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‘L |/ INTRODUCTION (GIGI THIEU)

= [orsion — the twisting of a structural member is
loaded by couples that produce rotation
about its longitudinal axis

» Categoiries:
v Pure torsion: = only shear stresses (1)

Ex: Circular shaft, rectangular member
subjected to end torques only..

v’ Restrained torsion: © # 0: o # 0 though both
N and M are noft present

Ex: Non-circular members with one end fixed
subjected to torgues..
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STATICALLY DETERMINATE MEMBERS

Example 1.

i I/ TORSIONAL MOMENTS IN
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I/ TORSIONAL MOMENITS IN
STATICALLY DETERMINATE MEMBERS

i (continued)
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I/ TORSIONAL MOMENITS IN
STATICALLY DETERMINATE MEMBERS

i (continued)

= Conventions (Quy Udc):

¢ The given external torsional moments
and the internal forques can be
expressed by vectors, by applying the
right-hnand rule (As in Fig. b)

¢ The internal torque T is positive If its

vector acts away from the respective
Cross section
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I/ TORSIONAL MOMENITS IN
STATICALLY DETERMINATE MEMBERS

i (continued)

B |nternal torgue expressions for each part:
oPart AB: Ta+12=0—-Ta=-12 (Fig.c)

ePart BC: Tb +12 -10=0 - Tb = -2 (Fig.d)
oPartCD: Tg-18=0—-Tg=18 (Fig.e)

= [The infernal torque diagram is in Fig.f
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION

B Assumptions:

v Material: homogenous, isotrope, and
linear elastic

v Member: straight, uniform cross section
v’ Radii: always straight & unchanged
length during twisting

v Cross sections: always plane during
twisting
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

B Formulation of stress
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

» Consider an infinitesimal cubic element
ABCDEFGH. Affer twisting
—-AB'C'DEF'G'H
e Deformation

BB =ypdz=€§:|9pd_e
whence dz
e Hooke'slaw: ,_g,-c,2%

dz
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

e Equilibrium: T=[ pt,dA
¢ Developping:

de , do ) do
T=J‘G—pdA=G—_"pdA=GJ—
A dz °A dz

dz
do T
or — =
dz GJ
with J=[ p’dA
- polar moment of inertia
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

:
e Shear Stress: = jp

] T
p=R, Tp_)Tmox=_R=_
J 7 Trnax

with Zp - Polar Modulus of Section

R’ nD’

2 16

~ 0.2D°

J
Z = - =
R

o)
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

¢ The angle of twist between the 2
sections of length L.

L LT TL
0 °GJ GJ


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

x» Notfation:
>» For hollow circular section:

| n(R4—r4)= n(D*-d")



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1/ TORSIONAL MEMBERS OF CIRCULAR

‘L CROSS SECTION (cont

)

>» When the wall thickness of a shaft is

small compared with i
torsional properties of

's outer radius, the
'he hollow section

P

can be approximative

J= o’dA = R’A = 2xiR°
A
J - 0

Z = —=2x1R’ v=
A

y as:
dA. &~

-~
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

s Example 2: Consider the shaft in the Ex. 1.
Assume: G = 80 GPq, [t] = S0MPaq.

(a) Determine the minimum diameter [d]

(b) Plot the diagram of angles of twist of
particular cross sections with respect to
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

I\ I |
12N.m — 10N.m P ooNm " 18Nm

AI«_.B:«_.,C ..... JI ...... 5=
(N.m)
@ allll@lll]18
12 L) 2 D
. rac' .
I | ||
©)
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

= Maximum stress occurs at: T, = 18 N.m

T 16T 16T,
T = 19X 4 max <1 > d2>3 =12.24m m
m ax 3 all T

Z nd

D all

= [wisting angle of section at z from A in

AB: T Tz

0= —dz=—=5.22x10"1z
0 G J GJ

(Tin NNmand zin m)
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

0, =(0) ., = -5.01x10 “radian
-2X1

GJ
= -5.01x107% + 5.22x107° (-2) x]1

0. =06

C

ae dTos thaf seor. Qqont

- ~6.05x10 °rad

Similarly,
2618dz

8 G

0, =6, + =1.47x10 “rad
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

» Example 3:A hollow section shaft in pure

torsion
d
T=5kNmM;: n = = - 0.7
1, = 60MPa ¥ ¥ Fmax

Determine (D) and
the weigth reduction
compared to the
solid section
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

= SOLUTION
v The polar modulus:

7t(D4 B d4) T 3 4 3
Zp= = D (1—n)=0.149D
16D 16
v The strength condition :
T

:
Z, 0.149D°

T <7

m ax all
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

v Choice of section:

-
D>1 .8863/ = 82.4x10°m
Tall

v The hollow section areaq:

D* x82.4°
Ah=”:4 (1-1%) =~ ——(1-077)

= 2717.8mm?
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11/ TORSIONAL MEMBERS OF CIRCULAR
‘L CROSS SECTION (cont.)

x I[N case of solid section:

71:D;3 T
L, = > — > D =75.2mm
16 T
nD: )
A, = =4441.5m m
4

: : A - A
= The weight reduction:r= ———"100% - 38.8%

— the advantage of hollow section!

uongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

V/ STATICALLY INDETERMINATE
‘L PROBLEMS OF TORSION

» Example 4: Steel shaft, d = 80mm,
a=0.5m, b=1.0m, T;=7.5kNm, G=80GPa.

/R ol
% e b %3
Determine: - ]

() Diagram of internal forque
(ii) Diagram of angles of twist
(i) The maximum shear stress
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IV/ STATICALLY INDETERMINATE

PROBLEMS OF TORSION (cont.)

+

a/ Statically
Indeter-minate

Structure
b/ Free-body

diagram

c/ Torsional
Moment Diagram

d/ Twisting angle
diagram

https://fb.com/tailieudientucntt
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V/ STATICALLY INDETERMINATE
‘L PROBLEMS OF TORSION (cont.)

= Diagram of internal forque:
v’ Equilibrium equation: (P/t can bdang)
T\+T-T,=0 (Q)
v Compatibility condition of
deformation:(P/t tuong thich cuia
b/dcmg

° GJ ° GJ @ GJ GJ GJ
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V/ STATICALLY INDETERMINATE
‘L PROBLEMS OF TORSION (cont.)

whence 71, -

b
— T, (c)
a

v Resolution of (a) & (c) gives:

a a 0.5
T, = —T, —7.5 =2.5kN.m
a+b L 1.

]
(c)> T1,=—2.5=5kNm
0.5

T =
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V/TRANSMISSION OF POWER BY
‘L CIRCULAR SHAFTS

= The use of circular shafts to fransmit
mechanical power from one device to
another is very important

= The power is fransmitted through the
rotary motion of the shaft, and the
amount of power fransmitted depends
upon the magnitude of the torqgue and
the speed of rotation
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V/TRANSMISSION OF POWER BY
‘L CIRCULAR SHAFTS (continued)

s Work done by a torque T on the angle a
W =Ta, ao-angle of rotation(in rad.)
[W] = N.m .rad (or Joules)
If a=wf, ®©-angularspeed (in rad/s)
Then W=Tawt

s Power: = time rate of doing work

adw
= —=To (Nm.rad/s =J/s = Watb
dt
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V/TRANSMISSION OF POWER BY
‘L CIRCULAR SHAFTS (continued)

n |
n - number of revolutions per minute (rpm)
f — frequency of rotations, in Hz(hertz)

Then: 27N
P=Two = T(2nf) =
60

T

= Remark: When P is known together with n

or f, the torgue can be determined:

. P P 30P
® 2nf N
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V/TRANSMISSION OF POWER BY
i CIRCULAR SHAFTS (cont.)-Example

= Example 1: Steel shaft ABC, diameter

50mm, motor at A transmits S0kW at 10Hz

The gears at B and C require powers:
30kW & 20kW. Compu’re' Trax X PAC

1.0m + 1.2m

50 mm

796 N.

N

N

796 N.m 478 NNm 318 N.m

o o

IIIIIIIIIIHII-NIIIIIII'

318Nm

https://fb.com/tailieudientucntt
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V/TRANSMISSION OF POWER BY
i CIRCULAR SHAFTS (cont.)-Example

= SOLUTION
v P, =80kW — the torque transferred by
the motor
P, 50k W
To = = = 796N.m
2nf  2n(10Hz)
VPe=20kW o> T, -~ o 2W __gq5\m
2nf  2n(10HZz)
P 30kW

b

= 478N.m

v Pc=20kW > To =5 = 27 (10HzZ)

uongThanCong.com https://fb.com/tailieudientucntt
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V/TRANSMISSION OF POWER BY
i CIRCULAR SHAFTS (cont.)-Example

= The shear stress and angle of twist in AB

16T, 16(796N.m)

T, = Z = S = 32.4MPa
nd n (50mm)
T L 796N.m )(1.0m
P = (glcm = ( )( ) =0.0162 rad

. (aoepa)[szj(somm)
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V/TRANSMISSION OF POWER BY
i CIRCULAR SHAFTS (cont.)-Example

= The shear stress and angle of twist in BC

16T, 16(318N.m)
° - ~=13.0 MPa

Tbc =

nd’ n(50mm)

T L 318N.m )(1.2m
— —Bc be _ ( )( ) = 0.0078 rad

el (BOGPG)[ J(SOmm)

(pbc

= The maximum shear stress: ., = 32.4MPa
= [he total angle of twist:
Pac= 0ag + 0gc = 0.0162 rad - 0.0078 rad = 0.0084 rad
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VI/ Pure Torsion of Rectangular
Cross Section Members

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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VI/ Pure Torsion of Rectangular
i Cross Section Members (cont.)

a/ Warping Surface; b/ Shear Stress Distribution
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VI/ Pure Torsion of Rectangular
Cross Section Members (cont.)

s Characteristics:

v Cross-sections don’t remain plane
during deformation— distorted |laterally
(warping surface) (H.a)

v The distribution of shear stress over the
section is complicated: not proportional
to the distance from the point to the
centroid of the section as the case of
the cross section (H.b)
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VI/ Pure Torsion of Rectangular
Cross Section Members (cont.)

= Formulae: From the Theory of Elasticity

TL
GJ

-
T 2GRE thand D-Ti
ZT

m ax
.I.

where Z,=ahb® and J =pghb’

with a.,p - coefficients depending on the
ratio h/b given in the table
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VI/ Pure Torsion of Rectangular
Cross Section Members (cont.)

h/b 110 |15 [20 |30 |40 (60 |80 | 100 |

a |[0.208|0.231|0.246 [0.267 | 0.282|0.299 ({0.307 | 0.313| 1/3

p 0.104|0.196 |0.229 [ 0.263 | 0.281 | 0.299 {0.307 | 0.313 | 1/3

m Strength & Rigidity Conditions

M. M.
Toax = = <[]
W ahb

t

.
Gl, GBhb’

t

0 = <[0]
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VI/ Pure Torsion of Rectangular
Cross Section Members (cont.)

= Example: A fimber member: L=3m,
rectangular section 100x100 mm, torque
T=200N.m, G=700 MPa. Compute t,,,?

C—=

T
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VI/ Pure Torsion of Rectangular
Cross Section Members (cont.)

a Solution
h/b=1—->a=0.208,p=0.14

W; = 0.208x100x100? = 20.8x10° m?
, = 0.140x100x 1003 = 14x10° m?

200x10°°
T = —=0.962 MPa
20.8x10
200x 3 0
0 = - 0.0613rad = 3°30'40"

 100x10°x14x10°°

uongThanCong.com https://fb.com/tailieudientucntt
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VII/ STRESS AND STRAIN IN CLOSED-

i COILED HELICAL SPRINGS

m Description

(@
(a)Closed-coiled
Helical Spring

Closed-coiled helical
springs: distance between
adjacent coils is small

R: radius of the spring helix

d = 2r: diameter of the
spring wire

N: number of turns in the
spring

G: shear modulus of the
spring matarial

https://fb.com/tailieudientucntt
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VII/ STRESS AND STRAIN IN CLOSED-
i COILED HELICAL SPRINGS (continued)

L = Internal Forces:

B g v Shear force: P, = P
%g — v Torque: M, = PR
N

(b) Internal Forces
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VII/ STRESS AND STRAIN IN CLOSED-
i COILED HELICAL SPRINGS (continued)

mShear Stresses

Tmax — T1 + TZ,max
P 4P
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i+

VII/ STRESS AND STRAIN IN CLOSED-
COILED HELICAL SPRINGS (continued)

= |In practice, when designing spr

— A correction factor k (fak
account of other factors: bend

ngs

ng into

ng of the
spring wire, longitudinal deformation...)

M, 2PR 8PD

max t =K - = -

Wp nr nd
R/ir| 4 5 6 7/ 8 Q 10 11 12 15
k 1142131125121 1.18|1.16|1.14|1.12| 1.11 | 1.09
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VII/ STRESS AND STRAIN IN CLOSED-
i COILED HELICAL SPRINGS (continued)

s Elongation (or compression)
v Principle of energy conservation:

e Work done by external force w - ;—m

2
e Potential energy of torsion - M:t
2GJ

y W=U_)K=8PD3n=4PR3n= P
Gd* Gr' C
cd® &r’

8D°n  4R°n

https://fb.com/tailieudientucntt

with C =
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VII/ STRESS AND STRAIN IN CLOSED-
i COILED HELICAL SPRINGS (continued)

= Example: Calculate the maximum stress
and elongation of the cylindrical spring

If spring radius R = 100 mm
spring wire diameter d=20mm
Number of turns: n = 10
Tensile force: P = 2200 N
Shear modulus: G = 85 GPa
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VII/ STRESS AND STRAIN IN CLOSED-
i COILED HELICAL SPRINGS (continued)

s Solution
v Maximum shear stress:

As the ratio R/r = 10, the correction
factor: k=1.14

2PR 2x2200x100
T = K —=1.14 =159.66MPa

r rx10°

v Elongation of the spring:

APR° 4x2200x100°
A= = =10.4dm m

Gr° 85x10°x10"

https://fb.com/tailieudientucntt
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