, C}/m’o’ng 6
LY THUYET UOC LUQONG

6.1. U6C LUGNG PIEM

Cho X = (X, X,, ..., X,) 12 mdt miu kich thudc n ti¥ tong thé ¢
ky vong a, phudng sai 62.

S0 0 =0(X;,X,,x..,X,,)goi 1a mot udc lugng di€m cla dic trung
0 clia tong thé, n€u ta coi ~1a mot gid tri gn ding cda 6.
1- Udc lugng khong chéch -

Uéc Iugngg cia ggoi 1a khong chéch néEuE(0) = 0

Dinh 1y sau day 1a hé qua tryc ti€p cua cdc dinh 1y 5.1; 5.2; 5.3
chudng 3.

Pinh 1y 6.1. Vi moi mau ta co:

- F la u6c lugng khong chéch cia p

- X1a u6c luong khong chéch clia a

- S? 1a u6c lugng khdong chéch cua o2
2- Udc luong hop 1y cuc dai

Gid st tong thé da bi€t phan phoi nhung chua biét cdc tham sd 0
cta né. Khi d6 hAm mat dd xdc suat hodc cong thic tinh xdc suit ciia nd
c6 dang f(x, 0).



T mau X = (X, X,, ..., X)) ta ¢c6 ham:
L©) = L(X{,X,,...,X,,0) = f(X{,0).f(X,,0)..£f(X,,0)
goi 1a ham hop 1y cla cdc s 0.
S6 0 = é(Xl, X5, ..., X)) goi 12 uSc lugng hop 1y cuc dai cia 0, n€u ng
v4i gid tri nay cua 6 ham hgp 1y dat cuc dai.

Do L >0, nén néu 0 chi gdm mot tham sd thi L(0) va In L(0) ¢
cung di€m cyc dai. D€ thuin tién cho tinh todn, ké c3 trudng hop 0 c6
nhi€u tham s&, ching han 0 = (0,, 0,), ta cling coi uSc lugng hop 1y cuc
daicia 0lag = (g,,0,), trong do pla di€m cuc dai ctia ham hai bi€n In
L(0,, 0,).

Pinh Iy 6.2. Cho tong thé c6 phan phdi Poisson va miu:
X = (X, Xy ooy X.)
Khi d6 13 u6c luong hop 1y cuc dai cla tham s6 a clia tong thé.

Khi d6 X 12 udc lugng hgp 1y cuc dai ctia tham s6 a cia tdng thé



Chitng minh. Ta cé: .
f(x,a) =e ® a_' x=0,1,2, ..
tr d6 ham hop 1y 1a: *
L(a) = f(X,, a) . (X, a) ... f(X,, a)

_ n,—ha a
X, I1X,0. X!
_ e 1
— e na _nX

XXX

Pé tim dié€m cuc dai ctia In L(a), ta c6:
InL(a) = -na + nXIna - In(X;1X,!..X_1)
dinL@ __ nX d’mLX) _ nX

da a’ da? g2
_ . _
13 rang: dIn L(X) _0 w d lnIZJ(X) <0
da da

nénX 1a di€m cuc dai ciia ham In L(a).



Pinh Iy 6.3. Cho tong thé c6 phan phdi chuian va miu:
X = (X, Xy ooy X,)
Khi d6 X1a udc lugng hgp 1y clia k¥ vong a va S21a ude lugng hgp
1y cyc dai clia phuong sai 62 clia tong thé.
Chitng minh. Ta c6: (x—a)2
1,2

ov/2n

twdo hamhdplyla: 14 o) = £(X,,a,0)£(X,,a,0).£(X,,a,0)

f(x,a,0) =

n
—12 Z:(Xi—a)2

1 e 20 i=1

o" (27:)E

va: In L(a,o) = _LZ(Xi — a)? —nlnc—%ln%c
1=1

262 =

/? N ° N N / / N A
Pé€ tim cuc dai ctia ham nay, ta tinh cdc dao ham riéng:

O0ln L(a, o) 1 2 n <
) — (Xl — a) = —(X — a)
oa 2 ; G2




6111Léa ,0) 13 Z(X _a)? _E
Cho: ©¢InL(a,o)
oa

=0

ta dugc: a =X

Tir d6, cho: ¢1nL(a, o) -0
oG

ta dudc: Z(Xi _ X)z _nc2 =0
i=1
hay: 52 = Q2

D& thay: 0°INL(X,S) _ n azlnL(Y,§)_O 0’L(X,S) _

0a’ 8% fade oo’

nén (X,S?) la di€m cyc dai cda ham In L(a,o).



6.2. UGC LUUNG KHOANG
1. Khai niém chung
Khodng (c,d) goi 1a khodng udc lugng cia 0 néu ta coi Oe (c,d). Xdc

sudt: Ploc(c,d)]=1-a
goi la do tin cay cua uGc lugng.

N&u0 12 mot ude lugng khong chéch clia 0 thi khodng uéc lugng
cua 0 ¢o dang(é — g,é +¢ ) goi 1a khodng uSc lugng ddi xing, sd € > 0 goi
1a d6 chinh xac cua udc lugng.

Gia stt 0 - ¢,0 + ¢) 12 khodng udc Iugng ddi xitng clia O v6i dd tin

ay 1 - o thi: ~ ~ ~
cay Lot P[@e(9—8,9+8)]=Pq9—6‘<8):1—0c
2. Uéc lvgng khoang cua ty 1é
Bai toan. Cho miu c6 kich thuéc n, ty 1€ mau f. Tim khodng udc lugng
(d6i xtng) clia ty 1& tong thé p v6i do tinciy 1 — o
Phuong phap giai khi n > 30. Ta c6:

P(F—pl <c)- P [\F - sf]

yEf@-1) viad -f

evn

T/
bat: /7“1 D




Theo muc 2 phan 5.3 chuong 5:
clind N N (1Y

Jvi@ 1)

nén theo dinh 1y 4.9 chuong 4, ta co:
20(Z, ) = 1
Tra bang tich phan Laplace ta tim dugc Zo.. T d6 ta c6:

_Zfa-1)
Jn

va c6 khoang uGc lugng ciapla (f - ¢, f + €).

Vi du 6.1. Pi€m danh ngiu nhién 50 sinh vién thdy cé 6 ngudi bd hoc.
Udc luong ty 1€ bd hoc cua sinh vién véi do tin cay 95%.

Giai.n =50, f =% =012 . Tim khoang uGc lugng cta ty 1€ sinh vién bo
hocp v6i 1 - a=95%.

2D(Z,) = 0,95, DZ,,) = 0,475
Tra bang ta dugc Za = 1,96

__ 1,96/0,12.0,88

J50
Vayp=0,12+0,09 hay 0,03 <p<0,21.

= 0,0900




3. Uéc luvgng khoang ctia trung binh

Bai toan. Cho miu c6 kich thudc n, trung binh miux, phuong sai miu
hiéu chinh s2. Tim khodng uéc lugng cia trung binh (ky vong) tong thé a
v61do tincay 1 - a.

I- Trudng hgp n = 30

_ X-a
Ta co: PqX—OL‘<8) ‘ ‘\/_ 8\/_ =1-a
biat Z, = 8\/7 . Theo muc 2 phan 5.3 chuong 5:
S
X2 N,
S

nén: 20(Z ) =1-a

Tra bang ta tim dudc Za.
Z,.s
Jn

Tu dé ¢ =

va khodng udc lugng cuaala (x — g, X + €).



Vi du 6.2. Khio sat 100 sinh vién chon ngiu nhién thdy di€m trung binh
mon todn 13 5,12, phuong sai mau hiéu chinh 14 (0,26)2. Uéc luong di€m
trung binh mo6n todn cua sinh vién v6i do tin cay 97%.

Gidi. n = 100;X=5,12; s = 0,26. Tim khodng udc lugng di€m trung binh mon

todn a cua sinh vién v6i 1 - a = 0,97.
0,97

O(Z,) = = 0,485
Tra bang ta dudgc Za. = 2,17
.z 2,17.0,26 - 0,06

v100
Viya=5,12 % 0,06 hay 5,06 < a < 35,18.

2- Truong hop tong thé cé6 phdan phéi chudn, da biét phuong sai o2

viX-a N(0,1y hén tim khoang u6c lugng nhu trong trudng hop
c

1Vdi8: \/OL_.
n

Chud y rang trudng hdp nay khong phan biét n.



3- Truong hop n < 30, tong thé cé phdn phoi chudn, chua biét phuong sai

Taco: [— X-a
PQX—a‘<a)=P‘ ‘\E<£ =1-a
S S
bat T =% . Theo muc 2 phin 5.3 chuong 5:
S -
X-a

~Tn-1)

S

Tra bang phan phdi Student (tiéc 12 bang PQTk‘ < Té‘): l1-a )cota,dongn
— 1, ta im duge T, = T . Tir d6 c — T4S va khodng uéc lugng ciia a 1a
(x —g,x + &) I
Vi du 6.3. Chiéu dai cia mot loai sdn phdm theo luat phan phdi chudn.
Do ngau nhién 10 san phim dugc chiéu dai trung binh 12 10,02 m; d6
léch mau hi€u chinh 1a 0,04 m. Tim khoang u6c Iugng chi€éu dai trung
binh clia loai sdn pham nay véi do tin cdy 95%.
Gidi.n = 10;x=10,02; s = 0,04. Tim khodng u6c lugng cla chi€u dai
trung binh a v6i 1 — o = 0,95.

T, =t 05 = 2,262
CT,s 2262004

Vn V10
Vaya=10,02 £ 0,03 hay 9,99 <a < 10,05.

€ = 0,03



4. Bang phan phdi va bang phan vi
1- Gidi thiéu cdc bang
Cho X 12 mot dai luong ngiu nhién. Bidng d€ tim s& Ma. sao cho:
QX‘ <M ) 1—a, goi 12 bing phan phdi
Bing dé tim s6 ma sao cho:
P(X <m,) = a, goi la bang phan vi cua X.
Né&u X ~ N(0,1) thi ta ky hiéu Mo 12 Zo, ma. 13‘1 ua
Né&u X ~ T(k) thi ta ky hiéu Ma. 12 T, ma 12 ta2
Néu X ~ X (k) thi ta ky hiéu Mo = ml -a1a X i (o) (trong trudng
hop nay dé dang thiy ring M, =m,;  VIiX2=0).

Pinhly 6.4. V6i a;,05 > 0; 0y + g = <1 taco:
P(m, <X<m_,)=1-«
Chiing minh. Véi diéu kién cla dinh 1y ta c6 oy <l-a,va m ,<m,_,
Wwdo: plm, <X<my,, )=PX<m, )-PX<m, )
= (1—oc2)—oc1 =1-a
2- Khodng udc luong khong doi xiing
Trd lai bai todn & muc 3 phan 6.2 véin > 30. Vi:

a1

X-a
S

Jn ~ N(0,1)




nén theo dinh 1y 6.4, v61a,; + o, = o < 1ta co:

P[uOL1 <Xa\/ﬂ<u1a2]=1—a

S

hay: P(X Uj_gg \/_ <a<X- ual%]zl_a (*)
n
Do tinh d6i xdng cia phan phdi chuidn nén:
PX <-u,, )=PX <u,, )-Pl-u,, <X<u, )
= P(X < ual)— ZP(O <X < qu)
- P(X <uy, )- Z(P(X < Ugy ) %j

=1-PX <u, )=1-o

Vay —uyy =u; ,q . Theo (¥) taco khoang udc lugng ctia a véi dd tin
cay 1 - a'la:

- S — S
[X — Ul_az E, X + ul_al Ej

Khodng uéc lugng nay khong doi xitng (khong nhéngle‘lm tam).



Truong hgp ddc bi€t oy = ay = & thita nhin lai dugc khoang uGc
luong doi xing: 2

[X 1__\/_ X+u1__\/_

So sanh két qua & diy véi muc 3 phan 6.2 ta cé:
Z, =u

(04 a

1——
2

s nay c6 thé tra tir bing tich phﬁn Laplace hoic bing phan vi chuin,
tuong tu ta cling co: .
T - (04

1_7
2

s6 nay cé thé tra § bing phan phdi Student hodc phan vi Student.
5. Uéc lugng khoang ctiia phuong sai
Bai toan. Cho miu kich thuéc n, phuong sai mau hiéu chinh s2. Tim
khodng udc lugng clia phuong sai tong thé o2 v6i dd tin cidy 1 — a
Phuong phdp gidi trong trudng hgp tong thé c6 phan phdi chuin:
Theo muc 2 phan 5.3 chuong 5:

(n —1)S?

(52

~X2(n—-1)




Véi oy + ay = a, theo dinh ly 6.4. ta co:

(n—1)S?

('52

PX7, (-1 < <X, n-1)=1-a

T d6, véi mot mau cu thé ta ¢ khodng udc luong clia o2 1a:

(n—1)s®* (n—1)s”°
A2 (n—=1)° a7 _(n—1)

PE€ thudn tién cho tra bang, trong cic bai toin tim khodng udc
. o . s 2 2, )
lugng cua ¢? ta luén xét vgioy = dg = 5 Khi d6 khoang uéc lugng cua
215 -
G- la:

(n-1)s*  (n-1)s°
2= -1

had 1-=
2 2

N6i chung, khodng udc lugng nay khong doi xing.



Vi du 6.4. Can ki€m tra 15 géi mi ta dudc so liéu:

Trong lugng (g) | 84 84.5 85 85.5
S6 g6i 2 3 8 2

Biét trong lugng nay theo luit phan phdi chuan. Hiy tim khodng udc
lugng cua phuong sai véidd tincdy 1 -a=90% oy = ay = 5% .
Giai. To mau trén ta c6 s2 = 0,02. Tra badng phan phoi X2 vGin — 1 = 14,
ta co:

X 05(14) = 23.7; X o5(14) = 6,57

Vay khodng u6c ludng mudn tim 1a:

14.0,20 14.0,20
235 = 6,57

hay: (0,199; 0,426)



6. Xac dinh dd tin cay va kich thuéc mau
1- Truong hop uéc luong ty I¢

Tu:
7 = evn

*oJfa-=f

va 200Z,) =1-«a

ta cO: 1—0c=2CD£

en | _Z3fd-f)
Jfa-) 2

€
Khi cong thitc tinh n khong 13 s& nguyén thi ta chon:

2
n:{Zﬁﬂ—fﬂ+l

2
€

Vi du 6.5. LAy ngiu nhién 200 sidn pham trong mdt kho hang thay
c6 25 phé& pham.

a) Néu mudn do chinh xdc cta udc lugng 1a € = 0,035 thi do tin ciy
cua uGc lugng la bao nhiéu?

b) N&u mudn d6 chinh xdc 12 0,001; do tin cdy 95% thi cAn ki€m
tra thém bao nhiéu sdn phAm?



Giai. a) n=200; f=0,125; £=0,035
7 _ 0,035./200 _ 1,50

* .0,125.0,875

Tl d6 @0 tin cay la: 1-a =20(1,50) = 2.0,4332 = 0,8664
b) f=0125¢=0,00L1-0=095=7Z, =196
B {1,962.0,125.0,875
0,001
VAay can phdi ki€m tra thém 421 — 200 = 221 sin pham.
2- Truong hop uéc luogng trung binh

Tu: 7 evn

=—— Vva 20(Z, ) =1- o taco:

a2 o2

Khi cong thic tinh n khong 1a s6 nguyén thi ta chon:

Sl

}+1:421




Vi du 6.6. Do dudng kinh ctia 100 chi ti€t do mdt mdy sdn xuat dugc sO
liéu:

Pudng kinh (cm) | 9,75 9,80 9,85 9,90
SO chi ti€t 5 37 42 16
a) V61 do chinh xac € = 0,006, hay xac dinh dd tin cdy.
b) Mud6n dd chinh xdc 1a 0,003; do tin cdy 95% thi can ki€m tra bao

nhiéu chi ti€t?

Giai. TU mau ta c6 s = 0,04.

evn _ 00064100 _
S 0,04 ’

Tuw doé do tincayla: 1 - o = 29(1,5) = 0,8664

2
b, _ [(1,96.0,04j ]+ 1 - 683

a) Z, =

0,003



BAITAP

6.1. Gia st ring cdc mau & cdc bai tap 5.1;5.2; 5.3; 5.4, 5.5; 5.6; 5.7, 5.8

13 cdc miu trong phan phoi chuidn N(a, 62), v6i do tin cAy y = 0,95, hiy

tim khodng tin cAy cho ky vong a va phuong sai 62 ¢'ng v4i cdc mau trong

bai tap trén.

6.2. Hao phi nguyén liéu cho mdt don vi san pham 1a mdt dai lugng ngiu

nhién tuin theo quy ludt chudn N(a, 2), v6i dd 1éch chuin o = 0,03.
Ngudi ta sdn xuat thi 36 sdn pham va thu dugc bang s6 liéu sau:

Muc hao phi nguyén liéu

(zam) x 195-19,7 | 197-19,9 | 199-20,1 | 20,1-20,3

n, 6 8 18 4

1

v6i d6 tin cay vy = 0,99. Hay tim khoang tin cdy ciia mic hao phi nguyén
liéu trung binh cho mot don vi sdn pham.

6.3. P€ udc lugng lugng xing hao phi trung binh cho mdt loai xe o td
chay trén doan dudng tir A d€n B né€u chay thir 49 lan trén doan dudng
nay ta c6 bang so liéu:

Lugng xang

hao phi (lit) 9,6-9.8 9,8-10,0 10,0 - 10,2 10,2 - 10,4 10,4 -10,6

S6 1an (n,) 4 8 25 8 4




a) VGi do tin cay vy = 0,95, hay tim khoang tin cdy cho mic hao phi xdng
trung binh cua loai 6 td trén.

b) V6i do tin cay y = 0,99, tim khodng tin cAdy cho phuong sai. Bi€t ring
mAu trén xét trong tAp chuin.

6.4. B¢ dinh mifc gia cong mdt chi ti€t mdy, ngudi ta theo ddi ngiu nhién

qué trinh gia cong cua 25 chi ti€t mdy, ta thu dudc bang so liéu:

Thai gian gia cong 15-17 | 17-19 | 19-21 | 21-23 | 23-25 | 25-27
(phut)
S6 chi ti€t mdy tuong 1 3 4 12 3 2
ung (n;)

a) Vi d6 tin cay y = 0,95, hay tim khoang tin cay cho thdi gian gia cong
trung binh mot chi ti€t m4y.
b) V&i do tin cay y = 0,95, tim khodng tin cAy cho phuong sai. Bi€t ring

mAu trén tudn theo quy luat chudn.



6.5. D€ xdc dinh gid trung binh clia mot loai hang héa trén thi trudng,
ngudi ta di€u tra ngiu nhién tai 100 ctta hang va thu dudc bang s liéu:

Gid nghin dong

83 84 85 86 87 88 89 90
(x;)

SO cilra hang x, 6 7 12 15 30 10 10 10

v6i @0 tin cay y = 0,95. Hay tim khoang tin cdy gid trung binh cta loai
hang héa tai thdi di€ém dang xét.

6.6. Po chiéu siu cda bién bing mot loai dung cu do c6 sai s6 tuan theo
quy luat chuan vdi dd 1éch chuan o = 20 m. Phai do bao nhiéu 1an ddc
1ap v4i nhau dé k&t qua c6 sai sd khong qud 15 m v6i do tin cay y =
0,957

6.7. Chiéu dai (X) cia loai sdn phaAm A do mdt may ty ddng sdn xuat 1a
mdt dai lugng ngiu nhién tuin theo quy luat chudn véi dd 1éch chuin o
= 3cm. P€ udc lugng chiéu dai trung binh cla loai sdn phAm néi trén véi
do tin cdy y = 0,95, ngudi ta ti€n hanh do 36 sdn pham c6 =20 cm.

a) Tim khodng tin ciy clia chiéu dai trung binh clia sin pham d6

b) V61 do tin cdy y = 0,99, do dai tin cdy khong vugt qua 0,2 cm thi can
phai do bao nhi¢u san pham?




6.8. Trong lugng (X) cia mot loai chi ti€t 12 mot dai lugng ngiu nhién
tun theo quy ludt chudn véi do 1éch chuin o = 1,2 kg. Phai chon it nhat
bao nhiéu chi ti€t di€u tra n€u dd dai khodng tin cay 12 € = 0,2 vdi dd tin
cay v =0,95.

6.9. Hay uSc luong ty 1& chinh pham clia mdt nha mdy véi do tin cay

v = 0,95, bi€t ring khi ki€m tra 400 sin phAm thiy c6 20 ph&€ phAm, miu
dugc xét trong tip chuin.

6.10. Biing khodng tin cdy d6i xitng hay udc lugng ty 1é hat ndy mam
v6i do tin ciy y = 0,99. Trén cd sd két qua thuc nghiém gieo 1000 hat,
c6 860 hat ndy mam.

6.11. Mot kho c6 100000 hop thit. Ngudi ta md ki€m tra ngiu nhién 100
hop thi cé 5 hop bi hong. V61 @0 tin cay y = 0,95, hdy xét xem trong kho
c6 khoang bao nhi€u hop bi hdng.

6.12. Trong mot dgt van dong bau ct & mot bang c6 khodng 4 triéu clr
tri. Ngudi ta phong van 1600 ctt tri thi dugc biét ¢ 960 ngudi bd phi€u
cho ting ctr vién A. VGi d0 tin cay y = 0,99, tng ctr vién A c¢6é khoang
dugc bao nhiéu phi€u & bang nay?

6.13. D€ diéu tra s6 c4 trong mot hd, co quan quin 1y ddnh bit 300 con,
lam d4u roi thd xuéng ho, 1an hai bit ngiu nhién 400 con thiy cé 60 con
c6 dau. Hay xdc dinh so c4 trong ho vdi do tin ciy y = 0,95.



6.14. Can phai lap mdt mau ngiu nhién véi kich thudc bao nhiéu dé ty
1é ph& phiAm ctia mau 12 0,2; d6 dai khodng tin ciy doi xdng 13 0,02 va
do tin cay y=0,95.
6.15. Ngudi ta do mot dai lugng khong ddi 25 1an bing mot dung cu do
khong c6 sai s6 hé thong va sai sO trung binh bing 0. Gid st sai s6 tuin
theo quy ludt chudn vA momen gdc cAp 2 maiu bing 0,5.

a) VGi do tin cay y = 0,95, hdy tim khoang tin cdy cho phuong sai
cua sai s do.

b) Tinh xdc suit d€ sai s6 do khdong vuct qud 0,5.



