PHUONG TRINH VI PHAN CAP 2



BAl TOAN CAUCHY

Tim nghiém cua phwong trinh

F(X,y,y,y)=0 (1)

hoac: Yy =1(X,y,Y) (2)
thda didu kién ban dau - y(Xo) = Yo
Y (Xo) =VY;

Lwu yv: nghiém tong quat cla ptvp cap 2 cé 2
hang sb tw do, can 2 diéu kién dé tim 2 hang sb
nay.



Vi du

Tim nghiém bai toan: { y" = x? (1)
y(0)=1, y(0)=-2 (2)
3
X
1< y'=-—%C, (3)
3
X4
e y = —+C1X+C2 (4)
12

2), ) =C;=-2
(2),(4)=C,=1

Vay nghiém baitoanla: y = —-2x *1



MOT SO PTVP CAP 2 GIAM CAP bUOC

LOAI 1: ptknbng chtray : F(x, y, y’) =0

Céach lam: dat p =y’ — dwa vé ptvp cap 1 theo p, x

LOAI 2: pt khong chtra x: F(y,y',y’) =0

Cach lam: dat p =y — dwa vé pt cap 1 theo

ham p va biény

LOAI 3: F thoa F(x,ty,ty’,ty”) = t"F(x,y,y",y")

Cach lam: daty' = yz — dwa vé pttheo x, z




Vi du

1/y":2\/; Ptknong chtray, dat y' = p

Ptird thanh:  p'=2+p  (p'= p'(x))

. d
Voi p=0 —'O=o|xc>‘\/g=x+c1
oo

- 2
< y'T(xTCy)

_ 1 3
< y_g(X+C1)

T C

P=0cy=0cy=C



2 /(% y*)yy" = (y* T1)(y)* | Ptkhongchirax

Paty = p (xem y la bién)

b= Ay Ay o dy _dp o

y p_p~ " p, (p'=p'(y))
dx dy dx dy

Pttré thanh: 1+ y%)yp'p = (y2 " 1)p3

2 _ (
:>dp: y 1 2y 1

- 2
p  y@Ty") L1+Y Y

—~ py - C,A1Ty")






xeyy"— (y—xy')> =0

X2ty ty” — (ty — X ty’)2 = t2[x2yy” — (y — xy’)?

PDaty =yz=y =yz+yz =yz? +yzZ
Pt tré thanh:

_|_

2 2 . 2
x y(yz yz') ~ (y  xyz)






PTVP TUYEN TINH CAP 2

y’+px)y’ +qx)y =1(x) (1)

Cau truc nghiém pt khong thuan nhat: Y=VYo 1Y,

p(x), q(x), f(x) l1€n tuc

v’ +p(x)y’ +q(x)y=0 [Phuong trinh thuan nhat

* VY, la nghiém téng quat cua pt thuan nhat,

* y. la 1 nghiém riéng cua pt khong thuan nhat



Nguyén 1y chong chat nghiém

Néu y, va y, lan luot 1a cac nghiém cua pt

y” +p(X)y’ + q(x)y = f1(X)
Yy’ +p(X)y’ + q(x)y = 5(X)

thi y, + Y, la nghiém cua pt

y’ +p(x)y’ +qx)y = fi(x) + f5(x)



Giai phwong trinh thuan nhat

Néu y, va y, 1a 2 nghiém doc 1ap tuyén tinh cta pt thuan
nhat

y’+px)y +qx)y =0

nghiém tong quat ctia pt nay 1a Yo = Ciy1 + Gy

Néu biét trudc 1 nghiém y, # 0, y, dugc tim nhu sau

- .[p(x)dx

Yo Vg , dx
Y1




Vi du

Giai pt: x2y” —xy’ +y = 0, biét pt ¢6 1 nghiém y, = X

p(x) =—1/X
_Ip(x)dx
Y, Y, , d X
Y1
_I_dx
e
yz_xf » :xj—dx:xln|x|
X

Yo = Cx + CxIn|x|




Giai pt: (1+x2)y” + 2xy° — 2y = 4x? + 2 (1)

biét phuong trinh c6 2 nghiém y = x2vay = X + X2

Luu ¥: pt di cho 1a pt khong thuan nhat

y=X?vay =X+ x?la2nghiém cua (1)
= Y, = (X + X%) — x21a nghiém cua pt thuan nhat

_.[ 2 X

2
1T x

=Y, =X jyzzxje dx:xj ax

X ° x (1t x°%)



1T x
e d x
:yz_xj dx:xj

2 2 .1 2

X X (17 x )
_ B T
D¢ arctan x — | — Xxarctan x 1

X

Yo = Cx + Cy(xarctanx + 1) (NTQ cua pt thuan nhét)
Nghiém TQ cua (1)

y = C,x + C,(xarctanx + 1) + x?



PTVP TUYEN TINH CAP 2 HE SO HANG

v’ +ay’+by=f(x) | (a blahingso)

Buéc 1:  Giai pt thuan nhat : y” + ay’ + by = 0

Budc 2: tim 1 nghiém riéng cta pt khong thuan nhat

y” +ay’ + by = {(x)



Cach xac dinh nghiém tong quat cta pt thuan nhat

Gia1 phuong trinh dac trung: k2+ak+b=0

% ki, K, 1a nghiém thuc phan biét:

a (04

“k=a=xIp (phic): y, " e cos P x, y, € “sin £ x

Yo = Cy; + Gy,



Vi du
1. y” L Bya o 4y — O,

Ptdt: k* -3k -4 =0 ok=-1,k=4

2.y99_2y9+y209

Ptdt: k?—-2k+1=0 < k=1 (kep)

= X 4 X
y, C,e " C,xe



3.y’ =2y’ +5y =0,
Ptdt: k2-2k+5=0 << k=1 2i

- 1

= 1x - 1
y, — € C€0s2x, y, ~ e

X .
SIn 2 X

— = X + X .
Yo ~ C,e cos2x " C,e sin2X



Tim nghiém riéng y, cua pt y” +ay’ + by = {(x)

Bién thién bang so

Trong y,, xem C; = C,(Xx), C, = C,(x), giai h¢

-

%c{(x)yl tC,(x)y, =0
(C,(x)y; T CL(x)y, = f(x)

Y, = Ci(X)y, + Cy(X)Y,




Vi du

y” + 3y’ + 2y = sin(eX)

Ptthuan nhat: y”+3y’+2y=0  (k2+3k+2=0)

— X =  2X = — X 4 2 X
y, ¢ ,y, € yo ~ C.e C.,e

Xem C, va C, la cac ham theo x, giai hé

-

4
LC,(X)y, TC,(X)Y,

C,(x)y; T C,(x)y, =0
f(x)




)+C;(x)( 2¢ %) = sin(e”)

< C.(x) = e’sin(e’),C,(x) = e *sin(e”)

Chon: C,(x) = —cos(e¥), C,(x) = eX cos(e*) — sin(eX)

= C,(X)y; + Cy(X)y,
y, = —e X cos(eX) + e~?* [eX cos(eX) — sin(eX)]

= —e~2%sin(eX)






PP hé s6 bat dinh tim Y,

Ap dung néu: | f(x) = eX[P, (x)cosPx + Q,(x)sin Bx ]

P.., Q,la cac da thirc bac m, n.
e Xac dinh cac héng sO B va s =max(m, n)

Luuy:( vang e*: xem o =0

vang cos, sin: xem 3 =0

—

' khong c6 sin, cos, s la bac cua da thurc trong f (x)



* Dinh dang y,

* Néu a+i B khong 1a nghiém pt dic trung
y, o X Rs(x)cosﬂerTS(x)sin,gX
* Néu a+i B 1a nghiém boi p cua pt dic trung  (p=1, 2)

— p aX _|_ -
y, X € Rs(x)cosﬂx Ts(x)smﬁx

Cac da thiecc R, T, dwoc xdc dinh khi thay y,vao pt khong
thuan nhat.




VI DU
Ptdt: k?+1=0< k==

1) | y7ty=x*+X

‘ f(;() ’ Yo = C,c0s X + C,sIn X

a=0,p=0,s=2 = o + I3 = 0: khong la
nghiém ptdt

=Y, =Ax?+Bx+C

=y, =2AX+ B,y =2A

Thay y, vao (1):

2A+AX2+Bx+C=x2+x, VX



2A+Ax?+Bx+C=x2+X, VX
<A=1,B=1,2A+C=0
<A=1,B=1,C=-2

Y, = X2+ X—2

=Y=YoTY,

=C,cosXx+Csinx +x2+ x—2



Str dung pp bién thién hang s6 tim vy,
yw _I_ y — X2 + X
Yo = C,C0s X + C,sIn X

y, 7C, x cosx " C, x sinx

C, x ,C, x thoaman h¢ pt:

( ’ '

X cosx“LC2 X sinx =0

! I 4 _ 2
C. X S|nx+C2xcosx_x+x



!

X (:ost“C2 X sinx =0

!

2
X

CosSX ™ 2Xx 171 sin X

sinx ™ 2x 71 cosx

X T sin X +C2 X COS X —
X — 7 x° 7T x sinx
X = x° T x cosx
— 2 —
X = x" T x—2
_ 2 _
X = x" Tt x 2
C. X cCosXxTC. X sinx

2

X

2 _
Tx T2



(2)

y'+y =x-2 |Ptdt: k>+k=0<= k=0, k=1

f(X) yO — CleOX + Cze—x

a=0,p=0,s=1

o + I = 0: 1a nghi€ém don cua ptdt ( p =1)
=Yy, =x! (Ax + B) = Ax? + Bx
=y ,=2AX+B,y”=2A

Thay y, vao (2):

2A+2AX+B=x-2, VX



2A+2AX+B=Xx—-2, VX
A=Y B=-3

1
Y, = Zx° " 3x
2

Nghiém TQ cua pt da cho:

XJrlxz_?»x

y=Cc.tcC.e
1 2 5



@) y’— y -2y =(x-2)e*

Ptdt: k- k-2=0<=k=2,k=—1
Yo = Ce7 + Cpe™
fx)=(x-2)e*x a=-1,p3=0,s=1

=y, = X! (Ax + B)e™ = (Ax? + Bx)e™



2 |y, ~ Ax°+ Bx e

1 |y, = 2axtB-Ax* " Bx e

1 ly, = —2Aax*t2A-B “2Ax Bt Ax°*tBx e
_y’_2y:_6Ax 3Bt 2A e = x~2 ¢ °



(4)

y” — Yy = XsSInX
Yo =C.e* +C,e™
f(X) = Xsinx

Ptdt: k—1=0<k=+1

=»a=0,p=1s=1
= o + I = I: khong 1a nghiém ptdt

Y, = (AX + B)cosx + (Cx + D)sinx

y;: A tCcxtD cosx T —Ax— B TC sin x

y. = TAx " B'2C

cosx T T2A " Cx D sin x



—, | ¥r = (AX+ B)cosx + (Cx + D)sinx

/

0 |y, = AtCx*™ D cosx™

1 y'r’: “Ax " B T2C cosx™

“AX "B tC sin x

“"2A"Cx D sinx

Thay y, vao (3):

r

y ~yT T2Ax 2B T 2C cosx*

— Xsin X

~2Cx 2A " 2D sin X



(— 2Ax — 2B + 2C) cosx + (— 2Cx — 2A - 2D)sinx = XsInx

—2AX-2B+2C=0 = =
“ A=0,B=C

&
—2Cx-2A—-2D =X C=-12,A=-D
A=0,B=-1/2 . .

A y, = T —cosx  —xsin X
C=-1/2,D=0 2 y)

Nghiém TQ (3):
— — X _x_l _1 -

y ~y, Ty, T~ Cee TC,e —COS X —xsinx

2 2



(4) | y” +4y’ +4y =e 2+ sinx

Ptdt: k* + 4k +4=0< k =—2 (bdi p =2)

f(X) =e-2+sinx  khong c6 dang dac biét

f(x)=e2 % =72/ 0,570

— 2 T2 X
Y., X Ae

‘hay y,,vao pt: y”+4y’+4y =1, (x) = e~

_1 5, -
—A=Y% = yrl_;x e 7



f)(x) =sinx (k=-2) <« =9,8

y., = Bcosx T Csin x

Thay y, vao pt:  y”+ 4y’ + 4y = f,(x) = sinx

—B=-4/7,C=-3/7

4 3
~ Yy, —COSX  —sinx
I I
Y. ~ ¥ ¥Yeo (Nguyén ly chong chat nghiém)




PHUONG TRINH EURLER

(ax + b)?%y” + p(ax + b)y’ + qy = f(x) @Db.p, qla
hang s0)

Doi bién : t = Injax + b| < ax + b =+ et

_dy _dydt _dy a _dy _ -~
y' T ~ - ~ —ae
dx dtdx dtax*tb dt

_dy'_dy'dt _d [, -dy|dt _ , . d°y dy
- — | —ae a e | |
d X dt dx dt



2t
e

2
_dy 4 " 2_2t[d y_dy\
y ae , y a e | , — |
dt \ dt dt )
Thay vao pt ban dau:
[ 2 )
- d d -, d
aZe 21 Y- y|+pJ—ret tae | —y+qy:F(t)
Ldt® dt) dt
d”y dy
2 _ 2 _
a”—-T(ap~a’)——Tay~ F(t)
dt dt

Tuyén tinh hé s6 hing



Vidu

(2x + 1)2y"-2(2x + 1)y’—12y =0, trén mién 2x+1>0

bat: 2x+ 1 =ethayt=In(2x + 1)

_dy _dydt _dy 2 dy - _
y' T - - - 2—e T 2y.e
dx dtdx dt2x7t1 dt

_dy'_dy'dt _ d [ —tdy]dt
w=20 =27 7 2e

y - -
dx dt dx dt dt

2
_Zt(d y_dy\: —2t m_oo1
4e | , | = 4e Y. Y
\ dt dt J




' _t 1" . _2t H_ !/

y'~ 2y.e -, y ~ 4e Y. Y,

(2x + 1)2y"-2(2x + 1)y’-12y = 0, 2X +1 =gt

Pt tro thanh:

e2t4e‘2t yt"_yt' —2et2e_tyt'_12y:0



Giai pt: x2y” + xy’ — y = Inx.sin(Inx)

Dat: t=Inx hay x =¢!

I: dy t — ! t
y — ¢ y.¢
dt
2
"o_ —Zt(d y_dy\
y e | ,
\ dt dt

Thay vao pt:

2t 2t n__ ! t
e e Tee

|:e_2

Ty T tsint

(x>0)



2t T2t n_ !
€ Yy Yy
yt" y — tsint
y =~ C,e TC,e
C
y = C,xt —=%

2

2



