KHAI TRIEN TAYLOR




Céng thire khai trién Taylor v&i phan dw Lagrange

f co dao ham cap n+1 trong (a, b) chira x,.

B f' X f" X 5

f(x)™f x, * ° X~ X, 0 X T X,
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(n)
+ +]c %0 X~ X, ”+Rn
n |
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:f(n 1) — n+1 v "~ N

R (n 1) X X, , Ccham gilra X va X,

(khai trién Taylor dén cap n trong lan can x,)



Céng thire khai trién Taylor véi phan dw Peano

f co dao ham cap n tai x,:

f(x)~f x, * °ox Tx, T ° X T x

|

Phan dw Peano.

X, = 0: khai trién Maclaurin.




Y nghia cla khai trién Taylor

f(x): biéu thirc phire tap

— can tim 1 ham s6 don gidn hon va gan bang
f(x) dé thuan tién trong tinh toan.

Ham don gidn nhat 1a da thiec.



f(x) = sinx

.




f(x) = sinx
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f(x) = sinx
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f(x)= 2" — +o(x)
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°(x) : f(X):X_X—+o(x3)
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f(x) = sinx
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f(x)= 2" — +o(x)
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Vidul.

Tim khai trién Taylor dén cap 3 trong 1an can x = 1
cho

_ 1
F(x)~ —
X

(khai trien f thanh da thirc theo Iy thira clia (x — 1)
dén (x — 1)3)

\/&i phan dw Peano, chi can tinh dén dh cap 3.

\/&i phan dw Lagrange, phai tinh dén dh cap 4.




1 , :
f(x)= — = f(1)~1 f(x):_%:f(l):_l
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f(x):f(l)+f (1)(x_1)+f (1)(x_1)2
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Phan dw Peano



Néu dung phan dw Lagrange:

f)=1- (x DY (x0T (x T1)° R,

f(4)(x)—2—j
X
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4
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Vidu 2

Viét khai trién Maclaurin dén cap 3 cho f(x) = tan x

! — 2 7 .
f (x) 717 tan” x f(x)= 2tan x(1 1 tan”® x)

f(x)T 20 tan®x) T 6tan’ x(1* tan” x)

4 144

f(x):f(0)+f(0)(x_0)+f (O)(x—0)2
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Vidu 3

Biét f(x) la da thirc bac 3, véi f(2) = 0, £(2) = -1,
£7(2) = 4, f7(2) = 12, tim f(1), f’(1)

Vi f(x) la da thirc bac 3 nén fH(x) =0

= Khai trién Taylor ctia f dén cap 3 khong c6
phan du.




() = 1)t gy gy e B
1) 7 3!
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11 21 31
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= f(x)= 1T 4(x " 2) T 6(x " 2)°

f7(2) = 4, f7(2) = 12, tim f(1), (1)

Biét fo5)Ha da gheepac 3, voi f(2) = 0, £(2) =




Khai trién Maclaurin cac ham co ban
(Xo =0)
1. f(x)~ e

n

n (k)
e :f(0)+zf (O)(x—O)k+o (x ~0)




2. f(x)=In(17t x)
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Ap dung cho a = - 1.

17 x) T17 —x
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@@ 1)
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=1-xtx%~x°




3. f(x) ™ sin X

‘ 7T
£ (%) = sin| x Tk —
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‘ T
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Lwu v cho ham sin X




Bang cong thirc kt Maclaurin co ban

X | X X
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Khai trién Maclaurin cta arctan va hyperbolic

NER EL!
) — 2n 1
sinhx = x T T T To X

31 5l (2n ~ 1)1

N . 20

_ 2N

coshx — 17" T Tt To X

21 41 (2n)!

Gidng sinx, cosx nhwng khdng dan dau

3 3) 2n 1

X _|_X _ n_lX 4 2n 1

arctanx — x ~ — T — ... T(T1) 0 X

3 5 2n 1

Gidng sinx, nhwng mau sb khéng cé giai thiva.



Lwu y vé thay twong dwong cho sinh, cosh

3 5 2n"1

X~ X X -
sinhx = x 7 —* ——...7F To x°" 7
31 5l (2n ~ 1)1
N - /

bac cao hon x (khi x—0)

= Isinh x 1 x,khix ™ 0

_ X X X
coshx =17 —*1t —— ... *F + o x°"
21 41 (2n)!
X2
— lcoshx “10 — . khix 7 0
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Vi du ap dung

1. Tim khai trién Taylor dén cap 3 trong lan can

X =1 cho:

1
f(x)= —
X

Xo=1=#0,datbiénphu:u=x—-x,=x-1

f(x) =

1% u
Tra vé bién ci:

2 3

F(x)T1  (x DT (x 1D~ (x " 1)°to (x 1)



2. Tim khai trién Taylor dén cap 3 trong 1an can
X =1 cho:

f(x)~ In(x T 2)

u= x—-1 Nl x)=x~ —*T—". 7T (1) "—To(x)

f(x) TIn(3Tu) =In@*2"%u)

(2><) PET (2*u)’
2 3

Sall (u+2)#0khiu=0 (hay x=1)



f(x) = In(3T u)

1 1 1
=3t -u- —u’t Sulto@?)
3 18 81

Nho tra vé x



3. Tim khai trién Maclaurin dén cap 3 cho:

x T2

f(x) = —,
X ~— 3x 4

X T 2 1 6

f(x)~ = +
(x T1)(x ~4) 5(xT1) 5(x ~ 4)

1 1 6 1

+ X
5 x "1 201_

4
Lwu v: khi khai trién cho f+g, mdi ham phai khai

trién dén bac dwoc yéu cau.






4. Tim khai trién Maclaurin dén cap 3 cho:

f(x)=e .In(2% x)

1. Khi tich cac khai trién, chi gil lai tat ca cac Iy
thira tir bac yéu cau tr& xudng va xép thi tw
bac tr thap dén cao.

2. Tinh bac trong khai trién cap n cho tich f.g:

Bac thap nhat trong khai trién cta f la k
—¢ khai trién dén bac (n — k)

Va nguoc lal.




Bac thap nhat trong khai trién cta e* la x°.
= In(1 + x) khai trién dén x3
Bac thap nhat trong khai trién cta In(1+x) la xt

— e* khai trién dén x2



2 3
f(x)“e In(Lt x)

0) (1)
( 2 \( 2
f(X):|1+X+—+o(x2)||X—X_+X_
2| )\ 2 3
N 3
Tx o Fo 0 (x°)

khai trién cap 3



5. Tim khai trién Maclaurin dén cap 3, cap 4 cho:

f(x) = sinx.In(1% x)

1.Khai trién cap 4:

3 3
f(x)~ sinx.In(L* x)
(1) (1)
( 3 AR 2 3 \
_ _ X 3 X X
f(x)= I x7 —To(x")| | x-2+2_+ 5y |
L 3! ) \X 2 3 o ))
x> x’
= x2St Tt o (x”)



2.Khai trién cap 3:

2 2
f(x) = sinx.In(L" x)
1) (1)
( 2 )
f(x)= xTo(x*) |x~— " *o(x%]
L 2
X3
= x2St o(x’)
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7. Tim khai trién Maclaurin dén cap 3 cho:

_ 2
f(x)“e” ”

Pat u(x) = x = x?thiu(0) =0
— khai trién Maclaurin cta f theo u.

Khi khai trién u theo x, gilr lai tat ca nhirng Iy
thira tlr x3 tr& xudng



f(x)Te” © T1Ft x " x +
/ 21
x_x23
_ 2 1 3
X —x [ X + +65 x~ x?
3!
1 1
=1t x “x T Ix? o x® 2y o x°
2 6
1 5
=1t x " “x " "x’*to x°
2 6

Pé tim bac khai trién cua f theo u phai xac dinh
bac VCB cua u theo x.




8. Tim khai trién Maclaurin dén cap 4 cho:

f(x) = In(cosx)

In(cosx) = In(1* cosx ~1)

_ 1 5
U cosx 1I[] — X

2 L —khai trién f dén u?
Can khai trién dén x*#

In(1* cosx 1) Tcosx 1~



_ 2
cosx 1 9

In(1 " cosx ~1) T cosx 1~ To cosx "1
2
X2 X4
=1- St Tt x' 1
21 41
( 2 4 )2
1 X X
e + to x* "1 to x°
2\ 21 41 )
2 4 \
_ XD X 4 ,
PR 0 X x4 trong sO hang binh

phuong khéng st dung
( 2 \2 > A :
_£|1_X_+O (2 —1| . cosxchican khai
2 | 21 ) trien dén x?



9. Tim khai trién Maclaurin dén cap 3 cho:

x T2

f(x) =

x°~"3x T4

(Mau sb vo nghiém)

1 1
f(x)= — 27 x >
—ny +
4 L+ 3x T X
4
1
- — 27X
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Cach 2: chia da thirc (xép bac tr thap dén cao)

x T2

f) = -
X 3x "4

2t y 4-3x T x°
5 1 1 5 11 13
2 - 2 e P
2 2 2 8 32 128
11 , 5 3
— X — X
8 8
13
+ 27 3




10. Tim khai trién Maclaurin dén cap 5 cho:

f(x) ™ tan X

5 4
_sinx _ 1
tan x — — sSIn X
COS X 1T cosx 1
(1) (0)

—sinx'[l_(cosx_l)Jr(cosx_1)2+0 (cosx ~1)° J

Ve V2
=sinx' 171" T —Fox)"1ltI1™ =1 o(x
L2 24 ) U2




= sin x

( x° X
11—t At oy
L2 24
3 5 )
X X
to(x”) |
6 120
1 2
“xCt Zx*to(x”)
3 15

|
[+
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1+£x2
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Cach 2: X X .
sin X X i +O(X )
fan x = — 62 1240
COS X X X 5
1~ + To(x)
2 24
3 5 XZ x
X_X n X 1-— +
6 120 2 24
1 1 1 3 2
SV x Tox®+ 0
3 30 3 15
2
+ = 3
15 1 5
tan X — x T —x >



B6 sung: tim khai trién cla f(x) = arctan x

f(x):arctanx f'(X): 1 2=g(x)

1% x

Khai trién Maclaurin cho g(x) dén x2n.

g(x)=1  x° T x*  x*+t. . )" x*" Tox®")

£ (0)T g (0)= ~1%21

£(0) = 0
£'(0) = g (0) =1 F00) = g™ P(o) T o
£70)=g'0)=0 V0= g 0)= (1" 2kK)!



4 n

) L 17(0) 2, 17(0) 5

11 21 3!

(2n) (2n™)
+...+f (0)X2n+f (0)X2n+1+0 X2n+1

(2n)! (2n1)!

f(x)=f(0)"

X3 X5 X2n_l
— _ _ — n1 2n"1
arctanx = x ~ — 1t — 7 ... T (T1) To x

3 5 2n 1

Cach viét khai trién cho arctan la cach viét khai
trien cho ham nguwoc noi chung.



Cac lwu y khi viét khai trién Taylor tai x,

1.Ludn ludn chuyén vé khai trién Maclaurin

2.Ap dung cac coéng thirc co ban trén biéu thic
u(x) vai diéu kién u(x,) = 0.

3.Khai trién cho tong hiéu: tirng ham phai khai trién
dén bac dwoc yéu cau.

4.Khai trién cho tich: l1ay bac yéu cau trir ra bac
thap nhat trong kt méi ham dé biét dwoc bac kt
cua ham con lai.

5. Khai trién cho ham hop: tinh bac VCB cho u(x).



Ap dung trong tinh dao ham.

Bai toan: tim dao ham céap n cua f tai x,

B1: Viét khai trién taylor theo (x-x,) dén cap n
B2: Xac dinh hé s cla (x-X,)" trong khai trién.

B3: Gia str hé sb trong B2 1a a
fN(x,) = a.n!



Vi du

1. Tim dh cap 3 tai x = 0, v&i f(x) = e*.sinx

Khai trién Maclaurin dén cap 3 cua f 13

( 2 V[ 3 )
_ X 2 _ X 3
f(x)=l1tx T —*+ox) Il x = —* o)
\ 2! AN 3! )
3 3
, X , 3 N _X +X
Cac s6 hang chura x° |a:
31 21
— Hé s0 cla x3 la: 1,1 _1
. 31 21 3
= £7(0) = = 317 2

3




2. Timdhcap 3taix=0f(x) = In@* x*

)

Khai trién Maclaurin dén cap 3 cua f 13

X X
F(x)= x T x 0 ) o0 (x°)
2 3
3 _ 3 _|_1. 3
Céac sb hang chtra x3 la; —2x —x
2 3
~ X > 3 |2 _2
— Hésbcuaxila: ——
3
n 2
— f (0)= ~—"317 74
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3. Timdhcap 12, 13taix=0, f(x) =
2-|—

X

3

Khai trién Maclaurin dén cap 13 cua f 1a

11 _1_ (Xs\ fxs\z(
f(x) = - =1 =1t —1 ~|
2 1+X_ 2 i \ 2 ) L2 ) (
2
(3 (3
+|£| —|£| +
.2 ) L2)
:i 1~ +i+o+o X13
2 | 16 i

3

X
2

0

)
|
)

3




(0) = 013!



Ap dung khai trién Taylor trong tinh gi®i han

1. Théng thuwdng chi ap dung kt Tayor dé tinh gh
néu cac pp khac (gh co ban, VCB, L’'Hospital)
tinh qua dai hoac khong tinh duorc.

2.Da so cac bai dung Taylor roi vao trwdng hop
thay VCB hoac VCL qua téng, hiéu gap triét
tieu.
Do d6 cac biéu thirc dwoc khai trién dén khi
hét triét tiéu & phan da thire thi dirng, phan
VVCB bac cao bo di khi tinh lim



Vi du
1.Tim cac hang s6 a,p dé& VCB a(x) ~ axP khi x — 0.

al%®(x)~ x ~sinx

( 3 )
_ _ X 3
= x " lx~—tox”)l
\ 3! )
"
= —*o(x’)
31!
X 1
31 6



b/%(x)=2x e te

2X ~ 2sInh X

( X
:2x_2|kx+—+o(x3)|D_



c/%(x) T sinXx ~ XCOSX

3 ( 2 )

—X_X—+o(x3)_x|1_x—+o(x2)|
6 L2 y

3 "
3
= —%o(x’) 0 —
3



2. Tinh gi®1 han:

2
X

al/llim
xéoi/1+5x ~x 1

X
~ lim
oo 1 1101 ) ,
1t —5x T —— ——1J 5 X o(x“)  x "1

5 215\5

2

X 2
~ lim 2 2 — lim > _i
X770 T2x +O(X) X0 =92 x 2









