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‘L |/ INTRODUCTION

= Biaxial Flexure (or Unsymmetrical
Bending)

s [raction (Compression) & Bending
= [orsion and bending
s Generdl loadings
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‘L I/ INTRODUCTION (cont.)

= PRINCIPLE OF SUPERPOSITION

“The internal forces, stresses, strains,
displacements,.., due to multiple causes
are the sum of these quantities due to

each one acting independently”

S(P,.P,....P..A,) =
S(P)+S(Py)+..+S(P)+..S(A)+.
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‘L |/ INTRODUCTION (cont.)

» Condition of application (Biéu kién dp
dung)

v Material is linearly elastic
v Small displacements
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I/ BIAXIAL FLEXURE
‘L (UNSYMETRICAL BENDING)

s Definition: when there are two bending
moments and two shear éorciQes in Two
r

principal planes M,, M

y1

Y
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I/ BIAXIAL FLEXURE (UNSYMETRICAL
BENDING) (cont.)

x Notfations:

v Bending moments are positive if they
have tfendency to extend the
correspond ing positive fibers

v Expressing bending moment by a two-
arrow vector — the resulting moment M
of M, and M, lies on an arbitrary plane
colled Ioodlng plane(mdat ph. tdi frong)
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I/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.)
e 'I\\%%di&plane
a/ Loadings :, P,
are in fwo T~

A Ry 1
. e
1 o
-~ - 1 < /
] ] SR ~il,
rnNcCipa A - :
L PN
)

| 1 ‘::::::\\:?V' .\‘Z
Loadingiane P, ~~
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I/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.)

b/ Loadings are
in 1 arbitrary
plane containing
Its Qxis

— Unsymmetrical
Bending

DuongThanCong.com https://fb.com/tailieudientucntt
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I/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.)

s Stress at a point (X,y): Normal Stress, o,
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I/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.)

= Neutral Axis (Truc trung hoa): set of point (x,y)
having (t@p hdp cdc diém (x.y) cd) o, (x,y) =0

M, | tana |,

slope of N.A.

where tana = — : slope of load line
M

Y
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1/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.) — Normal Stress

. |
= Properfies: tana.tanp = - =
|

v In general, |, = |,;: tana.tanp = -1

— load line (L.L.) is not L N.A.

v If I, =1, (square, circular secfions,..):
fano.tanp = -1

— dll axes become the principal axes

— uniplanar bending under v, - m? + M
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1/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.) — Normal Stress

® Normal Stress Distribution
v' Arbitrary uniaxially symmetric section

uongThanCong.com https://fb.com/tailieudientucntt
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1/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.) — Normal Stress
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1/ BIAXIAL FLEXURE (UNSYMETRICAL
i BENDING) (cont.) — Normal Stress

s Biaxially symmetric sections

) M.l M,
max (MX) C$m<:1x =+ :
cymin WX Wy
/ |Mx| MY
| Gm - _ —
W, W,
I
w ith W, = .
Ym
cS(MX) |
m ax y
Wy =
Xm

cSI'TTCIX
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
i BENDING) (cont.) — Displacements

s Displacements in Unsymmetric Bending

f=1f+f  with fz\/fX2+fy2

» Example 1. Py p
Pl /  P,=P.cosg
1 E )
A L B X, x Py, =P.sing
| Sy

Compute the deflection of point B?
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
BENDING) (cont.) — Displacements

+

v’ Deflection of point B only due to P,,

. P L ) (Psing)L’
" 3EI 3EI
v Deflection of point B only due 1o P,
f PL> (Pcoseg)L’
3EI, 3EI,

v Total deflection of the free end B

fz\/f2+f2
X Y
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
i BENDING) (cont.) -

s Example 2:

2 vAwood of cantiliver beam of
rectangular cross section supports
& h ainclined load P at its free end.

/ | Calculafte the maximum tensile
" stress oo, due to the load P?

PO |y v Data for the beam:

b=75mm,h=180mMm,L=1.4m,
P=800N, and 06 = 300
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
BENDING) (cont.) -Example 2

Solution:

v’ Bending moments at the fixed end
section:

b

M, = -800x(1.4)xc0s30%= -969.95 N.m

M, = -800x(1.4)xsin30°= — 560 N.m

DM, v Geometrical properties:

bh’ 0.075)(0.15)?
\z W, - ko 0-15 5 8x10“m°

Vy 6 6

0.15)(0.075)°
W = _ ! )¢ ) - 1.4x10 "m°
6 6
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
i BENDING) (cont.) — Example 2

v Maximum Stress
_/5mm |

969.95 560
_|_

- 2.8x10* 1.4x10°
- 7.46x10°Pa = 7.46MPa

G .. =—0 = -7.46MPa

min m aX

150mm

cSI'TKZIX

https://fb.com/tailieudientucntt
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL

i BENDING) (cont.) - Example 3

s Example 3:

h
K

g

|,Aa,| 24 | a |o |
[c]=160 MPa; a=0.5m

0
460 124

d-
P,M

1

200 ,

3P

a/ Calculate the allowable load value [P]
b/ Determine the N.A. position
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
i BENDING) (cont.) - Example 3

3Pcos6Q° ¢
Pcos600 12P<:osé>00 02 @
HA—O/J | =0 mﬁ? 3P
/D /E B .
X J IN60°  3Psin6®  2Psin60A7

Va=12Pq 24 g , aVg=1.8P

1.737 Pa

M,, '
3 ] .2PG .8PG

M, 2.6 Pa

https://fb.com/tailieudientucntt
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
i BENDING) (cont.) - Example 3

s Solution
v’ Critical section at D:
M,=2.6Pa,] \/ - .
> M = M>+M> =3.124 P
My _ \/3_PQJ% u X y a
v Strength condition:
M 5.655Pa 5.6565x0.5xP
_ — = ; <160MPa
W, o I /a1 =g o r0.16) |

3—2D |L1_LEJ J| 3—2X0'23|L]_L0-—2J J|

— P <0.0475 MN = 47.5 kN
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I/ BIAXIAL FLEXURE (UNSYMMETRICAL
BENDING) (cont.) - Example 3

v Neuftral Axis
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UGN VA KEO

‘L HOAC NEN)

= Internal forces:
v Normal force: N,
v Bending moment(s): M, and/or M,,
v Shear forces: Q,, and/or Q,
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) — Normal stress

» Normal stress due to normal force and
bending moments:

Nz I\/Ix MY
c, = + Y + X
M, A | N
X < I
or
a M N MMy
o, = ¢y Dl Dol

ly z Z A N N
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) — Normal stress

= Neutral Axis — Normal Stress Diagram

M M

v Biaxially symmetric sections  ~=+ >y« —*-0

A I I
BN TRARY
A W, W,
N MM,
c . =1 - -
AW, W
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) - Eccentric tension

s Special case: Eccentric tfension (or
compression) (kéo hay nén Iéch tam)

v'When the bar is acted ol
upon by two equal and
opposite forces P which
act along KK parallel to _
its axis K

v = iCi
OK = e —» eccentricity @
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) — Eccentric tension

v Internal forces:
N,=P; M, =Py M, = Pxy

AZ
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
HOAC NEN) — Eccentric tension

+

v Neutral Axis Equation (P/t d trung
hoaq)

P P P, p( X
yK :—1+—Ky+—x =0
A A

with | _rA cmd

r, . I, —radii of gyration of section about
the principal axes (bdn kinh qudn tinh)
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) - Eccentric tension

X X
— 1+y—2Ky+—2Kx:0 or L A
@ rX ry O b
, , ,
\7' ] I’y . rx
AN with a=-—: b =-——
XKb\ Xy Y«

x| e Sy . v Properties of neutral axis ?
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UON VA KEO
i HOAC NEN) - Core of section

» Core of section (L6i cUa tiét dién)

Ung vé&i 1 dudng trung
hoai-idrang vGi 1 canh
cua da gidc), toa dd cua
diém dat Iyc I;

[ r?

X, = —

vy
O ]
2

-

B

|
A
b

| = 1,53 canh IF|

https://fb.com/tailieudientucntt
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i/ COMBINED BENDING AND TENSION
OR COMPRESSION (UGN VA KEO

i HOAC NEN) — Core of section

v Core of @ rec’rcng%ggr Ccross-section
|

eNeutral axis 1-1
b
a=7 b=w core | | n
b h -
I{x,=—2y|:0) 6—“%” | 2
0 b W b h
eNeuftral axis 2-2 Z»|—~<—}«Z ;
h
ST by @ BT
voo2
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

m Infroduction: Circular Shaft and pulleys

(a) Circular shaft (b) Free body
and pulleys diagram
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

Bending moment in x-z plane

Bending moment in y-z plane Torsion Moment about z-
axis
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

e Moment Components and Sign
convention
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

m Stresses distribution due to moments
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

= Strength condition
v Critical point: Point A

M \/M +M
cC, =0__ W_

M. M.
T, =T . = =

W, 2W,
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IV/ COMBINED BENDING AND
TORSION (UON VA XOAN BONG THJI)

= Example: The shaft in fig.a is supported by
smooth journal bearings at A and B. Determine
the smallest diameter of the shaft using the
maximum-shear-stress theory with t,,,,= S0MPa

150N
< R 0.050m
300N
0.250 v = o i 0.25
1 i
50N | Dl
0.250 S/ -]
L f. 68

15 ONmM

e 4
0.150m - p 0.075m

(@) Iééql scheme | (b)Free-body diagram
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

= Solution
5Q0N 7.5Nm 7.5Nm
A C B D A [ C B
150 0.25m | 650NA0.15m ' | D

_025m | 0.25m Q15m

2ZoMm
47:'5N 95.0N 47:5N

iMT(Nm) . 5
(

Bending moment diagrams Torsion moment diagram

DuongThanCong.com https://fb.com/tailieudientucntt
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

500N 7.5Nm 7.5Nm

B D A C
.15r+ : [ - 1D

0.25m 0.25m (D15m

]505/‘ 0. 25m 650
0.25m

47N 950N 475N | : :
i o TMf(Nm) . 75

(

iy M 1T ]
— '49% 7, ; ! ? Z
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\V/ COMBINED BENDING AND
‘L TORSION (USN VA XOAN BONG THSI)

(M, [=118.76Nm:[M_|=37.5Nm

s Critical point:c |
L M,|=7.5Nm

M, = \/Mi + M7 = \/(118.75)2 +(37.5) =124.53Nm

u

:\/0'2+4‘c2 =

1
_\/M5+Mf S2“:allow

WU

2 2

M.+ M; \/124.53 +(7.5)

S5 W =Ld32\/ : -y ( ) - -124.75x10°

32 21 2(50x10°)

32x124.75x10°°
d >3 =0.0233m Answer: d =23.3mm

T

DuongThanCong.com https://fb.com/tailieudientucntt
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V/ GENERAL COMBINED

‘L LOADING

Example

B The solid rod ABC has @
radius of d = 50mm. Verify
the strength condition
using the maximum-shear-
stress theory if [6] = 160
MPa
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V/ GENERAL COMBINED
‘L LOADING - (continued)

= SOLUTION

500N
(a) Bending moment diagrams () Torsion moment diagram

uongThanCong.com https://fb.com/tailieudientucntt
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V/ GENERAL COMBINED
‘L LOADING - (continued)

s Internal forces at built-up section A (NOI
IUc taqi tiét dién ngam A)

(c) Normal force diagram (d) Infernal forces at section A


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

V/ GENERAL COMBINED
‘L LOADING - (continued)

Tmax = 45.6 MPg

Shear Stress Distribution
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V/ GENERAL COMBINED
‘L LOADING - (continued)

109.25 MPa

108.75MPa

y Normal stress distribution

https://fb.com/tailieudientucntt
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V/ GENERAL COMBINED
‘L LOADING - (continued)

vPoint A
N
s’ = —=0.25 MPa
A
M
W =cp2 = —L=109 MPa
WU
6, =06"+0c,  =0.25+109 =109.25 MPa
I\/I’r
T =T oy = =45.6 MPa
W
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