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Muc tiéu moén hoc
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trén do.
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No6i dung

1) Dang dai sé ctia s6 phiic. 4) Nang s6 phic 1én liy thira.
2) Dang lugng giac s6 phiic. 5) Khai cin s6 phiic.

3) Dang mii sé phiic. 6) Dinh 1y co ban dai sé.

0.1 Dang dai s6 ctia s6 phiic

Dinh nghia 0.1 .

i) S6 i, dugc goi la don vi do, la mot s6 sao cho i® = —1.

ii) Cho a,b la 2 so thuc, i la don vi do. Khi dé z = a + bi dugc goi la 50 phae.
S6 thic a := Re(2) goi la phan thuc cia so6 phic z.
S6 thuc b := Im(z) goi la phan do ciia s6 phic z.

i) Tap tat cd cdc s6 phitc dang z = 0+ ib,b € R\ {0} goi la s6 thuan do.
Vi du 0.1

i, —2i,3i 1a nhitng s6 thuan 3o.
Tap hop sb thuyc 1a tap hop con ciia tap hop sbé phiic, vi: Va € R : a = a + 0.7 13 mot sd phiic.

Dinh nghia 0.2 2 s6 phitc bang nhau khi va chi khi phan thuc va phan do tuong 1ing bing nhau

:b7
a1 + b1 = as + iby <— {al !
a2:b2.

Vidu 0.2 choz1 =2+ 3i,z0=m+ 3. Timm dé 21 = z9.

2=m,

21 = 29 <
T {3:3

Phép cong trir 2 sé6 phiic
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a+bi) = (c+di)=(a—c)+ (b—d)i

Vi du 0.3 Tim phan thuc va do cia z = (3 + 5i) + (2 — 3i).

z2=34+5i)+(2-3i))=B3+2)+ (5—3)i =5+ 2i. = Re(z) =5,Im(z) = 2.



0.1. DANG DAI SO CUA SO PHUC DHBK TPHCM

Phép nhan 2 s phiic
(a+bi)(c+ di) = (ac — bd) + (ad + be)i

Vidu 0.4 Tim dang dai so cia z = (2 + 5i)(3 + 2i).

— (24 50)(3 + 2i) = 2.3 + 2.2 + 5i.3 + 5i.20 = 6 + 4i + 15i 4+ 10i® = 6 4+ 10(—1) + 19i = —4 + 19i.

Ghi cha

Khi cong(trit) 2 s6 phiic, ta cong(trit) phan thyc va phan 4o tuong ting.
Khi nhan 2 s6 phiic, ta thic hién giéng nhu nhan 2 biéu thic dai s6 véi
cha y i = —1.

S6 phiic lién hop
S6 phitc z = a — bi goi 13 lién hop clia s6 phiic 2z = a + bi.

Vidu 0.5 Tim s6 phic lién hop ciia z = (2 + 3i)(4 — 2i).

Tacoz=(2+3i)(4—2i) =24 —-2.2i+ 304 —3i.2i =8 —4i+12i+ 6 =14+ 8 — z = 14 — &i.

Tinh chat cho 2 sb phiic z, w
1) z+zZ€eR 5) Zw = zZ.w
2) zZ€eR. _
6) z==z
3) z=zZ<=z€R.
4) z+w=z+w 7) 2" =Z",Yne N

Chia 2 s6 phiic

21 a1+ b _ (a1 + ibl)(az — ibQ) _a1a2 + b1bo ‘bias — asgby
;2 N as + ibsy N (a2+ib2)(a2—ib2) N a%—i—b% ! CL%‘Fb%
Ta nhan lién ca t vA mau cho lién hgp mau.

3424
Vidu 0.6 Thuc hién phép toan z = 5+ !

—1

Nhan ca t vd mau cho 5 + 4, ta dudc
C B42)(5+i)  15+3i+10i-2 13413 1 1

T 6-0)6G+1) 25+ 1 ~ T 23"

Chu y: so sanh véi s6 phiic
Trong trudng s6 phitic C' khong c6 khai niem so sanh. Biéu thiic
21 < 29 hay 27 > 29 déu khong c6 nghia trong truong s6 phiic.
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0.2. DANG LUONG GIAC CUA SO PHUC DHBK TPHCM

0.2 Dang lugng giac ctia sé phic

y
truclao
e M(a,b)=z=a+bi
¢
truc thue i
0 a X
a
cos@p =—
. v
r=va*+b? =mod(z) ?: . b
sing =—
r

M6 dun s6 phiic z = a + bi 1a mot s6 thyc khong am duge dinh

z| = Va? +b?

Argument ciia s6 phiic z 1a géc ¢ va duge ky hieu 1a

nghia

mod(z) =

arg() =

Goc ¢ dugce giéi han trong khoang (0, 27) hodc (—m, 7).

Vidu 0.7 Tim moé dun clia so6 phic z = 3 — 4i.

a=3,b=—-4=|z| = /32 + (—4)? =5.

Cha y
e Néu xem sb phitc z = a + bi 1a mot diém (a,b) trong miit
phang phiic thi

|2l = Va2 +b2 = \/(a—0)2 + (b~ 0)2

1a khoang cach tir goc toa do O(0,0) dén =.

e Cho z =a+ bi,w = c+ di thi
2 —w| = |(a =)+ (b—d)i| = V/(a—)? + (b — d)?

la khoang cach gitta 2 diem 2z va w.

Vi du 0.8

Tap hop cac s6 phiic 2 thoa |z — (2 — 3i)| = 5 1a dudng tron tam (2, —3) ban kinh bang 5.

Cong thic tim argument

a a
COSP = — = —momess, b
g ab+ b hoac tanp = —.
sing = - = —— a
r o va?+ b2
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0.2. DANG LUONG GIAC CUA SO PHUC DHBK TPHCM

Vi du 0.9 Tim argument sb phitc z = /3 + 1.

a \/§ \/3
cosp = — = :42,
r
2
a:\/g,bzl.Tatimgécgpthéa b \/§1+1 1 :Mp:g
cosp = — = =—
r

Dang luong giac s6 phiic

a b
z:a+bi:\/a2+b2< z)
Va2 +b2va2 + b2

= ‘ z =r(cosp + isinp) ‘ goi 1a dang lugng giac.

Vi du 0.10 Tim dang luong gidc soé phitc z = —1 + iy/3.

a

cosp = —

a=—1,b=+/3. Mo dun:r = |z| = /1 +3 = 2. Argument g
sing = —

r

2 2
Dang lugng giac z = 2(cos ?ﬂ + isin ?ﬂ)

Su biang nhau ctia 2 sé phitc 6 dang lugng giac

ry =T2,

21 = 29 <=
©1 = p2 + k2.

Phép nhan & dang lugng giac

2129 = rira(cos(p1 + @2) + isin(e1 + p2)).

M6 dun nhan v6i nhau, argument cong lai.

Vi du 0.11 Tim dang ligng gidc s6 phic z = (1 +1)(1 —i/3).

. . ™ .. el .. T ..
z=(1+14)(1—iv3) = V2(cos 1 + ¢sin 1)2((:08? + ¢sin ?) = 21/2(cos 5T + isin E)

Phép chia dang lugng giac

ﬁ . Tl(COSSD1+ZSIHSO1) _ E(COS((,Ol —(,02)+isin(<p1 *302)),7‘2 #O

zo  To(cospg +isings) 1o

Mo dun chia cho nhau, argument trit ra.

2 —1v12

Vidu 0.12 Tim dang luong gidc s6 phitc z = ————.
) ang higng g P — A+

2—14v12  4(cos 5" +isin3") -7 5 —T —Tm —Tm
z = = =2|cos(— — —) +isin(— — —)| =2 | cos—— +isin .
—V3+i  2(cos 3T +isin 3T) ( 3 6) in( ) 6 "6

Dinh 1y Euler(1707-1783)

€'Y = cos p + isin p.

Dang mii ctia s6 phiic z = r.e'¥.
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0.2. DANG LUONG GIAC CUA SO PHUC

DHBK TPHCM

Vi du 0.13 Tim dang ma cia sé phic z = —/3 + 1.

5 5 5
Dang lugng giac z = 2 (cos % + i sin g) Dang Mi z = 21"
Vi du 0.14 Biéu dién so phitc sau trén mdat phding phic z = et3 a € R.

Ta c6 z = e*(cos 3 + isin 3).
¢ = 3 khong doéi nén tap hop 1a nita dudng thang nim trong géc phan tu thit 2.

Phép nang lay thua.
z = a+ bi, 22 = (a +bi)? = a® + (bi)? + 2abi = (a® — b?) + 2abi,

23 = (a+bi)? = a® + 3a%bi + 3a(bi)? + (bi)® = (a® — 3ab?) + (3a®b — b3)i
2" =C%" + Cra™tbi + C2a"2(bi)? + - - - + C*(bi)" := A + Bi.

Vidu 0.15 Cho s6 phiic z = 2+ i. Tinh 2°.

20 = (241)° =C02° + Ci2%i+ C223i + C32%% + Cf2.i* + C2°
=32+ 5.16.i + 10.8(—1) + 10.4.(—i) + 5.2.1 + = —38 +41i.

Lay thtta bac n cua 1.
Ta phan tich n = 4p + r : r 13 phan du trong phép chia n cho 4.

1 =1

Vidu 0.16 Tinh z = %013,

Ta c6 2013 = 503.4 + 1 = 2z = 2013 =l =4,

Vidu 0.17 Cho s6 phitc z =1 +1i. Tim 23 va 2.

a) 22=(1+i)p}=143i+32+i3=1+3i—3—i=—-2+2i.

b) Ta dung nhi thiic newton nhu trén sé rat dai.

Cong thicc De Moivre

Dang lugng giac z = r(cos ¢+isin @) = ‘ 2" = r"(cosnp + isinngp) ‘

Dang lugng mil z = re' == 2" = p"einY

Mo dun ma n lén, argument ting n lan.

Vidu 0.18 S@ dung cong thiic De Moivre, tinh

a) (1_1_7;)25. b) (_1+Z‘\/§)200_ y (\/g_i)n
(V12 + 24)20°
, T .. m 25 25 26m .. 25w T
a) z=1+1i= \@(COSZ —1—281111) = % =2 (COST +zsmT) = 12\@((3081 + isin —
b) Tuong tu.
c¢) Tuong tu.

can bac n cta sd phiic
Can bac n clia s6 phiic 2z 1a s6 phitc w théa w"™ = z,n € N.

T.5.Dang Van Vinh Trang 8
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0.2. DANG LUONG GIAC CUA SO PHUC

DHBK TPHCM

Cong thic can bac n.

Cho dang lugng giac z = r(cos ¢ + isin ). Cong thitc

k2
Yz = \/77<cos('0+ 7T—{—zsm
n

n

©+ k27

);kzO,l,...,(n—l)

Can bac n ctia z(z # 0) ¢6 dang n gia tri phan biét.

Vi du 0.19 Tim cdn bic n clia cic so phitc sau:

a) /8. o 164
L+i
d T+
b) VV3+i. ) 1 J3—i
Bai lam
0+ k2
a) 8=8(cosO+isin0):>\3/§:2<cos e

0+ k2m

+ 7 sin

T+ k2
) VV3+i= </2 (cos%—i—z’sin%) :ﬂ(cosw—k

c¢) Tuong tu

d) Tuong tu

4

e) Vb +12i.

§) VIt

);k:O,l,Z.

k2
ism6+47T> 1 k=0,1,2,3.

e) Argument ctia 5 + 12i khong phai cung dac biét. Ta sé dimg dang dai s6 dé tinh /5 + 12i nhu sau

V5 + 120 = a+bi <= 5+12i = (a+bi)? <= 5+12i = a®>—b*+2abi <= {

Vay: /5 + 121 = £(3 + 2i)

Pinh 1y co ban dai sb
Moi da thiic bac n c6 ding n nghieém ké ca boi.

a? —b? =5,
2ab =12

pla+bi) =0 = p(a — bi)

Heé qua: Cho P(z) la da thiic he s6 thyc.

=0.

Vi du 0.20 Tim tat cd cic nghiem cia da thicc P(z) = 2* — 42° + 1422

Theo hé qua: P(2+1i) =0= P(2—1) =0.

Do d6 P(z) chia hét cho (2 — (2 +1))(z — (2 —i)) = 2% — 4z + 5 vA dudc thuong la 2% + 9.
Ta viét P(z) = (22 — 42 +5)(2%2 +9) c6 4 nghiem 1a 2 + 4,2

Vi du 0.21 Gidi phuong trinh 2° +i = 0.

+ k27

z=+/— \/cos—i-zsm2—cos 9

T.5.Dang Van Vinh

+ 7sin

—T

2

Trang 9

k27

— 4,34, —3i.

k

=0,1,2,...

8.

a = +3,
<~
b= +2.

— 362 + 45, biét 1 nghiém la 2 + 1.



0.2. DANG LUONG GIAC CUA SO PHUC DHBK TPHCM

Vi du 0.22 Gidi phuong trinh
a) 25 4+1—1i. b) 224+ 2+1=0. c) 22+ 22+2=0. d) 22+22+1—-i=0.

Bai lam

a) z=+/—1+1i= ... tuong ty nhu trén

b) A =0 —4ac=1%-411= -3 = (iV/3)? = VA = +i/3.
—b+VAT  —1+iV3 . b+ VA, —1-iV3
2a 2 T2 2

Nghiém z; =

c) Dit w =t

d) Lap A va tinh v/A 1di tinh nghiém theo cong thic.
Bai tap
Cau 1) Rit gon biéu thiic

(a) (2 — 1) (2 - 3i)° o (2127 (iv12 —2)"
(b) () V31 (d) A=

Cau 2) Tinh
(a) v/64 —16i
(b) V5 +12i ‘
Cau 3) Giai phuong trinh:
(a) 22 -22+5=0 (b) 224+2+1—-i=0 (c) 244+ 224+4-28i=0

) 2 + 6i
Cau 4) Tinh '9\/z biét (v/3 + 2i)z + 14;6? =3iz+ (3+14)(2—1)
1

Cau 5) Giai phuong trinh z* — 423 + 1722 — 162 4 52 = 0 biét phuong trinh c6 mot nghiem z; = 2 + 3i

Cau 6) Dua vé dang lugng giac

(a) z:singp+2isin2§ (b) w=cosy+i(1+siny)

T.5.Dang Van Vinh Trang 10



Chuong 1

Ma tran

Noi dung
e Dinh nghia va vi du.
e Cac phép bién déi s cap.

e Céac phép toan dbéi véi ma tran.

Hang ctia ma tran.

e Ma tran nghich dao.

1.1 Cac khai niém co ban

Dinh nghia 1.1 (Ma tran) .

Ma tran c¢d m X n la mot bang so (thuc hodc phitc) hinh chit nhat c¢6 m hang va n cot.

ail e alj .o Qp
A= an Qi Qin
aml .- - amj .o Amn

Vidu 1.1

(3 41 (140 2
A_<2 0 5)2 ’B_<3—z‘ 4@')
X3

A la ma tran ¢d 2 x 3 ¢6 2 hang va 3 cot. Cac phan ti clia ma tran A:
aj1 = 3,a12 = 4,a13 = 1,a21 = 2,a22 = 0,a32 = 5.

B 1a ma tran c¢d 2 x 2 ¢6 cac phan tt trong phiic.

Ghi cha

e Ma tran A c¢d m x n thuong dugc ky hiéu béi A = (aj)mxn-

e Tap tat cd cdc ma tran ¢6 mxn trén truong s6 K duge ky hieu M, «,, (K).

Ma tran khéng.
Ma tran khong c6 tat cd cac phan tit bang 0, ky hiéu 14 0

o (000
2><3_000'

Cé6 vo s6 ma tran 0 tiy theo ca.

11



1.1. CAC KHAI NIEM CO BAN

DHBK TPHCM

ciia hang dé ké tit bén trai sang.
Hang toan s6 0 thi khong c6 phan tit co s6.

Phan ti¥ cd s& ciia mot hang 1a phan t& khac 0 dau tien

Ma tran bac thang

1. Hang toan s6 0 (néu c6) thi nam dudi.

2. Phan tit co s hang dusi nam bén phai phan ti ¢ sé hang trén.

Vidu 1.2
1 0 -1 )

a_ |0 o 0 | 1io N -

= ong phai bac thang. B=10 0
0 0 2 0 0
0 0 0 0
1 0 0 2

|00 2 0 |y L _ 2

= a ma tran bac thang. D=0 0
00 0 0 0 0
00 0 0 0

khong phai bac thang.

o O O
(&) L

0 1
0
0

la ma trén bac thang.

Ma tran chuyén vi

dugc tit A bang cach chuyén hang thanh cot.

Chuyén vi clia A = (@ij)mxn la ma tran AT = (@ji)nxm thu

1 2 3

Vidu 1.3 A:<2 0 3

1 2
>—>AT: 2 0
3 3

Ma tran vuéng c6 s6 hang bang s6 cot.

Tap tat ca cac ma tran vuong trén trudsng s6 K dude

a11,a22, .. .,0nn

Dudng chéo chinh clia ma tran vuong A di qua cic phan tit

ky hieu la M, [K].

Vi du 1.4

1 2 3 4
2 (1) -2 0

Ma tran vuong cap 4

-1 1 2 (0)

¢6 cac phan tit trén duong chéo chinh 1a 1,1, —3,0.
0 2 (3) 2 P &

Ma tran tam giac

Céac phan tit phia dudi duong chéo chinh bang 0.

Cac phan tit phia trén dudng chéo chinh bing 0.

i) Ma tran vuong A = (a;;)n goi 1a tam giac trén néu a;; = 0,Vi > j

ii) Ma tran vuong A = (a;j), goi 1a tam giac dudi néu a;; = 0,Vi < j

T.5.Dang Van Vinh Trang 12



1.2. CAC PHEP BIEN POI SO CAP DHBK TPHCM

Ma tran chéo c6 cac phan tit ndm ngoai dudng chéo chinh bing 0.
Hay n6 vita tam giac trén, vira tam giac dudi.
Ma tran vudng, khong ciing 1a ma tran chéo.

Ma tran don vi la ma tran chéo véi cdc phan tit trén dudng chéo bang 1.

’ Ma tran dé6i xing théa AT = A ‘

’ Ma tran phan déi xing thoa AT = —A ‘

Vidu 1.5
1 2 3 1 0 0
Ma tran tam gidc tréen A= [0 2 0 |. Ma trén tam giacduéi A= -3 0 0
00 -2 3 2 =2
1 00 1 00
Matranchéo D= [0 0 O|.Matrandonvicap3lalI=|[0 1 0
0 0 3 0 0 1
- 0 -1 2
Ma tran déi xing A= [ 1 2 @ . Ma tran phdn déixing A= | 1 0 -3
9 @ 4 -2 3 0

1.2 Cac phép bién doi so cap

Cac phép bién do6i so cap theo hang
1) Nhan mot hang véi 1 s6 khac 0: h; — ahi; o # 0.

2) Cong vao mot hang mot hang khac da duge nhan véi 1 sO tuy y:
hi — hz‘ + ﬁhj,Vﬁ.

3) Da&i ché 2 hang: h; «> hj.

Tuong tu ta c6 3 phép bién ddi theo cot.
Céc phép bién doi so cap la cac phép bién ddi co ban nhat doéi véi ma tran.

Dinh 1y Moi ma tran déu c6 thé dua vé dang bac
bang cac phép bién doéi so cap.

Khi diing phép bién doi so cap véi ma tran, ta thu dudc nhiéu ma tran bac thang khac nhau.

1 1 -1 2 1
P N gz ae P . A . 2 3 -1 4 5
Vidu 1.6 Dung phép bién doi so cap dua ma tran sau vé dang bac thang A = 3 9 _3 7 4
-1 1 2 -3 1
Lo-1o2 1\ 1 -1 2 1 1 -1 2 1
A 2 3 -1 4 5| mom-su [0 10 3| hsohsths | O 1 0 3
= _—
3 2 -3 7 4 ha—sha+hi 0 —1 0 1 1| hamha—2n | 0 0 1 4
-1 1 2 -3 1 0 2 1 -1 2 0 0o -1 -1 -4
1 -1 21
ha—shaths | 0 Lo03| ay=s
0 0 1 4
0O 0 0 00
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1.3. CAC PHEP TOAN MA TRAN DHBK TPHCM

1.3 Cac phép toan ma tran

Hai ma tran bang nhau néu ching ciing c5 va cac phan
tit tuong ting bang nhau: a;; = b;;, Vi, j.

Cho 2 ma tran A, B ciing c& va s6 .
Téng A + B: cong cac phan tit tuong tng.
Nhan a.A: nhan o vio tat cd cac phan ti ctia A.

) 1 2 -1\ (3 =21\ _/4 0 0
Vidu 1.7 a) (2 1 0>+<1 0 3>—<3 1 3>.
12 -1 2 4 -2
b)2'<2 —1 o)_(4 -2 0>'
12 -1 3 -2 1 7 10 -5
¢) 2‘<2 -1 0)‘3‘(1 0 3)‘(1 -2 —9)'

Tinh chat

i. A+ B=B+ A. iv. a(A+ B) = aA+ aB.
ii. (A4+B)+C=A+(B+C). v. a(BA) = (af)A.
iii. A+0=A. vi. (a4 B)A =aA+ pA.

Phép nhan hai ma tran Cho A = (aij)mxp, B = (bij)pxm-
Tich AB=C = (Cij)an PGy = aﬂblj + aingj + -+ aipbpj.

bpj

Diéu kién phép nhan AB: s6 cot ciia A bing s6 hang cia B.
¢i;j 1a tich vo huéng hang ¢ ctia A va cot j cta B.

9 _1 4 1 -2 2
Vidu 1.8 Cho A= ;B=13 0 1]. Tinh AB.
: 4 1 0 9 4 3

1
ci=(2 -1 4) 3] =21+ (—1).3+4.2="7: tich v0 huéng hang 1 clia A va cot 1 clia B.
2

Tuong ty, ta tinh duge AB = (; i28 195>.
Tinh chat
i. A(BC)=(AB)C. iv. I,A=Al, = A.
ii. A(B4+C)=AB+ AC.
iii. (B+C)A=BA+ CA. v. a(AB) = (a¢A)B = A(aB).

Chu y: Nhin chung AB # BA; AB=AC=-B=C, AB=0=~A=0vB=0.
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1.4. HANG CUA MA TRAN DHBK TPHCM

Nang luy thua:
Quy wée: A =1 A" = A A.. A A(n n ma tran A).

2 -1

Vidu1l.9 Cho A= (3 4

) va f(x) = 22% — 4o + 3. Tinh f(A).

Ta co
f(A) =2A4% —4A + 31.

el 6 ) ) (6 6

-3 -8
24 13
Vidu 1.10 Tinh A%, vdi

13 2 3 11
a)A_<O 1). b)A_<0 2). C)A_<1 1).
Bai giai
13\ (16 s (1 3\ (1 6\ (19 w00 _ (1 200.3
‘<0 1)_(0 1)’ A_<0 1)'(0 1>_<0 1>:>A o 1 )

13 1 200.3 0 300
_ 2 200 _ 9200 2\ _ 9200
b)A_2<O 1>:>A =2 <0 ) >_2 <O 1).

1 1 11 2 2 11 2199 9199
2 _ _ _ _ 200 _ 9199 _

Toém lai
n
11 _on-1 11
11 1 1)

LD =61

1.4 Hang cuia ma tran

Hang ma tran A 13 s6 hang khéac 0 clia ma tran bac thang
ctiia A, ky hiéu la: r(A).

121 1
Vidu 1.11 Tim hang cia ma train A= (2 4 2 2
36 3 4
121 1 121 1 2 1 1
A=[2 4 2 2| 2210 0 0 0) 22 10 0 0 1| =r@)=2
363 4/ " \o o0 0 1 0000
Tinh chat

i) r(A) =0= A=0.

ii) A= (aij)mxn = r(4) < min{m,n}.

i) Néu A Denddisoche, gL 4) = 1(B).
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1.5. MA TRAN NGHICH PAO DHBK TPHCM

1.5 Ma tran nghich dao

Ma tran nghich dao
Ma tran vuong A goi 1a kha nghich néu ton tai ma tran B sao cho

AB =1 = BA.

Khi dé6, B goi 1a nghich déo ctia A, ky hieu la A1

Vidu 1.12
D, (12Y (=3 2 (1 2\ /-3 2\ (1 0\ _ (-3 2 1 2
a) Ngh;chdaocuaA—<2 3> 1a<2 _1).V1 (2 3><2 _1>—(0 1>—<2 _1> <2 3>.
2 1 . . . . ) a b
b) ChoA—<5 3>.Ta tim ma tran nghich déo ctia A ¢6 dangB—(C d)‘
, B 2 1\ (fa b\ (1 0 2a+c 2b+d\ (1 O
T“OAB_“:’<5 3> <c d>_<0 1><:>(5a+c 5b+d>_<0 1>
20+c=1 a=3
26 +d = b= —1 _
* 0 = :>A‘1:B:<3 1).
d5a+c=0 c=-5 -5 2
S5b+d=1 d=2

¢) Hay thi tim ma tran nghich ddo cia A = (_12 _42) :

Chi y: Khong phai mt vuong nao ciing ¢6 nghich ddo. C6 rat nhiéu mt vuong khong c6 nghich dao.

Su ton tai ma tran kha nghich
Cho ma tran vuong A. Cac ménh dé sau tuong duong

i) A kha nghich (ton tai A~1).
ii) 7(A) = n: ma tran khong suy bién
iii) AX =0<= X =0.

. Bdsc theo han
jy) A Bdsc theo hang,

Ma tran so cap: Ma tran thu dudgc tit I bing ding 1 phép
bién déi so cap goi 1a ma tran so cap.

du 1.13 .
L ooy 10 0 Looy 10 0
—lo 1 o] 2 p =01 0], I=10 1 of 222 p 2 1 0
00 1 00 3 00 1 00 1
12 3 2 3 100\ /1 2 3
A= |4 5 6| Loz 5 6|l=1010|[4 5 6]=p.4
78 9 212427 003 \7 809
12 3 12 3 100\ /1 2 3
A=14 5 6| 22226 9 12 =2 1 0|4 5 6| =Eya
78 9 78 9 001/ \7 89
Tuong tu:
100 00 1 12 3 3 92 1
=01 0] 2% mm=(010|=4=[(45 6|22 |6 5 4|=A4aF,
00 1 100 78 9 9 8 7
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1.5. MA TRAN NGHICH PAO DHBK TPHCM

M&bi phép bién ddi so cap tuong tng v6i phép nhan ma tran so cap tuong tng.
Bdsc theo hang = nhéan bén trai. Bdsc theo cot = nhan bén phai.

Cach tim ma tran nghich dao

Bdsc theo hang
—_—

[Al1] [1]A™]

11 1
Vidu 1.14 Tim ma trgn nghich dio A= |1 2 2
1 23
Bai giai
(1] 1 1]1 00 L1 1100y /1002 —10
[A\I]:122010%>01—110h3‘h2011—11
1 2 300 1 N0 1 2|-1 01 N0 o0 (1)) o -1t
1002 -1 0 2 -1 0
heths g1 0]-1 2 -1 |=Aa1=[-1 2 -1}.
0010 -1 1 0 -1 1
Tinh chat ma tran nghich dao
Cho hai ma tran A, B kha nghich. Ta c6
i) (AH =4 i) (AB)™! = B71A~! iii) (A7)l =(A~1H)T,
Bai tap
Ly -1 2
Bai 1. ChoA:< >B: 0 2. Tinh 34 —2B7T
11
-1 1
_ -1 2 2 1 0
Bai 2. ChoAz( ),B: 0 2|,C=|(-1 1 1 |.Tih?24C - (CB)"
11
-1 1 0 2 -1
5 1 2 2 < 3 2013
Bai 3. Cho A = 5 3 va f(x) = 2® —4x — 1. Tinh f(A) va A2,
. 2 -1\ . —2\ .. ) ,
Bai 4. Cho A= 3 1 va B = 3 . Tim ma tran X thdéa AX = B.
. (11
Dapsz—<5 12).
Bai 5. Tim hang ctia ma tran
1 2 1 1121 -1 m 1 1
(a) A=|-2 2 —1]. (2 1 3 -2 () A=|1 m 1
1 8 2 (@ A=131 4 7 _3 11
12 1 2 538 9 —5
2 3 -1 1 11 -1 1 m -1 2
By A=13 4 3 9 @ (2 3 1 ® (2 =1 m 5
2 3 -1 3 35 m 1 10 -6 m
11 -1 -1 -5 4
Bai 6. Tim ma tran nghich ddo (néucé) cta A= (2 3 1 |, bépan | 1 4 -3
3.4 1 -1 -1 1
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Chuong 2

Dinh thuc

Noi dung
e Dinh nghia dinh thic va vi du.
e Tinh chat dinh thiic.

e Diing dinh thitc dé tim ma tran nghich dao.

2.1 Dinh nghia dinh thic va vi du

Dinh thic ma tran vuong A = (a;;), 1& mot so, duge ky
hiéu bdi -
det(A) = |a¥|, = |A|.

B dai s6 ctia phan tit a;; 1a

A — (_Uiﬂ- dinh thttc thu duge tuw A
v bo di hang i, cot j

n—1

Dinh nghia dinh thitc bang qui nap.
i) kzl:A:[all]:>\A\:a11.

.. air a2
11) k=2: A= <a21 a22> — |A’ = a11A11 + CL12A12 = a11a22 — a12021.

1 2
Vidu 2.1 Tinh dinh thic cia |2 3 0
3 2

Bai giai

det(A) = a11411 + a12A12 + a13A13 = 1A + 2412 — 3A;3.
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2.2. TINH CHAT DINH THUC DHBK TPHCM

A = (—1)H! g 2‘ =12 (tit A, bé hang 1 va cot 1).
3 0 2 0 2 3
: (1)1 _1)1+2 _a(_1)1+3 — 19 _ _
Tuong tu: det(A) = 1(—1) 3 4‘ +2(-1) 3 4' 3(—1) 3 2‘ 12 - 16 + 15 = 11.

2.2 Tinh chat dinh thiic

C6 thé tinh dinh thic bing cach khai trién theo mot
hang hoidc 1 cot bat ky

|A| = |ag1 are ... Gkn| = ap1Ari+arAra+- - Fapn An-

Vi du 2.2 Tinh dinh thic

1 2 -1 2 -3 3 2
a) 2 1 3 b |3 014
0 0 -3 -2 0 3 2
4 0 -1 5
1 2 -1 1 9
a) Khai trién theo hang 3: |2 1 3 | = —3(—1)3+3 ’: 3(=3)=9
2 1
00 -3
b) Khai trién theo cot 2
g _03 ? 421 31 4kh't"° theo hang 1
I: — 3(_1)1+2 72 3 2 al trien €0 hang
2 0 3 2 P
4 0 -1 5
3 2 -2 2 -2 3
_ _1)141 _1)142 _1)143 _ A0 —
3(3( DR 5’+1( nH 5'+4( | _1D 3(51 + 18 — 40) = 87.
Dinh thiic clia ma tran tam giac bang tich cAc phan tit ndm
trén duong chéo chinh.
Vidu 2.3 .
1 -2 2 3
0 4 -2 0
0 0 -3 2—1.4.(—3).5——60.
0 0 0 5

Diing bién doi so cap dé tinh dinh thitc

hi—>Oéhj

1. Néu A —— B thi |B| = a|A|.

2 h;+Bh;

2. Néu A 2, B iwy |B| = |4
P hi<>h;

3. Néu A —Y% B thi |B| = —|Al.
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2.2. TINH CHAT DINH THUC DHBK TPHCM

Nguyén tic tinh dinh thidc sit dung bién déi so cap
1. Chon 1 hang (hoac 1 cot tuy ¥).

2. Chon 1 phan tit khac 0 ctia hang (cot) d6. Dung bién
doi so cap, khit tat ca cac phan tit khac.

3. Khai trién theo hang (hay cot) da chon.

Vidu 24 .
1 12 =1 ha=2h |1 1 2 -1
2 35 0| M=3M j0 1 1 2| khaitrién Loz
a) I = ——1.(-)"*|-1 0 1
3 2 6 -2 ha+2h1 0 -1 0 1| theo cot 1 3 7 —1
-2 1 3 1 0 3 7 -1
11 I
P10 1 | =1.(-1)12 _4 _15‘ = —1(15+4) = —19.
—4 0 -15
b) et fhalen, 113 5 2|=—|5 8 0|=2 — —30.
-3 1 4 -2 ha—h1 3 5) 2 0 theo cot 4 1 —1 4 5 5 0 5 5
4 1 3 1 1 -1 4 0
Tinh chat dinh thitc: Cho A € M,,.
i) det(AT) = det(A). iii) det(AB) = det(A).det(B).
i) |aA] = a"|A|. iv) |A™| = |A]™.
v) A c6 1 hang (ho#c cot) bang 0 thi |A] = 0.
vi) A c¢6 2 hang (hoac cot) ty lé thi |A| = 0.
Chi y: nhin chung det(A + B) # det(A) + det(B).
Vidu 2.5 Cho A,B € M3 théa |A| = 2,|B| = 3.
Ta c6 243 = 23.|A]? =823 =64.  |3ABT| = 33| A||B| = 27.2.3 = 162.
Diéu kién kha nghich
A kha nghich khi va chi khi |A] # 0.
1 2 1 2 -1 3
Vi du 2.6 Tim m dé A.B khd nghich. Biet A=|0 -1 2|,B=[0 1 1
0 -1 3 m 2 1
Bai lam
AB kha nghich khi va chi khi det(AB) # 0
1

<= det(A).det(B) #0 <= —1.(—4dm — 1) #0 <= m # T
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2.3. TIM MA TRAN NGHICH PAO BANG PHUONG PHAP DINH THUC. DHBK TPHCM

2.3 Tim ma tran nghich dado bang phuong phap dinh thiic.

Dinh nghia 2.1 (Ma tran phu hogp) .
Ma tran phu hop ctia ma tran vuong A € M, duoc dinh nghia la

T
All A12 “ e Aln
Anl An2 Ann
_ e - . . _1 1
Cong thitc tinh ma tran nghich ddo |A™" = —.Py
|A]
11 1
Vidu 2.7 Tim ma trgn nghich déo A= 12 3 1
340

Bai lam
det(A) = —2 # 0 = A kha nghich.

Ay = (=)t <3 1) =—4, Ap=(-1)H? (2 1) =3, Ap=(-1)'"= (2 3) =1L

4 0 3 0 3 4
Tu’dng tu: Aoy = 4,A22 = —3,A23 = —1,A31 = —2,A32 = 1,A33 =1.
1 1 -4 4 =2
Ma tran nghich ddo A™' = — Py = — [ 3 -3 1 | (nhé lay chuyén vi).
|A] -2
-1 -1 1
Tinh chat
i) |A7Y = 1 n, néur(A)=n
4] iii) 7(Pa) =4¢1, néur(A)=n-—1.
i) Py =|A""L. 0, néur(Ad)<n-1
Vidu 2.8 Cho A € Ms biét |A| = —2. Tinh det(2P3).
Bai lam
Ta c6: det(2P3) = 23.|Pa|? = 8.(JA]>71)2 = 8.(—2)* = 128.
1 2 1
Vidu29 ChoA= (2 3 —1|. Timm dér(Ps)=1.
1 1 m
Bai lam
1 2 1 1 2 1
A={2 3 -1 25 (0 -1 -3 |. rPy)=le=r(Ad)=3-1=2cm=-2
11 m 0 0 m+2
Bai tap
1. Tinh dinh thuc
2 1 -1 3 4 1 10
3 1 -2 3 -2 41
(a) 41 0 1 DS: 59. (b) 9 1 3 1 bS: -161.
-3 3 2 5 1 2 3
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2.3. TIM MA TRAN NGHICH PAO BANG PHUONG PHAP DINH THUC. DHBK TPHCM

1 0 143 32 2 2
()| 0 1 il DS: —2i. 2 3 2 2
1—i 244 1 (h) |2 2 3 2]. DS: 2n + 1.
122 2 2 2 2 2 3
o 21 2 2 2 s 9 » 9 3
2 21 2 2 . 0.
Ll -2 3 4 s
2 9 9 1 9 (i) o o0 7 6l DS: 9(x* +4).
2 2 2 21 0 0 5 3
1 a o o 2 75 ... 0
600
DS: (¢ —z)(b— — — —b)(b—
(e =) z)(a —z)(e = a)le—b)( @) HD: kt theo hy, suy ra D, =7D,,_1 —10D,,_o.
11 1 ... 1 4 40 ... 0
1 1—2z 1 ... 144 ...0
M1 1 2—z ... 1 . k) D,=10 1 4 ... 0|
11 | 000 ..4
DS:—z(1—2)(2—12)...(n— 1 — ). HD: kt theo hy, suy ra D, =4D,_1 —4D,_».
220 ...0
1 2 3 ...n 122 ...0
-1 0 3 ... n 1) D,=10 1 2 ... 0|
(g |-1 =2 0 ... n|. DS: nl. e
000 ... 2
-1 -2 =3 ... 0 HD: kt theo hy, suy ra D,, =2D,,_1 — 2D,,_o.
2. Tim ma tran nghich déo
1 2 1 -11 -1 5
(a) A=(2 3 -1 DS:At=- 7 1 -3
35 2 -1 -1 1
1 0 00 1 0 0 0
|2 -1 00 .12 -1 0 o0
My A=15 4 1 0 bs: 4 -13 4 1 0
3 1
1 2 3 2 17 -5 -3 1
3. Tim m dé ma tran kha nghich
1 12 1 12 1 111
12 15 3 . b) A=(2 3 m|[2 3 2 DS: #m.
@ A= 5 o7 4| PSm# 32 -1/ \5 75
-1 2 3 -3
111 L
4. Cho A= (2 3 1|.Tih|A7L]|(5A)7L],|2P4]. DS: =, —,32.
27 250
335
1
5. Cho A,B € M3[R]: |A| =2,|B| = —3. Tinh |(4AB)™!|,|Pas]|. DS: 36
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Chuong 3

Hé phuong trinh

Noi dung
e Hé phuong trinh téng quat.
e Hé Cramer.

e Hé phuong trinh tuyén tinh thuan nhéat.

Dinh nghia 3.1 (hé phuong trinh tuyén tinh) H¢ phuong trinh tuyén tinh gom m phuong trinh, n an
c6 dang

anry + appre + ... + ammr, = b
as1x1 + agexrs + ... + aspxrn, = by
am1T1  + 2Tz + ...+ Gy = by
11,012, - - - , Amp duoc goi la hé so cia hé phuong trinh.
bi,ba, ..., by dudc goila hé so tu do cia hé phuong trinh.
Ta ky hiéu
ail ai12 e A1n T bl ail a2 e A1n b1
az1  aze ... a2, T asy G2 ... G2, | b2
A= , X = b= 16|, (A =
N R
Am1 Am2 ... Gmn In am1 Am2 ... Gmn bm mxn

Heé phuong trinh dugce viét lai

A.X = b hogc viét gon (Alb).

Ch thich

Mot hé phuong trinh tuyén tinh c6 thé:

1)vo nghiem  2)c6 nghiém duy nhat  3) vo s6 nghiém.

Hai hé phuong trinh goi 1a tuong duong néu ching cting tap nghiém.

e D¢ giai hé phuong trinh, ta ding phép bién doéi tuong duong dé dua vé
hé don gian.
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DHBK TPHCM

Phép bién déi tuwong duong

Mot phép bién ddi duge goi la tuong duong néu né bién mot he
phuong trinh bat ky thanh mot hé phuong trinh tuong duong.
Ta c6 3 phép bién déi tuong duong thudng gip:

i) Nhan 2 vé ctia mot phuong trinh véi 1 s6 khac 0.

ii) Cong vao mot phuong trinh mot phuong trinh khée da duge
nhan véi mot sd tity ¥.

iii) D&i chd hai phuong trinh.

Chu y:
e Day 13 3 phép bién déi quen thudc 6 phd thong ma chiing ta da biét.

e Néu ta ky hieu hé phuong trinh ¢ dang ma tran md rong (A[b). Céc phép bién ddi so cap dbi véi ma
tran tuong tng véi cac phép bién doi tuong duong doéi véi hé phuong trinh.

An co s6 ctia he phuong trinh & dang bac thang
e An co s6 1a an tuong tng v6i cot chia phan tit co s6.

e An ty do 1 &n tuong tng véi cot khong c6 phan ti co sé.

IS N R D1 1
Vidu3.dl |2 2 3 5|6 | —/22 ) o 0o (1)
3 3 4 1)|-1 0 0

x1, 3,24 la phan ti& co s6. xo la phan tid ty do.

2 1
1

Cac budc giai hé phuong trinh

Buée 1: Dua ma tran A = [A[b] vé dang bac thang bing
bién ddi so cap theo hang.

Kiém tra hé c6 nghiéem hay khong.

Budce 2: Giai hé phuong trinh tut duéi lén.

Vi du 3.2 Gidi hé phuong trinh
T+ w2 — w3+ 214 =1
2x1 + 3x0 — 323+ 3x4 = 3
3x1 + 2x0 — Sz + Txy = 5.

Bai lam

o1 o—1 2] 11 -1 2|1 1 -1 2|1
A=]2 3 =3 3|3 |22 10 1 -1 -1 |0 0 O -1 11

32 -5 7(5] ™™ o -1 -2 1]2 00 013
batxzg=a. pt(3):z3=-1. Tupt(2):ze=14z3+x4=0c. Tupt(l)x; =1—x9+2x3—224 =300

Vay nghiém cia hé 1a (z1, 9, 23, 24) = (-3, , —1, ), @ € R.
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3.1. HE CRAMER DHBK TPHCM

Dinh Iy Kronecker Capelli
Néu r(A|b) # r(A) thi he AX = b vo nghiem.
Néu r(A|b) = r(A) thi he AX = b c6 nghiém.

i) Néu r(AJb) = r(A) =sb an thi he AX = b c6 nghiém duy nhat.
(

ii) Néu r(Alb) = r(A) <sb an thi he AX = b c6 vo s6 nghiem.

2 N £ 3 . . . » P NPN A~ £ PN
Vidu 3.3 Tim tat ca cac gid tri cua m dé hé sau vo so nghiém

1+ a9 — 223 =1
2r1 4+ 39 —3x3 =5
3r1 + mxy — Tx3 = 8.

Bai lam
11 -2]1 11 —2]1 1 -2 1 |1 1 -2 1 |1
[Apl=]2 3 =3|5|—]0 1 1|3|—|0 1 1 |3|— |0 1 1 |3
3 m —7|8 0 m—3 —1|5 0 -1 m—3]|5 0 0 m—2|8

He vo s0 nghiém khi va chi khi 7(A) = 7(A) < 3. Vi 7(A[b) = 3 nén khong ton tai m dé hé vo s6 nghiém.
Vi du 3.4 Tim tat cd cic gia tri m dé hé c¢é nghiem duy nhat

1+ 2w + 23 — T4 =5
2x1 + mxg —x3 = —1

mx1+ o —3x4 =6

Vi hé c6 3 phuong trinh nén 7(A) < 3 < 4 = s6 an nén hé khong c6 nghiém duy nhat.
Chii y: Néu hé c6 s6 phuong trinh it hon s6 an thi khong thé c6 nghiem duy nhét.

3.1 Heé Cramer

Hé Cramer
He AX = b goi 1a he¢ Cramer néu A 1a ma tran vuong va det(A) # 0.

Heé Cramer c6 nghiém duy nhat

xi:\A| ,ieln

v6i A; 1a ma tran thu tit A bang cach thay cot i béi cot tur do b.

Vi du 3.5 Kiém tra hé sau la Cramer va gidi hé

x1 + 2209 —x3 = 12
201 + 310 — 33 =4
3x1 + 222 + 5x3 = —8

Bai lam
1 2 -1 12 2 -1 1 12 -1 1 2 12
A=12 3 3|, Ai=14 3 3|, 4=[2 4 -3|A3=(2 3 4
3 2 5 -8 2 5 3 -8 5 3 2 -8
|A| = —12 # 0 nén hé la Cramer.
_ _ _ tom ciia he 1a (1A [A2] 4]
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3.2. HE THUAN NHAT DHBK TPHCM

3.2 Heé thuan nhat

Hé thuan nhét
e He AX = b goi la thuan nhat néu tat cd cac hé s6 tu do
bp=by=---=b,, =0.
e He thuan nhat luon c6 nghieém tam thuong.

xlzan:-..:(L’n:O

e He thuan nhat c6 nghiém duy nhat khi va chi khi

s

r(A) =n =sb an.

e Cho A la ma tran vuong. Hé thuan nhat AX = 0 c¢6 nghiém
khong tam thuong(nghiém khdc 0) khi va chi khi

Al £ 0.

Vi du 3.6 Gidi hé phuong trinh
T1+x9 — 23+ 214 =0
2x1 + 310 — 3x3 +3x4 =0
3x1 + d5xo — bxy + 4y = 0.

Bai lam
11 -1 2]0 -1 2|0 1 1 -1
2 3 -3 3|0 | — -1 -1/0|—1] 0 (0O -1 -1]0
3 5 =5 4]0 02 -2 =2|0 0O 0O 0 o010
Dit cac an ty do lam tham sb z3 = o, x4 = f.
Pt(2): zo =23+ 24 =+ 5. Pt(1):xy = —x9 + x3 — 224 = —30.
Vay nghiém cia hé & (z1, 22, 23, 24) = (=38, + B, a, ().

O =
—_

Vi du 3.7 Tim m dé hé cé nghiém khong tam thuong

mx,+xo+x3+24=0
1 +mzo+x3+24=0
1+ a9 +mx3+x4 =0
T + x9 + 3 + mxyg = 0.

Bai lam

Hé c¢6 nghiem khong tam thuong khi va chi khi r(A4) < n < |A| = 0.
m 1 1 1 1 1 1 1 1 1 1 1

Al={, T H=mey|, T f=man)) Mot 0 = sm -1
1 1 1 m 1 1 1 m 0 0 0 m—1

Vay m=-3Vvm=1.
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3.2. HE THUAN NHAT DHBK TPHCM

Vidu 3.8 Tim m dé hé ¢ vo s6 nghiem

T1+x9+2x3—x4 =0
1+ 3x2o + mx3+2x4 =0
mxy — T2+ 3x3 — 224 =0

Bai lam
Vi A la ma tran ¢d 3 x 4 nén r(A) < 3 < 4 =s6 an. Vay hé luon c¢6 vo s6 nghiem.

Chi y: He thuan nhat c6 s6 phuong trinh it hon s6 an thi vo sé nghiem.
Bai tap

Bai 1) Giai hé phuong trinh

1+ 219 + 23+ 214 =0 bS (-5 — a, 5+ 2a, ).
(a) Q2x1 + 4wy + 23+ 3z4 =0 [0 1 1| 3
3x1 + 622 + 23+ 424 =0 (e) 3 5 9| -2
DS: (—ZQ—IB,Q,—IB,ﬂ) L 123 3
) | -1 -4 1|6 | [0 3 —6 6 4|-5
1 3 -3|-9 f) |13 -7 8 -5 8|9
bS: (18,-5,4) | 3 -9 12 -9 6] 15
1 5 2 | —6 DS:(—24 4+ 2a — 38, =7+ 2a — 26, o, 3, 4)
(C) 0 4 -7\ 2 . DS: T1 01 1 —112
00 510 213 0|1 1 1
_ . DS:(= — 2a,-
(=L Lo ® 1342 25 33 ®3 T
12 12 o 2 3 1 1|3
- 4
(d) |:0 1 -2 5:| Oé,Oé,—g)-
Bai 2) Tim tat ca cac gia tri ctia m dé hé sau c6 nghiem
1 1 1 1 m 1 1 1
(a) |2 3 1 4 . DS m # 2. (b) 1 m 1| m |.DSm#-2.
3 4 m|m+1 1 1 m|m?
Bai 3) Tim m dé hé sau c6 nghiem duy nhat
2 3 1 4 0 1 1 1 1 1
(a) 1 -1 0 m| 2 |.DS:$m. 2 1 3 1| 2
2 m 1 4 |m? Bl g 4 2 0] ¢ | TmER
-2 -1 0 m| | m-1
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Chuong 4

Khoéng gian véc to

No6i dung
e Dinh nghia va vi du

e Déc lap tuyén tinh - phu thudc tuyén tinh

Hang ctia ho véc to

Cd sG va so chieu

e Toa do véc to

Khéng gian con

Tong giao 2 khong gian con

4.1 Dinh nghia va vi du

Dinh nghia 4.1 (Khong gian véc td) Cho V la tdp hop khdc rong va 2 phép todn: cong 2 véc to va nhan
véc to vdi mot soé théa man 8 tien dé sau

i)r+y=y+zx v) o, € K : (a+ fB)r =ax+ Bz
i) (x+y)+z=x+ (y+2) vi) a€ K:alz+y) =ar+ay
i) eV iz +0=x vii) (afB)r = a(Bx)

w) Ve eV,I(—z) eVia+(—z)=0 viii) 1.z = x

Khi do, ta not V' la mot khong gian véc to.

Chu y:
Day la khai niem dugc mé rong tir khai niem véc t6 & pho thong.
Tap cac véc to trong mit phang (hodc khong gian) c6 gbe O 1a mot khong gian véc to.

Tinh chat

i) Véc to khong la duy nhat. ii) Véc to dbi (—z) clia = 1a duy nhat.

i) 0.Z=0,Yz e V iv) a.0=0,Ya € K v) —x = —l.z,VinV

Vi du 4.1

28



4.2. DOC LAP TUYEN TINH - PHU THUOC TUYEN TINH DHBK TPHCM

1. Tap Vi = {(z1;29; 23)|x; € R;i = 1,2,3} v6i phép toan cong 2 véc to va nhan véc to véi sd thiyc thong
thuong 1a mot khong gian véc to trén R. Ky hieu 1a R3.
Tuong tu, ta c6 khong gian R?, R3, R*,...,R",. ..

2. Tap Vo = {az? +bx +cla,b, c € R} v6i phép toan thong thuong dbi véi da thite 1a mot khong gian véce
to. Ky hiéu la Py[x].
Tuong tu, ta c6 khong gian Ps[z], P[], ..., Pylz], ...

3. Tap V3 = { <CCL Z) la,b,c,d € R} v6i phép todn thong thuong doi véi ma tran 14 mot khong gian véc

to. Ky higu la Ma[R].
Tuong tu, ta c6 cac khong gian M, xn|R], My xn|R] cac ma tran ¢6 m x n trong thuc va phiec.

4. Tap Vi = {(z1, 2, x3)|x; € RAx1+ 229 — 323 = 0} v6i phép toan ddi véi véc to thong thuong 1a mot
khong gian véc to.
Chu y: C6 nhiéu cach dinh nghia phép toan dé cho cac tap hgp trén 1a mot khong gian véc to, mién
13 théa 8 tién dé ctia khong gian trén.

4.2 Doc lap tuyén tinh - phu thudc tuyén tinh

Dinh nghia 4.2 Trong khong gian véc to V', cho tap hop con gom m véc to M = {x1,T2,...,Tm}

o Véc to x goi la to hop tuyén tinh cia M néu Jai, o, ..., m € K théa
Tr=Qa1T1 + aaT2 + -+ Ty
e Jay,an, ..., 0, khong dong thoi bang 0 théa
a1 + axe + -+ Ty, = 0 => M phu thudc tuyén tinh.
o M goi la doc lap tuyén tinh néu né khong PTTT. Tic la

o]+ oo+ -+ amT;, =0 — o ==+ =aq,;, =0.

No6i cach khac:
M PTTT néu c6 mot THTT khong tam thuong bang khong.
M DLTT néu né chi ¢6 duy nhat mot THTT bang khong 1 t6 hgp tam thudng (o = 0, Vk).

Vi du 4.2 Trong R?, cho ho véc to M = {(1;1;1),(2;1;3),(1;2;0)}.
a) Véc tox = (2;—1;3) c6 la t6 hop tuyén tinh cia M hay khong?
b) M DLTT hay PTTT?

Bai lam

a+28+vy=2 1 11 2

= a+f+2y=-1 ,(4p)=|1 2| -1 | =r(A)=2<r(Alb) =3.
a+36=3 1 0] 3

Heé vo nghiém, tic 14 khong ton tai a3,~. Vay x khong 13 THTT ctia M.

a) Xét z = a(l;1;1) + B(2,1;3) +v(1;2;0) <= (2;—1;3) = (a + 28 +v;a + B+ 2v;a + 38
) (7 ) ) ) PY ) <y ) ) 77 77

2

1

3
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4.2. DOC LAP TUYEN TINH - PHU THUOC TUYEN TINH DHBK TPHCM

b) Xét t6 hgp bang 0
a(l; ;1) + 6(2;1;3) +9(1;2;0) =0 <= (a+ 28+ v;a+ B+ 2y;a+38) =0

a+28+v=0 1 2 1
= a+p+2y=0 ,A=|1 1 2| =1A|=0
a+38=0 130

Heé vo s6 nghiém nén ton tai nghiem khong tam thuong, do d6 M PTTT.

Cho tap M = {x1,x9,..., 2} VA véc to

1T+ axo + -+, =0 AX =0

Heé c6 nghiem duy nhat X = 0| = M DLTT.

Hé c6 nghiém khac khong | = M PTTT.

o1+ aoxg + o+, = <= AX =b

Hé c¢6 nghiém | = z 1a THTT cta M .

Hé v6 nghiém | = x khong 1a THTT cta M.

Vi du 4.3 Trong khong gian véc to V', cho ho M = {z,y,2x + 3y, z}.

a) Véc to2x+ 3y cé la THTT cia x,y,z hay khong?

b) M DLTT hay PTTT?

Bai lam

a) Chona=2,=3,vy=0:2x4+3y =22+ 3.y + 0.2 = 2x 4 3y la THTT cua z,y, 2.
b) Chon a1 =2,a0 =3.a3=—-1,a4=0:2.2+3.y—1.(2x +3y)+ 0.2 =0=— M PTTT.

Vi du 4.4 Trong khong gian véc to V, cho {x,y,z} DLTT.
Hay ching t6 M ={x+y+ 22,2+ 3y + z,3v + 4y + z} DLTT.

Bai lam
Xét mot t6 hop bang khong ctia M:

a(r+y+22)+8R2r+3y+2)+vBrx+4y+2) =0<= (a+26+3y)x+ (a+38+4y)y+ (2a+ L+ 1v)z = 0.

a+28+4+3y=0 a=0
Viz,y,z DLTTnén s a+38+4y=0 <= <B=0 .Vay M DLTT.
2+ p5+1y=0 v=0

Vi du 4.5 Trong khong gian V', cho {x,y} DLTT. Cac tap hop sau DLTT hay PTTT?
a) My = {2x,3y}. b) My ={z+y,2z+ 3y}. c) Mz ={z+y,z—y,2z+ 3y}.

Dap an: a) DLTT. b) DLTT. c) PTTT.

Vi du 4.6 Trong khong gian V', cho {x,y} DLTT wva z khong la THTT cia {z,y}. Ching té {z,y,z}
DLTT.
Bai lam 5
Xét ax + By +vz=0. Néu v # 0 thi z = —%x — —y, mau thuin vdéi gia thiét, suy ra v = 0.
Y

Khi d6 az + By = 0 22220 o = 8= 0. Vay {z,y, 2} DLTT.
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4.3. HANG CUA HO VEC TO DHBK TPHCM

Dau hiéu DLTT-PTTT
e Néu ho M chita véc to khong thi PTTT.
e Trong ho M, c6 mot véc to la THTT cia cac véc to con lai thi M PTTT.
e Thém mot sd vée to vao ho PTTT, ta thu duge 1 ho PTTT.

e B6t di mot s6 vée to ctia ho DLTT, ta thu duge 1 ho DLTT.

Bo dé cd ban
Cho ho véc to gom m véc to M = {z1,29,...,2m}.
Cho ho véc to gom n véc to6 N = {y1,y2, .-, Yn}-

Néu mobi véc to yy, cia N 1a THTT ctia M van > m thi N PTTT.

Vi du 4.7 Trong khong gian véc to V, tap N = {2z +y,x + y,3z — 2y} DLTT hay PTTT?

Cac véc to cia N 1a THTT ctia M = {z,y} va s6 véc to ctia N 16n hon s6 véc to cia M nén N PTTT.
Vidu 4.8 Trong KGVTV, cho M = {x,y,z}, N = {x+y+ 2,20+ 3y — 2,32 + 4y + 2}. Chitng minh rang
a) Néu M DLTT thi N DLTT.

b) Néu N DLTT thi M DLTT.

Bai lam

a) Xét to hgp bing 0 ctia N:
alz+y+2)+82x+3y—2)+7Br+4y+2) =0<= (a+28+3y)z+ (a+38+4y)y+(a—LB+7)z=0

a+28+3y=0 a=0
MDUTT, ) 438+4y=0 <={8=0 .Vay N DLTT.
a—f+v=0 v=0

b) Dung phén ching, gia st M PTTT. Khi d6 ¢6 1 véc to 1a THTT cua cac véc to con lai.
Khong mat tinh téng quat, ta gia st z 1a THTT cia z,v.

Ta c6 cac véc to cia N 1a THTT cta M va cing 1a THTT cta {z,y}.
S6 véc to ctia N 16n hon s6 véc to clia {z,y}. Theo bd dé co ban, N PTTT, mau thuan véi gia thiét.

4.3 Hang cua ho véc to

Dinh nghia 4.3 Cho ho véc to M = {z1,22,...,Tm,...} C V.

Ta néi hang cia M la ko néu ton tai kg véc to DLTT ciia
M wva moi tap con hon kg véc to cia M luon PTTT.

Hang ctia ho M 1a sb to6i dai cac vécto doc lap tuyén tinh ctia M.

Vidu 4.9 Trong KGVT V', cho M = {x,y} DLTT. Tim hang cia cic ho véc to sau:

a) My :{2'%'733/} b) M2={$,y72$+3y} C) M3:{xay12x+3y70}‘
Bai lam

a) Kiém tra {2z,3y} DLTT. Do d6 r(M;) = 2.

b) 2z + 3y = 2. + 3.y = My PTTT va {z,y} DLTT = (M) = 2.
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4.3. HANG CUA HO VEC TO DHBK TPHCM

¢) Mj chita véc to 0 nén PTTT. D& thay 4 ho con gom 3 véc to cia M3y déu PTTT.
C6 1 ho 2 véc to DLTT la {z,y}. Vay r(Ms) = 2.

Tinh chat hang ctia ho véc to

i) Hang ctia ho vécto M khong ddi néu ta nhan mot vécto
ctia M v6i mot s6 khac khong.

ii) Cong vao mot vécto ctia ho M, mot vécto khac da duge
nhan véi mot s6 thi hang khong thay doi.

iii) Them vio ho M vécto  1a t6 hgp tuyén tinh ctia M thi
hang khong thay doi.

iv) Bét di 1 véc to cia M 1a THTT ciia cac véc to khac thi
hang khong thay doi.

Vi du 4.10 Cho ho véc to M = {(1;1;1;0),(1;2;1;1),(2;3;2;1),(1;3;1;2)}.

Bai lam
Taco (2;3;2;1) = (1;1;1;0)+(1;2; 151), (153;152) = —(1; 15, 1;0)+2(15 2, 1; 1) = r(M) = r{(1;1;1;0), (1;2; 1; 1) }.
Hon nita, vi {(1;1;1;0),(1;2;1;1)} DLTT nén r(M) = 2.

Dinh Iy vé hang Cho A 14 ma tran ¢ m x n trén K.
e 7(A) bang v6i hang clia ho véc to hang.

e r(A) bing vdi hang clia ho véc to cot.

Vidu 4.11 Tim hang cia hai ho véc to

a) M ={(1;2;1),(2; -1;7),(1;3;0), (1;2; 1)} wva N = {(1;2;1; 1), (2; —1;3;2), (1;7;01) }.

b) P={(1;1;1;0), (1;1; —1;1),(2;3; 1; 1), (3;4; 0; 2) }.

Bai lam
1 2 11
a) Xét A=12 —1 3 2| c6ho véc to cot la M va ho véc to hang la N. Do d6 r(M) =r(N) =r(A4) = 2.
1 7 01
b) Hang clia P bang hang clia ma tran
11 1 0
11 -1 1| B
B = 9 3 1 1 . Vir(B)=2nénr(P)=2.
34 0 2

Tinh chat cho ho véc t6 M va véc to x
e Hang M bing s6 véc to thi M DLTT.
e Hang M bé hon s véc to thi M PTTT.

o r(M,z) =r(M) thi  la THTT cta M.

Vidu 4.12 Xét sy DLTT cia ho véc to sau
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4.4. CO SO VA SO CHIEU DHBK TPHCM

a) M ={(1;1;1),(2;1;3), (1;2;0)}.
b) N={2?+x+1,22%2 + 32+ 2,22 + 1}.

or={( ¢ )G Y)

d) Q@ ={(1;1;0),(1;2;1), (m;0; 1)}.

Bai lam
1 11
a) r(M)=r |2 1 3| =2= M PTTT (vi hang bé hon s6 véc to).
1 0
1 11
b) 7(N)=r |2 3 2| =3= N DLTT (vi hang bing sb véc to).
0 21
1 1 1 0
21 1 -1
c) r(P)=r s 4 0 1 =4= P DLTT.
1 3 -1 2
1 10 1 1 1 11 1
Hr@=[1 2 1] =0 1 1]—=fo1 1
m 0 1 0 —m 1 0 0 m+1

Néu m = —1 <= r(Q) = 2 thi Q PTTT.
Néu m # —1 < r(Q) = 3 thi Q DLTT.

4.4 Cd s va sd chiéu

Tap sinh Cho M = {z1,z2,...,Zm,...} C V.
M goi 1a tap sinh cia V néu moi véc to x ctia V déu
1a THTT ctia M. Ta viét

V=< M >=<x1,22,...,T1m, >

Ta con n6i M sinh ra V hay V dugce sinh béi M.

Vi du 4.13 Xét zem cdc tap sau cé la tap sinh trong R® hay khong?

a) M = {(1;1;1),(1;2;1),(2;3; 1)}

b) M ={(1;1;1),(1;2;3),(3;2; 1)}

Bai lam

a) Vo = (z1;290;13) € R3. Gid st . = o(1;1;1) + 8(1;2; 1) +7(2; 3; 1)
a+B+2vy=ux 1 1

= qa+28+3y=122 L|A=1|1 2

11

a+B+vy=u13
Hé Cramer nén cé nghiem Vo € R3. Do d6 x 13 THTT ctia M.
Vay M la tap sinh cia R3.

1
2
3
1
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4.4. CO SO VA SO CHIEU DHBK TPHCM

b) Vo = (z1;19;23) € R3. Gid st 2 = a(1;1;1) + B(1;2;3) +~(3;2; 1)

a+p+3y=m1 11 3|z 11 3 x1
= a+28+2y=xy <<= |1 2 2|29 | — |0 1 -1 To — X1
Q43847 = w3 1 3 1|a3 00 0 |x3+x —21

V6i 23 + x1 — 229 # 0 thi he vo nghiém, nghia 1a ton tai  (vi du nhu (1;0;0)) khong 1a THTT ctia M.
Vay M khong la tap sinh cia R3.

Vidu 4.14 Tap M = {2? + 2z +1,22% + 3z + 1,22 + 22} c6 la tap sinh ciia Palz] hay khong?

Bai lam
Vp(z) = ax® + bx + ¢ € Pyfz] : p(x) = a(z® +  + 1) + B(22% + 3z + 1) + y(2? + 2z)
at+26+y=a 1 2 1]a 121 a
e—={at+38+2y=b <= |13 2/b|—]|011| b-a
a+pB . 1 1 0jc 0 0 O|b+c—2a

Véi b+ ¢ — 2a # 0 thi hé vo nghiém. Vay M khong la tap sinh cta P[z].
Vidu 4.15 Cho M = {x,y,z} la tap sinh cia KGVT V. Tap nao sau day la tap sinh cia V¢

CL) M1:{2CC,IL’+y,Z}. b) M2:{$a$+y7$—y}
Bai lam

a) Vi M la tap sinh cia V nén Vo € V : v = ax + Sy + vz

== aT_ﬂ.Qx + B.(x+y)+7y.2. Vivla THTT ctia M; nén M 1a tap sinh cua V.

b) Néu z la THTT cita ,y. Khi d6 ta ching minh M, 1a tap sinh ctia V. (?2)

Néu = khong la THTT ciia 2, y. Khi d6 = ta ching minh duge = khong la THTT ciia My.(??)
Do d6 My khong la THTT cta V.

Co sd va so6 chieu: Cho M = {z1,29,...,Tm,...} CV

| Msinhra V |+ [M- DLTT| = | M - la ¢o 6

‘Cd s6 c6 n véc td‘ = ‘ S6 chiéu ctia V' 1a n: dim(V) = n‘

V khong c6 tap sinh hitu han thi V goi 14 KGVT v6 han chiéu.

Vidu 4.16 Cho M = {x,y,z} la co s¢ cia V. Xét xzem tap nao sau day la tap sinh, co sd?
a) Mi ={2x4+y+z,2+2y+z,x+y+z}. b) My ={2z,3y,z,x+y+ z}.
Bai lam

a) 1) Ching t6 M, la tap sinh ciia V. 2)Chiing t6 M DUTT.(??)
Suy ra M 1a co sG cia V.

b) Chung t6 M» la tap sinh cia V.@.
Dé thay My PTTT. Do d6 M> la tap sinh nhung khong 1a co s6 ctia V.

Dinh 1y cd s6 Cho V 12 KGVT hitu han chiéu
e V c6 vo sb o s6.

e SO véc to trong moi co sé déu bang nhau.
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4.4. CO SO VA SO CHIEU

DHBK TPHCM

Cd s chinh tac
i) dim(R") = n va co sd chinh tac (co sé don gidn nhat) 1a

E ={(1;0;...;0),(0;1;...50),...,(0;0;...;1)}.

ii) dim(P,[z]) =n + 1 va co sd chinh téc 1a

E={z", 2"t ... 1}

iii) dim(M,[R]) = n? va cd s6 chinh tic la

Tinh chat Cho dim(V) =n
e Moi tap con nhiéu hon n véc to thi PTTT.
e Moi tap con it hon n véc td khéng sinh ra V.
e Moi tap con DLTT c¢6 dang n véc to 1a co sé.
e Moi tap sinh c¢6 dang n véc to 1a co s6.

e Moi tap c6 hang bing n 13 tap sinh.

Vi du 4.17 Kiém tra tdp sinh - co sd trong R3.

a) M ={(1;1;1),(2;3;1),(3;1;0)}.

Bai lam

a) M c6 3 véc

r(M)=r

to
1
2
3

b) N ¢6 4 véc to trong khong gian 3 chiéu nén PTTT.

r(N)=r

1

1 1
0 1 . . 3
1 0 =3 = N la tap sinh cta R".
-2 1

b) N ={(1;1;1),(2;0;1),(1;1;0), (1; =2; 1) }.

Vi du 4.18 Kiém tra tap M = {2% + x + 1,222 + 2 + 1, 2% + 22 + 2} ¢6 la co 86 cia Plx]?

Bai lam
M c6 3 véc

r(M)=r

t
1
2
1

d’

ba
1
1
2

dng sb chiéu ctia Py[x]. M la co s6 khi va chi khi r(M) = 3.

= 2. = M khong la co s6 cua Py[x].

N = =
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4.5. TOA DO VEC TO

4.5 Toa do6 véc to

Dinh nghia 4.4 Cho E = {ej,e2,.

Bo s6 (w1, 22, ..

[2]p =

I
T2

= r =T =2x1€1 + X2 + -+ Tpey.

Tn

.yen} la co sé sap thi tu cia K-KGVT V.
. Zn) got la toa do véc to x trong co sé E. Ky hiéu

Vidu4.19 Cho E={a*+z+ 1,2+ 2z + 1,22 + x + 2} la co s6 clia Ps[x].

3 b) Cho q(x) = 2%. Tim [q(z)]E.
a) Tim p(x) biét [p(x)|p = | -2
5
Bai giai
3
a) p@))e=-2] = op@)=3*+z+1) -2 +22+1)+ 52+ 2+ 2) < p(x)
5
a
b) Gid st [q(z)]p = | B
~
= q(7) = a(2®+2+1)+ (2?2 +22+1)+y (22 +2+2) <= 22 = (a+B+7)2% +(a+2B8+7)z+ (a+5+27)
a+pB8+y=1 a=3 3
= (a+28+7y=0 <<= (B=-1 .Vaygz)lg=|-1
a+pB+2y=0 y=-1 -1
Tinh chat toa do
T Y1
L2 Y2
Cho E la co s6 cia KGVT V: [z]gp = | . e=1".
Tn Yn
1 =Y1 1+ ary
_ . T2 + Y2 axo
Dar=yes {272 ) [+ylp= . iii) [ax]p =
Tn = Yn Tn + Yn ATp

Vi du 4.20 Cho E = {(1;1;1),(1;1;0),(1;0; 1)} la co sé ciia R3.

—1
a) Tim x, biét [v]g = | 2
1
Bai lam
—1
a) [xlp=1 2
1
Ghi chu:

T.5.Dang Van Vinh

2
1
0

viét lai

x = (2;1;0).

Trang 36

<z =-1(1;1;1) + 2(1;1;0) + 1(1;0; 1) = (2; 1;0)

b) Cho x = (3;1;—2). Tim [z]Eg.
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4.6. MA TRAN CHUYEN CO SO DHBK TPHCM

a
b) Giast [zlp= |8 | < z=a(1;1;1) + 5(1;1;0) + v(1;0; 1)
Y
at+fB+v=3 —4
= qa+p =1 < lg=| 5
«Q +y=-2 2
Ghi chu:
—4
Bllp=ol <= glp=E12T=| 5
2

Dung may tinh casio cho bai toan toa do6

Cds&E:{el,eg,...,eg}ME:(61 es ... 63)
ol = E.[z]p = [z]p = B~ 2T

Y nghia ctia toa dé Cho E = {e},es,...,e,} 1 co s6 cia KGVT V.
Moi véc to ctia V' déu biéu dién qua F dudi dang toa do.

Cac phép toan toa do gidng nhu cac phép toan trong R,.

= tat ca cac khong gian n chiéu déu coi 1a R,,.

Vi du 4.21 Tim toa do cia p(z) = 322 +4x — 1 trong co sd E = {x® +z + 1,2 + 1,2z + 1} trong Ps[z].
Bai lam

1 00
Lapmatran E= |1 1 2
1 11

10
Toa do [p(z)]e = E~'[p(z)] = (1 1
11

N O
e
Il
|
Ne)

4.6 Ma tran chuyén cd sd

Dinh nghia 4.5 Cho 2 co sd cia KGVT V: E ={ey,ea,...,en}, B ={e}, e}, ..., e}
Ve eV :x=uxier +xoeg+ -+ xpe, = xhe) +xheh + - +alel,. (1)

el = aner +agie + -+ aniey

ey = aizer +agges + -+ + anzen

/
€, = G1nel + a2ne2 + - + Appen

/ / /
r =) (aner +aziea+ - +anien) + xh(a12e1 + agges + - - -+ apzen) + - - + x5, (@121 + agzes + - - - + anzen).

I aij; aiz2 ... Qin :L'/l
T (1), ta suy ra T2 | 920 A2 e G20 7
Tn Gnl Qp2 ... Gpn xl
ailr G2 ... Qin
Ma trgn A = 421 a2 ... G goi la ma tran chuyén co sé ti E sang E'.
anl Aan2 ... Gnpp

T.5.Dang Van Vinh Trang 37



4.7. KHONG GIAN CON

DHBK TPHCM

Ma tran chuyén co sé tit E sang E’

[en] e

> = E7'F' (viét dang cot).

C6 tinh chét

[x]p = P.[x]p.

Tinh chat

sG tir B’ sang E.

e Ma tran chuyén co s6 P kha nghich.

e P chuyén co s6 tit E sang E’ thi P! 14 ma tran chuyén co

e Pchuyén co s6 tit E sang E’ v Q chuyén co s6 tit E/ sang
E" thi PQ 1a ma tran chuyén cd sé tit E sang E”.

Vi du 4.22 Trong R3, cho 2 co s¢ E = {(1;1;1),(1;0;1),(1;1;0)} va E' = {(1;1;2),(1;2;1), (1;1;1)}.

a) Tim ma tran chuyén co sé ti E sang E' va ma tran chuyén co sd tu E' sang E.

b) Cho x = (2;1;3). Tim [z]p va [z]g.
Bai lam
1 1 1 1 1 1
aA)E=[101],2=[1 21
1 10 2 11
1
Ma tran chuyén co sé tit £ sang E': P=E~'E' = | 1

1

Ma tran chuyén co s6 tit E' sang E: Q = E'"'E = P!

L1 1\ /2 1
b) Taco [zl =FE "zl =1 2 1| [1]=|-1
2 1 1) \3 2
11 1\ /2 2
[z]p = BT 1o 1ff1]=11].
110/ \3 -1
2 2 1 1
Cach khac: [zl =Plz]lpr = 0 -1 0 -1 =
-1 0 0 2

4.7 Khoéng gian con

—_ O
O ==
~___—
-~
N =

1 2 2 1
2 =10 —-10
1 -1 0 0

Dinh nghia 4.6 Trong KGVT V, néu tap con F vdi cic phép todn trong V lap thanh mot KGVT thi ta

noi F' la khong gian con cia V.

Dinh Iy khéng gian con
chi khi hai diéu kién sau thoda

i) Ve,ye F:ax+ye L.

Tap con khéc rong F cia KGVT V 1a mot khong gian con ctia V' khi va

i) Vee FFae K:ax € F.

T.5.Dang Van Vinh Trang 38
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Vi du 4.23 Cho F = {(z1;72;73) € R3|x1 + 279 — 73 = 0}.
a) Ching té F la KG con cia R3. b) Tim co s6 va s6 chiéu cia F.
Bai lam
a) Sinh vién ty kiém tra 2 diéu kién trong dinh ly.
b) Vo = (z1;x9;23) € F <= x1 + 209 — 23 = 0 <= 23 = 21 + 229.
r = (z1;22;23) = = = (T1322; 71 + 222) = 21(1;0; 1) 4 22(0; 15 2).
Suy ra E = {(1;0;1),(0;1;2)} la tap sinh cta F.
Kiém tra E DLTT. Vay E 1a cd sd ctia F va dim(F) = 2.
Vi du 4.24 Cho F = {p(x) € Py[z]|p(1) = 0 A p(2) = 0}.

a) Ching t6 F la KG con ciia R3. b) Tim co sd va s6 chiéu cia F.

a) Sinh vien ty kiém tra 2 diéu kién trong dinh ly.

b) Vp(z) =az? +bx+c€ F < p(1) =0Ap(2) =0

a=a«
a+b+c=0
< < b= -3«
4a+2b+c¢c=0
c =2«

p(z) = ar? — 3ax + 2a = a(2? — 3z + 2).
Suy ra E = {2% — 3z + 2} 1 tap sinh ctia F.
Hién nhien £ DLTT. Vay E la co 86 ctia F va dim(F) = 1.

Vi du 4.25 Cho F — {A € My[R]|A (; :;) _ 0}.

a) Ching t6 F la KG con ciia R3. b) Tim co sd va s6 chiéu cia F.
Bai lam
a) Sinh vién ty kiém tra 2 diéu kién trong dinh ly.
_fa b a b\ (1 -1\ _ a+2b —a-—2b\

b) vA = <c d> €l <c d) (2 2> 0= (C+2d 02d> =0

a+2b=0 a=—2b

—
c+2d=0 c=—2d

—-2b b -2 1 0 0
A_<—2d d>_b<0 o>+d<—2 1)'
-2 1 0 0 P ,
SuyraE—{(O O)’(—Q 1>}latap sinh ctia F.

Dé théy E DLTT. Vay E la cd s¢ ciia F va dim(F) = 2.

Dinh ly Cho M = {vy,vs,...,0,} CV
Ky hieu H := Span(M) = {oqv1 + agvy + - - - + apvp|Va; € R}

o H la mot KGVT duge sinh béi S: H =< M >.
o dim(H) =r(M).

o r € H<<= 2 1aTHTT cia M <= r(S,z) =r(M)
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Vi du 4.26 Tim co 56 va so chiéu ciua cic khong gian con sau
a) F'=((1;1;1),(21;1), (3; 1;1)).

b) F={(2?>+z+1,22% + 30— 1,22 4+ 22 — 2).

or=(6 )60 (GG

d) F = {(z1;20;w3;04) € R?|w1 + 20+ 23 =0 A1 — 29 + x4 =0}

Bai lam
111 11 1

a) A=[2 1 1|25 (0 -1 —1| = dim(F) = r(4) = 2 va co 88 ciia F 1a {(1;1;1), (0;—1; —1)}.
31 1 0 0 0
11 1 11 1

b) A=(2 3 -1 2% (0 1 —3| = dim(F) =r(A) =2 vacosd ctia F la {2% +z + 1,z — 3}.
12 -2 00 0
11 2 1 11 2 1
21 0 1| base [0 -1 —4 -1 . .o {11\ [0 -1

c) A= 51 211 1o o0 o o :>d1m(F)2vacdsdcuaFla{<2 1),(_4 _1)}.
10 -2 0 00 0 0

1 1 1 ofo
0 (2) -1 10 ]

bat 3 = 2a, 24 =28, pt(2) : 29 = %(—Jfg +a4)=—a+p, pt(l):xy=—-20—23=——f

Ve e F < x=(—a—F;—a+ 5;20;20) = a(—1;-1;2;0) + f(—1;1;0; 2)

Suy ra E = {(—1;—-1;2;0); 8(—1;1;0;2)} la tap sinh cia F.

Dé thiy E DLTT. Vay E la cd s6 ctia F va dim F = 2.

ey JT1 22+ 23=0 1 1 1 0(0
d)Glalhe{ <:>[1_1010

| =

r1—22+x4=0

Tim cd s va s6 chieu khong gian con
Trong R"™, cho khong gian con F'

TH 1) Cho tap sinh F =< vy, va,..., 0y, >:

v1—
Lap ma tran hang A = V2T | bdsc, bac thang
U —

dim(F) = r(A) va co s6 gom cac hang khac 0 clia ma tran bac thang.

TH 2) Cho tap nghiém ctia hé thuan nhit AX =0

Giai he: ’dimV +7r(4)=n ‘ va ¢o s6 duge suy ra tir nghiém cuia he.
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4.8. TONG GIAO HAI KHONG GIAN CON DHBK TPHCM

Vi du 4.27 Trong R3, cho tip M = {(1;1;1),(2:3:1),(1;0;2)}.
a) x = (1;—2;3) thudc khong gian con span(M) hay khong?
b) Tim m dé x = (1;0;m) € span(M).

Bai lam

a) x thuoc Kg con span(M) khi va chi khi x 1a THTT cta M. Ta lap ma tran cot

(102 1] 1 12 3|1
Mz]=]1 3 0| -2|2%]01 —-1|-3
11 2|3 00 0|-1
r(M)=2<r(M|lx) = z ¢ span(M).
(102 11 12 3] 1
b) [Mlz]=|1 3 0|0 | 2%]0 1 —1| -1
11 2|m 00 0 |m—2
x €¢ span(M) <= r(M) =r(M|z) <= m = 2.

4.8 Tong giao hai khong gian con

Dinh nghia 4.7 (Tong giao 2 khéng gian con) Cho hai khong gian con F va G cia KGVT V.
Giao 2 khong gian con

FNG={zeV|zeFuvizeG}.
Tong 2 khong gian con
F+G={f+glf€eFvageG}.

Tinh chat

FNGCcFGCF+GCV.

Dinh Iy FNG va F 4 G 1a 2 khong gian con cia V' va

dim(F NG) +dim(F + G) = dim F 4+ dim G.

Dinh nghia 4.8 (Tong truc tiép) Khong gian con W goi la tong truc tiép ciia 2 khong gian con F va G,
kij hieu F & G, néu

i) W=F+G. ii) FNG = {0}.

Dinh 1y Cho W = F & G. Khi d6 moi véc té¢ x € W
duge biéu dién duy nhat dudi dang

r=f+g|feF,geq.

Tich chat tong 2 khong gian con
F:<f17f27"'7fn> G:<gl7927"'7gm>

:>F+G:< f17f27"‘7fn7917927"‘7gm>
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Vi du 4.28 Trong R?, cho 2 khong gian con

F = {(1'1,1‘2,1'3) S R3|l'1 + x9 — 223 = 0}, G = {($1,$2,$3) € R3|ZL‘1 — X9 +x3 = 0}.

Tim co sé va so chiéu cia FNG va F + G.
Bai lam

a) Tim co s§ va s chiéu ctia F' N G.
Vee FNG+—zec FAzeG
I 9 —0 1 =«
{:):1 R =1y =3a <= z=(,30,2a)=(1;3;2
Ty —x9+x23=0
T3 = 2«
Suy ra E = {(1;3;2)} 1a tap sinh cta F N G.
Hién nhien E DLTT do d6 E 1a co 8¢ ctia F NG va dim(F N G) =

b) Tim tap sinh cia F va G.

F=<(-1;1;0),(2;0;1) >,G =< (1;1;0), (-1;0; 1) >= F+G =< (—1;1;0),(2;0;1),(1;1;0),(=1;0; 1) >

-1 1 0 -1 1 0
A - 2 01 bdse, 0 2 1
1 10 0 0
-1 01 0 O
= dim(F+G)=r(A) =3 vaco SGE {(-1;1;0),(0;2;1),(0;0; —1)}.

Cach khac: ta c6

dim(FNG)+dim(F+G) = dim F+dim G = dim(F+G) = dim F+dim G —dim(FNG) =242—-1=3

= F+ G = R3, do d6 co co s 1a {(1;0;0), (0;1;0), (0;0; 1)}.

Vi du 4.29 Trong R3, cho 2 khong gian con F = {(x1,x2,23) € R3|r1+x2+23 = 0},G =< (1;0;1),(2;3;1) >

Tim co sé va so chiéu cia FNG va F + G.

Bai lam

F + G tuong tu nhu vi du trén. Ta tim co s va s6 chiéu cia F N G.

Vee FNG<=xec FAzxeG.

r€G <= x=0a(l;0;1)+ 5(2;3;1) = (o + 258;38; a + ).

x € F <= x théa diéu kién ciia F: a + 28+ 38 +a+ 3 =0 <= a = —30.
r = (a+26;38;a+ B) = (—f;36; —26) = B(—1;3; -2).

Dé dang suy ra E = {(—1;3;—2)} la cd s6 ciia FNG va dim(FNG) = 1.

Vi du 4.30 Trong R?, cho 2 khong gian con
F =< fi=(10;1), fo=(1;1;1) >,G =< g1 = (1;1;0), 92 = (2; 1;1) >
Tim ¢ s6 va so chiéu cia F+ G va FNG.

Bai lam F + G lam tuong ty vi du trén. Ta tim co sd va s6 chiéu ctia F N G.
x € F NG khi va chi khi x dong thoi 1a THTT cia fi, fo va g1, ga:
r =x1f1+T2fo = 2391 + Tag2 < w1f1 + T2 f2 — X391 — X492 = 0.

11 -1 =20 () 1 -1 —2]0
Vit lai g dang matran | 0 1 —1 —1]0 [ 2% | o (1) -1 -1]0

11 0 -110 0 0 @ 110
bitey=a=— 3= —24 = —a.

v = z301 + 2492 = —a(1;1;0) + (2; 1;1) = o(1; 05 1).
Dé dang suy ra co sé cia FNG la {(1;0;1)} va dim(FNG) =
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Bai tap
Cau 1) Trong R*, cho U = {(1,2,1,1);(2,1,0,-2)) va V = ((1,5,3,5); (3,0, —1,m)). Tim m dé U = V.
Cau 2) Trong R*, cho V la tap nghiém ciia hé phuong trinh

r1+x2 —23=0

221+ 222+ 23+ 24 =0
T1 + 29+ 223 +maxg =0

(a) Tim m dé dim(V) 16n nhat.
(b) Tim co s6 va s6 chiéu ctia V véi m & cau a.
Cau 3) Trong R?, cho U = {(1,2,1,0); (2, ~1,1,1)) V = (1,1, ~2,1): (2,0, 4, m))
(a) Tim m dé dim(U U V) 16n nhat.
(b) Tim co s6 va s6 chiéu cta U +V va U U V.

Cau 4) Trong R*, cho 2 khong gian dudi dang tap nghiém ctia he phuong trinh

1 1 2 0]0 1 2 2 20
v —11—120]’ V'[—lO—lmO]

(a) Tim m dé dim(U + V) bé nhat.
(b) Tim co 86 va s6 chiéu cia U +V va U U V.

Cau 5) Trong R*, cho U = {(z1,22,23,74) € R* 1 21 + 29 — x5+ 24 =0} Va V = ((1,2,1 —2);(2,1,0,m))

(a) Tim m dé dim(U U V) 16n nhat.
(b) Tim co s6 va s6 chiéu cia U +V va U U V.
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Chuong 5

Khoéng gian Euclide

No6i dung

1) Tich v6 hudng cta 2 véc ta.

2) Bu vudng gbéc cua khong gian con.

3) Qua trinh truc giao héa Gram-Schmidt.

4) Hinh chiéu vuong géc xudng khong gian con.

5.1 Tich v6 huéng cua 2 véc to

Dinh nghia 5.1 (Tich vo huéng) Tich vo hudng trong R-kgut V' la mot ham thuc sao cho moi cap vécto
u va v thuoe V, tuong 1ing vdi mot sé thuc kij hiéu (u,v) théa 4 tién dé sau:

i) (Yu,v €V): (u,v) = (v,u). iii) (Va € K,Yu,v € V) : (ou,v) = a(u,v).

i) (Vu,v,w e V): (u+v,w) = (u,w)+ (v,w). i) YueV): (u,u)>0;(u,u)=0<=u=0.

Khong gian hitu han han chiéu cung vdi tinh vo hudng trén goi la khong gian euclide.

Tich vé6 huéng chinh tic trén R”
T = (215225 20), ¥ = (Y1592 - -5 Yn)

(z,y) = z1y1 + Toy2 + - - + TnYn.

Tich vo huéng chinh tic tuong tit nhu phé thong.

Vi du 5.1 Trong R?, cho phép toin
z = (z1,22),y = (y1,92) : (,¥) = T1y1 + 22192 + 2221 + 102275
a) Ching t6 (x,y) la 1 tich vo hudng trén R2.
b) Tinh tich vo hudng cia 2 véc tou = (1;2),v = (2; —1).
Bai lam
a) Sinh vien ty kiém tra 4 diéu kién ctia tich vo huéng.

b) (u,v) = 1.2+ 2.1.(=1) +2.2.2 + 10.2.(—1) = —12.

44



5.1. TICH VO HUONG CUA 2 VEC TO DHBK TPHCM

1
Vi du 5.2 Trong Pslz], cho tich vo hudng (p,q) = [ p(z).q(x)dz;p(z), q(z) € Polx].
0

a) Ching té (p,q) la 1 tich vo hudng trén Pslx].
b) Tinh tich vo hudng cia 2 véc to p(x) = 2% — 3z + 1,q(z) = v + 1.
Bai lam

a) Sinh vién ty kiém tra 4 diéu kién ctia tich vo huéng.

1 1
b) (p,q) = Ofp(a:)q(a:)d:z: = bf(2x2 —3x+1)(z+1)dx = é

Do dai véc to u duge dinh nghia béi

[|ull = v/ (u, u)

Khoang cach gitta 2 véc td u va v dugc dinh nghia béi

|d(u,v) = [Ju—ol||

Goc « gitta 2 véc td u va v duge xac dinh béi

(u, )
[Jul[-[]o]]

CoOsx =

e Véc to c6 do dai bang 1 goi la véc to don vi.
e Chia 1 véc to khac 0 cho do dai cia n6 ta duge véc to don vi.

e Quaé trinh tao ra véc tc don vi goi la chuén hoa.

Bit ding thic Cauchy-Schwatz

[(w,0)| < [[ull.|[o]| [ ¥u,v € V.

Dang thiic xay ra khi va chi khi u,v cting phuong (hay PTTT).
B4t ding thidc tam giac

[l + ol < [Jul| + [Jv]| Va0 € V.

Déng thitc xay ra khi v& chi khi u, v ciing huéng.

Vi du 5.3 Trong R?: 2 = (x1;22;23),y = (y1;y2;y3). cho tich vo hudng
(z,y) = dr1y1 + 271y2 + 272y1 + 3T2Y2 + T3Y3

a) Ching to (x,y) la tich vo hudng.

b) Tim tich v6 hudng cia 2 véc to u = (2;1;0),v = (3; —2;4).

c) Tvm do dai vée tou = (3;2;1).

d) Twm khodng cdch gita 2 véc tou = (1;2;1) va v = (3;0;2).

e) Tim goc gita 2 véc tou = (1;0;1) va v = (2;1;0).

Bai lam
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) Sinh vién ty kiém tra 4 diéu kién ctia tich vo huéng.

) (u,v) = ((2;1;0), (3; —=2;4)) = 5.2.3 +2.2.(—2) +2.1.3 + 3.1.(—2) + 0.4 = 2.

o) ul] = v(u,u) = V/((3;2;1),(3;2;1)) = v/5.3.3+2.3.2+223+322+ 1.1 =82
)

Q) du,v) = |fu—ol] = /la —veu—v) = CZZT), (22 1))
= /5.(—2).(—2) + 2.(—2) 2 + 2(2).(—2) + 322+ (—1).(-1) = V7.
e) cosa = (wo) 12 12 = a = arccos L2
Al ol V6, V3T V168 a V168

Nhan xét: Do dai, khoang cach, goc doi vé6i tich vo hudng trén co gia tri khac véi tich vo huéng & phod
thong.
1
Vi du 5.4 Trong Pslz], cho tich vo hudng (p,q) = [ p(z)q(z)dx;Vp(z),q(x) € Pslz].
“1

a) Ching t6 (p,q) la mot tich vo hudng trén Ps[z].

b) Tinh tich vo hudng cia 2 véc to p(x) = 22? — 3z + 1,q(z) = = — 3.

c) Tim do dai cia véc to p(z) = 2x + 3.

d) Tinh khodng cdch giita 2 véc to p(z) = 2% + x + 2,q(z) = 22 — 22 + 3.
e) Tinh géc giita 2 véc to p(z) = 22 + z,q(v) = 2z + 3.

Bai lam

a) Sinh vién ty kiém tra 4 diéu kién cta tich vo huéng.

b) (p,q) = Jli p(z)q(x)dr = f11(2w2 =3z +1)(z - 3)dz = —12.

1

1 62
) lIll = V@) = | | plo) p(e)de, | | (20 + 32 = \fg

d) dip,q)=llp—dl=vp—ap—q =/Bx—13z-1) = W:2ﬁ.

fl (22 + z)(2z + 3)dx

¢) cosa = 29 | _ 5V/310
Ipll-lqll [ 124

J (22 + z)?d. f1(2x + 3)%dx
41 41

Hai véc to vuong goc
ulv <= (u,v) =0.
Véc to vudng goéc véi tap hop
ulM <~ (u,y) = 0,Vy € M.
Ho truc giao: ho véc to M goi l1a tryc giao néu
Ve,y e M :zly.
Ho truc chuan: ho véc to M goi 1a truc chuan néu M tryc giao va

Ve e M :||z|| = 1.
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5.2. BU VUONG GOC CUA KHONG GIAN CON DHBK TPHCM

Ménh déCho khong gian con F =< f1, fa, ..., fm >

el F <zl fp,Vk=1,2,....m.

Vi du 5.5 Trong R3 vdi tich vo hudng chinh tdc, cho khong gian con

— . N 3
F_{(:Chimyw?))eR 201 4+ 3x2+ 23 =0

T1+x9—23=0 }

Tom m dé x = (2;3;m)LF.

Bai lam

Tap sinh cia F 1a {u = (4;-3;1)}.

rlF <= zrlu<= (z,u) =0<=24+3.(-3)+ml=0<=m=1.

5.2 Bu vuoéng géc cua khong gian con

Dinh nghia 5.2 Trong khong gian Euclide V', cho khong gian con F. Tap hop
Ft={zcV|zLF}

goi la b vuong goc cua khong gian con F'.

Dinh ly
Cho F la KG con cua KG Euclide V. Khi doé:

e 1 1a khong gian con ctia V va V = F @ F*.

e dim F + dim F+ = dim V.

Vi du 5.6 Trong R3, cho khong gian con F =< fi = (1;1;1), f = (2;1;0), f3 = (1;0; —1) >.
Tim co sé va s6 chiéu cia FL.

Bai lam

r = (z1;02;73) € Fr <=2l F <zl f,k=1,2,3.
(z,f1) =0 T1+x9+x23=0 11 11lo

= (1, f2) =0 <= {2r1+22+023=0 <= |2 1 0 |0 | (nhan xét cac hang clia ma tran)
(. f3) =0 21+ 0zg — 25 =0 10 —1]0

Giai he suy ra = = a(1;—2;1). Co 86 ctia F* 14 {(1;-2;1)} va dim F+ = 1.

Vi du 5.7 Trong R3, cho khong gian con

F = {(x1;x0;23) € R

x1+x9+ 23 =0
2x1 +x0 —23=0

Tim co sé va sé chiéu cia F*.

Bai lam

Giai hé suy ra tap sinh ctia F: F =< u = (2;—1;3) >.
x = (z1;22;23) € Flte— zlu<+= 221 — 29+ x5 =0.
— '+ =< (1;2;0),(2;0; —1) >.

Co 8¢ ctia F+ 14 {(1;2;0), (2;0; —1)} va dim F*+ = 2.
Ghi chua:
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e Cho F =< hi,ha,...,hy >. x € F+ khi va chi khi

(hl,l‘) =0 hl_
h — _
(2, ) = ha .z = 0(ma tran hang cia F)
(Bny ) = 0 fom =

Do d6 F* 1a tap nghiém ctia hé phuong trinh

hi— |0
ha— |0
i | 0
e Cho F = {z € R"|Ax = 0}.
hi1— (hhm) =0
Az =0 viét lai theo véc to hang ho— N (hg, J)) =0
fom = (hm,'x‘)‘ —0

Diéu nay chiing t6 Vo € F : oL fi, k=1, m.
Diéu nay chitng t6 F- duge sinh bdi cac véc to hang ciia ma tran A.

F+ =< hi, ho,... hy >,v6i by 14 cac hang clia ma tran A
Vi du 5.8 Hay tim co s6 va s6 chiéu ciia F- trong R*, trong do

a) F = {(z,x0; x3;24) € R* Tty ra=0 }

201 — 20+ 3x3+ 24 =0
b) F=<(1;-1;2;1),(2;1;1;0) >

Bai lam
a) Tacé F+ =< (1;0;1;1),(2; —1;3;1) > (lay tir cdc hang ciia hé phuong trinh).
Suy ra cd s6 ciia F- 14 {(1;0;1;1),(2; —1;3;1)} va dim F+ = 2.
b) Vi F =< (1;-1;2;1),(2;1;1;0) > nén F! la tap nghiém cia hé phuong trinh
1 -1 2 1]0
2 1 1 010
Giai he suy ra tap nghiem F* =< (—1;1;1;0), (=1;2;0;3) >.
Suy ra cd s6 ciia F+ 1a {(—1;1;1;0),(—1;2;0;3)} va dim F+ = 2.

Dinh 1y

e Moi tap truc giao, khéng chita véc to khong thi DLTT.

Vo € V luon duge biéu dién duy nhat 6 dang

x = x1€1 + xoeg + -+ + Tpen, VO xE = (T, ek).

e Cho E = {ej,e2,...,¢e,} 1a cd 8§ tryc chuan ctia KG Euclide V.

T.5.Dang Van Vinh Trang 48
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Vi du 5.9 Trong khong gian Euclide V', cho co sé truc chuan

“www) (57) (5w %)

Tim toa do cia véc to v = (3;—2;1) trong co sé E.

Bai lam ) 6
Ta viét © = x1e1 + Toes + x3e3, trong dé x1 = (r,e1) = —, 29 = (7,62) = —=, 13 = (T,€3) = —.
3 V6 V2 V3
v
Vay toa do clia = trong co s6 E 1a [z]|p = E
6
V3

5.3 Qua trinh Gram-Schmidt

Dinh 1y 5.3 (Gram-Schmidt) Cho E = {e1,ea,...,en} la ho DLTT ciia KGVT V. Khi dé ton tai mot
ho truc giao
F = {fl,fg,...,fm} thoa < €1,62,...,E6pm >=< fl,fg,...,fm >

Thuat toan Gram-Schmidt

[ ] fl =e1.

. b — (e2, f1)
fo=ex— (f1,f1)f1'

o fo o leaf1) (3 fo)
fs=e3 (f17f1)f1 (f27f2)f2'

° — ¢ _(ekafl) _(ek‘afZ) L (ekvfk‘—l)
Jie=ex (flafl)fl (fz,f2)f2 (fk—lafk:—l)fk_l

Vi du 5.10 Tryc chudn ho véc to E = {(1;0;1;1),(0;1;1;1),(1;1;1;1)}

Bai lam

Chon f; =e; = (1;0;1;1).

fo=e9— E 2’f1§f (0;1;1;1) — 3(1;0; 1;1) = (_32, 1; %; ;) Chon fo = (—2;3;1;1).
B (es, f ) (es, f2) <2 2 -1 1) (9.9 1.

fs=e3— (fl,fl) (fz,fz)f SRR . Chon f3 = (2;2;—1;—-1).

Ho truc giao can tim la F = {fi, fo, f3}.
Chia mbi véc to cho do dai ciia né, ta duge cd sG truc chuan la

1 1 1 -2 3 1 1 2 2 -1 -1
—=i0i—=1—=, ; ; ; ; ; ; :
{<\/§ V3 \/3) <\/15 V15 /15 \/15> <\/10 V10" /10 \/10>}
Vi du 5.11 Trong R* vdi tich vo hudng chinh tdc, cho khong gian con

1 +x2— 23+ 124 =0
2214+ 310 —x3+3x4 =0

F ={(x1;29;23;24) € R?

Tim mot co sd truc chuan cia F.

Bai lam Giai hé, tim mot co s tuy ¥ cia F la {(2;—1;1;0), (0; —1;0; 1) }.
Dung Gram-Schmidt: f; =e; = (2;—1;1;0).

(e2, f1) 1 -1 -5 -1

=e2— = (0;=50;1) = =(2, -1 1;0) = (=5 —3 —

fa=e2 (flafl)fl ( ) 6( ) (3 56

. 2 -1 1 2 5 1 —6
Co 86 truc giao 1a F = , f2}. Co 86 truc chuanla ——;—=0], ; ; ; ; .
o8 12} {(ﬁs V6 V6 > <\/66 V66 v/66 /66 >}
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5.4. HINH CHIEU VUONG GOC DHBK TPHCM

5.4 Hinh chiéu vuoéng goéc

Dinh nghia 5.4 (Hinh chiéu vuéng géc) Trong KG Euclide V, cho khong gian con F va véc to v.
Véc to duge biéu dién duy nhat dudi dang

v=f+gfeFgeF"

Véc to f duoc goi la hinh chiéu vuong goc cia v zuong f, ki hiéu: f = Prpo.
Khodng cdach tw v zuéng F duge dinh nghia la d(v, F) =||g|| = ||[v — Prpv.

Vi du 5.12 Trong R* vdi tich vo hudng chinh tdc, cho khong gian con

F:{(55;352;313;364)GR4 Lt w2 =2y =0 }

2x1 + a9 — 33+ 324 =0
va vée to x = (1;1;0; 1)

a) Tim hinh chiéu cia x zuong F.

b) Tim khodng cdch ti x dén F.

Bai lam

a) Chon 1cos6 F =< f; =(2;-1;1;0), fo = (—2;1;0;1) >.

Viét & = f +g=a1f1 + 222+ 9,9 € F-.
Nhan lan luct fi, fo vio phuong trinh theo nghia tich vo huéng, ta duge

z1(f1, fr) + z2(f1, f2) = (z, f1) — 6x1 — bz =1 — xl:E
z2(f2, f1) + 22(f2, f2) = (2, f2) —5x1 + 632 = —1 =
1 -1 4 -2 1 -1
P — f_ - —(2:—1:1: o =(=2:1:0: )= [ —- 2. —. _—
e f :Elf1+x2f2 11( 3 ) 70)+ 11f2 ( ) aOa ) <11a 11’11’ 11)
7 13 —1 12
b) d(z,F) = ||g|| = ||z — Prpz|| = H(ﬁ;ﬁ;ﬁ;ﬁ)ll =V3.

Bai tap
Cau 1) Trong Ry : = (z1,22),y = (Y1, Yy2), cho tich vo hudng
(z,y) = z1y1 — 221Y2 — 22241 + ST2Y2.

(a) Tinh (z,y), |||, l|y[l-

(b) Tinh ||z +y|, d(z,y).

(c) Tinh @

(d) Tim véc to u sao cho u L z.

Cau 2) Trong R4, cho KG con U = ((1,1,0,0);(2,1,1,0),(2,1,0,1)) va véc to z = (7,3,0,0).
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DHBK TPHCM

Cau 3) Trong R4, cho khong gian nghiém ctia hé thuan nhat

U T+ 9 — 23+ x4 =0, V- 1+ 222 — 23 =0,
21 — @2 + 234 224 = 0. .

(a) Tim co sG va s6 chidu ciia W = (UNV)+.
(b) Tim co 86 tryc chuan E cia W.

(c) Tim véc to e sao cho {E, e} 1a mot co sé tryc chuan ciia Ry.
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Chuong 6

Anh xa tuyén tinh

No6i dung
1) Dinh nghia va vi du.
2) Nhan va anh ciia anh xa tuyén tinh.

3) Ma tran ciia anh xa tuyén tinh trong mét cip co
sG.

4) Ma tran chuyén co sd va dong dang.

6.1 BDinh nghia va vi du

Dinh nghia 6.1 (Anh xa) Cho 2 tap hop khdc rong X,Y . Anh za f td X dén'Y la mot quy tic sao cho
moi x thuoc X, ton tai duy nhat y thuoc Y. Ta viét
f: X — Y

Anh za f goi la don anh néu: zq # w9 = f(x1) # f(22)

Anh za f goi la toan dnh néu:Vy € Y,3x € X 1y = f(x)

Anh za f goi la song dnh néu don dnh va toan dnh.

Ham s6 & pho thong 1a vi du vé anh xa.

Cho 4nh xa tic 1 chi ra quy luat, dya vao d6 viét anh ciia moi phan tit thuoc X.

C6 nhiéu cach cho anh xa: bing do thi, bing biéu do, bing biéu thitc dai s6, bing cach liet ke,. ..

Dinh nghia 6.2 (Anh xa tuyén tinh) Cho V,W la hai khong gian trén cung truing so K.
Anh za f:V — W goila dnh za tuyén tinh néu théa:

i) flug +v2) = f(v1) + f(ve),Vv1,v9 € V.
it) flav) =af(v),Yv e V,a € K.

Vi du 6.1

a) f(x1;w2;23) = (221 + 22 — 3w3; 21 — 429) 13 Mot anh xa tuyén tinh tit R® dén R2. @
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6.1. DINH NGHIA VA VI DU DHBK TPHCM

b) Phép quay trong khong gian Oxyz quanh truc 0z mot géc 30° nguge chiéu kim dong hod nhin tit huéng
duong ctia truc 0z 1a mot anh xa tuyén tinh tit R® dén R3.

c¢) Tuong tit phép ddi xting, phép chiéu,... qua cac duong thang va mat phang qua gbc toa do 1a nhitng 4nh
xa tuyén tinh tit R dén R3.

Cho E ={ey,e3,...,e,} la tap sinh cia KGVT V va axtt f: V — W.
Gia st ta biét f(e1), f(ea),. .., f(en).

Ve eV :ix=ux1e1 +x2e0 + -+ xne, = f(x) = f(r161 + w262+ -+ + 21€p)

f(x) = f(zre1) + f(xaex) + -+ fxnen) = x1f(e1) + xaf(e2) + - + xpnf(en).

Anh xa tuyén tinh duge xac dinh hoan toan néu biét duge anh clia mot tap sinh ctia V.

Vi du 6.2 Cho dnh za tuyén tinh f : R3 — R?, biét
fL0)=(2-1), f(;1:1)=(12), f(L0;1)=(-1;1)

a) Twm f(3;1;5). b) Tim f(x).

Bai lam

a) Viét (3;1;5) = a(1;1;0) + B(1;1;1) + v(1;0; 1)

a+pB+v=3 o= -2
= qa+p =1 <= {p5=3
o +v=5 v=2

f(1;1;0)+ Bf(1;1;1) +~vf(1;0;1).

f(@) = fa(1;1;0) + B(1; 1;1) +4(1;0;1)) =
1;1) = (—3;10).

= f(3;1;5) = —2(2; -1) + 3(1;2) + 2(—

b) Lam tuong tit nhu trén cho trudng hop tong quat f(z1;xo; x3).
Ta c6 thé lam cach khac bang cach ding phép bién déi dai s6 nhu sau:
0.1 = J05151) S0 150) = (132) (1) = (13
f(0;1;0) = f(1;151) — f(1;051) = (1;2) — (=1;1) = (2;1).
(1 0; 0) (1a 1a0) f(O, 170) (2 _1) ( ) (07 )
f(z1;xe;x3) = 21 f(1;0;0) + 22£(0; 1;0) + ng(O, 0;1) = 21(0; —=2) + 22(2; 1) + x3(—1;3)
( ) (21’2 —x3;—2x1 + a2 + 3:133)

Ghi chi: Ta cé thé diing cac phép bién doi cho anh xa tuyén tinh dé tim anh ctia 3 véc to don vi.
Tuy nhién ta sé gap kho khin tim ra phép bién ddi trong truong hop tdng quat.
Ta c6 thé viét 4nh xa tuyén tinh dudi dang ma tran dé tim anh ciia 3 véc to don vi nhu sau:

e1 | f(er) 1102 -1 10 00 =2
(theo hang) | ex | fles) | = |1 1 1|1 2 [2X% 101 0] 2 1
es | f(es) 1 0 1/-1 1 00 1|{-1 3
Két hop véi ¥ nghia phép nhan ma tran, ta c6 thuat toin sau
Tim axtt cho anh cta co sé
Cho co s6 E = {ey,e2,...,6e,} va 4nh xa tuyén tinh thoa

flex) = fr

bdsc theo hang, tuong ting

Theo hang [ E | F | [ 1| E7'F ]

nhan bén trai véi E—1

Vi du 6.3 Cho f la phép doi ziing qua mdat phing 2z — y + 3z = 0 la dnh za tuyén tinh trong khong gian
Oxyz. Hay tim f(x1;x9;23).
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Bai lam

f bién cip véc to chi phuong thanh chinh né va véc to phap tuyén thanh véc to doi
ar = (1;2;0) : £(1;2;0) = (1;2;0)

ag = (0;3;1) : £(0;3;1) = (0;3;1)

n=(2-13): f(2-1;3) = (=2;1;-3).

Viét dang ma tran

1 2 0[1 2 0 .t/thlFl()o%%*f
Cas10 Tin.
003 110 3 1 |==——> 010z 7 7
2 -1 3|/-2 1 -3 00135 2 22
1
f@) =a1(7:370) + 22(3: 25 7) +o3(F 7 7)) = £ (321 + 222 — 623 201 + 63 + 3uy; —6ay + 3wy — 23)

6.2 Nhan va anh ctia anh xa tuyén tinh

Cho anh xa tuyén tinh f:V — W
Nhan cia f dugc dinh nghia 1a

ker f={z e V: f(z) =0}
Anh duge dinh nghia la

Imf={f(z) e Wz eV}

Dinh ly Cho 4nh xa tuyén tinh f:V — W
e ker f 1a KG con ctia V. o Imf la KG con ctia W.

dim(ker f) + dim(Imf) = dim V'

Vi du 6.4 Cho aztt f : R> — R? théa f(x1;x2;23) = (x1 — T2; 21 + 209 — 23).
Tim co s6 va s6 chiéu cia Imf va ker f.

Bai lam

r1— 29 =0 T = X9
<~
1+ 229 — 23 =0 T3 = 3T9

a) v € Kerf = f(z) =0<= (v1 —z2;21 + 222 — 23) = 0 <= {
= x = (x2;72;3x2) = 22(1;1;3) = ker f =< (151;3) > .
Co s6 cia ker f 1a {(1;1;3)} va dim(ker f) = 1.

b) I'mf gom tét ca cac f(z):
f(x13 203 23) = (21—22; 21+222—23) = 21(1;1)+22(—1;2)+23(0; —1) = Imf =< (1;1),(—1;2), (0; —1) >.
Co sé ctia I'mf 1a {(1;1),(0;3)} va dim(Imf) = 2.
Cach khac
dim(Imf) = dim(R?) — dim(ker f) =3 — 1 =2 = Imf = R%.
Co s6 cia Imf 1a {(1;0),(0;1)}.

Dinh Iy Cho axtt f:V — W

Anh ctia tap sinh 1a tap sinh cta anh:

V =<ere,...,en >=Imf =< f(e1), f(e2),..., f(en) >
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Vi du 6.5 Cho aztt f : R> — R3 biét dnh ciia mot tap sinh
FLLD) =(121),  f(151;2) =(21;-1),  f(121) = (54;-1).
Tim co s6 va so chiéu cia Imf va ker f

a) Theo dinh ly: Imf =< (1;2;1),(2;1;—1),(5;4; —1). >.
Co s6 cia I'mf 1a {(1;2;1),(0;1;1)} va dim(Imf) = 2.

b) E={(1;1;1),(1;1;2),(1;2;1)} 1a tap sinh ctia R.

Viét = x1e1 + z2e2 + x3e3 = f(x) = 21 f(e1) + z2f(e2) + x3f(e3)

f(@) =21(1;2;1) + 22(2;1; —1) + 23(5;4; —1) = (21 + 222 + 5x3; 221 + 22 + 423,21 — T2 — X3)
T1 + 229 + 523 =0 T = —Q

rekerf<= f(z)=0<= (201 +20+423=0 <= < 19=—20
ry—x2—23=0 T3 =«

=z =—a(l;1;) —2a(1;1;2) + a(1;2;1) = «(2; 15 4).

Vay co s6 cua ker f 1a {(2;1;4)} va dim(ker f) = 1.

6.3 Ma tran ctia anh xa tuyén tinh

Ma tran ctia Anh xa tuyén tinh cho axtt f: V — W.
E ={ej,ea,...,ep} lacosGcia V. F={f1, fo,..., fm} 1&a co sé cia W.

Ma tran
<[f(6H1)]F [f(fhz)]F [f(e|7|l)]F>

Agpr =
mXn

goi 12 ma tran ctia 4nh xa tuyén tinh f trong cip co sé E, F.

Cha y: [f(ei)]r = F~" f(ei). Do d6

_(F7'fler) F'fle2) ... F7'f(en) _ p-1
AE,F—< | | | >an_F f(E).

Vi du 6.6 Cho aztt f : R — R? biét f(x1;20;23) = (21 + 209 — 323; 201 + 3).
Tim ma tran cia f trong cdp co sé E = {(1;1;1),(1;0;1),(1;1;0)}, F = {(1;3),(2;5)}.

Bai lam
F151) = 03) = (sl = ()
F1:0:1) = (—2:3) = [£(1;0; )] = (f)).

f(151;0) = (3;2) = [f(1;1;0)]p = <_711>-

6 16 11)

Ma tran can tim 1a Ag p = (_3 _9 7

Cach khac

-1
_ 1 2 0 -2 3 dung casio 6 16 -—-11
App = FH(E) = (3 5> <3 3 2) - <—3 -9 7 )
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Dinh 1y

i) Cho axtt f: V — W. Khi d6 ton tai duy nhat ma tran Ag g
cG m X n sao cho

[f(2)]Fr = Ag rlz]E,
véi B, F 1a 2 co s6 cua V va W tuong tng.

ii) 2. Cho ma tran A = (ajj)mxn trén truong s6 K. Khi d6 ton
tai duy nhat mot anh xa tuyén tinh f : K — K™ thoda

[f(@)]r = Ap.rlz]e.

Chu y:

e Mdi mot anh xa tuyén tinh tit khgian hitu han chiéu vdo KG hitu han chiéu tuong tng duy nhat mot
ma tran va ngudc lai.

e Ta coi 4nh xa tuyén tinh 1a ma tran. Thong thuong khong phan biét hai khai niém nay.

Vi du 6.7 Cho aztt f: R> — R? biét ma tran cia f trong cip co s¢
E={(1;1;1),(1;0;1),(1;1;0)}, F={(1;1),(21)} la Agr = <§ ;’ —43>

a) Twm f(3;1;5). b) Tim f(x).
Bai lam
3 111 3
a) [3;15)]g=E"t[1] =10 1][1]=] 2
) 1 10 ) -2
Dung cong thic [f(z)]r = Ap,rlz]e
3
2 1 -3 14
reusle= (5 5 3) (2 )= (1)
-2
= f(3;1;5) = 14(1;1) — 2(2;1) = (10; 12).
T 1 1 1 xr1 —x1 + X2 + X3
b) [(z1;20;23)p=E ' [z =1 0 1 T9 | = T1 — I
T3 1 1 0 T3 r1 — T3

Dung cong thic [f(z)|r = Ag,rlz]E

ramasr= (21 3 [t ) = (et 5
142, L3JIF = 0 3 4 1 2 B Trx1 — 3xe — 4x3

Ty — X3

= f(z1;29;23) = (—4x1 + 22+ 523)(1;1) — (T2y — 322 —423)(2; 1) = (1021 — 5o — 323; 321 — 229 + X3).

Ma tran trong 1 co sé cho axtt f: V — V.
E ={ej,e9,...,ep} lacosdcua V.
Ma tran anh xa cua f trong cip co sé F, F 1a

Ap =E'f(E).
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Vi du 6.8 Cho axtt f: R3 — R? ¢6 ma tran trong cd sé E = {(1;1;1),(1;0;1),(1;1;0)} la

11 -1
Ap=1(2 3 3
1 2 4
a) Tim f(2;3;—1).
b) Tim co sd va s6 chiéu ciia ker f.
c) Tim co sd va so chiéu cia Imf.
Bai lam
a) Tuong tu vi du trén: f(2;3;—1) = (12;6;2).
I
b) Gia st ¢ = z1e1 + T2e2 + T3esz < [:L‘]E = | x2
L3
11 -1\ [z 21 = 6o
rekerf < f(r)=0<= [f(v)]r = Azl =0~ |2 3 3 2 | =0 <= S 19 = —ba
12 4/ \as 3= a

r=6c(1;1;1) — 5a(1;0;1) + a(151;0) = (25 7; 1)
= ker f =< (2;7;1) >. Co s6 cta ker f 1a {(2;7;1)} va dim(ker f) = 1.

1 1 -1 1 1
o fLLDle=12 3 3 ||0|=[1]=fLL1)=(111)+(150;1) - (1;1;0) = (4;2;3).
1 2 4 0 -1
1
Tuwong tu [f(1;0;1)]p = [ 3 | = £(1;1;1) = (1;1;1) + 3(1;0; 1) + 2(1; 1;0) = (6; 3;4).
2
[F(1;1;0)]g 3 — f(1;1;1) = —(1;1;1) + 3(1;0; 1) + 4(1; 1;0) = (6;3; 2).
4
Imf =< f(1;1;1), f(1;0;1), f(1;1;0) >. Co s cua Imf la {(4;2;3),(0;0;1)}.

Tinh Chéat 6.3 (Mbi lién hé giita 2 ma tran trong co sé khac nhau)

Cho axtt f:V — W.
Cho 2 cos6 cua V la: E = {ey,ea,...,en}, B ={e], e, ... ¢l }.
Cho 2 cos6 cia W la: F = {Fy, fo,...., fu b, F' ={f1, f5,- - -, [L}-
P 1a ma tran chuyén co s6 tit E vao E': [z]g = Plx]g
Q 1a ma tran chuyén co sé tit F vao F':[y]r = Q[y]p
Ta co
[f(2)]F = Ap,rlz]p < QIf (@)]r = AprPla]lp = [f(2)]r = Q' Ap rP.[2]p

Khi d6, Q' Ag pP 1a ma tran clia f trong cap co sé E, F'.
Ta tém tic bang so do sau

E —A L F

P 1 Q
E/ QilAP Fl
Trong trudng hgp déac biet: V = W, E = F, E' = F', ta c6 két qua tuong tu

E —A L E

Pl P
B p-1lAp B
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Vi du 6.9 Cho aztt f: R? — R cho bdi f(x1;20;13) = (21 + 229 — 323; 201 + o2 + 3; 327 — 29 + 273).
Tim ma tran cia f trong co sd E = {(1;1;1),(1;1;0),(1;0;1)}.

Bai lam
1 2 -3
Ma tran ciia f trong cd s§ chinh tic Fy la A= E; ' f(Fo) = f(Eo)= (2 1 1
3 —1 2
1 1 1
Ma tran chuyén co sé tit B sangElaP:Eo_l.E:E: 110
0 1 1
So do
cthe — 2 ctic
Pl P
o P-1ApP B
11 1\ /1 2 =3\ /111 1 -4 -7
Ma tran can tim P! AP =E"'AE=(1 1 0 2 1 1 1 10]=(2 8 10
0 1 1 3 -1 2 01 1 0 —4 -5

Vi du 6.10 Cho aztt f : R? — R® ¢6 ma tran trong co sé E = {(1;2;1),(1;1;2), (1;1;1)} la

10
A=12 1
11

W o =

Tim ma tran cia f trong co sé¢ E' = {(1;2;3),(2;3;5), (5;8;4)}.

Bai lam
So do
E —4 L F
Pl P
B pP-lAp E

Ma tran chuyén co sé tit E sang E' 1a P = E~'E'.
Ma tran ctia f trong co sé E’ 1a

L[ 59 40 —221
P AP = E'EAE'E' = 5 —53 —37 206
-5 —4 23

Vi du 6.11 Cho astt f: R> — R3 ¢6 ma tran trong co sé¢ E = {(1;2;1),(1;1;2),(1;1;1)} la

A:

— N
= = O

1
4
3

Tim ma tran cia f trong co sdé chinh tic F = {(1;0;0), (0;1;0), (0;0; 1)}. T dé suy ra f(z).

Bai lam
So do
cthe —A 4 ctic
Pl P
B P-lAP B

Ma tran chuyén c6 sé tit £ sang F'la P = E~ 1. F = =1,
Ma tran clia f trong cd sé chinh tac 1a

11 1\ /1 0 1\ /1 1 1 N /18 -4 —6
B=Pl'AP=FEAE =12 1 1] (2 1 4|2 1 1 S0 20 -4 -7
121/ \113 \1 21 27 —6 -9

T.5.Dang Van Vinh Trang 58



6.3. MA TRAN CUA ANH XA TUYEN TINH

DHBK TPHCM

= f(z) = (1821 — 4xy — 623; 2021 — 49 — Tx3; 2721 — 629 — 93:3).@

Dinh nghia 6.4 (Hai ma tran déng dang) .
Hai ma tragn vuong A, B goi la dong dang néu ton tai ma tran khd nghich P théa

P~ 'AP = B.

Ménh dé cho axtt f:V — V.
A 1a ma tran cta f trong co sé F.
B la ma tran cta f trong co sG F.
Khi d6 A va B dong dang.
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Chuong 7

Tri riéng - véc to riéng

NoOi dung

1) Tri riéng - véc to riéng ma tran
2) Chéo héa ma tran

3) Chéo héa ma tran déi xitng thuc

4) Tri riéng - véc to riéng anh xa tuyén
tinh

5) Chéo héa anh xa tuyén tinh

7.1 Tri riéng - véc to riéng

Tri riéng - véc to riéng ctia ma tran vuong A.
S6 A goi la tri riéng ciia ma tran A néu ton tai véc to o khac khong
thoa

Ar = \r

Khi dé6, = goi la véc to rieng tng véi tri riéng A ctia ma tran A.

x # 013 VIR clia A néu Az cung phuong véi x.

. (1 6 . (6 (3
Vidu 7.1 Cho A= <5 2> va U = (_5>,v_ (_2>.

. (1 6 6\ _ (—24\_ ,(6\_ , . .. . " _
Taco.Au(5 2) <_5><20> 4(_5) 4u : ula VTR tng v6i TR A = —4.

Av = (é g) (_32> = (If) : khong cung phuong véi x, d6 d6 x khong 1a VTR cia A.

3 4

Vidu 7.2 Cho A= <6 5

>,)\1 = —1,\2 = 3. 586 nao la TR ciia A?

Bai lam
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7.1. TRI RIENG - VEC TO RIENG DHBK TPHCM

a) Xét hé phuong trinh Az = \jz
(3 4) <x1> <a}1) 3r1 +4x0 = —11 41 +4x9 =0 T =
— = -1 — —
6 5 T2 Z2 6x1 + 5xo = —xo 6x1 + 620 =0 Ty = —Q
Nhu vy = = (_O‘a) Lo 0 1a cac VTR tig véi TR A = —1 ciia A.

b) Xét hé phuong trinh Az = Aoz
<3 4) (:E1> <Jj1> 3z1 +4z0 = 321 4x9 =0 1 =0
<~ =3 <~ et
6 5) \x2 T2 621 + Hxo = 329 6x1 + 212 =0 9 =0
Vi hé c6 nghiém duy nhat z = 0 nén A\ = 3 khong phai TR clia ma tran A.
Pinh nghia 7.1 (Cac khai niém co ban)

Gia st \p 1a Tr clia ma tran vuong A <= Jxg # 0: Axg = A\xg <= Axg— Az =0<= (A — \)z = 0.
Vi hé thuan nhat c¢6 nghiém khac khong nén

det(A —AI) =0: goila phuong trinh dic trung cta A.

Da thic P4(\) = det(A — AI) goi la da thic dic trung cia A.

Tim TR-VTR ctia ma tran vudng
Budgc 1) Lap phuong trinh dac trung det(A — A\I) = 0.
Budc 2) Giai phuong trinh dic trung tim tri riéng.

Budc 3) V6i mbi TR Ay, giai he (A — N )z = 0:
Tim VTR ting v6i TR ;.

Dinh nghia 7.2 .

i) Boi dai 50 ctia tri rieng \; la boi nghiém cia \; trong phuong trinh ddc trung.

ii) Khong gian con riéng cia tri riéng \; la khong gian nghiém cia hé (A — \j)z =0, ki hiéu la E),.
ii) Boi hinh hoc cia X\; la so chiéu cia Ey,: BHH = dim(E),).
Dinh 1y 7.3 Cho A la ma tran vuong.

i) Co s6 ciia cic KG con riéng lap thanh mot hé doc lap tuyén tuyén tinh.

ii) 1 < BHH < B@ES cho tat cd cdc tri riéng \;.

Ching minh: Theo déi bai gidng trén 16p.

Vidu 7.3 Cho A= <; ;L) Tim tat cd cic TR, co sd va chiéu cia KG con riéng tuong ing.
Bai lam
Phuong trinh dac trung det(A — A\[) = 0 <= ‘1 ; A 3 f /\‘ =0<= (1-XN)B-)N)—-24=0

A1 = —1 nghiém don: BDS=1
A2 = 5 nghiém don: BDS=1
)\1 = —1, glél hé (A - )\1[)5(5 =0

<:>>\24)\5:0<:>[

=

R B F

T.5.Dang Van Vinh Trang 61



7.1. TRI RIENG - VEC TO RIENG DHBK TPHCM

== (‘j“) =a <_12> Co 86 ctia E_1 1a { <_12> } vi BHH = dim(E_;) = 1.
<

silo] == ()= 0)

)\2:5,giéihé(A—)\21)$:0<:>[2 4

0

Co s6 cta E5 la {(i) } va BHH = dim(E5) = 1.
3
2
1

11
Vidu 7.4 Cho A= 4 2 |. Tim tdt cd cic TR, co sé va chieu ciia KG con riéng tuong ting.
1 3
Bai lam.
Phuong trinh dac trung: det(A — M) =0
3—-x 1 1
= |2 4-1 2 :0<:>(3—)\)‘4_)\ ’ ’+12 2‘ 1‘2 4_)\’:0
1 3= 1 3—-2A 1 1
1 1 3=
= BN =TA+10) + (=22 +4) + (A —=2) =0 < —A3 +10A2 — 28\ +24 =0
A1 = 2 nghiém kép: BDS=2,
| Ay = 6 nghiem don: BDS=1.
A = 2, gidi he
3—2 1 1 x1 11 1]0
A-MDz=0< | 2 4-2 2 | =02 2 2|0
1 1 3—2 T3 11 110
1 0 1 0
< z=a| 0 |+8| 1 |.Cosd Eyla 01,1 va BHH = dim(E,) = 2.
-1 -1 -1 -1
A1 = 6, giai hé
-3 1 110
(A= Xl)z=0<| 2 -2 2|0
1 1 =30
1
Co s6 cta Eg la 2 va BHH = dim(FEg) = 1.
1

Tinh chat cho A la ma tran vuong trén C.
i) Moi ma tran cap n c6 dung n tri rieng tinh ca boi.

ii) Tong cdc TR bing tr(A): téng cdc phan tit trén dudng chéo
chinh.

iii) Tich cdc Tr bang det(A).

iv) Néu \g 1a TR ctia A thi A\ la TR cia A™,Vm € Z+.

) 1
v) Néu )\ # 0 thi i la TR ctia A~1.

Vidu 7.5 Tim tat cd cdc tri riéng ciua ma trgn cap n

11 ... 1
A 11 ... 1
11 1
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Bai lam

Dé thay det(A) =0 nén A ¢c6 TR A = 0.
r(A—0I)=r(A)=1= BHH=n—1= BES>n—1.
gQinTRCﬁaAla)\l:)\2:"':)\7171:0,)\71.
Vidi+X+ -+ o1+ A, =tr(4) =n= X\, =n.

Nhu vay A c6 n—1 TR 0 vd 1 TR bang n.

Pa thic dic trung ma tran cap 3

Pa(N) = =A% +tr(A) — (A11 + Az + Agz)X + det(A).

Tinh da thitc dic trung clia ma tran cap 3 dé sai. Cong thiic trén cho ta tinh da thitc dic trung ma tran
cap 3 don gian hon.

15 —18 -—16
Vidu 7.6 Tim tat cd ca TR, co sé KG con riéng cia A= | 9 —12 -8
4 -4 -6
Bai lam
tr(A)=15—-12—6 = —3,det(A) = 12

—-12 -8 15 —-16 15 —18
A11+A22+A33—‘ ‘ ’

—4 —6| |4 -6 9 —12
Da thite dac trung: P(A) = =A% — 3\ + 4\ + 12.
Suy ra TR: A1 = =3, A0 = =2, A3 = 2.

'—l—‘ ’—40—26—18——4.

[18 —18 160 1

M=-3,gdihe | 9 -9 -8 |0|.Cos6E_31a{ |1
| 4 -4 30| 0
[17 —18 —160 ] 2

Mo=-2gidihe | 9 10 -8 |0 |.Cos6E_lal |1
4 -4 —4 o0 1
13 —18 —16|0 4

M =2gidihe | 9 —14 —8 |0 |.Cos6Exlal (2] 5.
4 -4 810 1

7.2 Chéo héa ma tran

Dinh 1y 7.4 .
Hai ma tran dong dang thi cing da thiic ddc trung.

Chau y:
e 2 ma tran dong dang cung tap tri rieng nhung khong cling véc to riéng.

e 2 ma tran cliing da thitc dic trung thi chua chiac dong dang:

Xem 2 ma tran A = (1 1

1 O) va [ = <(1) (1)> ciing da thic dic trung nhung khong dong dang.

Dinh nghia 7.5 (Ma tran chéo héa dugc) .
Ma tran A goi la chéo héa duge néu A dong dang vdi ma tran chéo.
Tite la ton tai ma tran P khd nghich sao cho P~ 1AP = D la ma tran chéo.

Chu y:
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1 1
e Khong phai ma tran ndo ciing chéo héa duge, vi du nhu A = <0 1>.

e Chéo hoa ma tran A la can tim ma tran P va ma tran chéo D théa P~1AP = D.

e Ta tim ciu tric ma tran P va D nhu saw:

Gia st A dugc chéo hoa bdi ma tran P va D:

MO 0
P:(Jil 1|32 1|3|,1>,D: 0 A
0 0 A
Tacé6 P1AP =D < AP = PD.
0
Lay cot thi k: A.Pk=<]i1 ]iQ ﬁ”) Me | = Moo Py, VE =T, .
0

Diéu nay chiing t6 cac cot Pj, clia ma tran P 1a cac VIR tng véi TR )\ clia ma tran A.
Céac phan tit chéo ctia D 1a cic TR ctia A.

Dinh 1y 7.6 Ma tran vuong A chéo héa duoc khi va chi khi ton tai n VTR doc lap tuyén tinh.

Hé qua
e A c6 n TR phan biét thi chéo héa duge.

e A chéo hoa dugce khi va chi khi BHH=BDS cho tat ca
cac TR.

Dé chéo hoa ma tran A, ta can tim tat ca cidc TR va co s6 KG con riéng

1 3 3
Vidu 7.7 Chéo héa ma tran A= | -3 -5 -3
3 3 1

Bai lam
Da thite dc trung P(A) = —A% — 3A2 + 4. Tri rieng | 1~ 1 (BDS=D)

5= 2 (BDS=2).

A
A
0 0 1
AM=1,gidihe (A-1l)z =0« | -3 —6 —3 0 ] Cosd Fylau; = | —1 ). BHH=1=BDS
3 0 1
Ao = —2, gidihe (A+2)x=0

3 3 310 -1 -1
— | -3 -3 —-3|0|.Cos6FE olaus=|1 |,u3=1 0 | BHH=2=BDS.
3 3 310 0 1
Vay A chéo héa dugc:
1 -1 -1 1 0 0
p=-1 1 o], p=(o -2 o0
1 0 1 0O 0 =2
2 4 3
Vidu 7.8 Chéo héa ma trgn A= | -4 —6 -3
3 3 1
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Bai lam
Da thiic dic trung: P(A) = —A3 — 3\ + 4. Tri riéng Av=1  (BDS=1)

Ay =—2 (BDS=2).

4 4 310
Ay=—2,gidihe | -4 -4 -3|0|.r=2= BHH=dim=3-2=1< BDS.
3 3 310
Vay A khong chéo héa duge.
0 -8 6
Vidu 7.9 Chéo héa A= | -1 -8 7 | va tinh A?013,
1 —14 11

Bai lam
Sinh vién tu tinh TR va VTR. Suy ra

1 1 2 -2 0 0
P=11 23], D=10 2 0
1 3 5 0 0 3
Tac6 P 'AP =D <= A=PDP ' — A’ =PDP'.PDP~ ! = PD?P~ L.
11 2\ /=221 9 0 1 1 -1
Suy ra A28 = pp203p-1 — 1 2 3 0 22013 -2 3 -1
1 35 0 0 32013 1 -2 1
5 0 0 0
. L 10 5 0 0 Y m
Vidu 7.10 Chéo hoa A = 1 4 —3 o |ve tinh A™.
-1 -2 0 =3
Sinh vién lam tuwong tu vi du trén.
2 1 1
Vidu 7.11 Tim ma tran vuong c6 TR la2,—3,1 va c6 VIR tuong inglavy = | 1] ,09=|2|,v3= |1
1 1 1
Bai lam
A dugc chéo hda bdi ma tran P va D nhu sau
2 1 1 2 0 0
P=|(1 2 1|,D=|0 -3 0
1 11 0 0 1

Suy ra ma tran A can tim A = PDP~1L,

7.3 Chéo héa ma tran dbi xing thiyc béi ma tran truc giao

Dinh nghia
i) Ma tran vuong thic A goi la déi xitng thye néu AT = A.
ii) Ma tran vuong P goi la truc giao néu P~ = PT.

iii) Ma tran A goi 1a chéo hoéa tryc giao duge néu ton tai ma tran
tryc giao P va ma tran chéo D thoa

A=P'DP=PI'DP

Cau tric ma tran tryc giao
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Hé qua Ma tran vuong A 1a triic giao néu cac cot clia
A tao thanh 1 co sé truc chuan.

Dinh 1y. cho A 14 ma tran déi xiing thiye. Khi do
i) Tri rieng A la nhiing s6 thuyc.
ii) Cac VIR tng vé6i cac TR khéc nhau thi vuong goc.

iii) A luon chéo hoa tryc giao duge.

Moi ma tran chéo hoéa triyc giao duge 1a ma tran déi xing.

Cac buéc chéo héa truc giao ma tran déi xing thuc
Buéc 1 Lap phuong trinh dic trung. Giéi tim tri riéng.
Budc 2 Tim co s6 TRUC CHUAN ciia cac KG con riéng.

Buéc 3 Thanh 1ap ma tran P va D.

Chu y:
e Ma tran doi xitng thic luon chéo héa duge nén khong can xac dinh BHH va BDS.

e Dé tim co sé tryc chuan ctia mot khong gian con riéng nao dé ta chon mot co sd tiy ¥ rdi diing qua
trinh Gram — Schmidt (néu can).

3 -2 4
Vidu 7.12 Chéo héa tric giao ma tran A= | -2 6 2
4 2 3
Bai lam
Da thitc dic trung P(A\) = —A3 4+ 1202 — 21\ — 98. Tri riéng: \; = —2, Ay = T.
2) 2
AM=-2.CosdE_lavy=| 1 |.Cosétruc chuan f; = g ) .
=2
9 =2
1 —1
M =7.Cos6FErlavo=[0]|,v3= 2 |. Tim co s6 truc chuan bing Gram-Schmidt:
1 0
1
1 e
ego=vy= 1|0 —— f2 = 0
1
1 V2
-1
-1 1 -1 T
(v3,€2) —1 4
=3 — =l2|-=lo|l==x|4]|=r=|%
e3 = v3 (62762)62 : 2 | 2\ f3 VIS
V18

Co 88 tryc chuan ctia By 1a {fa, f3}.
Vay ma tran tryc giao P va ma tran chéo D la

—1

2 1
f o 20 ¢
pPp=135 0 73 | D=0 70
=2 1 1 O 0 7
3 V2 VI8
2 -1 -1
Vi du 7.13 Hay chéo héa ma tran doi zing thuc A= | -1 2 -1
-1 -1 2
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Sinh vién lam tuong ti. Két qua

1 1 1

T 000
P=\"%5 5 ~% |- D=0 30

) 2 00 3

V3 V6

Vi du 7.14 Tim ma tran doi zitng thuc cé 3 tri rieng lan luot la 2, —2, 1

Huéng dan
2 0 0
Thanh lap matran D= [0 —-2 0
0 0 1

Thanh 1ap ma tran P bang cach chon co sé (khac chéo ) tuy ¥, vi du nhu F = {(1;0;1), (1;1;1),(1;0;0)}.
Tryc chuan E bing Gram-Schmidt. Lap P tit cac véc to cd sd tryc chuan.
Khi d6, ma tran A can tim 1l A = PDPT.

7.4 Tri riéng - véc td riéng ctia Anh xa tuyén tinh

Dinh nghia 7.7 Cho KGVTV trén truong so6 K va axtt f : V — V.
S6 X\ goi la TR ciia f néu ton tai véc to x # 0 théa
f(z) = Az
Khi dé, x goi la VTR idng vdi TR A ciia ma tran A.
Chu y: z # 012 VTR ctia f néu z va f(z) cung phuong.

Trong chuong trudc, xem anh xa tuyén tinh nhu mot ma tran: TR va VIR clia axtt giong nhu TR va VTR
ma tran.

Vi du 7.15 Cho axtt f la phép chiéu vuong géc zudng mat phing x —y+ 2z = 0. Tim TR va VTR cia f.
Bai lam

Véc to phap tuyén n = (1;—1;2) = f(n) = 0.n: n 1a VIR tng véi TR A\; = 0.

f(al) = 1.a1

Cip véc to chi phuong a1 = (1;1;0),a2 = (2;0; —1) =
flaz2) = l.az

Vay ai,a2 1a 2 VIR tng véi TR Ao = 1.
Vi f: R® — R3 nén khong con véc td rieng nao khac.

Cho FE la co s6 cia KGVT V trén K. Axtt f: V — V.
Goi A 1a ma tran cta f trén trong co sé E.
gid st A\g 1a TR cia f: Jzg # 0 va f(xg) = Axg.

= [f(z0)|E = Xo[zolE <= Alzo]r = Molzo]E-

Suy ra [zo]g 1a VTR tng v6i TR A\p clia ma tran A.

Tri riéng - véc to riéng ctia anh xa tuyén tinh
Cho A la ma tran cla axtt f: V — V trong co s6 E.

i) Tri rieng A cing la TR cta f va ngugc lai.

ii) o 1a VTR ctia A tng véi TR Ag thi véc to x sao cho [z]g = z¢ 1a
VTR cua f ung véi TR Ag:

z=F.xg
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Chu ¥
e TR clia axtt v ma tran giéng nhau.
e VTR ctia axtt va ma trén nhin chung khéc nhau.
e Néu F la co s6 chinh tac thi VTR clia ma tran va axtt giong nhau.
Vi du 7.16 Cho dnh za tuyén tinh f : Rz — Rg, biét
f(x) = f(x1,22,23) = (b1 — 1029 — b3, 221 + 14xo + 223, —421 — 819 + 623).

Tim tri riéng, véc-to riéng cia dnh wa tuyén tinh f.

Bai lam
5 —-10 -5
Chon E la co sd chinh tac. Ma tran ctia f trong Ela A= | 2 14 2
-4 -8 6
Tim TR cta A: Ay = 5, Ay = 10.
5
A1 =5. Véctorieng vy = | =2 | a, 0 # 0.
4
—2a -
Ay = 10. Véc to riéng vg = @ ;a2 4+ 52> 0.

g
Vi E la co s6 chinh tic nén TR-VTR ciia A ciing 1 TR-VTR ctia f.

Vi du 7.17 Cho dnh za tuyén tinh f : Rz — Rg, biét
F511) = (251;3), £(1;0;1) = (65 3;5), f(1;1;0) = (=25 —1; =3).
Tim TR-VTR cia axtt f.

Bai lam
Chon co s6 E = {(1;1;1),(1;0;1),(1;1;0)}. Ma tran cta f trong co sé E la
111 2 6 -2 2 2 =2
A=E'f(E)=110 1|1 3 -1]=[1 3 -1
1 10 3 5 =3 -1 1 1

Tim TR cia A: \; =0, A2 = 2, A3 = 4. Day cling 1a TR cia axtt f.
o

AM=0= VIRciaAlaxz=10],a#0.
e

Véc to riéng cta f tng v6i TR Ap 1a

1 1 1 « 200
n=FEzx=|[1 0 1 0Ol =(2a],a#0
1 10 o' a
Tuwong tu cho tri riéng Ao va As:
2x 2
v=[a |, vs3= a],a#0
« 2

Vi du 7.18 Cho aztt f : R? — R® ¢6 ma tran trong co sé E = {(1;1;1),(1;1;2), (1;2;1)} la

2 -2 -1
A=[-2 -1 —2
14 25 14

Tim TR-VTR cia f.
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Bai lam
TR cia A la Ay = 3, A2 = 6. Day cung la TR cuaa f.
o
M=3= VITRciaAlau = | —-a|,a#0.
o
VTR cta f ing véi TR A; la
1 1 1 « «
v=Fu =111 2 —a| =|2a],a#0.
1 2 1 « 0
da
Tuong tu cho tri riéng Ag : vo = | 13a | ,a # 0.
3a

Vidu 7.19 Cho axtt f : R — R3 biét f ¢6 3 TR 162,1,0 va 3 VTR tuong ing la (1;1;1), (1;2; 1), (15 15 2).
Bai giai

Theo gia thiét ta co:

fL11) =2(151;1) = (252;2), f(1;2;1) = 1.(1;2;1), f(1;152) = 0.(1;1;2) = 0.

Twu day suy ra f(z).

7.5 Chéo héa anh xa tuyén tinh

Dinh nghia 7.8 Auxtt f : V — V goi la chéo héa duge néu ton tai co s6 B sao cho ma tran cia f trong
co sé nay la ma tran chéo.

Chéo

Dinh 1y 7.9 Aztt f:V — V chéo héa dugc khi va chi khi f c6 n véc to rieng doc lap tuyén tinh.
Khi dé co sé B gom cdc véc to riéng.

Cac budc chéo héa anh xa tuyén tinh:

Buégce 1) Chon 1 co 86 E cia KGVT V. Tim ma tran A cua f trong co s6 E.
Budc 2) Chéo héa ma tran A (néu duge).

Budc 3) Két luan:

i) Néu A chéo hoa duge thi f chéo hoa duge va ngugce lai

ii) Két luan: Gia sit A chéo héa duge bdi ma tran P va ma tran chéo D:
Co sé B gom cac VTR clia f va ma tran chéo can tim 1a D

Vi du 7.20 Cho astt f: R? — R3 biét f(x) = (2x1 — 229 — 3; —221 — 1wy — 223; 1421 + 2520 + 1423).
Chéo héa f (néu dugc).

Bai lam
2 =2 -1
Ma tran clia f trong cd s6 chinh tdic A = | -2 -1 —2
14 25 14
TR ciia A 1a A = 3, A = 6(BES = 2).
-1
M=06=—=VIRcltaAlavy=|-2|a: BHH =1 < BES.
8

A khong chéo héa duge do d6 f ciing khong chéo hoa dugce.
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Vidu 7.21 Cho aztt f: R3 — Rg, biét
FL11) = (1;-79), f(1;0:1) = (=7;4;—15), f(1; 1;0) = (=75 15 —12).
Chéo héa f (néu dugc).

Bai lam
Ma tran cua f trong co s6 E = {(1;1;1),(1;0;1),(1;1;0)} 1a

-1

1 11 1 -7 =7 1 -4 -4
A=E'f(F)=[1 0 1 -7 4 1 |=( 8 -11 -8
110 9 -—-156 -—-12 -8 8 )
1
Phuong trinh dic trung —A3—5\2—3A4+9 =0 —(A-1)(AM4+3)2=0Véi\y =1=u1 = | 2 |a,a#0.
-2
Co 86 Ep cta f ing v6i TR Ap 1a
11 1 1 1
vl = Eul == 1 0 1 == -1
110 -2 3
1 1
AM=-3.Cos6F _gciaAla{us=|1],u3=1{0
0 1
Cao s6 F_3 cua f ing v6i TR A 1a
2 2
’UQZEUQ: 1 ,’UgZEu?,: 2
2 1

Vay co s6 can tim la B = {(1,-1,3),(2,1,2),(2,2,1)} vd ma tran cta axtt f trong co sé B la

1 0 0
D=0 -3 0
0 0 =3
Bai tap
Cau 1) Chéo hoa cac ma tran sau (néu dugc):
-1 4 -2 2 2 -1 7T 4 16
a) A=1-3 4 0], c) A=|1 3 -1}/, e) A= 2 5 8|,
-3 1 3 1 -1 0 -2 -2 =5
TR:1,2,3 TR:0,1,4. TR:3,1
42 2 40 —2 0 -4 —6
by A=[2 4 2], d) A=[2 5 4], flA=[-1 0 -3],
2 2 4 0 0 5 1 2 )
TR :2,8. TR :5,4. TR:2,1.

Cau 2) Chitng minh rang néu A chéo héa va kha nghich thi A-1 ciing chéo héa va khé nghich.

Cau 3) Chiing t6 néu ma tran vuong A cap n ¢6 n VTR doc lap tuyén tinh thi ma tran AT ciing ¢c6 n VTR
doc lap tuyén tinh.

Cau 4) Chitng t6 néu B dong dang véi A va A chéo héa duge thi B ciing chéo héa dugc.

Cau 5) Cho anh xa tuyén tinh f: R? — R2. f(x1;22) = (21 + 2w2; 221 + 4a3).
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Tim co s6 va s6 chiéu ctia imf va kerf.
Tim tat cd cdc TR va VIR clia f.
Chéo héa f (néu dugc).

Tinh A,

(a)

(b)

(c)

(d)

Cau 6) Cho axtt f: R® — R3. E = {e; = (1;1;0);e2 = (2;1;1);e3 = (1;0;2)} 1 co s¢ ctia R3. f(e1) =
(0;0;4), fle2) = (1;3;8), f(e3) = (3;5;6)}.

(a) Tim f(x), co s va s6 chiéu clia nhan va anh.

(b)

(c)

(d) Chéo hoéa f (néu dugce).

Tim tat ca cdc TR va véc to riéng cia f.

Tim ma tran B sao cho B? = Ag,.
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Chuong 8

Dang toan phuong

Noi dung
e Dinh nghia dang toan phuong
e Dua dang toan phuong vé dang chinh tic

e Phan loai dang toan phuong

8.1 Dinh nghia
Dinh nghia 8.1 Dang toan phuong trong R™ la mot ham thuc f : R™ — R,
Vo = (z1,22,... ,xn)T eR": f(z) = 2T Az,
trong dé A la ma tran doi ziing thuc va duge goi la ma tran cia dang toan phuong (trong co sé chinh tdc).

Vidu 8.1

Cho x = <i1> LA = < 23 _43> Ma tran ciia dang toan phuong trong R? 1a
) _

2l Az = (;131 xg) <_23 43> <i;> = 2x% — 6z122 + 43:%.

Dang toan phuong trong R? thudng duge ghi & dang
f(x) = f(z1, 22, 23) = Am% + Bw% + C’x% +2Dx 20 +2FE 11203 + 2F 2923,

Ma tran ctia dang toan phuong lic nay 14 ma tran doi xing

A D FE
M=\ D B F
E F C

Vi du 8.2 Cho dang toan phuong trong R3 : f(z) = 222 — 323 + 423 — 22129 + 62173.

2 -1 3
Ma tran ctia dang toan phuong la A= | —1 —3 0 |. D& dang kiém tra f(z) = 27 Ax.
3 0 4
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8.2 PDPua dang toan phuong vé dang chinh tic

Cho dang toan phuong f(z) = 27 Az, € R,.

A 1a ma tran doéi xitng thiyc nén chéo héa duge bdi ma tran tric giao P va ma tran chéo D: A = PDPT.
Khi d6 f(z) = 2T Ax = 2T PDP Tz = (PT2)T.D.(PTx).

bit y = PTx < 2 = Py, ta dudc

F=y"Dy=My2 + M2 + -+ A2

Dang toan phuong y” Dy goi la dang chinh tic cia
dang toan phuong =7 Ax.

Dang toan phuong f(z) = 2! Az luon dua duge vé dang chinh tac
f = y" Dy bang cach chéo héa tric giao ma tran A.

Phép bién déi x = Py nhu trén goi la phép bién doi truc giao.

Thuat toan phép bién déi truc giao:
Buéc 1: Viét ma tran A ctia dang toan phuong (trong co s6 chinh tic).
Buéc 2: Chéo héa A bbi ma tran tryc giao P v ma tran chéo D.

Budc 3: Két luan: dang chinh tic can tim 1a f = y” Dy.
Phép bién déi can tim x = Py.

Vi du 8.3 Dua dang toan phuong
f(x1,m9,x3) = —4x129 — 421203 + 31:% — 2x9x3 + 33@%

ve dang chinh tdc bing phép bién doi truc giao. Néu 16 phép bién doi.

Bai lam
0 -2 -2
Ma tran ctia dang toan phuong A=| -2 3 -1
-2 -1 3
2
@
Vé6i )\1 = *2, ta co P*l = %
1
V6
_ 1 _2
Véi)\2:)‘3:4)taCéP*2: % 7P*3_ _ﬁ
0 i
2 1 2
Do d6 ma tran tryc giao P = % 5 _ﬁ
1
oV Tm

Dang chinh tic f = —2¢? + 4y3 + 4y2 va phép bién ddi tuong ting = = py.

Dinh nghia 8.2 Phép bién doi x = Py goi la phép bién doi khong suy bién néu P la ma tran khong suy
bién.
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Thuat toan Lagrange

Budc 1) Chon 1 s6 hang 2% ¢6 hé s6 khéc khong.
Lap thanh 2 nhém: 1 nhém gom tat cd cac s6 hang chita xy,
nhém con lai khong chita .

Buéc 2) Trong nhém dau tien: lap thanh tdng binh phuong.
Nhu vay, ta sé duge 1 tong binh phuong va 1 dang toan phuong
khong chia zy.

Budc 3) St dung bude 1, 2 cho dang toan phuong khong chita xy.

Chu y: Néu trong dang toan phuong khong c6 sé hang z7, thi ta chon s6 hang z;.x; c6 he s6 khac 0. Ddi
bién

Ti=Yi +Yj

T =Y — Y

Vi du 8.4 Dua dang toan phuong f(x1,x2,x3) = m% + 2x§ - 73:% — 4x129 + 83123 vE dang chinh tdc bing
phuong phdp Lagrange.

f(z) = [2% — 41 (29 — 223)] + [223 — 723

= [22 — 421 (23 — 223) + 4(z2 — 223)%] —4(2g — 223) + 222 — 71‘% = (71 — 229 + 4a3)? — 223 + 163273 — 2333:2),
Lam tuong ti cho phan khong chita z1:

—22% + 162923 — 2323 = —2(23 — 8oz + 1623) + 923 = —2(w2 — 4a3)? + 923.

= f(z) = (11 — 229 + 423)?—2(29 — 423)% + 922.

y1 = x1 — 222+ 4x3 1 =y1+ 2y2+ 4ys
Y2 = x2 —4x3 —q Z2= Yo+ 4ys
Yys = I3 xr3 = Y3

Dang chinh tic can tim 1a f(z) = g(y) = y? — 2y3 + 9y3.

Vi du 8.5 Dua dang toan phuong f(x) = 23 + 4x129 + 41173 + 473 + 167923 + 423 vé dang chinh tdc bing

thudat toan Lagrange.

Bai lam

f(z) = [27 + 421 (22 + 23)] + 423 + 162223 + 423

= (71 + 229 + 223)% — 4(22 + 73)% + 423 + 162073 + 43:% = (z1 + 229 + 213)? + 8z2x3. Phan con lai khong
T1 + 2z + 223 = Y1 1 =y1 +4y2

6 s6 hang binh phuong, ta dat < zo = yo + 3 To = Y2+ Y3
r3=Y2— Y3 r3=1Y2— Y3

Dang chinh tic can tim 1a f = 3% + 8y3 — 8y3
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8.3 Phan loai dang toan phuong

Phan loai dang toan phuong . Dang toan phuong f(z) = 27 Az duge
goi 1a

e xac dinh duong, néu Vo # 0: f(z) > 0.

e xdc dinh am, néu Vo # 0 : f(x) < 0.

e niia xac dinh duong, néu Va : f(z) > 0,3z¢ # 0 : f(zo) = 0.
e niia xac dinh am, néu Vo : f(z) < 0,3z # 0: f(z) = 0.

e khong xac dinh dau, néu Jxy,zs : f(x1) <0, f(z2) > 0.

Vi du 8.6 Phan logi dang toan phuong f(z) = x% + 5$% + 4$§ —4x120 — 2T923.

Diing thuat toan Lagrange: f(z) = (z1 — 222)? + (22 — x3)* + 323 > 0
Tr1 — 2:132 =0
flz) =0« ro—23=0 ©z=0.
xr3 = 0
Vay f(x) la dang toan phuong xac dinh duong.

Tinh chat Cho dang toan phuong & dang chinh tic

F=Myi+Xoys + .o+ Ayl

Néu A\, > 0,Vk thi f xac dinh duong.

Néu )\ < 0,Vk thi f x4c dinh am.

Néu A\, > 0,Vk,3)\; = 0 thi f nita xac dinh duong.

Néu A\, < 0,Vk,3)\; = 0 thi f nita xac dinh am.

e Néu3\; >0,); <0,i#j thi f khong xac dinh dau.

Dinh nghia 8.3 Gid st dang toan phuong dua vé chinh tdic dugc:
F=Myd+ X0y + -+ Ay

S6 cdc hé so duong duge goi la chi s6 duong qudan tinh.
S6 cac hé so am duoc goi la chi so am qudn tinh.

Luat quan tinh Chi s6 duong quan tinh, chi s6 am quan tinh clia
dang toan phuong 1a nhitng dai luong bat bién khong phu thuoc
vao cach dua dang toan phuong vé dang chinh tac.

Dinh nghia 8.4 (Dinh thic con chinh) .Cho ma tran vuong A.

Tét cd cac dinh thitc con tao nén doc theo duong chéo chinh duge goi la dinh thitc con chinh cip 1,2,...,n.
ai; a2 a3 ... Qip
az] az2 a3 ... Q2
A= a3y as2 a3z ... Aa3zp
anl Qp2 ap3 ... Qapp
a1 ay ailr aiz a3
Céac dinh thic con chinh Ay = |aj1], Ay = ,Ag = |ag1 agy aggl,..., A, =det(A).
a1 a2

az1 as2 as3
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Tiéu chuan Sylvester Cho dang toan phuong f(z) = 27 Ax
i) f(z) xac dinh duong khi va chi khi A; > 0,Vi=1,2,...,n.

ii) f(zx) x4c dinh am khi va chi khi (—1)’A; > 0,Vi =1,2,...,n.

Vi du 8.7 Phan logi dang toan phuong f(x) = 5:5% + a:% + 5:1:% + 4x1x9 — 8r1x3 — 4T3,

Bai lam
5 2 -4
Ta ¢6 ma tran cua dang toan phuong f la A = 2 1 =2
—4 -2 5
5 9 5 2 -4
ViA;=5>0,A: = =1>0,A3=| 2 1 -=-2|=1>0.
21 -4 -2 5

Vay f xac dinh duong theo tiéu chuan Sylvester.

Vi du 8.8 Cho dang toan phuong f(x) = —5x? — 23 — m$§ —4dx1x9 + 22123 + 20973,
Vai gia tri nao cia m thi dang toan phuong f xdc dinh am.

Bai lam
-5 -2 1
Ma tran cta dang toan phuwong fla A= -2 -1 1
1 1 —-m
s -5 -2 1
A1:—5<0,A2:' ’:1>0,A3: -2 -1 1 =—-m+ 2.
-2 -1
1 1 —m
f xac dinh am khi va chi khi
Aq <0,
Ay >0, <= -m+2<0<=m>2.
Ag <0

Vi du 8.9 Tim m dé dang toan phuong sau khong xdc dinh dau
f(z) = 22 + 523 + ma3 — da 29 + 62123 + 2203

Bai lam
f(@) = (23 — dw122 + 63123) + Baj + mx% + 2z913

= (w1 — 229 + 323)? + 23 + 1daozs + (m — 9)23 = (21 — 222 + 323)? + (w2 + Ta3)? + (m — 58)a3.
f(z) khong xac dinh dau khi va chi khi ¢6 it nhat mot hée s6 am va mot hé s6 duong <= m < 58.
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Pé 6n tap - 1

2 21 3 1
Caul) Chohaimatran A=| 2 5 3 | vaB=| -1 2
2 3 5 2 6

. Tim ma tran X théa AX — X = BT

[GUREN )

Cau 2) Trong Ry cho khong gian con U =< (1,1,2,2),(2,-1,1,0) >,z = (1,2,3,1).

(a) Tim co sG va s6 chieu U+,

(b) Tim hinh chiéu ctia z xuéng U+.
Cau 3) Trong R4 cho 2 khong gian con
U=<(1,1,-2,1),(1,2,1,0) >

V- T, + 229 +3x3 — bz =0
' 201 — a0+ 223+ 24 =0

(a) Tim co s& va s6 chiéu cia UNV.

(b) Tim co s6 va s6 chiéu ctia U + V.

Cau 4) Trong Ry : © = (x1,22),y = (y1,y2). Xét tich vo hudng (z,y) = 2z1y1 + 2x1y2 + 2x2y1 + 3T2y2.
Tinh khoang céach gita 2 vécto u,v véi u = (2,—1),v = (1, 3).

Cau 5) Cho anh xa f : R® — R3 biét ma tran ctia f trong cd s6 E = {(1,1,0),(1,0,1),(1,1,1)} la

1 -2 1
A= 3 2 0 |.Tim f(4,3,6)
-1 3 4

Cau 6) Cho ma tran cap 3

0o 2 2
A= -1 -3 -2
1 5 4

Tim mot ma tran B € M3(R) sao cho B3 = A.

Pé 6n s6 2
1 -1 0 -2 3 —6

Caul) ChoA=|-1 2 1|,B=|1 -2 5 |.Tim ma tran X théa 3] + AX = BT,
3 -31 3 0 7

Cau 2) Tim tat ca cac nghiém ciia hé phuong trinh

21 4+ 3w + 223 + x4 = —1
1 +2r2+x24=0
T1+xo+ T3+ T4 =3

vudng goc véi véc to u = (1;1;1;0).

Cau 3) Trong R?, cho 2 khong gian con F =< (1;2;1;1);(2;3; —1;2) >, G =< (=3;1;2;1),(=5;10;7;7) >.
Tim co sé va s chiéu ctia F N G.

Cau 4) Trong R3, cho tich vo hudng
(z,y) = 3x1y1 + 2x1y2 + 2x2y1 + Dx2y2 + 23y3, x = (21, T2, 23),y = (Y1, Y2, Y3)

va khong gian con F' =< (1;—1;2) >. Tim hinh chiéu clia véc to z = (2;0;1) xubng F.
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Cau 5) Cho 4nh xa tuyén tinh f: R? — R3 théa
F(152:1) = (2, -153), (253, 0) = (=3;2;5), f(153; 2) = (5, =3; —2).

(a) Tim co s& va s6 chiéu cia ker f va Sf.
(b) Tim ma tran cta f trong co sé E = {(1;2;1),(2;3;0),(1;3;2)}.

2 —4 b -1
v6i a, b vita tim dugc.

3 -2 3 1
Cau 6) Cho ma tran A = (1 a 3) VA r = (1) . Tim a,b dé x 1a véc rieng ctia A. Chéo hoa A

2. (a) Cosdcia Ut la {(—1;-1;1;0),(—2; —4;0;3)}.

(b) Pro.(z) = - (0:2:2 -3).

17

3. (a) Cos6U+V l1a{(1;1;-2;1),(0;1;3;—1),(0;0; —9;5)}
(b) Coss UNV 1a{(2;3;-1;1)}.

4. d(u,v) = v/34.

5. f(4;3:6) = (22;26;21)

-1

0o 1 1 -10 0 0o 1 1
6. B=|-1 -1 -1 0 0 0 -1 -1 -1
1 1 2 0 0 V2 1 1 2
Pbé 2
—-16 —5 11
1. X=|-11 -6 8
9 2 -5

2. x=(-1;0;1;2)a,Vax € R.

3. Cos6 FNG la{(47;1;4)}.
4. Hinh chiéu 1a %(1; —1;2).
5. (a) Cosécta Sf la {(2;—1;3),(0,1,19)}. Co s6 cta ker f 1a {(48;76;9)}.

25 11 36
(b) Ma tran ctia f trongcos6 Ela | -6 0  —6 |.
-1 8 -19

-2 0 O 2 3 -1
6.a=0b=4.D=10 -2 0|,P=[1 0 1.
o 0 7 0 -1 -2
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