PHUONG TRINH VI PHAN CAP 2



BAI TOAN CAUCHY

Tim nghiém cua phwong trinh

FOX, y,y,y)=0 (1)

hoac: y"=1(x,y,Y) (2)
thoa diéu kién ban dau : y(Xo) = Yo
y’(xo) =Y

Lwu v: nghiém tbng quat clia ptvp cap 2 co 2
hang so tw do, can 2 diéu kién dé tim 2 hang s6
nay.



Vi du
Tim nghiém bai toan: { y" =X (1)
y(0)=1, y(0)=-2 (2

X3
X4
S Y :E+C1X+C2 (4)

(2), 3)=C,=-2

(2), (4)=C,=1

X4

Vay nghiém baitoanla: y :E - 2X +1



MOT SO PTVP CAP 2 GIAM CAP bUOC

LOAI 1: pt khong chtray : F(x,y’, y’) =0

Cach lam: datp =y’ — duwa vé ptvp cap 1 theo p, x

LOAI 2: pt khong chitra x: F(y,y’,y") =0
Cach lam: dat p =y’ — dwa vé pt cap 1 theo

ham p va biény

LOAI 3: F thoa F(x,ty,ty’,ty”) = t'F(x,y,y,y")

Cach lam: daty =yz — duwa vé pttheo x, z




Vi du

1/y" :2\/)7 Pt khong chtray,dat y'=p

Pttrd thanh: P '=2Jp (P ' =p'(X))

Voi p#0 d_p:dX@\/E:)(+C1
2.p 2
— y' :(X +C1)
=" Z;(X "‘C1)3 +C,

p:O<:>y’:O<:>y:C



2/ 1+ V)W =() - 1)(y)? | Ptkhong chira x

baty = p (xemy la bién)

Y _y y_db,
y —w(—ayxw( ayxp pxp (P (W)
Pt trér thanh: (1+ V) yp p=(y/ - 1) o

3%): )/2-1 :( Zy-l\m/
P Yl+y)  1+y ¥

= py=G(1+ y)



= py=G(+y)
= Yy=G1+y)

Loy
1+)?_C105(

= ;ln(l+ V) =Cx+C,




X2yy" — (y—xy)? =0

X2ty ty” — (ty — x ty’)> = Cxeyy” — (y — xy’)?

Pty =yz=y'=yz+yz =yz?+yz’

Pt tr& thanh:

XWYZ +y2) =(y- X2’
= X (2 +2)=1- x2?

= X'Z+2xz=1  (Tuyéntinh)



X2+2xz=1

X X

X | —

< I'<

O

= y:CZXé X



PTVP TUYEN TINH CAP 2

y"+pX)y’ +ax)y =1(x) (1) [p(x), q(x), i(x) lien tuc

y" +p(x)y’ + q(x)y =0

Cau truc nghiém pt khéng thuan nhat: |y =y, +vy.

Phuwong trinh thuan nhéat

e y, la nghiém tdng quat cda pt thuan nhat,

« y la 1 nghiém riéng cua pt khéong thuan nhat



Nguyén ly chéng chat nghiém

Néu vy, vay, lan lvot la cac nghiém cua pt

y" + p(X)y’ + q(x)y = f,(x)
y" + p(x)y’ + q(x)y = f,(x)

thi y, +y,la nghiém cua pt

y" + p(x)y’ + q(x)y = f,(x) + f,(x)



Giai phwong trinh thuan nhat

Néu y,vay,la 2 nghiém doc lap tuyén tinh cua pt
thuan nhat

y" +p(x)y’ +q(x)y =0

nghiém téng quat cla ptnay la Yo = C.y: + Gy,

Néu biét trwdc 1 nghiémy, # 0, y, dwoc tim nhw sau

yzyf

famw'




Vi du

Gidi pt: x?y” —xy’ + y =0, biét pt c60 1 nghiémy, = X

p(X) = — 1/x

- [p(x)dx

y2 :ylf yz 004
1

de
X X
Y, :xf9 - dx =x dex =XIn| x|

Y, = C X + CxIn|x|




Giai pt: (1+x?)y” + 2xy’ — 2y = 4x2 + 2

biét phuwong trinh ¢6 2 nghiémy =x2vay = X + X2

(1)

Lwu y: pt da cho la pt khéng thuan nhat

y=x?vay =X+ x?la 2 nghiém cua (1)

Yior = Yo T ¥ = CuYy

Yre= Yo T ¥, = CpY; -
= (X +x2) -x2=(C,-

x la 1 nghiém cua pt

= Yy, = (X + X3 — x2la nghiém cua pt thuan nhat

2X dx

-

=y, = X :yz—xf e ) sz

dx
(1+X)




2X

J" dx
Je 1+X d d
= =X X =X
& J X*(1+x°)
1
=X|-arctanX - — | =- xXarctanx - 1
X

Y, = C,x + C,(xarctanx + 1) (NTQ cua pt thuan nhét)
Nghiém TQ cua (1)

y = Cx + C,(xarctanx + 1) + x@



PTVP TUYEN TINH CAP 2 HE SO HANG

y’ +ay +by=f(x) | (a blahangso)

Buwdc 1. Giai ptthuan nhat:y”+ay +by =0

Buéc 2: tim 1 nghiém riéng cuia pt khdng thuan nhat

y" +ay’ + by ={(x)



Céach xac dinh nghiém téng quéat ctia pt thuan nhat

Giai phwong trinh dac trung: | k2+ak+b =0

N/

“ k,, k, la nghiém thyc phan biét:

L)

KX Ko X

Yi=€ " ,Y, =€
o N ‘A , _ kx — kx
** k la nghiém kep: y, =€, Yy, =X€

*k=o £if y, =€“* cos BX, y, =€**sin Bx

hire):
(phtrc) Yo = Cy, + C,Y,



Vi du
1.y"—3y —4y =0,

Ptdt: kk —=3k—-4=0 <ok=-1,k=4

yl :e-xayZ :e4X:> yO :Cle-x +C264X
2.y -2y +y =0,

Ptdt: k2 — 2k +1=0 = k =1 (kép)

.yl :eX>y2 :Xex = _y() :Clex +C2X8X



3.y'—2y +5y =0,

Ptdt: k2 —-2k+5=0 o k=1 =+ 2

y, =€ cos2x, y, =e'¥sin2x

= Yy, =C,e” cos2x +C,e” sin2x



Tim nghiém riéng y, cua pt y” + ay’ + by = f(x)

Bién thién bang s6

Trong y,, xem C, =C,(x), C, = C,(x), giai hé

{Ci(x)yl +C,(X)y, =0
C;(¥)y; + C,(x)y, =f(x)

Yy, = C.(X)y; + C,(X)y,




Vi du

y" + 3y’ + 2y = sin(eX)

Ptthuannhat: y"+3y'+2y=0 (k?+3k+2=0)
y,=e Xy, =e"* =y, =Ce”* +C,e” ¥

Xem C, va C, la cac ham theo x, giai hé

Ci )y, +Cy(x)y, =0
L)Y +C3 (s =F(X)




C/(x)e” X +C5(x)e” X =0

C/(X)(- ) +Cy(x)(- 2" *¥) =sin(e*)

= C/(x) =e*sin(e*),C,(x) =- e**sin(e*)

Chon: C,(x) = -cos(e¥), C,(x) = e*x cos(e*) — sin(e*)

Yy, = C.(X)y; + C,(X)y,

y = -e* cos(e*) + e [e* cos(e*) — sin(eX)]

= -e~2*sin(eX)



yO :C e-X ¥ -2X - 1
: C,e *", Y, =-e Zsin(eX)

Yy =y, +y, =Ce™* "
_ . X S2X
r 1 Cze _e XSID(eX)



PP hé so bat dinh tim vy

Ap dung néu: | f(x) = e=[P_(x)cospx + Q (x)sin px ]

P_, Q. lacac da thirc bac m, n.
e Xéac dinh cac hang s6 o, p vas = max(m, n)
Lwuy :(vang e xem o =0

{ vang cos, sin: xem =0

‘s la bac cua da thire trong f (%)



 Binh dang y,

* Néu a+i p khéng la nghiém pt dac trung
y. =e**[R (X)cospx + T (X)sIn X ]

* Néu a+i  la nghiém bdi p cta pt dac trung
(p=1,2)
y. =XP e [R_ (X)cospx + T (x)sIin Bx ]

Cac da thuc R, T, duoc xac dinh khi thay v,
vao pt khéng thuan nhat.




(1)

Y’ +Y = X2+ X

\ f(;() ,

0=0,p=0,s=2

>y =Ax*+Bx+C

Vi DU
Ptdt: k» + 1 =0 k==
Y, = C,cos x + C,sIn X

= o+ ip = 0: khong la
nghiém ptdt

>y =2AX+ B,y =2A
Thay y, vao (1):

2A + AX2+BxXx+C=x%2+Xx, VX



2A + AX2+Bx+ C=x2+x, VX
<A=1,B=1,2A+C=0
<A=1,B=1,C=-2

Y =X+ X—2

= Y=Y 1Y,

=C,cosx+C,sinx+x2+ x—2



(2)

Yy’ +y =Xx-2

o

0=0,p=0,s=1

Thay y. vao (2):

2A + 2AX + B =

Ptdt: k?+k=0 < k=0, k =-1

y,= C,e%™+ C,e~

o + I = 0: la nghiém don cua ptdt ( p =1)
=Yy, = x! (AX + B) = Ax? + BX
>y =2AX+ B,y =2A

X—2, VX



2A+2AX+B=x-2, VX
A= B=-3

L »
Y, :§X - 3X

Nghiém TQ cua (2):

y =C,+C,e””" +;x2 - 3X



(3) | Y= y=xsinx | Ptdt:k?—1=0<=k==x1

Yo =C, e+ C e~

f(x) =xsinx =a=0,p=1,s=1

= o + I = I: khong la nghiém ptdt

y. = (AX + B)cosx + (Cx + D)sinx
y'. = (Cx+ A+ D)cosx — (Ax + B — C)sinx
y”=—(Ax+ B —2C )cosx — ( Cx + 2A + D)sinx



Thay y. vao (3):

(— 2AXx — 2B + 2C) cosx + (— 2Cx — 2A + 2D)sinx = Xsinx
—2AXx—-2B+2C=0 o A=0B=C

=
—2Cx—-2A+ 2D =X C=-1/2,A=D
A=0,B=-1/2 1 |

And Y, =- -COsSX- —XsinX
C=-1/2,D=0 2 2

Nghiém TQ (3):
_ 1 1
y =y, +y, =C,e* +C,e ¥ - Ecosx- Exsinx



(4) | y' +4y +4y =e~#+sinX

Ptdt: k> + 4k + 4 =0 < k=—-2 (b0I p =2)

f(x) = e-2+ sinx  khong c6 dang dac biét

fl(X) — e—ZX O(l — 2,/31 :O’Sl :O

Y =X°Ae

Thay y,vaopt: y"+4y’ +4y =1 (x) = e~

L >
SA=Ys = Y= X e’



f(x)=sinx k=-2) a, 5B, =Ls, =0

Y., =Bcosx +Csinx

Thayy,vao pt:  y”+ 4y + 4y =f (x) = sinx

- B=—4/7,C=-3/7

-4 3 .
= VY5 —7cosx- ;smx

Yr =Yr1*Yr2 (Nguyén ly chong chat nghiém)



PHUONG TRINH EURLER

” | _ (& b, p, 0
, — X
(ax + b)?y” + p(ax + b)y’ + qy = 1(x) la hang s0)

Poi bién : t =Injax + b] & ax + b ==+ et

dy dydt dy a dy( tae- )

dx dtdx dtax+b dt

y,,:dy':dy'dt _d iae'tdy dt
dx dt dx dt dt )dx

_ 42072 (dZY_ dy\

dt® dt

\



dy

™

(iae't), y,, :aze_Zt

Thay vao pt ban dau:

(4D )
o2 a2a7 2t d )2/_ dy +p(iet)(iae t)
dtt  dt
d’y dy
2 2
a - ——+(@p-a’)=-+qy =F(
i (ap )dt qy =F(1)

Tuyén tinh hé sé hang




Vi du

(2x + 1)2y"-2(2x + 1)y'=12y = 0, trén mién 2x+1>0

bat: 2x+1=ethayt=In(2x + 1)

y =
y,,:dy' _dy'dt _d
dx dt dx dt
:46-21‘((12)/_ dy\
dt®  dt

dy _dydt _dy 2 _ dy .

=2ye

dx dtdx dt2x+1 dt

dt
ax

{ Ze-tdy
dt

=4e” " (y{- y{)



y'=2ye’t, y =4e " (y/- y;)

(2x + 1)2y"-2(2x + 1)y'-12y =0, 2x+ 1 =¢!

Pt tro thanh:

e“4e * (y/- y/)- 2e'2e ly, - 12y =0

< 4y, -8y, - 12y =0 < y,/- 2y, - 3y =0

Sy :Cle't +C263t S Y= G +C,(2X +1)3
2X +1



Giai pt: x2y” — xy’ — y = Inx.sin(Inx) (x > 0)

pat: t=Inx hay x = et

, dy B
y = dt =y.e
r_ -2t d? Yy dy 2t (7,
—e - =e ' (y/- y/)
Thay vao pt:

e“e ! (y/- y/)- e'le’ly/- y =tsint



2t -2t(

e“'e™(y/- y;) - e'e’ly - y =tsint

< y, - y =tsint

41
Sy zclet +C,e L Ecost- ;tsint

Ca 1cos(lnx) - 1lnXsin(lnx)

oy =Cx+ , ,
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