Chuwong 2: Pai lwong ngau nhién, vecto ngau nhién

§1: Pai lwgng ngau nhién

» Khai niém: Pai lugng ngau nhién 1a dai luong
o thé ngau nhién nhan mot sO g14a tr1 vO1 cac
xac suat tuong ung xac dinh.

» Pai lugng ngau nhién 1a rdi rac néu so cac gia
tri cia né 1a hitu han hodc vo han dém duoc

» Pai lugng ngiu nhién 1 lién tuc néu tap hop
tat ca cac gia tri co thé co cua no lap day it

14
N

nhat 1 khoang trén truc so.
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§2: Cac phwong phap mé ta dai lwong ngau nhién
1. Bang phan phoi xac suat (chi dung cho roi rac)
Dinh nghia 2.1: P(X = xl.) =p,1=123,..k (...) vOhan
X lx x, x5 o x ()

P ‘pl p, Py .. p. (.)

Chi y: |2, P, =1

Vidu 2.1: 1 nguoti ban lan luot tirng vién dan vao bia vo1 xac Suat
trang dich cua mdi vién 1a p, cho dén khi tring thi ding.

a) Hay 1ap bang phan phoi xac suat cua X 1a so dan d3 ban ra cho
dén khi dung lai.

b)Tinh xac suat dé X > n-1.

¢)Tinh xac suat d¢ X=mnéu X>n-1,m>n.

X|1 2 3 k

k-1

Plp qp q’p ... q"'p
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p)  P(X>n-1)=P(X>=n)=q""

PX=m)_q""p_ wn,
P(X>n) q"'

Cc) P X=m/X2>2n)=

Vidu 2.1: 1 nguot ban lan luot tirng vién dan vao bia vo1 xac
suat tring dich ctia moi vién 1a p, cho dén khi tring thi ding
hoic ban hét 20 vién thi ngimg. Hay 1ap bang phan phdi xac
suat ctia X 13 s6 dan d3 ban ra cho dén khi dung la1.Tinh xac
suat dé X=m néu X>n-1,20>m>n .

X |1 2 3 .. 19 20
Plp qp q¢'p .. q¢"p 4q"

PX=m)_q""p_ wn,
P(X>n) q"'

P X=m/X2>2n)=
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2. Ham phan phoi xac suat(roi rac va lién tuc):

» Dinh nghia 2.2: ham phan phdi xac suat ciia dai luong
ngau nhién X 1a: [F, ()= F(x)=P(X <x)

Tinh chat:

1.F(x) la ham khong giam cac t/c dac trung

2. F(-0)=0,F(+w)=1

3. Pla< X <b)=F,(b)-F,(a)

Hé qua 1: Néu X 1a dai lvong ngau nhién lién tuc thi

F,(x) lién tuc trén toan truc so
. Hé qua 2: Néu X lién tuc thi [P(X =x,)=0,Vx,
Chu y: Trong tredng hop lién tuc sy thay doi tai 1
diém khong co y nghia
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* H¢ qua 3: Gia st X r01 rac va ¢ bang phan phoi xac suat nhu

trén.Khi ay " (x) B Z )
X o [

xX;<x

* Vidu2.3: . .

0 khi x<£ 2
0,1 khi 2<x<5
0,6 khi 5<x<7
1 khi 7 <x

\

:>FX(x):<

Chu y: Ham phan phoi F,(x)=0 bén trai mién gia
tricnaXva F, (x) —1 bén phai mién gia tri cua X.
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3.Ham mat doé xac suat ( chi dung cho dai lwong ngau
nhién lién tuc)
 DPinh nghia 2.3: Ham mat dd xac suét cla dai lwong ngau

nhién X lién tuc I: £ (%) )=[ F, ( ]
+ Binh Iy 2.1: _ ff (1) ds
X

 Tinh chat: (l)f(X) > ()
- -tinh chat dic trung

(2) joo f(x)dx =1
(3)P(a< X <b) = j)-fX (x).dx
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Chay: Ham mat doé f, (x)=0 bén ngoai mién gia tri

cua X.
* Vidu 2.4: acos’ x,xe[O,ﬂ/2]
X~ f(x)=
0, xgé[O,ﬂ/2]
« 1.Xac dinh a
° > /2

1= jf(x)dx— jacos xdx =

a sin2x \|"? a «
=—| x+ =—." =
2 2 0 2 2
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2. Hay tim ham phan ohdi L'y (x)
0, nux<0

ﬁ;((x) = Tf(t)dt:<£;msztdt:;(x+8h;2x) ,neu 0<x<

1, néux>z/2

RS

3. Hay tinh xac suat dé X nhan gia tri trong khoang:
(—77/4,77/4)
P(-w/4<X<n/4)=F(n/4)-F(-n/4)
/4 /4

P(—z/4< X <m/4)= jf =j(4/7z)cos2xdx

—7/4
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Vi du 2.5: Hai cau thli béng r6 1an lvot ném béng vao
ro cho dén chwrng nao 1 ngwoi nem lot ro thi thoi.
a)Lap day phan phoi cla s0 lan ném clia moi ngudi-

va tong s6 bong cua ca 2 ngwdi néu xac suat ot ro
cua nguoi thir nhat, th hai la p; p,.
b)Tinh xac suat dé ngudi thir 2 ném lot rd trwdece.
Giai: ¢, =1-p.q,=1-p,
« X 134 sb bong clia nguodi the 1
* Y 14 sb bong clia ngudi thiy 2
. Z la tong sO bong clia ca 2 ngudi.
« A la bién co ngudi thr 2 ném lot ro trude.
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X 1 : k
P|p+ap,=1-q4, aqa,(p,+4p,) - a ¢ (p,+ap,)
v | o I > .k

Plp |a(p+ap)|=la(-0a)| aa[-] - @@ [-]

Z | 2k-1 2k

k k-1

s , k=1,2,...n,...
P|qd'q'p 4D,

o0 o0 ~ o0 B 1
P(A4) = ZP(Z =2k) = Z%kq;{ 1]92 = %pzZ(%%)k = 4, P>
k=1 k=1 k=1 1 o Qqu

10
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§3: Véc tor ngau nhién

l. Vecto’ ngau nhién

Gidasr X, X,,.,X lacacdailwong ngau nhién dwoc xac
dinh béi két qua cda cung 1 phép thér. Khidy x = (X, x,,.. X))
dwoc goi ld mot vecto ngau nhién n chiéu

Il. Vécto ngau nhién r&i rac 2 chiéu(X,Y).

1. Bang phan phoi xac suat dong th&i:

P(szl.,Yzyj)zpl.j,izl,k;j=1,_h

11
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N Y1 ) Vi
Xy P11 P12 P
Xo | P21 | Pas P
Xe | Pr1 | Pro P kn
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2. Bang phan phoi xac suatlé cia XvayY

P

9 ;

=P (X

=P (Y =y,)=2 py.J=1Lh

X,) = Zh: Pl =1,k

j=1

k

i=1

3. Dieu kién doc lap cua X va'Y

XvaYdoclap < Vi,j:pl.j = D9

4. Cac bang phan phoi xac suat cé dieu kién.

P(X =

P(Y =

P ij . —

1 =1,k
q |
Lo j=1n
P
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v

Y V1 Y2 Yh Px
X1 P11 P12 Pin P
X2 P21 P22 Pon P>
Xk Pk Pko Pkn P«
Pv of g2 gh 1
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5.Ham phan phoi xac suat dong th&i(r&i rac va lién tuc)

Dinh nghia 3.1:  F(x,»)=P(X <x,Y <y)

Tinh chat:

(1) F(x,»)la mét ham khdéng giam theo tirng bién
(2) F(—00,—00) =0, F(+oo,+0) =1

B)P(a< X <b,c<Y<d)=F(a,c)+F(b,d)—F(a,d)—F(b,c)

Hé qua:(1)Néu X,Y lién tuc thi F(x,y) lién tuc trén toan bd
mat phang va xac suat trén mot dworng cong bat ky déu
bang O.

(2)Gia st X,Y rdi rac va c6 bang phan phoi xac suat nhw

trén, khi ay ta co: F(x,yp) = Z D
) 1]

X; <X
Y.<y
15
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Vidu 3.1: Gia s X,Y ¢6 bang phan phdi xac suat sau:

0,1

0,2

0,3

0,4
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Y 3 5 px

0 0,1 0,2 0,3

2 0,3 0,4 0,7
pY 0,4 0,6 1

ccccccccccccccccc

18


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

(1)Tim bang phan phdi xac suat |é cua X:
(2) Hay kiém tra tinh ddc l1ap cia X va 'Y

(3)Tim bang phan phdi cla X khi Y=5: X 0

(4)Tim ham phan phoi:

0
0.1,
F(x,y):< 0.1+0.2,

X | 0 2
P 0,3 0,7
0,1#0,3.0,4= X,Y |a phu thubc
2
p XIr=s 0,2 0,4
0,6 0,6
x<0vy<3
0<x<2,3<y<5
O0<x<2,5<y
2<x,3<y<35

0.1+0.3,

CuuDuongThanCong.com
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ll. Véc to ngau nhién lién tuc 2 chiéu (X,Y)
1.Ham phan phoi xac suat dong thoi F(x,y)
2.Ham mat do xac suat dong tho:

Dinh nghia 3.2:
0’ F (x, y)
f(x,y)— 0x0y

DPinh ly 3.2:

F(xy joo Jy f u,v)dudv
D,

—00
_/
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Tinh chat:
(1) f(x,y)=20
) [[ £ (x,y)dxdy =1 TCDT

(3) P((X,Y)e D)z _”f(;c,y)dxdy

3. Cac ham mat dé xac suat le.
.~ +

fe(x)=| f(x.y)dy

— 00

fr ()= f(x.y)dx
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.Chua y : Cac ham phan phdi xac suat |é:
Fo ()= F (3ot o)
Fy (3)=F (+©,y)
4.Diéu kién déc lap cia X va 'Y
Xydoclap o f(x,y)= /1y (x).1y ()

< F(x,y) =F, (x).FY (y)
5.Cac ham mat do xac suat co dieu kién:

_ f(xayo)
Jarr=y, (X) fr (¥o)
[ E S A CIEED,

fx (xo)
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Vidu 3.2: Cho

( O

N

~

f(x,y)=1ae™’, néu 0<x<y <+

0 ., néu trdi lai.

\

1.Xac dinh tham so a.

1 = ”f(x,y)dxdy = aJ‘+Oode‘+ooe_x_ydy
2

0 X

=aj+ooe_2xdx=—:> a = 2
0 2

24
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(2).Tim cac ham mat dd xac suéat |é.
filw) = [ Flw9)dy =
0,n8ux<0:

o D (hinh 3.2)
j 2¢ " 7dy =2, neux >0

25
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HINH 3.2
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HINH 3.3
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o (9) = [ f (%) dx =
0,néuy<0

) (hinh 3.3)
j(;v 2e " Vdx = Z(e_y — e‘zy),néu y=>0

= 9

3.Hay kiém tra tinh doc l1ap cia X va 'Y

Vay ta cé: f(x,y)# fy (x).f; ()= XY phu thuéc
4.Hay tim ham mat do xac suat ctia X khi Y=2 (HINH 3.4)

(0, x < 0 v 2 < «x

Fxwon (X)) = = 2e " ,0<x<2
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Twong tw tim ham mat dd xac suat ctia Y khi X=3 (HINH
3.5)

-

0 Jkhi y<3
Jrixs(¥) = f(3,y) =927 i
) fX(3) = khi3d <vy.
L Ze

30
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HINH 3.5

3
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5.Hay tim ham phan phdi xac suat dong thei F(x,y)(HINH
3.6-3.8)

F (x,y): j_xoo Iy f(u,v)dudv

= II e " "dudv
xme
0 .néu x<0 hoac y<0

gy [ ey, MU 0<Sy<x<4o0

. X o y

d u 2e " Vdv .néu 0<x<y<+0

J 0 J U

32
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HINH 3.6

Vv A

CuuDuongThanCong.com

https://fb.com/tailieudientucntt

33


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

CuuDuongThanCong.com

X

y

HINH 3.7

l-.'hf.':\::l "“"‘\\_:"" I.‘u

https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

CuuDuongThanCong.com

HINH 3.8

https://fb.com/tailieudientucntt

35


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

6.Tinh cac xac suat:

P(A)zP(;z <g<;j:jjf(x,y)dxdy

D1 D1
= j j 2¢ " Vdxdy

D1INQ

P(AB):P[\—2<X<£,:2<Y<%J:”f(x,y)dxdy
D?2

) P(AB)
P(4)

P(-2<X<1 / -2<Y<2) = P(B/A) =

P(-2<X<1/Y=2)= J-_lz Frren (x)dx

36
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$4.Ham ctia mét dai lwong ngau nhién ¥ = ¢ (X )

1.Trworng hop rovi rac.

Glasu:  p(x=x)=p=P(r=y,)= (p(z D
x—y]
Vidu 4.1 : Tim bang phan phdi xac suat cta y = x>
néu X|-2 -1 0 1 2
P 101 0,2 0,1 0,2 0,4

Giai: Tasuyra:
X* 10 1 4
P (0,1 0,2+0,2 0,1+0,4

37
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Vidu4.2:Cho v ‘ 1 2 3 k

Plp ap ¢'p .. q¢'p

Hay lap bang phan phdi xac suat cia ham Y =cosz X

Y=coszX | -1 1

P P, 1—p,
cost X =—-1< X=k=2n+1,n=0,1,2,..
* n 1 1

2
— — . — -
Py ;}p(q) ek

38
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2. Trrro'ng hop lién tuc: Gia s cho X lién tuc

X~ fro(x),Fy(x)=F (¥), fr (¥)=7?

Bugc 1. Tim mién gid tricia v =¢(X)

Budc2.  F(y)=P(Y<y)=P(p(X)<y)

= (J; fX(x)dx
Bwoc 3.
dF
fy (y) = Y(y)

dy

39
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Dinh nghia 4.1: dai lwong ngau nhién X goi la cé phan phoi
déu trén doan [a,b] kihiéu X~Ula,b]  néu

(1

fr(x)=<5b-a

\ 0,x ¢ [a , b ]

, X € [a,b]

(0,x < a
X —a
b — a
\1,b<x

& Fy(x)=3 ,a < x<bh

Chu v : Néu X c6 phéan phdi deu thi Y=aX+/ ciing c6
phan phoi déu, voi «, f la cac hang so.

40
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Vi du 4.3 : Cho X c6 phan phdi déu trén doan [0,1]
(1) Tim ham mat dé cua Y= - InX

(2)Tim ham mat dé cua Z=- 3X+2

Bai giai: (1) B1:Y=-InX>0

2 R (1) =P <y)=P(-InX <y)=P(X >¢”) =

1—P(X<e_y):1—FX (x),x=e"’
Vi X c6 phan phoi déu trén doan [0,1] nén
(0,x < 0
FX(x):<x,OSx£1
1, x > 1

y=>x= Fy(x) = F,(y)
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y<0=x=e’>1=F,(x)=1

y>0=>0<x=e’<1= F,(x)=x=¢"

F (%) 0,y <0
— =
) 1-e’,y=0
0,7 <0
« B3: = <
fy(y) e’,y=>0

.

. (2) Mién gia tr,i cﬂ‘a Z la doan [-1,2] .Theo chu y & trén thi
Z c0 phan phoi déu trén doan [-1,2] nén

7.(2) 0,z<-1v2<z
Z) =5
‘ 1/3,-1<z<2

42
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$4. Ham cuaa hai dai lwong ngau nhién Z = ¢(X,Y)
1. Trwong hop rovi rac.
Gid st: P(X=x.,Y=y)=p,=P(Z=z)= > p

Vi du 4.1: Cho X,Y c6 bang o)==
Y 3 5
X
0 0,1 0,2
2 0,3 0,4

Tim bang phan phdi xac suat ctia X+Y va X.Y
Giai: X+Y ‘ 3 5 7
P 0,1 0,2+0,3 0,4
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X.Y| 0 6 10
P

Vidu 4.2: Cho X,Y c6 céc bang |é sau. Tinh X+Y.
X |0 2 Yy | 3 5
10,3 0,7 P 10,4 0,6

Glal Phép tinh nay khdng thé thwe hién dwoc ! Tuy nhién
néu thém diéu kién X,Y déc 1ap thi ta sé co :

X+Y| 5 7
\0,12 0,46 0,42

2.Trrvong hop lién tuc:
Buwdc 1: Tim mién gid tri cua
/ = go(X, Y)

44
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Busc2 F,(z)=P(Z<z)=P(p(X,Y)<z

= H f X y)dxdy

D_:p(x,y)<z
Budc 3.
fz(Z) =

; (z)
dZ

Vidu4.2: Cho Q

r

l ndu 0<x<1,0<y<I
f(xy)—{ Y

0 ,néu tréi lai.
Tim ham phan phdi cia Z=X+Y
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Giai:

Budc 1: 0</Z=X+Y<2

Busc2: F,(z)=P(Z<z)=P(X +Y < z)

= 7

D, :x+y<z

= dién tich (D, N Q)=+

(x,y)dxdyz ” ldxdy

D.NOQ

0,z<0
z° /2,0 <z <1(hinh 4.1)

2
(2——2) .
1— 5 1< z<2(hinh 4.2)

ccccccccccccccccc

1,2<z
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» HINH 4.1

y

O "\ X
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« HINH 4.2

Y A

N

uuuuuuuuuuuuuuuuu
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Vi du 4.3: Cho X,Y doc lap va c6 cung ham phan phoi
0,khi x<O

F(x)=
l—e ", khi x>0
1) Tim ham phan phdi cta Z= max (X,Y)

o )F,(z) = P(Z < z) = P(max(X,Y) < z) =

=P(X<zY<z)=P(X<z).P(Y<z)=

(0,khi z<0

=F,(2).f,(z) =
(25 2) (1-e7),khi z>0
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Vi du 4.3: Cho X,Y doc lap va c6 cung ham phan phoi
0,khi x<O

F(x)=
l—e ", khi x>0
2) Tim ham phan phdi cta Z= min (X,Y)

Giai: 2)F,(z)=P(Z < z)=P(min(X,Y) < z) =

=P(X<z+Y<2z)=1-[1-P(X <2)][1-P(Y <z)]=

(0,khi z<0

—[1— z)|.[1— Z)| =
=B @OWEOI oy i 220
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