PHUONG TRINH VI PHAN
CAP 1



BAlI TOAN DAN VE PHUONG TRINH VI PHAN

Van toéc ngudi lanh ctia mot vat trong khéng khi ty 1é
voi hiéu gitka nhiét dé cua vat va nhiét do khéng khi.
Tim quy luét gidm nhiét cta vat néu nhiét do cia
khong khi 1a 20°C va nhiét d6 ban dau cua vét Ia
100°C.

Quy ludt gidm nhiét < su thay doi nhiét dj theo thoi gian

Goi nhiét dd cla vat [a ham so T theo bién thoi gian t

dT
~— = k[T (t)-20],T(0)=100"c =PTVP
dt



BAlI TOAN DAN VE PTVP

Tim pt dwong cong di qua diém (1, 1) néu véi doan
[1, x] bat ky, dién tich hinh thang cong gi¢i han bédi
duwong cong nay béng tich 2 1an toa dd diém M(x,y)

thuoéc dwong cong (x>0, y>0)

X

________ \/—\M(x,.)’) Iy(t)dl‘ =2xy(x)

1
Pao ham 2 vé

1 X

y(x)=2y(x)+ 2xy'(x)

Lwuy: y(1) =1
< 2xy'(x)+y(x)=0



MOT SO BINH NGHIA
1.PTVP la phwong trinh ma ham phai tim nam dwéi
dau dao ham hodac vi phan..

2.Cap cla ptvp la cap cao nhat clia dao ham cla
an ham.

3.Néu an ham la ham 1 bién = PTVP thuwong.
Néu 4n ham |a ham nhiéu bién = PTVP dao
ham riéng.

4.Hé PTVP 1a hé gbm nhiéu PTVP va nhiéu an
ham.



NGHIEM CUA PTVP
Xét ptvp thworng cap n: F(x,y,y,...,y™) =0 (1)
1.Ham sO y = ¢(X,Cy,...,c,) thda man (1) v&i c. la cac
hang sb goi la nghiém téng quat cta (1).

Néu cho c; cac gia tri cu thé ta dwoc nghiém riéng
cua (1).

2.Ham ¢(x,cq,...,C,, Y) = 0 thoa man (1) goi la tich
phan tdng quat cua (1) (y dwoc tim & dang an)

Néu cho c; cac gia tri cu thé ta dwoc tich phan
riéng cua (1).



NGHIEM CUA PTVP

3.D6 thi cia ham nghiém goi la dwdng cong tich
phan.

4.Ham vy = y(x) thoa (1) nhung khéng phai la
nghiém riéng dwoc goi la nghiém ky di cua (1).



Bai toan Cauchy cho ptvp céap 1

Xétptvpcap 1:  F(x,y,y)=0 (1)
Hodc vy =1(x,y) (2)
(2) Goi la pt da gidi ra dwoc doi voi dao ham.

Bai to?n tim ham y théa (1) hodc (2) v&i diéu kién
ban dau

Y(Xo) = Yo
Goi la bai toan Cauchy.



MOT SO DANG PTVP CAP 1

Phwong trinh tach bién

D

D

D

nwong trin

nwong trin

nwong trin

n dang cap

n tuyén tinh cap 1

N vi phan toan phan

Phwong trinh Bernoulli.



PHUONG TRINH TACH BIiEN

Phwong trinh co thé tach y va x vé 2 vé khac
nhau goi 1a phwong trinh tach bién.

f(y) dy = g(x) dx

Phwong phap gidi: tich phan 2 vé

Céc dang c6 thé géap:
1.1(y) y" = g(x)

2.y =1(y)g(x)

3.11(¥)9:1(X) Y = f5(y)g,(X)



Vi du 3y?y’=2x (1)
yO=1 (2)

(1) 3y2dy = 2xdx
S J.Byzdy = ijdx
o yo=x°+c (3  (tich phantbng quat)

Thayx=0,y=1vao TPTQ=C=1

Vay nghiémcua (1) va (2) la: y = i/xz +1

Hoac tich phanriéng la: y3=x>+ 1



xy'=y (1)

1.y =0 la 1 nghiém cua pt

2.y # 0: chia 2 vé cho xy (khdng xét TH x = 0)
dy dx
1)< —=— < Injyl=Injx |+ c
y X

<:>Iny:Inx+In‘c1‘, C
= |y]=leyr]

< y=Cux, C =0

y = 0 1a trwdng hop C = 0 trong nghiém tdng quat



y' = 3x2y, y(0) =2

Ham y = 0 khdng thda dk ban dau nén khdng xét
d d
y':3x2y<:> —y=3x2dx &> J‘—y:jszdx
y y

3
S In‘y‘:x + c

3 3
+cC cC X

X
<:>‘y‘=e =e e

< y=C0Ce C =0

x=0,y=2=C=2= nghiém |, = 2,"




Vi du

y —Xxy2=2xy| <Y =Xy?+2xy =xy(y +2) (1)
d 1 1 1
1) = ’ = xdx :>j(— \dyzjxdx
y(y + 2) ZLy y+2J
y 2
= In =X +cC
y + 2
= Y —Ce’



DANG BDUA VE TACH BIEN

y' = f(ax + by + ) Patu =ax + by +c

Vd:y’=(4x+y—1)2 u=4x+y-1= u'=4+y'

Pt tro thanh
2 du
u'—4 = u — = dx
2
u + 4
1 u
— —arctan —= x + ¢
2 2
4x +y -1
& oarctan =2x + C

2



DANG BDUA VE TACH BIEN

3y —3x -1
Vd: y'=

2y — 2X
Pai bién: u=y-—x
Pt tré thanh:

3u -1
ul+1: —
2 U

u—1
u':

2 U
udu d x
u—1 2



PHUONG TRINH DANG CAP

2k y Lo
y’:f(y—\ Poi bién: u = — Hay:y = ux
LXJ X
Vd: XYY'=X2—XY+)’2 :>y'=£—1+y—
y X
y : :
u=—=y=ux = VY =UX+1U
X
» . 1
Pttrothanh: u'x +u=—=1+u
u
| 1—-u
= U 'X =
u

= U + Inju-1] = n|x| + C



PT DUA VE DANG CAP

[ ax + by +C V| |a b a b -0
,:f =
Ka1x+b1y+c1) a, b, 1 vl )
A iai o dwa veé tach
Buoc 1: giai hé pt bidn
(ax + by + ¢ = 0
;
la,x + by + ¢, = 0
fe o a . X=X+X
V&i cap nghiém (x,, Y,), dat : 0
y=Y+Yy,
[ X

Pt tr& thanh:

"N

Budc 2: gidi pt ddng cap va trad vé x, y




Vi du

Giaipt: (2x -4y +6)+y(x+y-3)=0

- —2x+4y -6
= y'=
x+y—3
(—-2x+4y -6 =0 (x =1
% < 9
x+y—-3=20 y =2

Poi bién: x=X+1,y =Y + 2, pt tré thanh

-2(X +1)+4(Y +2)-6 -2X +4Y

Y '= & Y ' =
X +1+Y +2-3 X +Y



_2X +4Y —2+4X
Y = = Y '=
X +Y Y
1+ —
X

Poibien: Y =UX=Y =UX+U

_2 44U _U%+3U -2
UIX+U: :>U'X:

1+ U 1+ U

(U +1)dU —dX
= = ——

U°-3U +2 X




(U +1)dU  —-dX

U®_-3U + 2 X

3
= —In(U -1 +In[U -2 =-In| X |+c
3
v -2)
= =
(U -1) X

— (Y —2X)  =C(Y - X)°

(trd vé X, y)



PT VI PHAN TOAN PHAN

(P(x,y)dx + Q(x,y)dy =0

Dang: )
[Py = Qx
Tich phan tdng quat: U(x,y)=C

V&i U(x,y) cho boi:

(Xo, Vo) 1& diém ma P, Q xac dinh

X y
U(x,y) = jx P(t,yo)dt+J'y Q(x,t)dt

hay U(x,y) = jxx P(t,y)dt+ J'yy Q(x,, t)dt




Vi du

Giaipt:  (3x + 2y)dx + (2x —9y)dy = 0

~

P(x,y) Q(X,y)

P/ =2=Q/

Chon : (X,,Y,) = (0,0)
X y
U(x,y) = jx P(t,yo)dt+J'y Q(x,t)dt

X y
= jo (3t+ 0)dt + jo (2x —9t)dt



X y
U(X,y) = jo (3t+ 0)dt + Io (2x —9t)dt

3 2 9
= —X 4+ 2Xy - —Yy
2 2

Vay tich phan téng quat 1a

3 9
U(x,y)=—X +2xy-—y =2C
2 2



( ) (
X
Giai pt: [ x+e’ ldx+e?j1- " dy =0
k ) )
P(x,y) Q(X,y)
L
Py =~ =Q,
y

Chon: (x,.,y¥,) = (0,1)

X y
U(x,y) = jx P(t,y)dt+jy Q(x,, t)dt



( ) X(
X
| x +e? |dx+eyL1—de:O

S

Tich phan tong quat:

X y
U(x,y) = jo P(t,y)dt + L Q(0,t)dt=C

X

o jo (t+ e”y)dt+ jlyl.dt e

2
X

o — + y(eX/y—1)+y—1:C
2



PTVP TUYEN TINH CAP 1

(D] y +p(x)y = a(x)

Toan b6 pt chi chira ham bac 1 theoyvay'.

(2) vy + p(x)y = 0: pt thuan nhat

Cau truc nghiém tong quat cta (1):

* y, la nghiém tong quat cua (2)

*y.la 1 nghiém riéng cua (1)

Y=Yt Y,




Budc 1: tim nghiém tong quat cla pt thuan nhat.

y +p(x)y =0
(dang tach bién)

—[p(x)dx
e

‘<
1
A

Mot nghiém riéng cua

(1) :



Budc 2: tim 1 nghiém riéng cua pt khédng thuan nhat

y, = Ce PO

Bién thién hang so: trong y, coi C =C(x)
Thay y,vaoy + p(x)y =0 (1) dé xac dinh C(x).

—p(x)dx —[p(x)dx

C'(x)e - p(x)C(x)e + p(x)y, = q(x)

= C'(x) = q(x)e’ "

Chon C(X): IQ(x)ejp(X)dde

y - e—fp(X)deAq(x)er(X)dxdx



Cdng thirc nghiém ptvp tuyén tinh cap 1

RIS (jq(x)e’p(”dxdx +c)

va: llxy'—yzx3
1 2

& y'-—y=x" p(X)=-1/x, q(X) = x?
X

-1 ~1 \
—Iidx Iidx
& y=e 7 Lj‘x e dx+CJ

, 1 [ x° \
=x(j dx+Cj—x|+C|
X L 2 )




2/y'—2xy=1—2x2



X

1 ‘ )
31y + [y(r)cos(t)dr = “sin’x+1 Daoham2vé

2
0

([y'+ ycoSx =Sin xCcoSx
@ AN
%Ly (0) =1 (Pk ban dau tai can dudi tp)

ICOSxdx

—ICOSde(

& y=e jsinxCOSxe dx+C)

sin x

:e_Sinx(J‘SinxCOSxe dx+C)



—e M7 (jsin xCcosxe " Ydx + C)
—e (sin xe Y jCOS xe | Ydx + C)
_ e—sinx (sin xesinx _ esinx n C)
y=sinx—-1+Ce "
y(O):1:> c=2
—sin x

Nghiém baitoan: »y =sinx -1+ 2e



4/ y'(x+y)=y+1 (1),

Lwu y: y’ =1/x" (dao ham ham nguwoc)

Ptvietlai: x'(y +1) = x + y (2)

Xem x la ham theo y

: A Y
X —_ ==

y+1 y+1




1
+
1y
y +
1dy(
__y+1 |.[
(&
X =
—

1| -
_|_

(y +1)(In |y

x:

—

y +1

+ C)



PHUONG TRINH BERNOULLI

y +p(X)y = q(x)y*, a=0vaa =1

Phwong phap giai:

Chia 2 vé cho y* va ddi bién u = y1 —@
Pt trd thanh:

u + (1-o0)px)u = (1 - a)q(x)
(Tuyén tinh )




Vd: 1/ xy'+y =x"y S oyt = xy
X
Chiahaivéchoy?z: » . 11
y=. -+ = X
. y Ay
bat u=ylt?=y-
, . u u
Pttrothanh: - yu'+ — = x & u'- — = —x
X X
dx dx
f( - \ 2
@uzextj—xe xdx+CJ=—x
1 ) 1
& —=-x +Cx & y= 5




1
2/y'+X:

X Xy

2
Nhan 2 vé véi y? (chia cho y-2), pt tr& thanh:

, 1. 1

Yoy oyt = Poi bién: u = y3
X X

1 u 1 u 1

—u'+ —=—< u'+3—=3—

3 X X X X

3 3

o u=1+Cx ~ < y3=1+Cx_



3/(x:+.x3sh1y)y': 2y

, 3 .
< 2yx'=x+ x SIny

X Siny 4 x' 1 sin y

= X - — = X = - S =
2y 2y X 2 VX 2y

Poi bién: u = x 2, pt tré thanh:

U sin y q
u'+ —= — < u=y (cosy+ C)

Y Y

=

1 cosy + C
2

X Y




