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4.3

Phaân tích quaù ñoä duøng toaùn töû 
Laplace
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4.3.1 Giôùi thieäu phöông phaùp
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� AÙp duïng cho phaân tích maïch :
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4.3.2 Bieán ñoåi Laplace vaø tính chaát

aûnh Laplace haøm goác

� Bieán ñoåi ngöôïc Laplace:

0

( ) ( ) stF s f t e dt
∞

−= ∫

� Bieán ñoåi Laplace:

� Xaùc ñònh F(s) = duøng baûng tra goác � aûnh + t/c bñoåi Laplace .

� Xaùc ñònh f(t)  = duøng ñònh lyù Heaviside + baûng tra goác �
aûnh + tính chaát cuûa bieán ñoåi Laplace .

1
( ) ( )

2

j
st

j

f t F s e ds
j

σ ω

σ ωπ

+

−

= ∫ =  £-1{F(s)}

(σ : soá thöïc tuøy yù ñeå ñeäm)
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� Caùc haøm cô baûn & aûnh Laplace 

1 : 0
1( )

0 : 0

khi t
t

khi t

↔ >
=  ↔ <

0
0

0
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khi t t
t t

khi t t

↔ >
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� Haøm ñôn vò 1(t) :

� Haøm treã ñôn vò 1(t-t0) :

£{1(t)}  = 1

s

£{1(t-t0)}  = 0st1
e

s
−
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� Caùc haøm cô baûn & aûnh Laplace 
� Haøm xung Dirac δ(t) :

� Haøm treã Dirac δ(t-t0) :

£{δ(t)}  = 1

£{δ(t-t0)}  = 0ste−

0 : 0
( )

: 0

khi t
t

khi t
δ

↔ ≠
= ∞↔ =

0
0

0

0 :
( )

:

khi t t
t t

khi t t
δ

↔ ≠
− =∞↔ =

ñaïo haøm cuûa haøm 1(t) .
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� Baûng tính chaát cuûa bieán ñoåi Laplace

1. £{f(t).1(t)} = £{f(t)}

2. £{f1(t) ± f2(t)} = F1(s) ±
F2(s)

3. £{k.f(t)} = k.F(s)

4. £{e-atf(t)} = F(s+a)

5. £{t.f(t)} =  

6. £{f(t-t0).1(t-t0)} = F(s).e-st0

7. £{df(t)/dt} = sF(s)- f(0-)

8. £

9.

10.
( )dF s

ds
−

0

( )
{ ( ) }
t F s
f t dt

s
=∫

0
lim ( ) (0 ) lim[ . ( )]

st
f t f s F s

+

+

→∞→
= =

0
lim ( ) ( ) lim[ . ( )]
t s
f t f s F s

→∞ →
= ∞ =
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4.3.3 Toaùn töû hoùa caùc phaàn töû maïch 

� Duøng bieán ñoåi Laplace leân phöông trình moâ taû cho caùc 
phaàn töû maïch trong mieàn thôøi gian : 

Ta coù moâ hình phaàn töû maïch trong mieàn 
Laplace (mieàn s) .

Döïng ñöôïc sô ñoà töông ñöông cuûa phaàn töû 
maïch trong mieàn s.
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1. Phaàn töû ñieän trôû :

Resistor

u(t) U(s)

( ) ( ) ( ) ( )u t Ri t U s RI s= ⇒ =
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2. Phaàn töû ñieän caûm : Inductor Models

u(t)

U(s) U(s)

( ) . ( ) (0)U s sLI s Li= − ( ) (0)
( )

U s i
I s

sL s
= +

( ) ( ) ( ) ( ( ) (0))
di

u t L t U s L sI s i
dt

= ⇒ = −

(sL= caûm khaùng toaùn töû)

CuuDuongThanCong.com

http://cuuduongthancong.com


ECA_ch4_2  Laplace Method 11

3. Phaàn töû ñieän dung : Capacitor: Models

0

1
( ) ( ) (0)

t

u t i x dx u
C

= +∫

1 (0)
( ) ( )

u
U s I s

sC s
= + ( ) . ( ) . (0)I s sCU s Cu= −

(1/sC= dung khaùng toaùn töû)
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4. Phaàn töû hoã caûm : Mutual Inductance

)()()(

)()()(

2
2

1
2

21
11

t
dt

di
Lt

dt

di
Mtv

t
dt

di
Mt

dt

di
Ltv

+=

+=

(sM= caûm khaùng hoã caûm toaùn töû)

1 1 1 1 1

2 2

2 1 1

2 2 2 2

( ) ( ) (0)

( ) (0)

( ) ( ) (0)

( ) (0)

U s sL I s Li

sMI s Mi

U s sMI s Mi

sL I s L i

= −
+ −
= −
+ −
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5. Phaàn töû nguoàn :

S S

S S

Independent sources

e (t) E (s)

j (t) J (s)

→

→

a)

D 4 C D 4 C

D 3 C D 3 C

Dependent  sources

e (t) k i (t) E (s) k I (s)

j (t) k u (t) J (s) k U (s)

...

= → =

= → =

b)

� Chæ thay theá baèng aûnh Laplace töông öùng .
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4.3.4 Caùc luaät maïch daïng toaùn töû

U(s) Z(s).I(s)=

�Phaùt bieåu:

Z(s) : trôû khaùng , toång trôû toaùn töû  (Ω)

Y(s) : daãn naïp , toång daãn toaùn töû  (Ω)(S)

a) Luaät Ohm daïng toaùn töû :

+

-

I(s
) Z(s)U(s)

Y(s)
I(s) Y(s).U(s)=

1
Y

Z
=Vôùi : 
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� Ñaëc ñieåm cuûa Z(s) & Y(s) :

Z(s) vaø Y(s) ñeàu tuaân theo caùc pheùp bieán ñoåi töông ñöông 
nhö ñieän trôû vaø ñieän daãn.

�Ví duï : Xaùc ñònh trôû khaùng toaùn töû töông ñöông :
2

0,5Z 0,5
1

2
0,5s

ss= +
+

2
Z 0,5

1
s
s

= +
+
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b) Luaät Kirchhoff daïng toaùn töû:

( ) 0k
node

I s± =∑� Luaät KCL :

( ) 0k
loop

U s± =∑� Luaät KVL :

(Xeùt daáu nhö maïch ñieän trôû)

� Do caùc luaät Ohm vaø Kirchhoff vieát cho maïch toaùn töû cuõng 
töông töï vieát cho maïch phöùc neân ta coù theå aùp duïng caùc phöông 
phaùp phaân tích maïch xaùc laäp ñaõ hoïc cho sô ñoà toaùn töû khi tìm 
aûnh Laplace baát kyø.
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4.3.5 Bieán ñoåi ngöôïc Laplace

1
1 1 0

1
1 1 0

...( )
( )

( ) ...

m m
m m

n n
n n

b s b s b s bB s
Y s

A s a s a s a s a

−
−

−
−

+ + + +
= =

+ + + +

� Ruùt goïn aûnh Laplace Y(s) veà phaân thöùc höõu tæ toái giaûn:

� Phöông trình A(s) = 0 vaãn goïi laø PTÑT. 

� Ta coù caùc tröôøng hôïp :
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1. PTÑT coù nghieäm thöïc , ñôn:

( ) ( )
lim ( )

( ) '( )i
i

i i
s s

s s

B s B s
K s s

A s A s→
=

 
= − = 

 
� Vôùi caùc heä soá :

1

( ) .1( )i

n
s t

i
i

y t K e t
=

=∑

� Caùc nghieäm :  si : i = 1 ÷ n .
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1,1 1,2 1, 1
2

1 1 1 1

( )
... ...

( ) ( ) ( ) ( )
r nr
r

r n

K K K KB s K

A s s s s s s s s s s s
+

+

= + + + + + +
− − − − −

� Caùc nghieäm  :  s1 boäi r  , sr+1, � , sn .

1

1, 1

; 1

1 ( )
( )

( ) ! ( )

r k
r

k r k

s s k r

d B s
K s s

r k ds A s

−

−
= = ÷

 
= − −  

� Trong ñoù : 

11 1

1

1 1
.1( )

( ) ( 1)!
s tr

r
L t e t

s s r
− − 

= − − 

� Khi tìm haøm goác ta duøng coâng thöùc :

2. PTÑT coù nghieäm boäi :
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11

31

( )
( ) 2 Re

'( )
i

n
s ts t

i
i

B s
y t e K e

A s =

 
= + 

 
∑

� Löu yù : Caùc heä soá Ki trong phaàn 2. vaø 3. xaùc ñònh nhö cho 
nghieäm thöïc , ñôn trong phaàn 1. .

3. PTÑT coù nghieäm phöùc :

� Caùc nghieäm  : s1,2 = - α + jβ , s2 , � , sn .
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4.3.6 AÙp duïng cho baøi toaùn quaù ñoä:

1. Xaùc ñònh uC(0-) vaø iL(0-) .

2. Xaây döïng sô ñoà toaùn töû cho maïch taïi t > 0 .Chuù yù xaùc ñònh 
aûnh Laplace cuûa taùc ñoäng vaø cuûa tín hieäu caàn tìm.

3. Aùp duïng caùc phöông phaùp phaân tích maïch ñeå xaùc ñònh aûnh 
Laplace Y(s) cuûa tín hieäu caàn tìm.

� (P2 bñtñ; P2 doøng nhaùnh; P2 theá nuùt; P2 doøng maéc löôùi �)

4. Bieán ñoåi ngöôïc Laplace tìm y(t) töø Y(s).
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