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I/ INTRODUCTION

 Biaxial Flexure (or Unsymmetrical 

Bending)

 Traction (Compression) & Bending

 Torsion and bending

 General loadings
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I/ INTRODUCTION (cont.)

 PRINCIPLE OF SUPERPOSITION

“The internal forces, stresses, strains, 

displacements,.., due to multiple causes 

are the sum of these quantities due to 

each one acting independently”
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I/ INTRODUCTION (cont.)

 Condition of application (Ñieàu kieän aùp 

duïng)

 Material is linearly elastic

 Small displacements
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II/ BIAXIAL FLEXURE 

(UNSYMETRICAL BENDING)

 Definition: when there are two bending 

moments and two shear forces in two 

principal planes M
x
, M

y
, Q

x
, Q

y

z

x

y
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.)

 Notations:

 Bending moments are positive if they 

have tendency to extend the 

correspond ing positive fibers

 Expressing bending moment by a two-

arrow vector  the resulting moment M

of M
x

and M
y

lies on an arbitrary plane 

called loading plane(maët ph. taûi troïng)
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.)
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are in two 

principal 

planes

Loading plane 

1

Loading plane 

2

CuuDuongThanCong.com https://fb.com/tailieudientucnttCuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.)

q
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P
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Loading plane

b/ Loadings are 

in 1 arbitrary 

plane containing 

its axis

 Unsymmetrical 

Bending 
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.)

 Stress at a point (x,y): Normal Stress, s
z

yx
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.)

 Neutral Axis (Truïc trung hoøa): set of point (x,y) 

having (taäp hôïp caùc ñieåm (x,y) coù) s
z
(x,y) = 0
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.) – Normal Stress

 Properties:

 In general, I
x

 I
y
: tan.tan  1

 load line (L.L.) is  not  N.A.

 If  I
x

= I
y

(square, circular sections,..):

tan.tan  1

 all axes become the principal axes

 uniplanar bending under

x

y

I

ta n . ta n

I

   

2 2

u x y
M M M 
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.) – Normal Stress
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 Normal Stress Distribution

 Arbitrary uniaxially symmetric section
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.) – Normal Stress
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II/ BIAXIAL FLEXURE (UNSYMETRICAL 

BENDING) (cont.) – Normal Stress

 Biaxially symmetric sections
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Displacements

 Displacements in Unsymmetric Bending

 Example 1:

y

2 2

x yx
wf f f       fth f  fi   

  

P

x

y

P
P

y

P
x

P
x

= P.cosj

P
y

= P.sinjL

Compute the deflection of point B?

A B

EI
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Displacements

 Deflection of point B only due to P
y

 Deflection of point B only due to P
x

 Total deflection of the free end B

 
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) –

 Example 2:

A wood of cantiliver beam of 

rectangular cross section supports 

a inclined load P at its free end. 

Calculate the maximum tensile 

stress s
max

due to the load P? 

 Data for the beam:  

b = 75 mm, h = 150 mm, L = 1.4 m, 

P = 800 N, and q = 30
0

b

h
x

yP q
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) –Example 2

 Solution:

 Bending moments at the fixed end 

section:

M
xx

y

z

M
y

b

h

M
x
= -800x(1.4)xcos30

0
= 969.95 N.m

M
y
= -800x(1.4)xsin30

0
=  560 N.m

 Geometrical properties:

2 2

4 3

x

2 2

4 3

y

b h (0 .0 7 5 ) (0 .1 5 )

W 2 .8 x 1 0 m

6 6

h b (0 .1 5 ) (0 .0 7 5 )

W 1 .4 x 1 0 m

6 6





  

  
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Example 2

 Maximum Stress

m a x 4 4
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m in m a x

9 6 9 .9 5 5 6 0

2 .8 x 1 0 1 .4 x 1 0

7 .4 6 x 1 0 P a 7 .4 6 M P a
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   
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Example 3

 Example 3:

a a a2a

P

3P
2P

P, 2P 3P

160

200

s  160 MPa;   a = 0.5m

a/ Calculate the allowable load value P

b/ Determine the N.A. position

A

C

B

D E
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Example 3

a a a2a

Pcos60
0

P, 2P 3P

160

200

3Pcos60
0

2Pcos60
0

Psin60
0

3Psin60
0

2Psin60
0

z

x
y

V
A

= 1.2P V
B

= 1.8P

H
A

= 0 H
B

= 0

M
x

M
y

1.737 Pa

1.2Pa

2.6 Pa

1.8Pa

A
C D E

B
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Example 3

 Solution

 Critical section at D:

 Strength condition:

2
x

y

2

u x y
M M M 3 . 

M =  2 .6 P a ,

M  

1 2 4

=  3 P a

 a P






  



u

4 4

u 3 3

M 5 .6 5 5 P a 5 .6 5 5 x 0 .5 x P

1 6 0 M P a

W d 0 .1 6

D 1 x 0 .2 1

3 2 D 3 2 0

                  P 0 .0 4 7 5  M N 4 7 .5  

.2

k N

 

  
      

       

  

         
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II/ BIAXIAL FLEXURE (UNSYMMETRICAL 

BENDING) (cont.) – Example 3

 Neutral Axis 

M
x

M
y

M
u

y x

x

0

y

M I 3

ta n . 0 .6 6 6

M I 2 6

3 6

.

3 ,







 

    

y

x
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN)

 Internal forces:

 Normal force: N
z

 Bending moment(s): M
x

and/or M
y

 Shear forces: Q
y

and/or Q
x

x

y

z

q
y

P
x

M

P

y

N
z

M
x

M
y
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Normal stress

 Normal stress due to normal force and 

bending moments:

yz x

z

x y

MN M

y x

A I I

s   

yz x

z

x y

MN M

y x

A I I

s    

M
x

M
y

N
z

x

y

z

s
z
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Normal stress

 Neutral Axis – Normal Stress Diagram



s
min

s
max

N

A

yz x

x y

MN M

y 0

A I I

   Biaxially symmetric sections

yz x

m a x

x y

yz x

m in

x y

MN M

A W W

MN M

A W W

s

s 

 

 


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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Eccentric tension

 Special case: Eccentric tension (or 

compression) (keùo hay neùn leäch taâm)

When the bar is acted 

upon by two equal and 

opposite forces P which 

act along KK parallel to 

its axis

 OK = e  eccentricity 

P

P

K

K

O

O

e
O K
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Eccentric tension

 Internal forces:

N
z
= P;  M

x
= Py

K
;  M

y
= Px

K

O

e

x

K

y

z

P

x
K

y
K

O

x

y

z

N
z
= P

M
x

= Py
K

M
y

s
z
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Eccentric tension

 Neutral Axis Equation (P/t ñ trung 

hoøa)

K K K K

z 2 2

x y x

2 2

x x y

y

y

P P y P x P y x

y x 1 y x 0

A I I A r r

w i th  I r A I r ;   a n d    A 

s
 

       
 


 



r
x

, r
y

– radii of gyration of section about 

the principal axes (baùn kính quaùn tính)
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Eccentric tension

 Properties of neutral axis ?K
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Core of section

 Core of section (Loõi cuûa tieát dieän)
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section
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III/ COMBINED BENDING AND TENSION 

OR COMPRESSION (UOÁN VAØ KEÙO 

HOAËC NEÙN) – Core of section

 Core of a rectangular cross-section
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

 Introduction: Circular Shaft and pulleys

(a) Circular shaft 

and pulleys

(b) Free body 

diagram

y

z

A
y

B
y

(P
1
)
y
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

M
x

M
y

Bending moment in y-z plane

Bending moment in x-z plane

M
t

Torsion Moment about z-

axis
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

M
t 
> 0

M
x

> 0
x

y

z

M
y

> 0

v

M
u

M
y

M
x

u

z

s
z

A

B

M
t

 Moment Components and  Sign 

convention
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)
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 Stresses distribution due to moments
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

 Strength condition

 Critical point: Point A 

2 2

x y
u

A m a x

u u
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t u

M MM

W W

M M
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A At 3
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

 Example: The shaft in fig.a is supported by 

smooth journal bearings at A and B. Determine 

the smallest diameter of the shaft using the 

maximum-shear-stress theory with 
allow

= 50MPa

0.25m

0.25m

0.15m

150N

475N

950N

7.5Nm

7.5Nm

500N

650N

475N

A

B

C

D

(b)Free-body diagram(a) Real scheme
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

 Solution

Bending moment diagrams Torsion moment diagram

A BC D

475N
475N950N

150N
650N

500N

M
x
(Nm)

M
y

z

0.25m

0.25m

0.15m

118.75

37.5 75x

y

z

A BC

D

7.5Nm 7.5Nm

M
t
(Nm)

0.25m 0.25m 0.15m

7.5

z
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)
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IV/ COMBINED BENDING AND 

TORSION (UOÁN VAØ XOAÉN ÑOÀNG THÔØI)

 Critical point:



y

t

x
M 1 1 8 .7 5 N m ; M 3 7
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N m
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3 2 2 2 5 0 x 1 0
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s s  











    


    

 

CuuDuongThanCong.com https://fb.com/tailieudientucnttCuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


V/ GENERAL COMBINED 

LOADING

800N

500N

1.4m

A

B

C

1.8m

d

d

 The solid rod ABC has a 

radius of d = 50mm. Verify 

the strength condition 

using the maximum-shear-

stress theory if s = 160 

MPa

Example
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V/ GENERAL COMBINED 

LOADING – (continued)

 SOLUTION

800N

500N

A

B

C

1120 Nm

1440 Nm

700 Nm

M
b

(a) Bending moment diagrams

A

B

C

1120 Nm

M
t

(b) Torsion moment diagram
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V/ GENERAL COMBINED 

LOADING – (continued)

 Internal forces at built-up section A (Noäi 

löïc taïi tieât dieän ngaøm A)

A

B

C

500 N

N

x
y

z

M
t 
=1120Nm

M
x

= 1440 Nm

x

y

z

M
y

= 700 Nm 

N
z
= 500 N

(c)  Normal force diagram (d) Internal forces at section A
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V/ GENERAL COMBINED 

LOADING – (continued)

v

z

A

B


max

= 45.6 MPa

45.6 MPa


max



45.6 MPa

x

y

Shear Stress Distribution
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V/ GENERAL COMBINED 

LOADING – (continued)

v
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z
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Normal stress distribution
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V/ GENERAL COMBINED 

LOADING – (continued)
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1 0
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s s
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Point A
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