Mx + N 4 Thém boi dé tor ,sé thanh dao
(ax? + bx + ¢)¥ ham ctia mau so cong 1 hang so

Mb
M (2ax+b)dx o (N—?)dx

- 2a” (ax® +bx +c)* ak( b b2 e b ]k

X2 =X+t ————
a )Aapom/tai lieud eantt 4 a

ccccccccccccccccc
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Tich phan bat dinh

Mb
M . (2ax + b)dx (N - —)dx

- j 2 k+.[ - -k
2a° (ax® +bx+c¢) ) E . bz] c b2
| [ X+ Xt [t ———

a 4a°

4ac —b? , L
Pat u_x+£ a—\/ it 2b cho tich phan thw 2
2a 4a

Ta dwoc téng cua 2 tp co ban dang
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Tich phan bat dinh

Vidy: Tinh 1y =[x
- ! (X% + X +1)*

T&ch t(r sO thanh tdng dao ham cua mau so va 1
hang s roi chia ham thanh tdng 2 ham v&i ham th
2 ¢6 mau sb da tach thanh tdng binh phwong cla 1
nhi thtrc va hang so

1
[ (2x 0 2d(x+2)

(X% + X +1)* +j 1 J3 2
((x+)2+(2 2)

B —1 +21[ 2% +1 2arcan2X+1]+C

2(x? +x+1) /3 J3

/tailieudientucntt
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Tich phan bat dinh

Tich phan ham hawu ti: £ (x) =2
Qm(X)

Treong hop 1:nhz2m

Ta chia da thirc : P, (X) =Q,,(X).T, (X) + R (x),l <m
Va duoc:

[ f(x)dx =]

) gy 1, (k). gy
Qnm (X) Qm(X)

Khi do, ham hiru ti can tinh tich phan la phan thic thuc
su tirc 1a bac cla t&r s6 nhd hon bac ciia mau sb. Ta
chuyén sang trwong hop 2.
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Tich phan bat dinh
Trerong hop 2: n<m

Buoc 1: Gia s
Q. () = (ax+b)"...a x+b. ) (¢, x® +dyx+e)...(c.x? +d x +e,)"
Trong do | +l,+...+[+k;+k,+...+k,=m va cac tam thurc
bac 2 dang - cx?+dx+e - khéng c6 nghiém thuwc

Bude 2: Ta gid st ham f(x) 1a tdng cac phan thirc don
gian dang M. M X+ N;

|
(ayx+1y;)" ’(CjX2+de+ej)kj
Buéc 3: Pong nhat hé s6 2 vé dé xac dinh cu thé cac
hésbM,N, a,b,c,d e

Buoce 4: Tinh cac tp cac ham don gian, cong lai ta
dwoc tp can tlnh

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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Tich phan bat dinh

Vidu: Tinh 15=[— X3 gy

x> —5X° + 6X

2X—3 a b C
3 2 = T
X°=5x“+6Xx X X—2 Xx-3
< 2X—3=a(Xx—-2)(x—=3)+bx(x—3) +cx(x—2)
Ta chon cac gia tri dac biét

x=0:-3=6a<>a="% x=2:1=-2bb="1

Gia s :

Xx=3:3=3c<=c=1
—adx —dx dx
+| + [ ——
2X T 2(x-2) " x-3

= nfx|+ Zinfx— 2|+ In[x—3/+C
2 2



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Tich phan bat dinh

3
Vidu: Tinh 1y = | XX gy
X" +5Xx+4

Igzj(x—5+ §2X+19 jdx
X +bx+4
Gia sir-  22X+19 l b

(X+1){ BE - ' g

Cho x = -1, bd (x+1) & mau so clia VT
va gitr hé sbé cua 1/(x+1) & VP, tadwoca=-1
Cho x = -4, bd (x+4) & mau sb cta VT
va gilr hé sb ¢ cua 1/(x+4) & VP, ta dwoc b=23
I = [(X=5)dX + [ dx + [—2>_ dlx

2 "x+1 X+4
= —-5x—In|x+1+23In|x+4/+C

uuuuuuuuuuuuuuuuu
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Tich phan bat dinh
(X +1(x-1)
3x—1 ax+b C d
(x> +1)(x-1)° x° 1 x-1 (x —1)*
Cho x=1: b6 (x-1)2 & VT, a, b, c & VP, ta dwoc d=1
Cho x=i hoac x=-1: bo (x?+1) & VT, ¢, d & VP, ta duoc:
._ . - ._ 2 - __3

3i-1=(ai +b)(i-1)* < a=") b= A
Lay thém 1 gia tri tuy y cua x: x=0 va thay a, b, d da

co vao dé duoc c = 1/2
Yol =—=]5

dX+= | — >
2" x%+1 2° X— 1 (x-1)
_ 1In(x +1) + 3arctan x 1In\x—l\—iJrC
2\ 2 A

CuuDuongThanCo! .com https://fb.com/tailieudientuci
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Tich phan bat dinh
Tich phan 1 s6 ham vé ti

ax+Db Dat: \/ax+b
: [=n
L (X’r§/0x+d o Cx+d

Pé dwa vé tp nay thanh tp ham hivru ti

Vidy: Tinh = (3L

x—1(x=1)°
2
bat: t_3x_+1 = X — 1—i dx = _36t dt2 Ta duwoc:
x—1 t° -1 (t°-1)
—6tdt (t°-1)° t"
I, =]t =—6(t°(t*-1)dt =—6| ——— |+C
11jt—1)8 re-y (74

14 4
— __6 3 X_—I_l 4 9 X__l—l +C
7 c ngTMlCUﬂgrctgw_ 4 X — 1 hitps://fb.comitailieudientucnt
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Tich phan bat dinh

dx

Vidu: Tinh |, =

j\/x+3((‘/x+3—1)

Pat: t =¥x+3

= x =t% =3 dx = 4t3dt

=4t+4Int-1+C

—4Yx+3+1In \4/x+3—1‘+C

ooooooooooooooooo

https://fb.com/tailieudientucntt
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Tich phan bat dinh

Vidu:Tinh |, = \/
12 =
x+1

~ 2
D&t X—1:>x:1+t2,dx: 4’td2’[2
X+1 1-t (1-t°)
2
oy, = 4t=dt ‘I( 1 2 jdt
(1-t2)(t% +1) 1-t 1+t 1412

=In|t +1\— In[l—t|—2arctant + C

=In VX 1—2arctan,/x—_1+C
dx+ — /X — X+1

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Tich phan bat dinh

b
2.] f(x,Vax? +bx+c)dx Dat u=va(x+_)

Pwa tam thirc bac 2 vé dang u?+a2?, u?-a?, a2-u? va
dung cac cach doi bién cu thé:

a. Dang u?+a?: dat u=a.tant hoac u=a.cotant
b. Dang u?-a?: dat u=a/cost hoac u=a/sint

c. Dang a?-u?: dat u=a.cost hoac u=a.sint

dx
IJ -
X®—2X+5

Viduy: Tinh 1, =

L d(x-1)
P =2 422

CuuDuongThanCong .com https://fb.com/tailieudientucntt

+C

_ In‘(x—1)+\/(x—1)2 422
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Tich phan bat dinh

2
Vidu: Tinh 1, — (VX 10

X

sinudu dx sinudu

o 1
Pat x=—— —x?-1=tanu,dx = —,— =
cosu cosu X  cosu

tanu.sinu.du
114 :f

= {tan?udu = [(tan®u +1)du — (d
r— [tan“udu = [(tan“u+1)du— [du

=tanu—-u+C

1
—x% —1—arccos=+C
X

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Tich phan bat dinh
Trong mot so trwdng hop cu thé, nén nh& cach riéng

nhw sau
TH1: [——2"% _dx  Tinh nhu tp ham hiru
\/ax +bx+C
Vi du: Tinh |15_j (X +4)dx
2 X —X°

1 (2x-Ddx 3, d(x+ 1))

\/—x X* "2 \// (x+y)
-1.d@R-x-%) | 3, d(x+ 1))

Zj\/2 2 \/(/) ~(x+ 1)?

1 3 2X+1
\/2 X — x? + > arcsin +C
2 uuuuuuuuuuuuuu 2 3 https://fb.com/tailieudientucntt
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Tich phan bat dinh
dx

(x—oc)\/ax2 +bx+cC
Pat (x-a)=1/t dé dwa vé dang trén

TH2:|

dx
Vidu: Tinh lig=]
(x+2)\/x2+2x
2
Dat x+2=l:>dx=_—dt,x2+2x=(1—2j +2(l—2j=i—§
t t2 t t 2t

ot dE-2)
IlG_IM —Izﬂ 1-2t

:\/1—2i +C
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Tich phan bat dinh
(x —=1)dx

(X+DVX +1

Vidu: Tinh |57 =

dx
17 =] — =In X+\/
X% +1 (x+1)\/x +1
Pat x+1—:tL:>dx—_—dt X% +1= (——1) :———+2
t

d(t- 1))

+C

J = I \/t t+1
= z
212~ 2t +1 [\/(t 12 +y
2
+—1 In L= X AL 1 +C

2
X+VXo+1 \/E 21 1) \/5

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Tich phan bat dinh

3. Tich phan Trebushep dang [x™(a+bx")Pdx
m, n, p la cac so hivu ti
a.Néu pez,datx=ts, sSBCNN(m,n)

b. Néuy M+1 c 7 , dat a+bx"=ts, s 1a mau sb cua p
n

c. Néu m_+1+ peZ ,datax"+b=ts, s la mau so clia p

N

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Tich phan bat dinh

2
Vidu: Tinh |,g = X“dX
\/(x2+1)5
2 -9
—— =1+ x) A,mzz,nzz,pz_%
\/(x2+1)5
bat: X_2+1:t2:>x2:i’dxz —tdt

t° - Ji2 413
1 —tdt [ t2 -1 % 4t 1
|19 I 2_1 \/( ( j j -~ 1C

_1£ 5 jéc

uuuuuuuuuuuu .com https://fb.com/tailieudientucntt
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Tich phan bat dinh

dx
Viduy: Tinh g =
Ixi”/x(1+\/§)
4 -1 _
f(X) =X A(lth%j 3,m=—gn_; p=31
—m+1+p:—g—}:—1eD :>t3:x% _t3—1

n 3 3 T

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Tich phan bat dinh

d. Téng quéat: dat t=tan(x/2)

4. Tich phan ham lwong giac [ f (cos x,sin x)dx
a.Néu f(-sinx,cosx) = - f(sinx,cosx): dat t=cosx
b.Néu f(sinx,-cosx) = - f(sinx,cosx): dat t=sinx

c. Néu f(-sinx,-cosx) = f(sinx,cosx): dat t=tanx

t:tan§:> dx = 2dt2
1+t

,COS X =

2

1+t2

SiNX =

2t
1+t2

t:tanx:>dx_ dt SinX =

F

,COS X =

F

CuuDuongThanCong.com
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Tich phan bat dinh

dx
4siIn X +3C0SX+5

Vi du: Tinh log = |

Pbat: t= tang — X = 2arctant

2dt 1+t2
1+t 4.2t +3(1-1%) +5(1+1?)

l0 =]

Y d(t+ %))

2 — 5
M2 14t 14 2 (t+%)2+(*@4)2
—iarctan 2t+1+C
J3 J3
2tanX2+1
= —arctan +C

ccccccccccccccccc
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Tich phan bat dinh

dx
Vi du: Tinh I21=j — : >
25IN° X —=SIN2X + 3C0S“ X

Ham dwéi dau tp 1a chan véi sinx, cosx nén ta dat
t = tan X = x = arctant

dt 1+12

1+t 2t2 -2t +3
j dt(t—y)
21205y

2t -1 2tan x -1

—iarctan +C——a ctan
J5 J5 2 J5

https://fb.com/tailieudientucntt

I =]

+C
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Tich phan bat dinh

Vi du: Tinh I22:JC’>S|nx+4cos,de

2COS X —5sIn X

Ta viét t&r sO dwdi dang a.MS+b.(MS)’
Gia su:

3sin X +4cos x =a(2cos x —5sin x) +b(2cos x —5sin x)’

( :7
2a—5b=4 <:><a /—29
—
S5a-2b=3 b=2%29
—7 26 .d(2cosx—5sinx)
22 =55 Jdx=22] -
29 29" 2c0sX—5sIn X
=_—7X—§|H‘ZCOSX—5SinX‘—I—C

2 9 CuuDuongThzogcom https://fb.com/tailieudientucntt
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