
CHAPTER 5 (CHÖÔNG 5) 

PLANAR FLEXURE (UOÁN PHAÚNG)

PGS. TS. Buøi Coâng Thaønh

KHOA KYÕ THUAÄT XAÂY DÖÏNG
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I/ INTRODUCTION (GIÔÙI THIEÄU)

 Notion (Khaùi nieäm):

 Pure bending when only one internal 

bending moment (chæ coù 1 t/p momen 

uoán noäi löïc)
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I/ INTRODUCTION (GIÔÙI THIEÄU)

 Planar Flexure (Uoán phaúng): when all 

internal forces are in the same plane 

containing the beam axis 
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I/ INTRODUCTION (GIÔÙI THIEÄU)

 Hypotheses (Giaû thieát)

 The section has at least one symmetric 

-al axis (Tieát dieän coù it nhaát 1 truïc ñoái 

xöùng)

 The external moments are acting in 

the symmetrical plane containing the 

bar axis (Momen ngoaïi taùc duïng trong 

maët phaúng ñoái xöùng chöùa truïc thanh)
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II/ PURE BENDING (UOÁN THUAÀN 

TUÙY) (cont.)

 Test (Thí nghieäm)

 After deformation, the bar axis is bent (Sau 

bieán daïng, truïc thanh bò uoán cong)

 Right angles are conserved (Goùc vuoâng vaãn 

baûo toaøn)  no angular strain (0 bieán daïng 

goùc

 Töø thôù chòu keùo  neùn: thôù trung hoøa 

(neutral axis)

Löôùi oâ vuoâng
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II/ PURE BENDING (UOÁN THUAÀN TUÙY)  

HYPOTHESES (GIAÛ THIEÁT TÍNH TOAÙN ):

 Bernoullii hypothesis:  cross-sections are 

plane and orthogonal to axis

 Hypothesis on longitudinal fibers: 

 Hypothesis on materials: linearly elastic

 Only normal stress along its axis 
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II/ PURE BENDING (UOÁN THUAÀN TUÙY) 

(cont.) – Normal Stress (ö/s phaùp)

 FORMULATION OF NORMAL STRESS

 Normal Strain (Bieán daïng doïc truïc )
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II/ PURE BENDING (UOÁN THUAÀN TUÙY) 

(cont.) – Normal Stress (ö/s phaùp) (cont.)

 Stress-Strain Relation (Quan heä öùng 

suaát- bieán daïng ): 

s  E  (b)

 Stress - Internal Forces Relations:
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 – neutral fiber radius (bk thôù trung hoøa)
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II/ PURE BENDING (UOÁN THUAÀN TUÙY) 

(cont.) – Normal Stress (ö/s phaùp) (cont.)

 ÖÙng suaát phaùp (Normal Stress)

 With (vôùi)
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II/ PURE BENDING (UOÁN THUAÀN TUÙY) 

(cont.) – Normal Stress (ö/s phaùp) (cont.)

 Tieát dieän coù 2 truïc ñoái xöùng (Biaxial 

symmetry section):

k n G x
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– elastic section modulus (suaát tieát 

dieän ñaøn hoài hay momen choáng uoán)
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II/ PURE BENDING (UOÁN THUAÀN TUÙY) 

(cont.) – Normal Stress (ö/s phaùp) (cont.)

 Elastic section modulus of some sections

(Suaát tieát dieän cuûa moät soá m/c ngang)

 Rectangular cross section (M/c chöõ 

nhaät)

 Circular cross section (M/c ngang 

hình troøn)
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) 
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Notions (Khaùi nieäm)

 Internal forces (Noäi löïc): M
x
, Q
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 Sign convention (Quy öôùc daáu):
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) – SHEAR STRESSES (Ö/S TIEÁP)

Shear Stresses associated with the 

shear force (Ö/s tieáp trong daàm)
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) – SHEAR STRESSES (Ö/S TIEÁP)

 Hypotheses (Giaû thieát):

The shear stresses t // shear force Q
y

(Ö/s tieáp t // löïc caét Q)

The distribution of shear stresses is 

uniform across the width of the beam

(Ö/s tieáp phaân boá ñeàu treân beà roäng)
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) – SHEAR STRESSES (Ö/S TIEÁP)
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(a) Side view of beam 

(Nhìn maët beân cuûa daàm)

(b) Cross section 

(Maët caét ngang)

(c) Shear stresses 

(ÖÙ/s tieáp)

Fig.     Shear stresses in a beam of rectangular 

cross section
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) – SHEAR STRESSES (Ö/S TIEÁP)

 Formulation (Thieát laäp coâng thöùc)

Consider the equilibrium of an element 

pp
1
n

1
n (Xeùt caân baèng phaàn töû pp

1
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1
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On face pn:
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III/ PLANAR FLEXURE OF BEAM (UOÁN 

PHAÚNG) – SHEAR STRESSES (Ö/S TIEÁP)

Equilibrium equation  in z direction:

(P/t caân baèng theo phöông z)

F
3

= F
2

– F
1
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x x x

A A

G x G x
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III/ PLANAR FLEXURE OF BEAM  –

SHEAR STRESSES (Ö/S TIEÁP) (tt)

2
1

c 2

x 1 1 1

h

y
h b h

2
S b y y y

2 2 2 4

 


    
        

    
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8 I 2 A
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 Beams of rectangular cross section
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III/ PLANAR FLEXURE OF BEAM  –

SHEAR STRESSES (Ö/S TIEÁP) (tt)

y

m a x

2

w ith           

Q4

A

r

3

A  =  t 

t
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r

 Beams of circular cross section
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4
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S S

3


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The largest shear stresses 

occur at the neutral axis
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III/ PLANAR FLEXURE OF BEAM  –

SHEAR STRESSES (Ö/S TIEÁP) (tt)

 
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I b 3 A r

w i th            

r

r r  A  
 

t  


 Beams of hollow circular cross section

It’s assumed that the shear stresses 

along the neutral axis  // y-axis

and uniformly distributed
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III/ PLANAR FLEXURE OF BEAM  –

SHEAR STRESSES (Ö/S TIEÁP) (tt)

 Shear stresses in the webs of beams with 

flanges (Ö/s tieáp ôû  thaân caùc daàm coù 

caùnh)

h

t
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h
1
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h
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y

yx
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III/ PLANAR FLEXURE OF BEAM  –

SHEAR STRESSES (Ö/S TIEÁP) (tt)
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   
c 2 2 2 2

x 1 1

b t

S h h h 4 y

8 8

   

Shear stress at a point at a distance y
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EXAMPLE 1: Calculate stresses

Calculate the maximum tensile and compres-

sive stresses (Tính öù/s keùo vaø neùn lôùn nhaát)?

3,0 m 1,5 m

q = 3,0 kN/m

A
B

C

b = 300mm

d
 =

 8
0
m

m

t = 12mm

c
1

c
2N.A

y
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EXAMPLE 1: Calculate stresses (cont.)

1,898 kN.m

M
x

1,125m 3,375 kN.m

3,0 m 1,5 m

q = 3,0 kN/m

A
B

C

b = 300mm

d
 =

 8
0
m

m

t = 12mm

c
2

c
1N.A

y

A
1

c
1

N.A

c
2

A
2

A
3

x
0 x

0

Gx x
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EXAMPLE 1: Calculate stresses (cont.)

 The bending moment diagram gives (Bieåu ñoà 

momen uoán cho):

M
max

= 1,898 kN.m ;  M
min

= -3,375 kN.m

 Position of neutral axis (Vò trí truïc trung hoøa)

c
2

= 18,48 mm ; c
1

= 61,52 mm

 Moment of inertia of the entire cross sectional 

area (Momen quaùn tính cuûa toøan tieát dieän)

I
Gx

= I
Gx(1)

+ I
Gx(2)

+ I
Gx(3)

= 2,469 x 10
6

mm
4
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EXAMPLE 1: Calculate stresses (cont.)

 The section moduli for the bottom and top of 

the beam (Suaát tieát dieän ñ/v ñaùy vaø ñænh cuûa 

daàm)

 At the cross section of M
max

(Taïi t/d coù M
max

)

 At the cross section of M
min

= - 3,375 kN.m

4 4G x G x

1 2

1 2

I I

W 4 0 1 0 0  m m ;       W 1 3 3 6 0 0  m m

c c

   

m a x m a x

m a x m in

1 2

M M

4 7 , 3 M P a ;    1 4 , 2 M P a

W W

s   s    

m a x m in

12

M M

2 5 , 3  M P a ;    8 4 , 2  M P a

W W

 
 s   s    
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Example 2:

Calculate the normal and shear stresses at point 

C in the steel beam AB.

C

3.8MPa

3.8MPa

26.9MPa
26.9MPa

Response (ÑS):

b = 25mm

25mm

50 mm

50 mm

y

x

C

100 mm

200 

mm

L = 1m

75mm
C

q = 28 kN/m

A B

V
A

= 14 kN
V

B
= 14 kN
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Example 3: Design of beams (Thieát keá 

daàm) – Choice of section(choïn m/c)

4m 1m 2m

q = 60 kN/m q = 60 kN/m

A B

Determine the require section modulus, W
x

, 

and then select the I-section in the table

(Xaùc ñònh suaát tieát dieän hay momen choáng 

uoán yeâu caàu vaø choïn tieát dieän chöõ I trong 

baûng). s  110 MPa
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Ex 3: Design of beams (Thieát keá daàm) 

– Choice of section(choïn m/c) (tt)

4m 1m 2m

q = 60 kN/m q = 60 kN/m

A B

x = 3,143m

188,6

-171,4

R
A

= 188,6 kN R
B

= 171,4 kN

Q
y

(kN)

M
max

= 296,3 kN.m
M

x
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Ex 3: Design of beams (Thieát keá daàm) 

– Choice of section(choïn m/c) (tt)

 The max. moment  at x= 3.143m

M
max

= 296,3 kN.m

 The required section modulus, W
x
,  

(disregarding the weight of the beam):

 In the table, we can select a Universal Beam 

having a section modulus greater then 

2694cm
3

 UB 762 x 267 x 147 kg: A = 187,8 cm
2
, b = 265,3 

mm, h = 753,9mm, I
Gx

=168535cm
4
, W

x
=4471 cm

4

 

6

re 3 3m a x

x

M 2 9 6 , 3 x 1 0 (N .m m )

W 2 6 9 4 x 1 0 m m

1 1 0 (M P a )

  
s
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IV/VERIFICATION OF STRENGTH 

CONDITION (KIEÅM TRA ÑIEÀU KIEÄN BEÀN)

t
max

s
ts

max

s
min

t
max

s
max

s
min

A

B

C

D

 Elements to be verified (Caùc loïai phaân toá

caàn kieåm tra)

 Elements at Uniaxial Stress State : A vaø B

 Elements at Pure Shear  Stress State : C

 Elements at Plane Stress State : D
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IV/ VERIFICATION OF STRENGTH 

(KIEÅM TRA ÑIEÀU KIEÄN BEÀN) (tt)

 Kieåm tra phaân toá ôû TTÖS ñôn:

 For ductile materials (Ñ/v vaät lieäu deûo)

 For brittle materials (Ñ/v vaät lieäu doøn)

 m a x s  s

   
m a x k m in n

;    s  s s  s
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IV/ VERIFICATION OF STRENGTH 

(KIEÅM TRA ÑIEÀU KIEÄN BEÀN) (tt)

 Element of pure shear stress (Phaân toá ôû 

TTÖS tröôït thuaàn tuùy)

 For ductile materials (Ñ/v vaät lieäu deûo)

 
 

m a x
 s tre n g th  th e o ry  o f 

                                 m a x im u m  s h e a r  s tre s s  

  

2

s
t  t  

 
 

m a x
 s tre n g th  th e o ry  o f 

                                 m a x im u m  s tra in  e n e rg y  

  

3

s
t  t  
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IV/ VERIFICATION OF STRENGTH 

(KIEÅM TRA ÑIEÀU KIEÄN BEÀN) (tt)

 Element of plane stress state (Phaân toá ôû 

TTÖS phaúng):

 For ductile materials (Ñ/v vaät lieäu deûo)

 
2 2

z z yt 3
4 S tre n g th  Th e o ry 3s  s  t  s 

 
2 2

t 4 z z y
3 S tre n g th  Th e o ry 4s  s  t  s 
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V/ PRINCIPAL STRESSES IN BEAM (ÖÙNG 

SUAÁT CHÍNH TRONG DAÀM)

 Stresses in beam of 

rectangular cross 

section: (öùng suaát trong 

daàm t/d chöõ nhaät):

(a) points A,B, C,D and E; 

(b) normal and shear 

stresses acting on 

horizontal and vertical 

planes; (c) principal 

stresses, and (d) 

maximum shear stresses
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PRINCIPAL STRESS TRAJECTORIES 

(QUÕY ÑAÏO ÖÙNG SUAÁT CHÍNH)

 Fòg.    Principal Stress 

trajectories of beams 

of rectangular cross 

section: (a) cantiliver 

beam; (b) simple 

beam

 Fig.   Typical stress 

contours (tensile 

principal stresses only) 

for a cantiliver beam
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VI/ COMPOSITE BEAM
*
(DAÀM HOÃN 

HÔÏP) – DEFINITION & HYPOTHESES

 Composite beams are

fabricated of more 

than 1 material

 The same hypotheses 

of plane cross-sections

 
z
vary linearly

(a) (b)

(c)

Fig.   Cross sections of composite beams: (a) 

bimetallic beam, (b) sandwich beam, and (c) 

reinforced concrete beam
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VI/ COMPOSITE BEAM
*
(DAÀM HOÃN 

HÔÏP) – STRESS FORMULATION

2

1

b

1

2 s2  E22

s1  E11

b

nb

(a)
(b) (c) (d)

Cross 

section

Strain 

distribution

Stress 

distribution

Transformed 

section

Composite of two materials
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VI/ COMPOSITE BEAM
*
(DAÀM HOÃN 

HÔÏP) – STRESS FORMULATION (cont.)

 Strain distribution for a beam made of 

two materials  Fig. (b) (Söï phaân boá 

bieán daïng cho daàm baèng 2 VL  H.b)

 The normal stresses s
z
are obtained from 

Hooke’s law (ÖÙ/s phaùp s
z
coù töø ñ/l Huùc) 

 Fig. (c) : s
z1

= -E
1
ky s

z2
= -E

2
ky 

 The position of the neutral axis (Vò trí truïc 

TH):
z z 1 z 2

1 2

1 2
1 2

N 0 d A d A

E yd A E yd A

0

0

  s  s 

  

 
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VI/ COMPOSITE BEAM
*
(DAÀM HOÃN 

HÔÏP) – STRESS FORMULATION (cont.)

 The relationships between M – stresses s

( Heä thöùc giöõa M – s 

I
1
, I

2
– inertia moments about the neutral axis of 

cross sectional areas1 and 2 (momen quaùn tính 

cuûa caùc dieän tích 1 vaø 2 ñ/v truïc trung hoøa

 

z z 1 z 2
1 1

2 2

1 2
1 2

1 1 2 2

M y d A y d A y d A

E y d A E y d A

E I E I

 s  s  s

  k  k

  k 

  

 
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VI/ COMPOSITE BEAM
*
(DAÀM HOÃN 

HÔÏP) – STRESS FORMULATION (cont.)

 The curvature of the beam (Ñoä cong 

cuûa daàm):

 Normal Stresses (ÖÙ/s phaùp):

1 1 2 2

1 M

E I E I

k   
 

1 2

z 1 z 2

1 1 1 12 2 2 2

M y EM y E

;   

E I E I E I E I

s  s 
 
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VII/ STRAIN ENERGY OF BENDING  (THEÁ 

NAÊNG BIEÁN DAÏNG ÑAØN HOÀI KHI UOÁN)

 Caùch 1:

 Density of Strain Energy (Theá naêng 

rieâng)

 In case of plane stress as in beam 

bending (TTÖS phaúng nhö daàm chòu 

uoán)

 
2 2 2

1 1 12 3 2 2 3 3

U 1

u 2

V 2 E

   s  s  s   s s  s s  s s
 

2 2

2

2z z

z y1,31 13 3

1

u 2 w i th    

2E 22

s s 
s    s  s   s 



s t



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VII/ STRAIN ENERGY OF BENDING (tt) 

(THEÁ NAÊNG BIEÁN DAÏNG ÑAØN HOÀI KHI UOÁN)

 After reducing, one has(Ruùt goïn ta 

ñöôïc)

 Replacing s
z
and t

zy
(Thay theá s

z
vaø t

zy
)

22

z yz

u

2 E 2 G

ts
 

 

 

2
2 c

2

x
2

22
2 c

Q SM

u y

2 E I
2 G I b

 
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VII/ STRAIN ENERGY OF BENDING (tt) 

(THEÁ NAÊNG BIEÁN DAÏNG ÑAØN HOÀI KHI UOÁN)

 Strain energy on a segment of length dz

(Theá naêng bieán daïng treân ñoaïn dz)

 Strain energy on a beam of length L

(Theá naêng bieán daïng treân toaøn daàm )

2 2

M Q

d U d z d z

2 E I 2 G A

  

2 2

L L

0 0

M Q

U d z d z

2 E I 2 G A

   
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VII/ STRAIN ENERGY OF BENDING (tt)  

(THEÁ NAÊNG BIEÁN DAÏNG ÑAØN HOÀI KHI UOÁN)

 With beams having varying rigidity or 

internal forces (M & Q) (Vôùi daàm coù ñoä 

cöùng hay noäi löïc thay ñoåi):

  – heä soá ñieàu chænh söï phaân boá khoâng ñeàu 

cuûa ö/s tieáp: 

 Rectangular section    1,2

 Circular section  = 10/9

i i

2 2n n
L L

i i

0 0

i 1 i 1i i

M Q

U d z d z

2 E I 2 G A 

    
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VIII/ SHEAR STRESS IN BEAMS OF THIN-

WALLED OPEN CROSS SECTION (Ö/s tieáp 

cuûa daàm thaønh moûng tieát dieän hôû)

A A’

B B’

y

x

y

s
0

s

e

G

A

B

B

Q
y

Q
y
+dQy

dz

t

 Introduction

t
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VIII/ SHEAR STRESS IN BEAMS OF THIN-

WALLED OPEN CROSS SECTION (Ö/s tieáp 

cuûa daàm thaønh moûng tieát dieän hôû) (TT)

c

y x

x

Q S

I e

t 

dz

B

B

B’

B’

e

t

t

Assumption: 

t is assumed to be 

uniformly distributed

along e

 Formula

0
s

c

x
0

   S y.e .w h d si t  
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VIII/ SHEAR STRESS IN BEAMS OF THIN-

WALLED OPEN CROSS SECTION (Ö/s tieáp 

cuûa daàm thaønh moûng tieát dieän hôû) (TT)

 U section beam

t
w

t
f

h

u

b

y y

G
G

b

t
f

a
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VIII/ SHEAR STRESS IN BEAMS OF THIN-

WALLED OPEN CROSS SECTION (Ö/s tieáp 

cuûa daàm thaønh moûng tieát dieän hôû) (TT)

y

1

G x

b h Q

2 I

t 

yf

2

w G x

b t h Q

2 t I

t 

 Shear in the flange

yf

m a x

w G x

h Qb t h

t 4 2 I

 
t   

 

 Shear in the web h

t1

t2

t2

t
max

H

H

h

t
w

t
f

G

t1

T

b
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VIII/ SHEAR STRESS IN BEAMS OF THIN-

WALLED OPEN CROSS SECTION (Ö/s tieáp 

cuûa daàm thaønh moûng tieát dieän hôû) (TT)

 Shear center (Taâm caét)

2 2

f

G

y

x

b h t

e

4 I

H h Q e 0   

x

t

w

t
f

G

T

b

e

t

w

t
f

G

Q
y

S

H

H

x

y
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