PAO HAM VA VI PHAN.



PAO HAM TAI 1 BIEM

Cho y = f(x) xac dinh trong (a, b) > x,, Xét ty s

Af(Xy) _T(X)-T(Xg) _T(Xg+AX)-T(X;)
AX X- X AX

Néu ty sb trén co gidi han hiru han khi x - x, hay
AX — 0 thi f cé dao ham tai x,.

bat

Fx)) = lim 21X0)
x-Xxy, AX
(Ax— 0)




Af (Xp)
tang =
Af(x) N
X — X,
. tana =f'(x
® AX ® ( O)
X, X

f'(x,) la hé s goc tiép tuyén cua dudng cong

(C): y = f(x) tai ti€p diém M(x,, f(x,))



Pao ham trai tai x,:

Pao ham phai tai x,:

F(x;) = lim 2X0)
X— Xq AX
(A= 0)

, . Af(X,)
f'(x,) = lim 0
+( O) . X(J,’ AX
(Ax—0")

f co dao ham tai x,

< (X)) =F,(Xp)




Cach tinh dao ham

. Néu f xac dinh b&i 1 biéu thrc so’ cap: dung cong thirc
dao ham so cép va cac quy tac(téng, hiéu, tich, thuong,
ham hop).

. Néu tai x,, biéu thirc f’ khéng xac dinh: tinh bang dinh
nghia.

. Néu ham s6 c6 phan chia bi€u thirc tai x,: tinh bang dinh
nghta.

. Néu f(x) = u(x)"® hoac f(x) la tich thwong ctia nhiéu ham:
tinh (Inf)’



Vi du: tinh dao ham tai cac diém dwoc chira
1/f(x) =2""%  taix=1

F(x) =2"1n2(xInx)" =2*""*1n2(ln x +1)

f'(1) =In2
. : >()
2/f(X) :‘X‘ taix=0 f(X) :[X X
-X, X<0
QX
f(x)- £(0) _|x|- 0 7@<1
xX-0 X )(‘a 1

=f ’(0) khdng ton tai



Xzsinl,x #0
4/f(x) =+ X
0, x =0
X sm1 0
f(X)_f(O) — X :Xsinl
xX-0 X X
(2
<<
s5/fy =15 XS hix=1
2x-1, x >1
. f()-f@ 2 _
lim (X) ():hmx 1:2
X—1 X-1 x—1 X-1
lim f(x)-f@) — lim 2x-1-1 _5
x—»1t X-1 x—»1t X-1

X—>O

>, 0 =f(0)

= f'(1) =2



Pao ham va lién tuc

f c6 dao ham tai x, thi f lién tuc tai x,.

VD: tim cac hang s6 a, b dé f c6 dao ham tai x,

(Nén xet tinh lién tuc tai x, trudc)

asinXx +bcosx+1,x<0
f(x) =
2X +1,x =0

Tima, bdéfcddaohamtaix=0



asinx+bcosx+1,x<0
f(x) =
2X+1,x =0

fliéentuctaix=0 b+l1=1< b =0

Ié 1 + -
V6ib=0:  f'(0) = lim asinx +1-1
X—0 xX-0

£(0) = lim 2171
X—>O+ X - O

fcodaoham taix=0<a=2,b=0



Pao ham ham nguoc
Cho y =1(x): (a, b)—(c, d) lién tuc va tang ngat.

Khi do6 tén tai ham nguoc f: (c, d) — (a, b) lién tuc va tang
ngat.

NEu ton tai f'(x,) # 0, X, €(a, b) thi tai y, = f(x,), f * c6 dao

ham va

Ta thwong viét: (f' 1y —



Pao ham cac ham lvong giac nguoc

1.y =arcsinx, x €(-1, 1) < X=SinYy, ye - ﬂ,l]
2 2
, 1 1 1 1
yo)=——=——= =
X(y) cosy \/1- sinzy \/1- X*
2.y = arctanx, XeR e X=tany, y € _E,Z
2 2

Voo = 1
X'(y) "1+ tan? Yy 1+x3




Bang cong thirc dao ham cac ham moi

. ¢ 1
(arcsin x) =
J1- X2
(arCCOSX)’ — 1
J1- X2
‘ 1
(arCtanX) — 5
1+ X
(arccot) =- —

(cosh X), =sinh X

(sinhx)’ —cosh x

(tanhx)’: 12
cosh” x

(cothx)’:- 12
sinh® X



Pao ham ham an
Ham s6 y = f(x) xac dinh b&i phuwong trinh

F(x,y) =0 (¥

goi la ham an xac dinh b&i (x)

Cach tim y'(x): lay dao ham pt (x) theo x, gidi tim y’
theo x vayy.



Vi du

1. Tim y’(X) v@i y xac dinh tw pt :

X2 +y? =1
Lay dao ham pt (x) theo x

IX+2yy =0 oy ==

y

So sanh vé&i két qua lay dao ham ttr cac biéu thire

y =/1- x2

y = - X
J1- x2



Vi du
2. Timy’'(0) v&iy = y(x) xac dinh boi

1+y +x.2" =0 (%)

Lay dao ham pt (x) theo x

0 +y +2Y +x.2YIn2y =0 (x%)

Tw (%), voix =0 =>y=-1

Thay vao (x*):  y'(0)+2 '+0 =0

, 1
=>Y(0):'§



3. Tim dao ham tai x = 1clla ham any = y(x) xac dinh bdi
pt:

(x-De*Y +xy =0 (%

Lay dao ham (x) theo x

e’ +(x-DA+y)e*™ +y +xy =0 (k)
Tw (x), x = 1=y =0, thay vao (xx)

el +0+0+1.y'(1) =0 = y'(1) =-e



Pao ham ham cho theo tham so

X =x(t)

Cho cac ham so : {
y =y()

Néu : * x = x(t) c6 ham nguoc t = t(X)

* X(t) va y(t) c6 dao ham, x'(t) #0

y (x) =y ()1 (x)




Vi du

( 4 At
Cho : <X(t) =te -1 Tinh y'(x) tai x = -1
y(t) =t° +t
_y@© (1) 2t +1
X —
y(x) = 1) el +te



PAO HAM CAP CAO

Cho f(x) c6 dao ham cép 1 trong lan céan x,, néu f' c6 dao

ham tai x,, dat

F'(Xo) =(F (X)) |y,

cothdvist [ (x) =(F(x))

T6ng quat: dao ham cap n la dao ham cla dao ham cap
(n—1)

4

FMx) =/ D0




Vi du

1
1. Tim dao ham cap 2 cua ftai x = 1: f(x) =arctan;
, 1) 1 1 1 1
PO = > T2 T 2
X 1 X 1+Xx 1+ x
1+ — )
X X
” 1 2X ”
) =|-——| = N
1+ Xx (1+X2) 2

2. Timdao ham cdpncia f(x) =cosh(2x)



2. Tim dao ham cap 2 tai x = 1clia ham an y = y(x) xac dinh
boi pt: y3 +x2y - X+1=0 (1)

Lay dao ham (1) theo x

3y°y’ +2xy +x%y’  -1=0 (2)
Lay dao ham (2) theo x
6y.(y) +3y%y” +2(y +Xy) +2xy’ +x°y" =0 (3)
x=1-% y0=0 _@,, y=1

Thayx=1,y=0,y =1 vao (3)

0+0+2(00+)+2+y"(H)=0 =y @) =-4




f(x) f™(x)
a* a*(lna)"”
e” e”
(ax +b)" a"a(a-1)(a- n+)(ax+b)*"
1 n
-1) ' n!
ax +b - (ax + by
an
In(ax +b) D" (- 1!
(ax +b)"
sin(ax + b) a"sin| ax+b + n%
cos(ax +b) a"cos|ax+b+n”

2



Cobng thirc dao ham cap cao

Pao ham cép cao cla tong hiéu: |(f ig)(n) =f(M +g(")

Pao ham cap cao cua tich:

n
(g)™ = 3 Ckrgn-H
k=0

(cong thirc Leibnitz)




Vi du
1.Tinh dao ham cap 7 tai x = 1.

2x 3
f(x) = 5—1 +1 1

X% - X-2 3X+1 3x-2

f(7)(X) :§ (- 1) 1 (- 1)

3(x+1)8 3(x 2)

D
28

5¢D 1

(7)
0= 30+1)° 3(1- 2% 3




2.Tinh dao ham cap 7 tai x = 1. f(x) :(x2 - x).eZX

(7) SV k) 2x \(7-K)
FDx) = 3 ckx? - x)®©[e>)
k=0

(7) (7-1)

=CO(x? - x) (2] +CL(x2 - )0 (e2¥)

7-7
o+ CI (X2 - )P ()7

=1.(x% - x).27e?* +7.2x - 1).2%%X

+L6 0 .22 .e2X 40

2
F7) 1) =28.2°2



Pao ham cap cao cua ham tham s6

Cho cac ham so [X =x() y'(X) :&
y =y(1) X'(t)
y® |
, R (y'(x)) . _\x(@)
yeo=lyeal,  ==eaT T X0
o Y (OX () -y (X (1) (yD) )
Y (X) = : ooy (X)
X)) Y00 =




Vi du

Choy(®)=t?+ 1, x(t)=t3 -t + 2, tinh y"(t)

y'(t) _ 2
y 0= X)) 3t’-1
Ot
(y' ), [31‘2 1), 2(3t%-1)- 6t.2t
y 0= x'(t) 32-1 (3t*- 1)
_ -2- 6t
(2 3
Cach 2: (37~ 1)

Y OXM- ymx(t) _2.6t°-1)- 612t -2- 6t

0= 0P a1y’ -



SU KHA VI VA VI PHAN

f kha vi tai x, néu tdn tai mot hang s6 A sao cho

Ay =f(x)- f(Xy) =A.(X- Xp)+0(X - Xp)
hay  f(xy +AX) - f(Xy) =A.AX +0(AX)
Khi d6 dai luvgng: dy =df(xy) =A.AX

goi la vi phéan cua f tai x,



Vi du

Cho f(x) = x2, chtrng minh f kha vi va tim df(1)
f(x)- fQ) =x*-1
=(x - 1)(x +1)
=(xX-D(x-1+2)
=20+ (x- 1)

' '

df(1)  o(x — 1)



ax




Pao ham va vi phan

f kha vi tai x, < f c6 dao ham tai x

o

df (x,) =f(x,).Ax

Céch viét thong thuong: df (x,) =f'(x,).dx

Cach viét khac ctia dao ham:

df (x,)

=f(Xy)




Vi du

1. Cho f(x) = 3x? — X, tim sb gia Af va vi phan df tai x = 1
voil Ax =0.01

AF(D) =f(1+Ax)- f(1) =3(1+Ax)*- (1+Ax)- (3.1%- 1)
=5AX +3(AX)° =5x0.01+3(0.01)> =0.0503

df (1) =f'(1).dx =f(1).Ax
f(x)=6x-1 = f (1) =5

df (1) =(6.1- 1) X0.01 =0.0500



2. Tim vi phan cua f(x) = xextaix =0
df (0) =f'(0).dx
f(x)=(x+De” = f(0) =1
= df(0) =1.dx =dx

3. Tim vi phan cua f(x) = xsinx

df (x) =f'(x).dx  =(sinx + xcosx)dx



Cac phep tinh vi phan

d(c.f) =cdf,c =const

d(f +g) =df +dg

d(f.g) =gdf +fdg

. p)

d[ f] _gdf - fdg
g g




Vi phan ham hop
Néu y = f(x) kha vi theo x (bi€n dbc lap): dy =f'(x)dx
Néu x = x(t) , y = f(x) khd vi, x = x(t) kha vi

= y = f(x(t)) kha vi theo t (bién doc lap):

y'() = F(x()] =F )X ()

dy =y'()dt =f(x)x®)dt  =f(x)dx

Du X la bién dbc lap hay ham s, dang vi phan ctay theo
x khéng doi.



Vi du ap dung

Cho y = f(x) = sin(x?),
1. Tinh dy theo dx
2. VoI x = x(t) = arctan(t), tinh dy theo dttait =1

1. dy =y (x)dx =2xcos(x*)dx
2. y =sin(x?) =sin(arctan®t)
dy =y '(t)dt =( arctan” t) ’cos( arctan’ t) dat

cos( arctan’ t) dt

—2arctant 5
1+t



Cach khac: dung vi phan ham hop

dy =y’ (x)dx =2x cos(x*)dx (dx =x'(t)dt)
=2x cos(x?).(arctant) dt

1
1+t2

=2X cos(x*?) - dt

Talt=1,x= n/4

2
JU

16

T
= dy =—cos
y 4

dt




VI PHAN CAP CAO

1. Néu x la bién dbc lap:

dx = Ax : la hang s6

d’y =d(dy) =d(ydx) =(ydx)dx =ydx*
d"y =y"dx" -y ™ =2Y
dx”
2. Néu x = x(t): dx = x'dt : la ham s6
d?y =d(dy) =d(ydx) =d(y").dx +yd(dx)

d’y =y’dx* +yd?*x




Vi du

Cho y = sin(x)
1. Tinh d?y theo dx.
2. Néu x = ch(t), tinh d?y theo dt.

1. d%y =y (x)dx? =- sin xdx?
2.y =sin(cosht)

d’y =y (t)dt’

—| cosht cos(cosht) - sinh?tsin(cosht) | dt?



Cach 2: d?y =y (x)dx? +y (x)d*x

y'(x) =cosx, y"(x)=-sinXx

dx =sinhtdt = dx? =sinh? tdt*

N —

d*°x =cosh(t)dt*

= d?%y =- sinx.sinh” tdt* + cos x.cosh tdt*

:( - sin X.sinh?t + cos X.cosht) dt?



Tong két.

1. Tinh dao ham cho 3 loai ham s6 (y = f(x), ham
an, tham so).

2.Néu x la bién doc lap: tinh vi phan la tinh dao
ham

3. Néu x = x(t) (Ila ham sd):
1.Viphan cap 1 : dy = y’(x)dx, sau doé khai trién

dx theo dt

2.Viphan cap 2: d?y = y"dx? + y'd?x

cudbi cung phai dwa vé dt?(chi tinh dén cap 2)
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