CHUONG 1. PAI CUONG VE XAC SUAT
§1:Bién c0 va quan hé giira cac bién co

1. Phép thir va bién co.

2. Phén loai bién ¢6 : gom 3 loai

- Bién ¢b chac chan: O

- Bién cb khong thé co hay khong thé xay ra:
- Bién ¢b ngau nhién: A, B, C...

3. So sanh cac bién co.

Dinh nghia 1.1: A € B (A nam trong B hay A kéo theo B) < néu
A xay ra thi B xay ra.Vay

A c B

A =B <
{BCA

Pinh nghia 1.2: A dugc goi la bién co so cdp < IB— A, B # A.
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4. Cac phép toan trén bién co (hinh 1.1 va 1.2):
A.B=ANB xay rakhi va chi khi A xay ra va B xay ra.
A+B=AuUB xay rakhi va chi khi A xay ra hoac B xay ra.
A—B xay rakhi va chi khi A xdy ra va B khong xay ra.

A=Q-4 xay ra khi va chi khi A khong xay ra.
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* Hinh 1.1 Hinh 1.2

A ()

>>|

A+B
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e Céac phép toan ctia bién c6 co tinh chét giéng~céc phép toan
cua tap hop, trong do co cac tinh chat do1 ngau:

ZAi: ZDHAi:ZZ

Ngon ngir biéu dién: tong = co it nhat mot ;tich = tat ca déu.

(A=coit nhat 1 phan tir co tinh chat x) suy ra (khong A = tat
ca déu khong co tinh chat x).

Vidu I.1: (A = c6 it nhat 1 ngudi khong bi lun) suy ra( khong A
= tat ca déu lun).

Dinh nghia 1.3: bién c6 A va B dugc goi la xung khac voi nhau

- AB=0
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§2: Cac dinh nghia xac suat.

1. Pinh nghia co6 dién vé xac suat

Dinh nghia 2.1: gié sur trong moi phép thir cac két cuc la déng
kha nang va c6 tat can ket cuc nhu vay. Ki hi¢u m la so cac
két cuc thuan loi cho bién co A. Khi 4y x4c suat cta bién co A

la: P(A):m

n
Vidu 2.1: Trong 1 hop c6 6 bi trang, 4 bi den.Léy ngau nhién
ra 5 bi. Tinh xac suat dé lay dugc dung 3 bi trang.

3 2
Giai  p — Ce.C, ( phan phoi siéu boi)
5
Cl 0
Chu y: lay 1 lic 5 bi giong lay lan lwgt 5 bi khong hoan lai
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 Vidu2.2: C6 10 nguoi 1én ngau nhién 5 toa tau. Tinh x4c suat
dé toa thtr nhat khong c6 nguot 1én:
4 10
510

2. Pinh nghia hinh hoc vé xac suat:

P =

Dinh nghia 2.2: Gia sir trong mdi phép thir cac két cuc la dong

kha ning va dugc biéu dién bang cac diém hinh hoc trén mién Q.

Ki hi¢u D 1a mién bi€u dién c4c két cuc thuan lgi cho bién o A.
Khi 4y x4c suat cua bién co A 1a:

~dodoD (d6 do 1a do dai.dién tich
P(A) = ?
do do Q hoic thé tich)
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* Vidu 2.3: Chia doan AB c6 dinh ngau nhién thanh 3 doan.
Tinh xac suat dé 3 doan do lap thanh 3 canh cua 1 tam giac.

o Giai: Goi do dai doan thr 1,2 1 x,y.Khi 4y doan tht 3 13 1-x-y

> 0, > 0
Q{x d

x + y <
( [
X+ y>—
(x+y>Il-x—y , 2 |
Q:)D<x+l—x—y>y<:><y<5 :>P(A):Z
y+l-x-y>x ]
X < —
2

.
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HINH 2.1

g

» X
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* Vi du 2.4: Ném lén mit phang c6 ké nhitng dudng thang song
song cach nhau 1 khoang la 2a mot cay kim ¢6 do da1 2t<2a.Tinh
xac suat dé cay kim cat 1 trong cac duong thang song song

Giai: Goi1la c'hem gitra cay kim ,IH la khoang cach tu I to1
duong thang gan nhat; « 13 goc nghiéng Khi ay ta co:

0 < o £ 11
= dtQ = 1I .a

0 < h = IH < a
0 < a <11
Q o D .
0 < h < IK = tsin «

2t

dién tich D = jt81nada—2t:> P(A)—H
a
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HINH 2.2
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HINH 2.3
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Cac tinh chat cua xac suat : xem sach gidao khoa

3. Pinh nghia xac suat theo tién dé

» Dinhnghia 2.3: Ky higu X 14 tap hop cac bién co trong 1
phép thwr. Ta go1 xac suat la ‘1 quy tac dat mo1 bién co A vo1 1
sO P(A) thoa man cac tién de:

Q) 0< P(4)<1

1) PQ)=1P(J)=0

(IIT) V&i moi ddy bién c6 doi mot xung khac,ta co:

P(l—f‘l Aij:i P(4,)

i=1

Heé qua : _
P(A)=1-P(A4)

4.Pinh nghia xac suit theo thong ké:xem sach giao khoa
12
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§3: Cac dinh 1y xac suat
1: Pinh 1y cdng xac suat
Pinh Iy 3.1(hinh 3.1): P(A+B) =P(A) + P(B) — P(AB)

« Vidu3.1: C6 10 ngudi 1én ngau nhién 5 toa tau. Tinh x4c
suat dé toa thir nhat hodc toa tht hai khong c6 nguoi 1én.
A 13 bién c6 toa thu 1 khong co ngudi 1én,

B 14 bién ¢0 toa thu 2 khong c6 nguoi 1én. Ta ¢6 :

P(A+B)=P(A)+ P(B)— P(AB)
410 410 310

- 510 + 510 510
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HINH 3.1

Pinh 1y 3.1 AtB

(zﬂ SP(A)-SF A4+ SR A4t A

i<j i<j<k

14
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Chu y: O vé phai trong tong thir 1 ¢6 C, sb hang, trong
tong thir 2 c6 C. s6 hang,..., trong tong thir k c6 C* s6
hang,..., trong tong thit n c6 C so hang.

Vi du 3.2: C6 k ngudi 1én ngau nhién n toa tau (k>n).
Tinh xac suat dé tat ca cac toa déu co nguoi lén
Bai giai * A - tat ca cac toa déu c6 nguoi 1én
« A - ¢¢itnhat | toa khong c6 ngudi lén.
+ 4; - toa thu i khong ¢ nguoi 1én, i =1,2,...n
= A = Z A
Vi céc toa tau co vai tro nhu’ nhau nén ap

dung cong thirc cdng xac suat ta co :
15
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PUZIAJ{ZIPM)—ZP(%)+ZP(444)+...+<—1>"1P<AAZ..4>

i<j i<j<k

= P(A)=C).P(4)-C)P(A44,)+C)P(AAAL)+
++ (=1)"" P(4,4,..A)

P P P
n "o "o n

= P(A)=1-P(A}

1\ A 2\ k
=C! (1) ~-C? (n-2) +C (=3) +...+(—1)"C§‘1.1—k+0

Vi du 3.3: C6 n btrc thu bd ngau nhién vao n phong bi
¢6 dé san dia chi.
a)Tinh xac suat dé c6 it nhat 1 buc thu dung dia chi.
b) Tinh x4c suat dé chi c6 dung 1 buc thu dung dija chi
¢) Tinh xac suat dé chi c6 dung m buc thu dung dia chi

16
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Baigiai A -Coit nhe.Lt 1 buc dung. oY Z A
A, - Birc thir i dung i1
Vi cac buc thu ¢6 vai tro nhu nhau nén ap dung cong
thirc cong xac suat ta co :

PUZIAJ{ZIPM)—ZP(%)+ZP(444)+...+<—1>"1P<AAZ..4>

i<j i<j<k

= P(A)=C,P(4,)-C;P(4,4,)+C;P(4,4,4,)+
+.o.+(=1D)""P(A4,A4,...4)
ol e 2 Ly e

n!

1 Lo 1
+(=1) 1n_: 2!+3!_ +( ) 1n_

17
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B -Khong c6 birc nao dung dia chi trong n buc thu

C_ -Chi c¢6 dung 1 birc ding dia chi trong n birc thu

B,=A= P(B)=1-P(4) =2i!—3l!+4i!—...+(—1)” %
P(C )=nP(A4).P(B,_,)=
21!_ 31!+ i!_"'+(_1)nl'(ni1)!
Cn,m -Chi ¢6 dung m burc dung dia chi trong n birc thu
P(AA,..A)= ﬁ = P(C,,)=C".P(44,..4,).P(B, )=

n

L1 1 1 e 1) T AEED
(2! 31 41 -+ (1) '(n—m)!j 2 k!

m! m! i

18
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2. Pinh 1y nhén xac suat

Dinh nghia 3.2: Xac suat ciia bién c6 B khi biét rang bién co A
da xay ra dugc goi la xac suat ctia B vai diéu kién A va ki hiéu
la P(B/A).

Chu y: bién c0 A c¢6 thé xay ra trude, dong thoi hoic sau B
Ngon ngit biéu dién: P(B/A) = xac suat B biét (néu)A hodc Cho
A... tinh x4c suat B.

Dinh 1y 3.2: P(AB)=P(A).P(B/A)=P(B).P(A/B)
P(A.A,..A,)=P(A)P(A,/A)P(A,/AA,)..P(A,/AA,..A, )

Hé qua: [P(B/A)= PP((AZA]?)) _ P(B)I;IZS/B)

19
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Dinh nghia 3.3: Hai bién c6 A,B duoc goi 1a doc 1ap voi nhau
néu xac suat cua bién co nay khong phu thudc vao viéc bién
cO kia da xay ra hay chua trong 1 phép thur.

Dinh nghia 3.4: Mot hé cac bién ¢6 duoc go1 la doc 1ap toan
phan néu moi bién co cua hé ddc 1ap voi 1 to hop bat ky cua
cac bién co con lai.

binh 1y 3.3: A, B doc 1ap khi va chi khi P(AB)=P(A).P(B)
Dinh 1y 3.4: Giasit A .,i = 1,n 1a doc lap toan phan. Khi

ay ta co: n n
L.P(IT 4,) =T P (A,)

2 P(% d,)=1-1P(A))

Chu y: Trong trwong hop doc 1ap khong nén dung cong thire
cOng xac suat ma nén dung cong thirc nhan xac suat.

20
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Vi,du 3.3: 1 mang gém n chi tiét mac ndi tiép;Xég

suat hong cua chi ti€t thir1la p . Tinh xac suat dé

mang hong.

Giai: A, - bién co chi tiét thit i hong
A - bién c6 mang hong = A= Z A,

Vay xac suat dé mang hong la:

:P(iAj ]— HP( ) 1-{(1-P,)(1-P,)..(1-P,) |

+ Chuy:  P(y) :(1—P1)(1_P2)"°(1_Pn)

21
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Vi du 3.4: Tung 3 con xuc xac can doi1,dong chat. Tinh xac suat

dé:
1.
2.

Tong s6 cham bang 9 biét c6 it nhat 1 mit 1 cham

C6 it nhat mot mat 1 cham biét s6 cham khac nhau tirng do1
mot.

Giat:
Goi A 1a c6 it nhat 1 mgt 1 cham.
B 1a tong so cham bang 9
C 1a cac s6 cham khac nhau tirng d6i mot
6° —5°
~P(AB) 15 6 15

6° P(B/A)= - .
15 = P(B/A) P(A) 6 6 -5 091

P(A)=

22
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« SO cach dé co it nhat mot mit 1 cham va tong bang 9:

e [+2+6 suy ra co 3! cach

e [+3+5 suyraco 3! cach

e [+4+4 suy ra co 3 cach

Suy ra c6 15 cach dé c6 it nhat mot mat 1 cham va tong bang 9
2.

6.5.4
P(C)=
(€)== LA/ )= PAO) 1
3.5.4 P(C) 2

P(AC)=
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Vi du 3.5: Tu 1 hop c6 10 bi trang , 6 bi den ,nguoi ta lay lan
lwot khong hoan la1 ting b1 cho dén khi dugce 5 b1 den thi dung
lai.Tinh x4c suat dé lan thu 3 lay duoc bi tring néu biét rang da
dung la1 ¢ lan thu 9.

Giat:

Goi A 1a dung lai ¢ lan thu 9, B 1a 1an thu 3 lay duoc bi trang

m,:4T +4D D

.

177,4333T+4DJ

m C?
P(B/ A)=—22 = 1
m, Cg
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3. Cong thirc xac suat day di va cong thirc Bayes:

Dinh nghia 3.5: H¢ H;,i = 1, n dugc goi 1a hé day du, néu
trong moi phép thir nhat dinh 1 va chi 1 trong cac bién cb Hi
Xay ra.

Dinh 1y 3.4: Giast H .,i = 1,n 1a h¢ day du. Ta co:

P(A)= Z P(AH)) :zn: P(H).P(A/ H,)| (cong thirc day du).
i=1 i=1

P(AH,) P(H)P(A/H) .i=1,n| (cong thirc Bayess)
P(A) P(A)

P(H,/A)=

1

25
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Chu y:

L P(B/A)=P(H,/AP(B/HA)
P(AB)
P(A)

2 P(B/A)=

S

Y P(AB)=YP(H,P(AB/H,)

i=1
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Vidu 3.5: Co 2 hop bi cung ¢, hop 1 chira 4 bi trang va 6 bi
xanh, hop 2 chira 5 bi trang va 7 bi xanh.Lay ngau nhién 1
hop, tir hop d6 lay ngau nhiénl bi thi duoc bi trang. Tim xac
suat dé vién bi tiép theo, ciling lay tir hdp trén ra 14 bi trang.

Giai:. Lay ngau nhién 1 hop: H,lay dugc hop 1

H: lay dugc hop 2

P(H)=P(H,) =112
Hop 1: 4t + 6x, HOop 2: 5t + 7x

A- b.l?n c? l?;ty duogc b.1 tr'fmg O lzcm 1 P (B / A)
B- bién c0 lay dugc bi trang ¢ lan 2

27
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P(A)=P(H,)P(A/H,)+

Cach 1:

P(H,)P(A/H,)

)
B/HA) P(H,/A).P(B/H,A)

uuDuongThanCong.com
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P(AB)

Cach 2: P(B/A)=
ac ( ) P(A)
P(A)=P(1,)P(A H,)+P(H,)P(A/ 1,
1 4 15
- — =
210 212

P(AB)=P(H,).P(AB/H,)+P(H,).P(AB/H,)
=P(H,).P(A/H,).P(B/ AH))+P(H,).P(A/H,).P(B/ AH,)

143 15 4
= — 4 —

2109 271211

N—
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Chi y

 Néu sau lan 1 d3 lay duogc bi trang ta tra bi vao hop roi moi
lay ti€p lan 2 thi 101 gia1 thay do1 nhu sau:

3 =

9 1 0
o S

_% —

1 1 |

« P(B)=P(A), trong ca 2 bai toan.

 Néu cau hoi 1a :Gia sur l1an 1 d3 lay duoc bi trang tinh xac suat
de b1 do lay dugc ¢ hop 1, thi dap so la:

P(H, | A)

30
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Vidu 3.6: Co 1 tin tirc di€én bao tao thanh tur cac
tin hiéu(.)va (-). Qua thong ké cho biét 1a do
tap am, binh quan 2/ S tin hleu( ) va 1/3 tin
hleu( ) bi méo. Biét rang ti sO cac tin hiéu
cham va vach trong tin truyén di 1a 5:3. Tinh
xac suat sao cho nhan dung tin hiéu truyén di
néu di nhan duoc cham.

31
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¢ Giéi X

ccccccccccccccccc

H1 1a bién c6 truyén di cham, PH ) — 5 PHTY —
H2 1a bién c6 truyén di vach. = P 1)_5’ (H,) =
« Goi A 1a bién ¢6 nhan duoc cham .
P(A)=P(H,)P(A/H,)+P(H,)P(A/H,)
23,311
85 83 2
53
:>P(H1/A)— ( 1)P(A/H1):8 523
P(A) 14
2

3
8

32
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4. Cong thurc Bernoulli:

» Dinh Iy 3.5: Gia st trong mdi phép thir 1 bién ¢ A ¢6 thé xuat
hién vo1 xac suat p (khi A xuat hién ta quy wdc la thanh cong).
Thuc hién n phép thur giong nhau nhu vay. Khi ay xac suat de
cO dung k 1an thanh cong 1a :

P(n,k,p)=Ci.p".q" ", k=0,1,...n (Phén phéi nhi thirc)

Chuy 1 : tir nay tré di ta ky hiéu g=1-p

Chuy 2: Thyc ra cong thirc co dang

P(n,k,p) = Cf.pk.C:__,f.q”_k,k =0,1,....n

Dinh nghia 3.6: Ki hi€u k 1a s6 sao cho:

P(n,ko,p) = Max P(n,k,p), 0<k<nm

Khi ay ko d,u:Q’c go1 la so lan thanh cong co phiéu kha nang xuat
hién nhat(tirc 1a itng vo1 xac suat 1on nhat)

Pinh1y3.6:  k,=|(n+1)p]| hodc k,=|(n+1)p]|-1
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Chay: P(nk,1/2)=C..(0,5)
Vi du 3.7: Tung cung ltc 20 con x{ic xac.

rqmy’/

I'inh xac suat d€ c6 dung 4 mat luc xuat hién.

rqey’/

I'inh s6 mat luc c¢6 nhi¢u kha nang xuat hién nhat.

rmy’/

I'inh x4c suat dé co it nhat 1 mat luc.

rmy’/ h

I'inh s con suc sac it nhat can tung dé€ xac suat duogc
it nhat 1 mat luc khong nho hon 0,99.

Giai: 1) P(20,4,1/6)=Cs (1/6)".(5/6)"
2) ky =[(20+1)/6]=3vk, =2
3)P=1-(5/6)* =0,9739
H1—(5/6)" 20,99 < (5/6)" <0,01 < n>26

= » b=

34
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Vidu 3.8: Trong 1 hop ¢6 N bi trong d6 ¢c6 M bi trang con lai la
den. Lay ngau nhién lan luot tung bi co hoan lai ra n bi. Khi 4 ay
xac suat dé lay duoc dung k b1 trang dugc tinh bang cong thirc
Bernoulli néi trén véi p = M/N (phéan phoi nhi thire) :

k n—k
P(n k —jzck (%j .C:,’j.(l—%j k=0,1,....n
N N N

Vi du 3.9: Trong 1 hop ¢6 N bi trong d6 ¢c6 M bi trang con lai 1a
den. Lay ngau nhién lan lugt timg bi khong hoan lai ra n bi.
Khi ay xac suat dé lay duoc ding k bi trang 1a

n—k ,
P = C Cvou .k = 0,n (Phan phoi siéu boi)
C n
Cht y: O day N-M 1a s6 bi khong trang.
 Chu y: Lay bi : + Khong hoan lai 1a siéu bdi
+ Co hoan lai la nhi thure.

35
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