CHUONG V : PHUYONG TRINH VI PHAN

|. Phwong trinh vi phan cap 1

Il. Phwong trinh vi phan cap cao

lll. HE phwong trinh vi phan



Phwong trinh vi phan cap 1 — Khai niém chung

Bai toan 1: Tim tat
ca cac duwdng cong
y=f(x) sao cho trén
moi doan [1,x], dién
tich hinh thang cong
bi chan bé&i cung
dwdng cong bang ti
sO gilra hoanh dd x
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va tung do y. Nhin hinh vé, ta c6

1 y

Xff(t)dt=i© f(x)~ y

!

& 3=y - vy

2 y y Xy
y

Ta goi day la phwong :cr‘mh vi phan cap 1(phwong
trinh chira dao ham cap 1 la y’)



Phwong trinh vi phan cap 1— Khéi niém chung

Bai toan 2: Mét vat khoi lwong m roi tw do véi lwe can
cua khéng khi ti & v&i van toc roi. Tim mai lién hé gilra
thdi gian roi t & quang duwdng di dwoc cua vat s(t)
. Y . s n . d
Goi v(t) Ia van toc roi cua vat thi v (t) = —3(1)
dt
Theo dinh luat 2 Newton,taco ma = F (2)
dv
Trongdé a~ —,F = F, " F,, F, = mg latrong luc
dt ,
F. = ~2y lalwc can cua khdng khi, a>0 la hé sb can

2

Thay a, F, F1, F2 vao phwong trinh (2) ta dwoc

dv d’s ds
m—=mg "%y <2 n “mg ~ ¢ —

dt dt” dt
Ta goi day la ptvp cap 2 (chira dao ham cap 2 1a s”)




Phwong trinh vi phan cap 1— Khai niém chung

Dinh nghta 1: Phuwong trinh vi phan la phwong trinh
cht’fa dao ham hoac vi phan cua 1 hoac vai ham
can tim

DPinh nghTa 2: Cap cla phwong trinh vi phan 1a cap
cao nhat cua dao ham cé trong phuwong trinh

Vi du:
Ptvpcap1: y —2xy = x°

(x>~ xy)dx T (e* T 3y)dy =0
Ptvpcap2: y'y* y'x~3xy =1
Ptvpcap3: y *3y t3y *y=Inx



Phuwong trinh vi phan Cép 1— Khai niém chung

Dang tong quat cla phwong trinh vi phan cap n 1a

F(X,V,V,V ,....,y"")y=0 hoac gidi ra v&i y™ la

(n) =

— (n71)
y F(X, Y, Y,y ™)

Binh nghia 3: Nghiém cua phwong trinh vi phan

trén khodng (a,b) 1a mét ham s y=y(x) sao cho khi
thay vao phwong trinh ta dwoc mét ddng nhat thire
trén (a,b) (dang thrc ludn dung vé&i moi x trén (a,b))

Vi du: Nghiém cua ptvp y"—3y'+2y:0
la ham sd vy =ce tce’

Po thi ctia ham sb y=y(x) dwoc goi la dworng cong
tich phan cua ptvp




Phwong trinh vi phan cap 1— Khai niém chung

Dang tong quat cla ptvp cap 1:
F(x,y,y)T0(1) hodc: vy = f(x,y)(2)

Bai toan Cauchy: la bai toan tim nghiém cua ptvp (1)
hoac (2) théa dieu kién dau y(x,) ~ vy,

Hay noi cach khac la tim 1 dwong cong tich phan
cua ptvp (1) hoac (2) di qua diem (x,,Y,)

Vi du: Tim nghiém cta ptvp 2xdx = 3y°dy
thda diéu kién y(1)=1

TacO: 2xdx = 3y2dy < dx’ = dy3 < 2+ o= y3
V&i x=1, y=1 ta thay vao dang thirc trén va dwoc C=0

3 2

Vay nghiém cua baitoanla y = {/x



Phwong trinh vi phan cap 1 — Khai niém chung

Puwdng cong tich phan cua ptvt trén véi 3 tredng hop

Trong pham vi mén hoc, bai toan Cauchy luén co
nghiém xac dinh trong 1 l1an can (x, = ¢,x, © ¢)



Phuwong trinh vi phan cap 1 — Khéi niém chung

Nghlem tbng quat: Ham y= =y(x,C) duoc gol Ia nghlem
tbng quat cta ptvp cap 1 trong mién D € R® néu

V(x,,y,)€D:71C, ,y T y(x,c,) langhiém cua bai
toan Cauchy voi diéu kién dau y(x,) = y,. Nghia la:

= V., € — & + &
36 :%y y(x,C,), " x = (x, X, )

0

Y, ~ Y(x,,C,)

Nghiém bat ky nhan dwoc tir nghiém tdng quat bang
cach cho hang s6 C mot gia tri cu thé dwoc goi la
nghiém riéng tlrc la moi nghiém cua bai toan Cauchy
déu la nghiém riéng




Phwong trinh vi phan cap 1 — Khai niém chung

Lwu v 1: Khdéng phai nghiém nao cua 1 ptvp cling
nhan dwoc tir nghiém tdng quat (NTQ) bang cach
cho hang s6 C nhirng gia tri cu thé. Nhirng nghiém
nhw vay dwoc goi la nghiém ki dj

Vidu: Xétptvp y = \/1 - y? Ta bién doi pt

dy  _
, \/ : z_dXQ{(arcsiny:x“LC
Ly * 1

N

[y =sin(x t c) ROrang, y=1 hay y=-1 déeu la
) nghiém cua ptvp trén. Bé6 la cac
nghiém Ki dj

Ly * T1



Phwong trinh vi phan cap 1 — Khai niém chung

Lwu v 2: Trong pham vi mdn hoc nay, ta chi tim
nghiém cla cac ptvp mdt cach khdng day dua, tere 1a
ta sé& bién doi cac phwong trinh khdng chat nhw vi
du trén. Ta chi giai phwong trinh hé qua chtr khdéng
giai phurong trinh tvong duong.

Vi du: Khi bién ddiptvp y =y
Ta khong xét trwaong hop y=0 hay y#0

= y = e © = y=cCe
Ta giai thieu nghiém y=0 cua pt vi ta khong gpt
twong duong, tiee la tim nghiém khong day du




Phwong trinh vi phan cap 1- PT tach bién

Dang : f(x)dx T g(y)dy =0
Céch giai : Lay tich phan 2 vé phwong trinh
e (x)dxtIg(y)dy = ¢

Vidu: TimNTQcla pt (3x° *1)dx © cos ydy = 0

Lay tich phan 2 vé phwong trinh
J(3x? *1)dx * lcos ydy = C

3 ) —
—~ x tTxTsiny~=C

3

= y Tarcsin(C ~ x~ 7 x)




Phwong trinh vi phan cap 1- PT tach bién

Hai dang ptvp cé thé dwa vé pt tach bién:
f(x)g,(y)dx ™ f,(x)g,(y)dy =0

S ACON TG B
00 g,(y)

y = f(ax T by T c)

/

Dat : z(x)=ax+by+c = y = - . -




Phwong trinh vi phan cap 1- PT tach bién

Vidu: TimNTQ cla pt xy’dy = ~(y T1)dx

2

d x
) dy " —=0
y 71 X
2
d x
= | dy T I—=rc¢
y 71 X

xy“dy = ~(y t1)dx =

= 1 - y+ln‘y+l‘+ln‘x‘zc

Trwdng hop nay, viéc bién dbéi dé dwoc y=y(x,C) rat
kho nén ta sé dé nguyén dang trén (dang pt
®(x,y,C)=0. Ta goi day la tich phan tdng quat cta ptvp



Phwong trinh vi phan cap 1- PT tach bién

Vi du: Tim nghiém riéng cua pt

4

y = x t2xy Ty’ T1,y(0)71

/ /

y Tx t2xy Ty 17 oy T(xTy) 71

4 /

Pbat z=x+ty = y =z ~1 thayvao pttrén

, _ dz
Z _1—22_1 = — = dx :>_£:x+C
Z2 7
_ 1 1
= —X+y:>y:_x_
X+C X+C

Thay diéu kién dau vao: 1 = -C

Nghiém riéng can tim la: |, = -




Phwong trinh vi phan cap 1- PT tach bién

Bai tap: Tim NTQ hoac nghiém riéng cua cac pt sau
l.y’: 2X "y

2.tan ydx ~ xIn xdy — 0

3.y': cosy 2

4.x°(y* *5)dxt(y’t5)y°dy T0,y(0)~1




Phwong trinh vi phan cap 1- PT dang cap

/

Dang: y ~ f(l)
X

Céchgigi:Dat v=21= y' =u+u'x
X

y
T cos —

X

Vidu: Tim NTQ cua phwong trinh y =

Y
X

4 /

= y=ux — y “utux Thayvao pt

cosu au :d—xjfdu

cosSu X cos u X

d x
= [+

_ [ 7
:tant—jL—J_CX: y:xLZarctaan_—“LkZ”
2

\
)




Phwong trinh vi phan cap 1- PT dang cap

Hai dang ptvp cé thé duwa vé pt dang cap:

f(x,y)dx T g(x,y)dy =0

Trong dé, f, g Ia cac ham dang cap clung bac tirc
la ton tal s6 nguyén k sao cho

f(tx,ty) =t (X, y),g(tx,ty) Tt g(x,y)

/

y

(
fl

La,xTh,ytc,) la,x T h,y

a1x+b1y+c\ axThbytc =0

L | Ta xét hpt

, | D#0: hpt co ng duy nhat x=x,, Y=Y,
Dét X=X'XO, Y:y'yo
2| D=0:ptthanhdang y = g(a,x " b, y)




Phwong trinh vi phan cap 1- PT dang cap

Vidu: TimNTQclapt (x* T y*)dx ~ xydy = 0

Pay la pt ddng cap béac 2
Chia 2 vé pt cho x2

( 2 )
y e
X

|1+—2|dx_ldy:O =y
L x7 ) X V
X

/ /

Dét u :l: y = uTuXx Thayvélopttrén:
X

2
u

d x _
+u:>fudu:f—+C:>—_lan
X 2

-+ =

u X

/ 1
u —_—
u

2
2 — 2 X
—~ y“ = Cx’e



Phwong trinh vi phan cap 1- PT dang cap

Vidu: Tim NTQ cua pt
(2x 2y " Ddx T (x "y T1ldy =0

Ta viét lai pt thanh :

_ 2(x T y) 1 _ 2 2

y . Nen p = =0 Taduogc pt
(x y) "1 1 "1

y =2 — Dang pt y' = f (ax * by * c)
(x " y)*"1

Pat z=x-y+1

NTQcuaptla |n ‘x - y‘




Phwong trinh vi phan cap 1- PT dang cap

Bai tap: Tim NTQ hoac nghiém riéng cua cac pt
y
1.y = eK + L+
X

3.(x

4.xy’: y In l y(1) — 1)

X

5. y“L\/XZer2 dx ~ xdy = 0,y(1)~= 0



Phwong trinh vi phan cap 1- PT tuyén tinh

’

Dang: y * p(x)y = q(x) ptkhdédng thuan nhat
ot p(x)y =0 pt thuan nhat

Fp(x)dx

Cdch giai : Nhan 2 vé& ptvéi e

' Ip(x)dx 4 Fp(x)ydx = I'p(x)dx

y e y p(x)e qg(x)e

eIp(x)dx _

—q(x)e

Ip(x)dx

Hoac dung cong thuwce
—  ~Ip(x)dx I'p(x)dx

y = e lq(x)e dx T C




Phwong trinh vi phan cap 1- PT tuyén tinh

2

Vidu: TimNTQclapt y —2xy =1~ 2«

St dung cbng thirc nghiém voi

2

p(x)~ "2x,0(x) ~ 1~ 2x

—  ~Ip(x)dx

y = e fq(x)ejp(x)dxderC

2 2

— X X

y=e* JTa—2x%e “dxtc

2 2

_ 2
y=e* Je “dxtlxe “d(x*)*cC




Phwong trinh vi phan cap 1- PT tuyén tinh

Vidu: TimNTQclapt vy (x* y*)=y

Ta bién doi dé dwa vé thanh pt khi xem x=x(y)

L= Yy = - = Dung cbéng thirc




Phuwong trinh vi phan cip 1- PT tuyén tinh
Bai tap: Tim NTQ hoac nghiém riéng cua cac pt

— X
xe ~ 2e

2.(17 x*)y *y = arctan x

3.ydx ~ (x T y®siny)dy =0

4.y N1~ x* Ty = arcsin x,y(0) = 0

5.y —,y(1) "1



Phwong trinh vi phan cap 1- PT Bernullli

Dang: y * p(x)y = q(x)y ,
Trong do: a#0 vi neu a=0 thi ta dwoc pt tuyén tinh
a#1 vi néu a=1 thi ta dwoc pt tach bién

Cdch gidi: DPat 2= y* "

4 o

=z QA %) y.y
— - 7.y . ~
y - Thay vao pt trén
-
ZY . %
Typ(x) T a(x)y
1—0[

/

z Tz, %) p(x) T AT F)a(x)




Phwong trinh vi phan cap 1- PT Bernull

/

Vidu: TimNTQclUapt vy ~2ytanx = "y sin’ x

Pay la pt Bernulli voi a = 2
bat :=y = vy =7z Thay vao pt trén

_z’y2_2ytanx:_yzsin2x

! — . 2
z T 2ztan x ~ sin” x

— —IZtanxdx . 2 f2tanxdx
z = e Isin? xe dx T C

1

y

cos’ x(x " tanx T C)




Phuwong trinh vi phan cip 1- PT tuyén tinh
Bai tap: Tim NTQ hoac nghiém riéng cua cac pt

1.y + xy2 = x\/;

1 x

!

2.y = y(y cosx T tan x)
3.ydx T (xt x“y%)dy =0

4.3dy T (1T 3y’)ysinxdx = O,y(%) =1

2 /

5.(y T2yt x")y T2xTo0,y@) T o0



Phwong trinh vi phan cap 1- PT vp toan phan

Dang: p(x,y)dx " Q(x,y)dy =0
Trong d6: P = Q,

Cach giai : Ta tim nghiém pt dwdi dang U(x,y)=C
trong d6 ham U(x,y) dwoc tim bang 2 céch

Cach 1: Chon diém (x,,y,) sao cho tai d6 2 ham
P, Q lién tuc thi :

X y
U(x,y)~ TP, y)dx* TQ(x,,y)dy

X0 Yo

Cach 2: Ta tim U(x,y) sao cho

U, = P(x,y).U, =Q(x,y)




Phwong trinh vi phan cap 1- PT vp toan phan

Vidu: Tim NTQ cua pt

(e Y+ 2y)dxt (e Yt 2x~2)dy =0

= xty 4 = p =Y+ ]
P~ e 2y Py e 2 FjP':Q'
Q=e tax" 22 qQ eV t2 y

Cach 1: Chon (X,,Y,)=(0,0)

X

X + Y +
u =1IeEe""t2y)dxt I®? 2.0 2)dy

0 0

U= (" +axy)=(e?~0) * (e’ ~2y) (e’ ~0)

U =e Y Toaxy 2y



Phwong trinh vi phan cap 1- PT vp toan phan

Cach 2: Tim ham U(x,y) sao cho

T (2): U ~e "FT2xy~2yTC,(x)
So sanh 2 dang thie trén, ta dwoc

U=e" Y *oaxy - 2y*tcC

Vay NTQ claptdachola €'’ " 2xy 2y=cC




Phwong trinh vi phan cap 1- PT vp toan phan

2 3
Vidu: TimNTQcuapt (y " —)dx " (x =~ —)dy = 0
X y

Kiém tra diéu kién dé pt trén Ia ptvp toan phan

Tim ham U(x,y) sao cho U’ = y + =
X

Pao ham theo x la y thi nguyén ham la xy

2 R . . . 2
Ph theo x la — thi nguyén ham la - —
X X

2
Suyra U T xy~ —
X

3

Lay dh U theo y va so sanh véi Q =~ x ~ —

y



Phwong trinh vi phan cap 1- PT vp toan phan

Y AL , 3
Ta thay thiéu nguyén ham cua ~— —

y
Thém nguyén ham la 3
y
2 .3
Suyra: U = xy —7F —
X Yy

Thir lai bang céch lay dao ham cua U theo x
(so sanh vo&i P) va theo y (so sanh voi Q)

Vay NTQcuaptdachola xy = —t —=C
Xy




Phuwong trinh vi phan cap 1- PT vp toan phan

Bai tap: Tim NTQ hoac nghiém riéng cua cac pt
1. (x>t y)ydx T (x ~2y)dy =0

2. (e " T ytsiny)dx T (e’ T xT xcosy)dy =0

7T

3.ycos xdx T sin xdy = cos2xdx,y(—) =5
2

4.(3y° " x)dxt2y(y® " 3x)dy =0
Biét rang khi nhan 2 vé phuwong trinh v&i ham

h = h(x* y?) thitadwoc 1 ptvp toan phan



Phwong trinh vi phan cap1

Bai tap: Nhan dang va giai cac pt sau

1.xyy = y° T 2x°

2 xy = xe%Jr y

2
3. tgydx T

4.y': 2" Y

5(x Ty 4)dy T (xty~2)dx =0
6.y cosx Ty =1 sinx

7.y (xTy )Ty

Xx 4 5

8.4xy T3y = "e*x'y



Phwong trinh vi phan cap1

o.yln®y T y/xt1=0

10y =e* Yt

11.(x  Tex’y’tyHdxtaxy(x®t y°)dy =0
12.(2x Ty TDdx T (xT2y " 1dy =0

: Xy |
13.y — = arcsin x *

1 X

X

_ /

14.y = xy Ty lIny
15.ydx T (x t x°y*)dy = 0
/ 1

16.y

1 Xxy



Phwong trinh vi phan cap

17.(x2|ny - X)y¢g=y

18.y¢<33iny + 2y = Xy ¢

2

19.y ¢= 4
2xy + 3
¢  2X arctgx
o YE 2xly _aretg

' 2
VY 1+ X 1+ x°

21.(y2+ 2y + x2)y¢+ 2x =0

COSYy - siny - 1
22.y ¢= 4 4

COS X - Sinx + 1

23.3y sin(B%)dx + (y - 3xsin(3%)dy =0

X+y

24y ¢=
X-Yy



25

26

27

28

29

30

31

32

Phwong trinh vi phan cap1

Ly ¢- =

yg+ y = /\/7

2

2xdx = (x2+ y - 2y)dy

2
y y

Ly ¢- LA X In X
X In X
.(eXsiny + X)dx + (excosy + y)dy =

2(x+ y)yg= (x+ y) + 1

X 2

y¢- y=3e’y

(1+ 2x°)y ¢+ 2xy = \/(1+ 2x°%)°

0



Phwong trinh vi phan cap

34.(2x2y Iny - x)y¢=y

35.ycosxdx + sinxdy = cos2xdx

36.e’dx + (xey - 2y)dy = 0

37.y N1+ x2 + y = acr sin x

38.y¢- 2ytgx + yzsinzx =0

39.x2y¢- y2- Xy = x



