KHAO SAT HAM SO



HAM SO y = f(x)

1.Khao sat su bién thién, cuc tri.
2.Khao sat tinh 16i 16m, diém udn.
3.Khao sat tiém can.

4.Tim gia tri 16n nhat, nhd nhat.

5. V& db thi.



SU BIEN THIEN

f(x) tang (giam) trong (a,b)
& VX, X, €(a,b), X, <x, =1(X,) < f(x,) (f(x,) = f(x,))

Bo dau “ = “: ting (tang chat)

fkha vi trong (a,b):
f tang trong (a,b) < f’(x) 2 0, VX €(a,b)

f tang chat trong (a,b) < f’(x) >0, VX €(a,b)
(Giam duoc thay boi1 < va <.)




CUC TRI

X, la diém cuc dai cua f

= E :
a,b X, F X .

Tuong tu cho cuc tiéu.

Diéu kién can: f dat cwc tri tai X néu f co dao
ham tai x, thi f(x,) = 0. (diem cuc tri la diem t6i

han).




| / . Diém ctri 1a diém dung:

I
4

f x =0

0

. Diém ctri 1a diém khong

coO dao ham.



CUC TRI

Dicu kién du: flien tuc tai x,, kha vi trong lan can

Xy (khong can kha vi tai x,), néu khi di qua x,
o £ doi dau tir (+) sang (-) thi f dat cuc dai tai x,

-f’doxz' ddu tir (-) sang (+) thi f dat cuc tiéu tai Xg-




TIM CUC TRI NHO PAO HAM CAP CAO

f ) ( .I:”(XO) >0 > f dat CUcC tléu Chét XO

(X,) = O: 4

( 0 | f”(XO) <0=1 dat CUcC dal Chét tal XO'
fo (%) =f (%) = ... =F OD(x) =0, f (x,) =0

fM(x,)>0:CT

| f((x,) <0:Ch
Néu n lé thi f khong dat cuc tr1 tai X,

Néu n chan thi f dat cuc tri tai Xg: 1




Vidu

2

Tim cuc tr1: F(x) = i/(x T 1) (x T 2)

1x_22+2x+1 x 2
‘fu)_3< )20 2
im0

_ x(x — 2)

e e - 2]

f’cung dautirso :  g(x) =~ x(x ~ 2)

. (Voix=—1vax#2)



f(

— OO
X

x) = i/(x 1) (x ~ 2)°

oo

f(x)

Y EAVE

— flién tuc tai 0, 2 va £ d6i dau khi di

qua O va 2 nén f dat cuc tri tai day.

Két luan: -

 dat cyc dai tai1 x; =0

f dat cuc tiéu tai X =2



f

f

/

/

Tim cuc tri; £(x) = x.In" x

Mién x4c dinh: 0,7
X =In“x*T2Inx =Inx Inx*t2
X 0 Inx=0VYInx~ "2
S y=1Vyx=g °
F ()= 2>0 18
_2Inx, 2 (1) Cuc ti1cu
. =
X X W=y 2 .
f (e °)~ —— =<0 Cuyc dai

€

2



Tim cuc tri: f(X):2x+2_3‘°{/x+l

Mién xac dinh: R

( 13 )
: 2 _ x 71 "1
f x =2 -2
g 13 L g 13 J
x | % ~1 0 T
TS - | ~— o *
M S -0 * | 7
f T o0 f







Tim cuc tri:  f(x)~

Mién xé4c dinh: -0 <X <0,2 < X < + 0.

Timeuctri: f(x) = x*|x+ 2|7 4x,x € ~4,2







Tim cuc tri;:  f(x) = 17*¢
\O, X:O

Sy L
f'(x):{“z]“ "0 (x#0)

f* khong d6i dau khi qua bat ky diém nao trén
toan b0 MXD nén khong co cuc tri.



Lo ]




TIEM CAN y = f(X)

lim_f(x) =% —Tiém can dimg X = X,

X .XO

lim f(x)~

x—) (i)OO

«— Tiém can ngang y = a

f(x) _

X

lim f(x)~ %, lim

x> (E)® x 7 ()

a, lim [f(x) ax] ™ b

x—) (i)OO

—— Tiémcanxién y=ax+Db

Néu viét dugc f (X) =ax + b + «(x), «(x)1aVCB
khi x>0 thi TCX lay =ax + b




CAC BUOC TIM TIEM CAN

1. Tim mién xac dinh dé biét diém nao khong nam
trong MXD nhung dinh vao MXD va cac dau vo
cung.

2. Xét tiém can dung tai cac diém khong xd dugc
chi ra 6 budc 1.

3. X¢&t ti€ém can ngang hoac xién tai cac dau vo cung

duoc chi ra ¢ budce 1.



In(17F x
( )+2x_1

Tim ti€ém can ham so:f (x) ~
X

Mién xac dinh: (-1, + )\ {0}

X—=>—=1*:f(X) > +0o: TCH x=-1
X—> 0:f(x) > 0: khdong co TCD
X—> 00 f (X) = +0o0 : ¢ thé ¢ TCX.

f(x)T2x717%(x) =TCX:y=2x-1




Tim t1ém can ham so6: f(x) ~
x 2

Mién x4c dinh: —c0 < x<0,2 <X <+ o
X2 " f(X) > +0: TCH x =2

x— t00: f (X) > +o0 : ¢ thé co TCX

f(x) _ 1 X > 4

X x V\x  2x77

{a=1x>+w} {a=-1 x> —x}




. _ X
hm —f(x) " x = lim
x Lt x 2
o ( . ) (
= lim x| 1= 1im x|
x—)—i—OO K x_2 x—)-i-OO \
. 1 2 _
— lim x — — 1

\/1+

2
x 2

)
1|
)



(
lim x| ~
x> x 2

. 1 2 _
lim x| — — -
x 7 7% 2 x 2

TCX y=-x-1




C6 thé tim tiém can xién bang khai trién Taylor

X—> 0 |f(x)~

Y S S

| |
= =+ £ 2 -I-O( 1 )J
2 x 2 x 2

|_ X 1 —I

x T T xX0
L x 2 (x_2)J

Khai trién dén khi f (x) xuat hién VCB (khi x—0)







X

Tim tiém cdn ham sO: f£(x) = (x ~1)e*

1 1

“(x " 1e T e(x " 1)ert

MXDP: R\{1
x>l 1o e t}
x 1

f(x) > 0 —— Kkhong co tiém can dung

f(x) > ©% — |TCP x=1




1

f(x) T e(x " 1)e*t

X—> 00 : f (X) = 00 : ¢6 thé co TCX.




Tim TCX bang khai trién Taylor

1

f(x) = e(x " 1)e*t

(
:e(x_l)Ll+ . +0( . ]




GIA TRI LON NHAT- NHO NHAT

Loai 1: tim gtln, gtnn trén toan mién xac dInh

— khao sat ham soO

Loai 2: tim gtln, gtnn trén [a, b]

B1: Tim cac diém t6i han trong (a, b)

B2: so sanh gia tr1 cua f ta1 cac di€m to1

han va f(a), f(b) dé rut ra min, max.



Vi DU

1/ Timgtln, gtnn = £ (x) = x*

MXD: (0, +o0). fox = x" Inx*t1

X 0 1/ e + 0
fi(x) - 0 +
f(x) |1 0 e ot

Két luan: gtin khong co, gtnn 1a f (1/e) = e-L%e




2/ Tim gtln, gtnn trén [0, 2].7 (x) = arctan[ 2x+ ]
X 1

| _ 1~ x° - 4
ﬁf(X) xtta3xt <

L0 = x <2 (1 diém tdi han)

x 1

f(0)=0,f (1) =arctan(1/2), f(2) = arctan (2/5)

= f_ .. =f(1)=arctan (1/2),f ., =f(0) =0

Max



3/ Tim gtln, gtnn trén [-1,2]: f(x) = |x[(3x * 2) ~ 6x

“x(3x T 2) 7 6ux, 15 xS0

F(x) =

x(3x T 2)  6x, 0<x=2
, _<(_6x_2_6, 1< x <0
f(x)~

l6x T2 8, 0<x <2

Diém phan chia biéu thirc dugc xem 1a 1 diém t6i
han khi tim min, max, khong can tinh dao ham

tai diem nay.



Vé d6 thi

MXD : R\ {-2,2}

3
2
x2 4
0 2 + o0
0 - | -
70 0 .| 01
TTN TCD TCN

X=2 y=1



— 0 — 2 O 2 + 00
+ 0 — —
+ 00 + 0
1 L] — o 0 [ — o ] 1
TCN TCP TTN TCP TCN
y:]_ X= — X=2 y:]_

1
—_
1

1
b2
1




Vé d6 thi

X MXD: -0 <x <0,
_ 2< X<+
x 2

y'(xs)\/( . ]
x 2

Tiémcan: x—>2*:f(X) > +0: TCH x=2

y — f(x)~

X—=> 0o TCX y=x+1

X—>-0:TCX y=-x-1



3
Bang bién thién y'= (x~ 3)\/( * j

x 2
x | ™% 0 2 3 + 0
y' - OV/II -0 *
y | ¥ 0 o7y o  A21 0o @t
TCX TCP TCX

y=-x-1 X=2 y=x+1



+ o0

+ 0

TCD

TCX
y=-x-1




Veddthihamsé £ (x) = Y(x *1)(x ~ 2)’

Fix) = x(x = 2) 2
e 27]

TCX:y=Xx-1,X>+x®

x | ™% 1 0 2 o
y' i [ o~ | 7
y | = O 0 O ﬂZ ] 0 O 0
TCX TT//oy TT//ox TT//oy TCX
y=x-1



- ~1 0 2 T
| 0 |
- 0 VZ ] 470 T
' TCX
TCX TT/loy  TT/lox /loy

EH




KHAO SAT VA VE PO THI HAM THAM SO

X — x(t),y — y(t)

Tim MXD va lién tuc cua x(t), y(t)

*Xét tinh tuan hoan, doi xtng (khac y = f(x))
*Tinh x’(t), y’(t) va lap bang bién thién.
*Tim tiém can(néu co).

V& d6 thi.




CUC TRI HAM THAM.SO

x=x(t), y =y(t)
*Buoc 1: tinh x’(t), y’(t) = cac gia tri
‘Bude 2 : 1ap bang bién thién

g tO tl t2

bi qua X;, y'(x) dé.i
dau thi y dat cuc tri
(theo x) tai X; . Gia
tr1 cyc tri 1a y;

x (1) [ [] x, [ @ 3

(xy) 0




Tim cuc tri x ~ te ,y ~ te
x'()T QAT e P T 71

Y@= Q" t)e "1 71

{ — o0 1 1 + 00

x (1) - o t | f |
y dat cuc dai

X -1 .

) AN OL tai x = e (t=1),
y (1) A A U Y.q = 1/e
v (1) 5 e 0 % ]
y '(x) - | R 0 -

~_ 7



y 3t° 7 1, T 0,1, T 413
! - 1 413 o

x (1) | 0 - | B
x (1) @ 1 0 8§/9) L[
y (1) 0 I 0 -
y (t) 0 1 O 3%7 i
y '(x) 0 | — 0 "

v \/

CT CD



TIEM CAN HAM THAM SO x = x(t), y = y(t)

*Budc 1: tim tim tat ca céc gia tri t, sao cho
X(t)— oo hay y(t) — o (t c6 thé 1a «)

Budc 2: xac dinh loa1 TC

X()— a, y(t)> o : TC ding x = a

Khi t—t, <
X(t)— oo, y(t)— a: TC ngangy = a

,

y(1) _
X()— 0, y(t)—> 0,1 x ()
L TCXxien:y=ax+Db

a,y(t) " ax(t) 7 b




Tim t1€m can hs X~ te ,y  te

(

X(t khit — +
Budc 1: < () > B

y(t) = oo khi t — -0

Buodc 2:

ot + o0, X(f)> +0,y(t) >0: TCN:y=0
St -0,X{t)>0,y({t) >-0: TCD :x=0



2
Tim tiém can hs _ ! = !
x(t) = ——y(1) —
t 1 t 1

[ » X(t) > okhit—> o hayt— 1

| y(t) = oo khit— + 1

1> fo: X(t) > o0,y(t) > 0: TCNy=0
Sto-1:x(t)>-1/2,y(t) >o: TCbx=-1/2




x(t) - ——y(@)

2
[ [

r 1 t2_1

wt—o>1:X(1t) > o,y(t) >

t t r 1 1
*Iimy()zlimz L 2=2
21 x(t) 1t 71t 2
|_ 1 —| t
* lim Ly(t)_—x(t)J_llm ;
1 9 t_)]__l. 1
- .
“lim X (" Trm2)T —
1 2(t T 1) 4
1 3
TCX y:—x_—




VE TINH DOI XUNG TRONG DPUONG CONG TS

1.x(t) chan, y(t) 1&: dt d6i xtrng qua ox °

Chi ks phan t
2.x(t) 18, y(t) chan: dt d6i xtmg qua oy | =0
3.x(t) 1&, y(t) 1&: dt doi xting qua goc td/
“ Y(-DFY()
(O e AR R ’ V() {--eeee
- i X(H=x() |
XO=XCY x(-0=x(1)| () X(t)
Y(-OF VB) Y()E -y ()

(1) (2) (3)



VE TINH TUAN HOAN TRONG DC THAM SO

1.x(t) TH chu ky T4, y(t) TH chu ky T,

—> Chi khao sat va vé€ trong 1 chu ky

T =bscnn(T,,T,)

2.X(t+T)=x(t) + A, y(t) THchukyg T
—Ham s6 y = y(x) TH v6i chu ky A

—>Chi khao sat trong 1 chu ky T(ve€ lap la1 theo tinh
TH ctia ham s6 y = f(x))




Vé d6 thi hs o

X re ,vy le

x'()T QT )e 21 T 71

y()T @A e T 1

t — —1 1 + 0
x (1) B 0 N | N
x (1) 0 ] - % ] e ] o
y (1) M | M 0 -
vy (1) - [] e [] % [] 0
+ oo — +
> | rep TTD TT(I)\I TN

y=0



V& do thi hs:

1/e

v



Véddothihs: x(1)= —,y(1) =

t 1 (1
2 _ 2
1T T 2t B B B - 11
x'(t) = T T 0T 2y T T <o ,V:**g
(r 1) (r 1)
t —® —1 0 1 2 o
x '(1) M | * 0 - | - 0 M
1 oo
x (1) —* 0 - — 0 0 O o || 0 4 O o
2
y ‘(1) B I B | - |l B | B
e reo 2
y (1) 0 O || O 0 [ o || O — O 0
3
y'(x) |[TCN — TCb - TCX + ® — TCN

y=0 x= -1/2 TTD y=12x-3/4  TIN  y=g



- \.E.__::-.—"_-:?P | b




\eB flodthd |x — acos ¢,y = asin’t, a > 0

213 4 2/3 — 2
(x y a )

*X(t), y(t) xac dinh lién tuc trén R.

*x(t), y(t) tuan hoan vé&i chu ky 2m nén chi khao sat va vé
trong 1 chu ky (te[-n, ©t])

*x(t) chan, y(t) 16 = dt doi xing qua ox = chi khéo sat
ntra chu ky (t€[0, ©])(ntra chu ky con lai v€ doi xting qua
0X).

x'(£)= "3acos tsint=0,Vr€[0,7]
T
= .=

y'(t) ~ 3asin’rcost
9



} X A x'(t):_3aC052tSintSO,vte[O,7z]
Bang biéen thien

T
y'(t) = 3asin’tcost — = —
7T 2
t 0 — 4
2
x (1) 0 — 0 + 0
x (1) a [] O [] T a
vy '(1) 0 T 0 - 0
y (1) 0O [ a [ 0
y'(x) |0 — ¥ + 0
TTN TTD TTN

X(m-t)= -x(t), y(r-t)= y(t) = dx qua Oy



7T
t 0 — 7T
2

x'(t) | O 0 0
x (1) a 0 T a
y '(t) 0 0 0]
y (1) 0] a 0]
y'(x) | O - 0
TTN TTD TTN

3

=05

0.5



T
2
x'(z) | O - 0 + 0
0
0

x (1) a [ [] T a
v (1) 0 + - 0
y (1) 0 [] a [] 0
y'(x) | O - e + 0

TTN TTD TTN

=05




T
2
x'(z) | O - 0 + 0
0
0

x (1) a [ [] T a
y'(¢) |0 7 - 0
y (1) 0 [] a []
y'(x) o — *© T

=05




T
2
x'(z) | O - 0 + 0
0
0

x (1) a [ [] T a
y'(¢) |0 7 - 0
y (1) 0 [] a []
y'(x) o — *© T

=05




VédéthiCycloid: x T a(t~sint),y T a(l~cost), a” 0

“* x(t), y(t) xac dinh lién tuc trén R.

% y(t) tuan hoan véi chu ky 2

X(t+2 1 ) = X(t) +27a = y =y(x) tuan hoan chu ky 2na
— khao sat Ichu ky (te[-m, ©]) va v& y tuan hoan theo x
vo1 chu ky 2ma.

< x(1) 1, y(t) chan = duong cong do6i xtmg qua oy
= chi khao sat nira chu ky (t€[0, «t])(ntra chu ky con lai
lay d6i xtng qua oy).



Cycloid: x = 2(t —sint), y = 2(1-cost)
(y tuan hoan chu ky 4= theo x)

x’(t) = 2(1-cost) > 0, y’(t) = 2sint > 0, Vte|O0, r]

¢ 0 7T
x '(t) 0O + |

x (1) 0 ] > 7T i
y '(7) 0 + 0 ?ﬁ

Y (7) O - 4 s ¢ 5 owm 15
y'(x) | + 0




Cycloid: x = 2(t — sint), y = 2(1-cost)

te[0, ]




Cycloid: x = 2(t — sint), y = 2(1-cost)




Cycloid: x = 2(t —sint), y = 2(1-cost)

4
3
1

- b i 10 15

te[- m, 3n]







