Phwong trinh tuyén tinh cap n hé s hang

Dinh nghia:
PT vp tuyén tinh cap n hé s6 hang la ptvp co dang

a,y" +a,_y" " +..+ay+ay=0 (1)
a,y" +a,,y" . +ay +ay=f(x) (2)

Trong d6 a,,a, , ..., a, la cac hang so thuc

/ &
n

PT (1) goi la pt thuan nhat

PT (2) goi la pt khdng thuan nhat
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Phuwong trinh tuyén tinh cap n hé s6 hang

Hé ham dbéc Iap tuyén tinh trén (a,b)
Hé {y,(x), Y2(X), ..., Yn(X)} dwoc goi la doc 1ap tuyén
tinh trong (a,b) néu tr dang thirc

A1Y1(X) Ay, (X)*... +Ay(X)=0
TasuyraA;=A,=... =A =0

Dinh thore Wro,nski,c:l]a cac ham y,(x), y,(X), ..., Y (X)
cO dao ham dén cap (n-1) trong (a,b) la

Y1 Yo o Vi
i Y2 o Vg
W (Y Youn V) =| S
(n-1) (n-1) (n-1)
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Phuwong trinh tuyén tinh cap n hé s6 hang

Dinh ly: Chp cac ham y,(x), y,(X), ..., y,(X) co dao
ham dén cap (n-1) trong (a,b).

Neu W(y,,V,,..., Y,) # 0 thi hé trén ditt trong (a,b)

Vidu: 2 ham vy, (x) = eX, y,(x) = xe* dItt voi moi x

Ta di tinh dinh thirc Wronski cua 2 ham da cho

)

Xe
e*(1+ X)

eX
WY1, Y,) = %

=e”*(1+ X) — xe**
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Phuwong trinh tt cap 2 hé s6 hang thuan nhat
y'+ay'+a,y=0 (1.1)

Cau trtic nghiém: Néu vy, (x), y,(x) l1a 2 nghiém riéng
ditt cua (1.1) thi NTQ cua pt (1.1) la

Yin=C1Y1(X)+C,y1(X)

Ta di tim nghiém cua (1.1) & dangy — ¥

Thay vao (1.1) k°e” + ake® +a,e“ =0
skP+ak+a, =0 (3)

Vay ham y = e 13 nghiém cua pt (1.1) khi va chi khi

k 1a nghiém cua pt (3)

Ta goi pt (3) Ia pt dac trweng cua pt (1 1)

uuuuuuuuuuuuuu
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Phwong trinh tt cap 2 hé s6 hang thuan nhat

Ptthuan nhat: y"+a,y'+a,y =0
Pt dac trwng : K% + ak+a,=0 (3)
TH 1: (3) co 2 nghiém thuc
k, #K,:y, =%y, =e it
TH 2: (3) c6 1 nghiém thuc
k =k, =k,:y, =y, = xe* ditt
TH 3: (3) c6 cap nghiém phtre lien hop

k=a+if:y, =ecosfx,y, =esinpgx dit
NTQ cuda pt thuan nhatla y=C,y, +C.,y,

CuuDuongThanCong .com https://fb.com/tailieudientucntt



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Phwong trinh tt cAp 2 hé s6 hang thuan nhat

Vidu: TimNTQcuacacpt 1y -5y +6y=0
2.y +4y' +4y =0
3.y'+y=0

K, =2

1-k2_5k+620 — :>y:Clezx_|_Cze3X

K, =3

2k?+4k+4=0 =k =k, =-2

= y=Ce " +C,xe
3k?+1=0 =k, =01
= y=C,cosx+C,sInx
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Phwong trinh tt cap cao hé s6 hang thuan nhat
Twong tw cho cac pt tuyén tinh cap cao hé so hang
thuan nhat. Ta sé lam v&i vi du sau

Vi du: Tim NTQ cua cac pt

Ly"+5y"+4y'=0 = y=Ce”*+C,e " +Ce ™
2.y"+3y"+3y'+y=0

(y=Ce *+C,xe *+Cx%e ")
3.y"-8y=0

(y=Ce™* +C,e*cos J3x+ C.e "sin J3X)
4y +y=0
(y:efx£ V2 ﬁ] ﬁx[ /2 ﬁ]

C,cos—x+C,sin—x |+e 2 | C;cos— X+ C,sin—X
2 2 2 2

v
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Phwong trinh tt cap 2 hé s6 hang khéng thuan nhat
y'+ay +ay=1(x) (2.1)

Cau tric nghiém cua pt khéng thuan nhat
Ta goi v, 1a nghiém tong quat cha pt thuan nhat (1.1)
vay, l1a 1 nghiém riéng cla pt khéng thuan nhat (2.1)
Thi NTQ ciia pt khong thuan nhét (2.1) I3
Yig=YinTYr

NTQ cuda pt thuan nhat (1.1) la y,, ta da tim & trén

Ta chi can tim 1 nghiém riéng cuta pt khéng thuan
nhat lay,
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Phwong trinh tt cap 2 hé s6 hang khéng thuan nhat

Trrong hop dac biét : f(x) co thé viét dwdi dang
f (x) =e”(P,(x)cos Sx+Q,,(x)sin Sx)
Ta sé viét y, dwdi dang sau

y, = X"e”*(T,(x)cos Sx+ R, (x)sin Bx)

s = max{m, n},

Trong do : et S }
o £ 1 la nghiém boi h cua pt dac trwng

Sau do, ta sé tinh cac dh cap 1, cap 2 clia ham y,
roi thay vao pt ban dau dé tim cac da thic T (x)
va R, (X)
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Phuwong trinh tt cap 2 hé sb6 hang khéng thuan nhéat

Vidu: Gpt V' -5y +6y= xe~*
PT d4c trung: k% -5k +6=0 <>k =2,3
NTQ clia pt thudn nhat: Y, =Cie?” +C,e
Ham vé phai c6 dang dac biét :
f(x) = xe?* = e?*(x*.cos0X + X

So v&i dang chinh tac:

f (x) =e%" (P, (X)cos Bx + Qp (X)sin Bx)
Tadwoc: o=2,=0,n=1m=0
‘a+if =2 Langhiém don (boi 1) cta ptdt, h=1
S = max(m n)=1

0 sin0x)

m—p
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Phwong trinh tt cap 2 hé s6 hang khéng thuan nhat

1y =5y +6y =xe’X y,, =Ce?*+Ce*
y, =X"e?* (Ts(x)cos Bx+ Rg(x)sin Sx)

= xlezx ((ax1 +b)cos0x + (cx* +d)sin Ox)

(ax2 + bxl)
Ta tinh dh cap 1, cap 2 cua y, va thay vao pt da cho
y, =e?*(2ax? + 2bx' + 2ax +b)
y," =e?*(4ax? + (4b + 4a)x + 4ax + 2a + 2b)

Tadugc: ((—2a-+4b)x+(2a—3b))e™ = (Lx+0)e**
Pong nhat hé s6 2 vé: a=3/2, b=1

3
Vay NTQ Ytq Vin + Yr = Clezx +C2e3x +e2x( X% + X)

uuuuuuuuuuuuuu /Ifb.com/tailieudientucntt
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Phwong trinh tt cap 2 hé s6 hang khéng thuan nhat

2.y" =2y +y=2e"
3.y"—4y' +5y =e** (sinx — cosx)

Vi du: Tim dang nghiém riéng cua cac pt
1.y"—5y'+ 6y = xe*

PT |ky,k, a+if n, m Y,

1 12,3 |2 1,0 |1 |y, = xe"*((ax+b)cosOx
1,1 | 1 0, 0 y, = x“e™((a) cos0x)

3 24 |24 0 yr = x'e™ (a.cos(L.x) +b.sin(L.x))

uuuuuuuuu
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Phuwong trinh tt cap 2 hé sb6 hang khéng thuan nhéat

Néu f(x) co thé tach duoc thanh tong 2 ham f,(x) va
f,(x) co dang dac biét

Ta st dung nguyén ly chong nghiém nhw sau:
Néu vy,, y, la nghiém riéng cla pt sau
y'+ay +ayy = f1(X), y' +ay' +ay = fr(X)
Thi y,+y, la nghiém riéng cua pt

y'+ay +ayy = f(X)+ fo(X)
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Phwong trinh tt cap 2 hé s6 hang khdng thuan nhat

Vidu: Gpt y"—3y'+2y=3x+5sin2x

Vi = Cie* + C e

f (X) =3x+5sIin2x = f;(X)+ f5(X)

Yr1 =axX+Db,y,» =CcCcos2x+dsin2x

Yri=a,¥r1 =0

Yro =—2C€SiN2X + 2d Cc0S 2X, yyo = —4CC0S2X —4d Sin 2X

Thayy,, Y, vao 2 pt twong wng, ta duwoc:

a=%)b=0c=%.d="7 e :

Vay NTQ 1a Viq = Cie” +Cope™ + X+ cos ZX—Zsin 2X

UUUUUUUUUUUU .com Nttps:77Tb.com/taiflreudrentucntt
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Phuwong trinh tt cap 2 hé s6 hang khéng thuan nhat

Truong hop ham f(x) khéng thé viét nhw trén
Ta sé dung phuong phép bién thién hang sb bdng cach
khi NTQ clia pt thudn nhat (1.1) 1

Yin = Cry1(X) +Cay2(X)
tim NTQ cua pt khéng thuan nhat (2) ¢ dang
Yig = C1(X) Y1(X) +Ca(X) y2(x) (*)

Tw (%) :
Yig =C1 (X) y1(X) + CL(X) Y1 (X) +Co (X) Y2 (X) + Co(X) Y5 (X)

Pé viéc tinh toan don gian hon, ta thém diéu kién

Cy (X) Y1(X) +Cy (X)Y2(x)=0 ()
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Phuwong trinh tt cap 2 hé s6 hang khéng thuan nhat
Khi do:  yi =Cq(X) y1(X) +Co(X) y2(X)
Ta tinh tiép dh cap 2, roi thay y’, y” vao pt khdong t.nhat

Vig = C1 (X) y1 () + Cr(x) y1(x) + C5 (X) Y5 (x) + Co(X) y5(X)
Lwu y rang y,, Y, la nghiém cla pt t.nhat, tiec 13

Vi +agy] + 8,y =0,y5 +&Ys + a5y, =0

Taduoc C; (X)yi(X)+Cy (\)ya(x)=f(x)  (b)
Suy ra, C,’(x), C,'(x) la nghiém cua hpt (a), (b)

< Cy () y2(x) +Cy (X)yo(x) =0

G (Y1) +Co () ya(x) = f(x)
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Phwong trinh tt cap 2 hé s6 hang khéng thuan nhat

Phuwong phéap bién thién hdng sé dé giéi pt

y'+ay' +ay=1(x) (2)
1. Gigi pt dac trung k? +ak +a, =0
2. Viéet 2 nghiém riéng vy, (x), y,(x) cua pt thuan nhat
3. TIMNTQ & dang Vi = C1(X) y1(X) +Co(X) Y2 (X)
Réi di tim C,’(x), C,’(x) bang cach giai hpt
€/ 00%100+C5 (x)y2(0) =0

(Y1090 +Co' (%) y5(9) = (X
4. Lay tich phan C,(x), C,'(x) r6i thay vao y,,

CuuDuongThanCong .com https://fb.com/tailieudientucntt



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Phuwong trinh tt cap 2 hé sb6 hang khéng thuan nhéat

Vidu: Gpt Y +4y +4y=e*Inx
Clr(X)e_ZX + CZ’(X)XG_ZX =0

C (X)(=2)e X +C,' (x)e X (1-2x) =e?*In X
“1 2 |

G X

Ci(X)=——Inx+—+C
1(X) > P!

Ta giai hpt %

<:HCl(x):—xInxC><

Cy (X)=Inx Cy(x)=xInx—x+C,
Vay nghiém cua pt da cho |a
Yig = C1(X) y1(X) + C2(X) y2(X)

2 2
_ _ _ox| X 3X
Vig = Ci€ 2X 4 Coxe X +e 2X[—Inx——)

ooooooooooooooooo
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Phwong trinh tt cap 2 hé s6 hang — pt Euler-Cauchy

PT Euler — Cauchy la pt c6 dang

1)

a x"y™ ta x" Ty Dy Lay=f(x)

Ta dwa vé pt tt hé s6 khéng doi bang cach dat
x = et (x>0) hoac x = -et (x<0) Sau day, gia s x=€!
dy dy dx dy ot dy

e (=X ) =
dt dx dt dx

XYy = Y{

d2y d dy) dx dy d(dyj dy  d°y dx

X—— + X
gt2  dt = dx’  dt dx dt \ dx dx  dx? dt
dy 2d%y >,

=gt X 2 T XY=V N
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Phwong trinh tt cap 2 hé s6 hang — pt Euler-Cauchy

Thay X2y;’( = V{ — Vi, XYy =Yy Vvao pt ban dau cap 2:

a2x2y” +agxXy' +aoy = f(x)

Ta dwoce pt tuyén tinh cap 2 hé sb hang
" / / t

8 (Vi — Vi) tayi tay=f(e)
4 / t

Sayr (@ —ag)yr+ay="1()

Giai pt trén roi thay x=et, ta duwgc nghiém cua pt
Euler — Cauchy cap 2
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Phwong trinh tt cap 2 hé s6 hang — pt Euler-Cauchy

Vidy: Gpt X°y" =Xy’ +y=Inx (x>0)

Vi x>0 nén ta co thé dat x=e!
Thay X2y;’( = Yf — Vi, XYy = Y¢ vao pt da cho, ta duwoc
y'=2y'+y=t
Vi, = Cie! + Cote!
y, =at+b =y, =a,y; =0 Thay vao pt trén
Y =1+2

Vay nghiém cua pt da cho la
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Phwong trinh tt cap 2 hé s6 hang — pt Euler-Cauchy

Vi du: Tim nghiém riéng cua pt
X7y =2xy'+2y =x°,y) =y =- 1,

bat x=e!, tadwoc pt y"' -3y +2y = e?t

t 2t
Vin =G +Coe™,

y, =ate” =y =ae?l(1+2t),y" = ae? (4 + 4t)
Thay vao pt trén, ta dwoc : a=1
Suy ra, NTQ cua pt da cho Vi = C1X—I-C2X2 +x2Inx

Tinh thém y’,, thay dieu kién dau vao, tim dwoc C,, C,

Vay nghiémriéng la: |y = %x— X% + X% Inx

CuuDuongThanCong .com NpS77Tb.comvtaliietdientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Phuwong trinh tt cap 2 hé sb hang — Bai tap

Tim NTQ hoac nghiém riéng cua cac pt
1.y"—5y"+6Yy = XCOS X

2.Y"' =5y +4y = (x2 +1)sin x

3.y -5y +6Yy = xe*

4.y" -4y + 4y = 2e°%
5.y"+ 4y =Cc0S2X+ XSIn2X

3

6.y"—6Y +9y = xe>* +cos2x,

7.y"+Yy =1tgx
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Phwong trinh tt cap 2 hé sb hang — Bai tap

8.y"+9y =2sin xsin 2x
1
1+e

9.y"+5y' +6y =

2X

10. x2y”+xy + Yy =sin(2Inx)
11.x° V' +3xy'+y = }/

12. x2y” 3xy’ +4y_7

13.(4x-1)°y" — 2(4x~1)y' +8y =0

14.x°y" —xy"+y =cosIn x
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