KHAI TRIEN TAYLOR



Cong thirc khai trién Taylor v&i phan dw Lagrange

f c6 dao ham cap n+1 trong (a, b) chtra x,:

f'(x,) f(x,)

_ _ )2
f(x) =f(x,) + . (X - x,) + ) (X - Xg)
M (x,)
f(n+1)(C) -
R — - Y .-~ N
1T (n+1) (X-=Xo)""", ¢ ndm gitra x va x,

(khai trién Taylor dén cap n trong lan can x,)




Cong thire khai trién Taylor véi phan du Peano

f c6 dao ham cap n tai X,

f(x) =f(x,) +

f'(x,)

-+

1!

F(x,)

f(x,)
2!

(x- x,) + (x- X,)°

n!

(x- x,)" +0((x- x,)")
|

l

Phan du Peano.

X, = 0: khai trién Maclaurin.




Y nghia cla khai trién Taylor

f(x): bi€u thirc phirc tap

= can tim 1 ham s6 don gian hon va gan bang
f(x) dé thuan tién trong tinh toan.

Ham don gian nhat la da thurc.



f(x) = sinx




f(x) = sinx

f(X) =x +0(x)

4_- i XZ/
\ f(X) :HZ:;(- s 1)!+o(x )
f(X) =X - );j+o




Vidu 1.

Tim khai trién Taylor dén cap 3trong lancan x =1
cho

f(X) :)1(

(khai trién f thanh da thirc theo Ily thira ctia (x — 1)
dén (x — 1)3)

*VV&i phan duw Peano, chi can tinh dén dh cap 3.

*\VOi phan du Lagrange, phai tinh dén dh cap 4.




1

)= ==l F1(x) =- X12 = f(1) =-1
o2 ,,
=5 =1 =2 F9 ) =24
X

) =- 54 ) =-6

f (1)

f(x) :f(1)+f(1)(x D+—~ (x 1)2 f()(x 1) +o((x 1))

—1- ;!(x- 1)+§!(X- 1)” - g(x- 1*+o((x- 1)

=1- (x- 1)+ (x- 1)%- (x- D* +ol(x- 1)°)

Phan duw Peano




Néu dung phan dw Lagrange:

f(x)=1- (x- D+(x-1)%- (x-1)°+R,

) (x) :2—‘51
X

f9(c) 1 24 _(x-

- 4 —_— —_—
(X 1) _Z!;(X-l) S

41 c



Vidu 2

Viét khai trién Maclaurin dén cap 3 cho f(x) = tan x

f'(X) =1+tan” X f’(x) =2tan x(1 + tan” X)

f7(x) =2(1+ tan” X) + 6tan” x(1 + tan* X)

f (0) f (0)

f(x) =f(0)+——= (X 0) + (X - O)
o 3(0) ((x 0))

X3

anx =x+" -+ o(x>)




Vidu 3

Biét f(x) la da thirc bac 3, véi f(2) = 0, F(2) = -1
£7(2) = 4, £ 7(2) = 12, tim (1), (1)

Vi f(x) la da thirc bac 3 nén f4(x) = 0

= Khai trién Taylor ctia f dén cap 3 khéng cé
phan duw.
f (2)

f (2) fr (2)

f(x)=f(Q)+——= (X 2)+——+ (X 2) + (X 2)



f(2)(X 2)+f”( )(X 2)2 f (2)

fo) =)+ . N

=0- —(x 2)+ (x 2)2+9(x 2)?

=-(X-2)+2(x- 2)° +2(x- 2)°

= f'(X) =-1+4(x - 2)+6(x - 2)°

= f(1) =1,f'(1) =1




Bang cong thirc kt Maclaurin co ban

2 n
e” :1+X+X +---+X—+O(X”)
11 2! n!
2 3 n
In(1+ Xx) :X-X % ----+(-1)”'1X—+O(X”)
2 3 n
1+ x)“ :1+(f'x+a(0;_ Dy2 ...

_I_oc((x- 1) (o - n+1)Xn

o +0(x")



i =1- X+X2 - X3+...+(_ 1)an _I_O(Xn)
1+ X

3y on-1
3! b5l (2n-1)!
(hay+o(x2”))
E 4 on
COoS X :1-X +X -....|.(_1)n X _I_O(XZn)
2] 4! (Zn)!

(hay+o(x2”+1))



Khai trién Maclaurin clia arctan va hyperbolic

3 D 2n-1

sinh X :x+X +X - e X +o(x2”'1)
31 5! (2n-1)!
2 4 2n
COShX=1+X A +o(x2”)
214! (2n)!

Giong sinx, cosx nhwng khéng dan dau

3,5 2n-
X7 X 1 X
arctanX =X - — + -4 (- 1"

3 O 2n-1

1

+O(X2”'1)

Giong sinx, nhirng mau s6 khong co giai thira.



Lwu y vé thay twong dwong cho sinh, cosh

X3 X5 X2n- 1

sinhx =x+—+—- -+
3! 5! (2n-1)!
—

—
bac cao hon x (khi x - 0)

+O(X2”'1)

!

= |sinh X ~x,khi X — 0

X2 X4 X2n

coshx =1+—+—---- +
21 4] (2n)!
2

= |coshx - 1 ~X7,khix—> 0

+o(x?")




Vi du ap dung

1. Tim khai trién Taylor dén cap 3 trong lan can
X =1 cho:

f(X) :)1(

X,=1#0,datbiénphy:u=x—-x,=x-1

1
f(X) =—— =1-u+u’-u’ +o(u3)
1+u

Tra vé bién ci:

F(x) =1- (x- 1) +(x-1)%- (x-1)®+ol(x- 13




2. Tim khai trién Taylor dén cap 3 trong lan can
X =1 cho:

f(x) =In(x +2)

u= x-1 In(l+x)=x- —+ e+ (DT

f(x) =In(3+u) =In(1+2+u)

=2+U- (2\2/)2 + (2 +3U)3 +o((2 +u)3)

Sall (u+2) #0khiu=0(hay x =1)



f(x) =In(3 +u)

=In3 1+g =In3+In|{1+

=In3 +— 2 t 3

Lo

—In3+ Sy Su? ey +o(u)
3 18 31

Nh& tra vé x




3. Tim khai trién Maclaurin dén cap 3 cho:

X+ 2

f(x) =
(*) x%-3x- 4

X+2 -1 6

f — —
00 (X+D(x-4)  5(x+1) i 5(X - 4)

11 6 1

"5 x+1 201 _ X

4

Lwu v: khi khai trién cho f+g, moi ham phai khai
trién dén bac duoc yéu cau.



-1 1 6 1

5 x+1 20 _ X

4

F(Xx) =

:E(l- X+x°-x +o(x3))

6 | X x)° x>
- —1-1-—|+|-—| -|-—| +0
20 4 4 4
f(x) T s +0(x°)

2 8 32 128




4. Tim khai trién Maclaurin dén cép 3 cho:

f(x) =e”*.In(1+ x)

1. Khi tich cac khai trién, chi gilr lai tat ca cac ldy
thtra tr bac yéu cau tréd xudng va xép thir tw
bac tir thap dén cao.

2. Tinh bac trong khai trién cap n cho tich f.g:

Bac thap nhat trong khai trién ctia f la k
=0 khai trién dén bac (n — k)

Va nguoc lali.




Bac thap nhat trong khai trién clia e* la x°.
= In(1 + x) khai trién dén x3 (vi x3.x° = x®)
Bac thap nhat trong khai trién ctia In(1+x) la x*

= e* khai trién dén x2 (vi x2.x* = x3)

e” 1n(1+X)

/‘ p) 3 ) l l l l
ex+ X | XX

‘ 2 3 4




F(X) =

2 3
f(x) =e” In(1 + x)

0) (1)
1+Xx +X—2 +0(x?%)
2!
2 3

X X

=X+—+—+O(X3)

2 3

khai trién cap 3

X
x- " +7 +o(x%)




5. Tim khai trién Maclaurin dén cap 3, cap 4 cho:

f(X) =sin x.In(1 + x)

1. Khai trién cap 4: 3 3
f(x) =sinX.In(1 + X)

1 1
@, @

3

X
F)= | x- 2 +00) || x- 7+~ +0(x%)
3! 2 3
3 4
=x2- X+ % rox®)
2 6



2.Khai trién cap 3:

2 2
f(X) =sin x.In(1 + x)
1 @

2

f(x) = (X+O(X2)) X - X?+O(X2)

=X - X?+o(x )




7. Tim khai trién Maclaurin dén cap 3 cho:

f(x) =X

Pat u(x) = x —x2thiu(0) =0

= khai trién Maclaurin ctia f theo u.

Khi khai trién u theo x, gilr lai tat ca nhirng IGy
thira ttr x3 tré xuéng



X- X° ~X"

=1+X- x* HoXT XD X ro(x3)

—1+x- 1x2- 23 +o(x3)
2 6

Pé tim bac khai trién cta f theo u phai xac dinh
bac VCB cua u theo x.




6. Tim khai trién Maclaurin dén cap 4 cho:

f(X) =In(cos x)

In(cosx) =In(1+cosx - 1)
1
U =cosX-1~- EXZ

Can khai trién dén x¢| ~ ~khai trién f dén u?

(cosx - 1)*

In(d+cosx-1) =cosx-1- ; +O((COSX- 1)2)
2 4 2 4 2

—1- % 4% +o(x4)-1 A A +o(x4)-1 +O(X4)
21 4! 2 21 4!
2 4

:-X X +O(X4)



7. Tim khai trién Maclaurin dén cap 5 cho:

f(Xx) =tanXx
. 5 4
sinx . 1
tan X = =sin X -
Ccos X 1+cosx-1
| 1 () :
=sin X -[1- (cosx-1)+(cosx - 1) +o((cosx- 1) )]
_ 2 4 2 2
=sinx|1- |1- 2+ % 40 -1]+|1- 2 +00x?)- 1| +o(x4
2 24 2
5
= x- X+ % 4 ox%) 1+1X2+£x4+o(x4)
6 120 2 24




Cach 2: | X +O(X5)
_smX _ 6 120
tan X = = %
COS X X X 5
- + — +0(Xx°)
2 24
X-X3+X5 1- X2+X4
6 120 2 24
1 3 1 = X + 3 5
“x® - —x —X +—X
3 30" T 3 15
2 5
+— X +
157 TO

tanx =x +1x3 + 2 x5 +0(x°)
3 15



BO sung: tim khai trién cta f(x) = cosh x

X - X
cosh x = 7€
2
2 U3 2n-1 2n
—ex+ 45 g X £ X +o(x2”)
21 3! (2n-1)! (2n)!
2 3 2n-1 2n
- x4 X X £ X +o(x?")
21 3! (2n- 1! (2n)!
2 2n
1+ e D +olx?")

2! (2n)!



BO sung: tim khai trién cla f(x) = arctan x

1

f(X) =arctanX  f(x) =
1+Xx

> =9(X)

Khai trién Maclaurin cho g(x) dén x2n.

g(x) =1- x> +x*- x5+ + (- )" x*" +o(x*™)

(0) =0 f"(0) =g"(0) =- 12!

F0) =gy =1 00 =g*P(0)=0

F0)=g =0 fZ*0) =g (0) =(- 1 (2K)!



f(x) =f(0) #0100 T10)
1! 2! 3!
PO o0 FE0) 20

(2n)! (2n+)!

x> +

2n+1)

+oe +olx

3 5 2N-
X X 1 X
arctan X =X- —+ —- ---+(- 1)” 1

3 O 2n-1

1

+o(x2”'1)

Céach viét khai trién cho arctan la cach viét khai
trién cho ham ngwoc néi chung.



Cac luu y khi viét khai tri€n Taylor tai X,
1. Ludn luén chuyén vé khai trién Maclaurin

2.Ap dung céc cong thirc co ban trén bi€u thirc
u(x) v&i dieu kién u(x,) = 0.

3.Khai trién cho téng hiéu: tirng ham phai khai trién
dén bac duoc yéu cau.

4.Khai trién cho tich: lay bac yéu cau trir ra bac
th&p nhéat trong kt moi ham dé biét duoc bac kt
clia ham con lai.

5.Khai trién cho ham hop: tinh bac VCB cho u(x).



Ap dung trong tinh dao ham.

Bai toan: tim dao ham cap n cua f tai x,,
B1: Viét khai trién taylor theo (x-x,) dén cép n
B2: Xac dinh hé s6 cua (x-x,)" trong khai trién.

B3: Gia str hé sb trong B2 la a
fm(x,) = a.n!



Vi du

1. Tim dh cap 3 tai x = 0, v&i f(x) = e*.sinx

Khai trién Maclaurin dén cap 3 cla f la

2 3

X
f(x) = 1+x+?+o(x2) X- = +0(x°)
3 3
L , . X X
Cac sO hang chira x3 la: - —+
3! 2!
= Hé sO cla x8 la: _1+1:1
31 2! 3

= f"(0) :% 31=2




2. Tim dh cép 3 tai x = 0f(x) =In(1+ X + x°)

Khai trién Maclaurin dén cap 3 claf la

Fx) =x + X7 - (X +Xx°)° (x+x2)

> +0(x>)
\ N\

Cac so hang chtra x® la: - 5 2x° +5

a ) 2
= Hé sO cua x3 la: -5

= £"(0) =- % 31=-4



1

3. Timdhcap 12,13 taix =0, f(x)= -
2+ X

Khai trién Maclaurin dén cap 13 ctaf la

_ ( \ \2 \

1 1 3 3 3

f(X): . 3 :l.l_ X_ + X_ - X_

2., X2 2] | 2 2
) i
4 5
/X3\ (X3\
+ = - | =] +ol )
2 2

— | ]1- ...+_+O+O(X
2




[ 12
f(X) :1 |1- ---+X—+O+O(X13)
2 16

A L. 2
=(Heé sO cua x* la: -5

Hé sOcluax®®la: 0

= £02) 0 % 121, f43)(0) =0 13!



Ap dung khai trién Taylor trong tinh gi¢i han

1. Théng thwdng chi ap dung kt Tayor dé tinh gh
néu cac pp khac (gh co ban, VCB, L'Hospital)
tinh qua dai hoac khong tinh duorc.

2.Pa sb6 cac bai dung Taylor roi vao treong hop
thay VCB hoac VCL qua tong, hiéu gap triét
tieu.
Do do cac biéu thirc duwoc khai trién dén khi
hét triét tiéu & phan da thirc thi dirng, phan
VCB béac cao bo di khi tinh lim



Vi du
1. Tim cac hang sb a,p dé VCB a(x) ~ ax? khi x - O.

al/o(Xx) =x-sinx

( X3 \
=x- | x- =—+0(x°)
3!
3 \ )
_X 3
= +0(x")
X a L 3
~ — - g p—
3! 6’p



b/a(x)=2x-e*+e™”*

=2X- 2sinh X

=2X- 2

(

\

X3

X+Z—+0
3!

(x°)

\

/



C/o(X) =sinX - XCosX

X3

3
=X- —+0(x°)- X
: (X7)

3 3
:X—+O(X3) X
3 3

(

X2

1- —+0
2

(x%)

\

/



2. Tinh gi¢i han:

. X°
a/ lim
x—>0R/1+5x - x - 1

2

. X
=m 11(1
X_>01+.5X+[- 1 (5X)2+O(X2)- X-1
5 21515
2 D
X

:>1<i—I>n()-x2 = lim Xz =~
5 +0(x?) x>0-X 2
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