
ECA - ch5.2 Fourier Series 1

5.2: Chuoãi Fourier & Baøi toaùn xaùc
laäp khoâng sin:

5.2.1  Chuoãi Fourier daïng löôïng giaùc.

5.2.2  Tính ñoái xöùng vaø chuoãi Fourier.  

5.2.3  Chuoãi Fourier daïng muõ.

5.2.4  Phoå taàn soá.

5.2.5  Giaûi tích xaùc laäp khoâng sin.

5.2.6  Coâng suaát trong maïch khoâng sin.
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�Baøi toaùn :

� Xaùc ñònh bieåu thöùc xaùc laäp u(t) ? 

� Xaùc ñònh chæ soá caùc duïng cuï ño ? 

I   COM   V

DCV

1.41 V

+_ u(t)
e(t)

Taûi

ACV

Maïch

A V
* *

13.4 W

+

-

Taùc ñoäng e(t) laø tín hieäu tuaàn hoaøn khoâng sin.

Voltmeter

Electronic
Wattmeter
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5.2.1 Chuoãi Fourier daïng löôïng giaùc

Vôùi : n  = 1,2 �
ω0 = 2π/T = taàn soá cô baûn
a0 , an , bn = caùc heä soá khai trieån Fourier .

� Chuoãi Fourier daïng löôïng giaùc cuûa tín hieäu tuaàn hoaøn
khoâng sin f(t) thoaû ñieàu kieän Dirichlets (ñôn ñieäu vaø bò chaën
treân moät chu kyø) coù daïng:

[ ]0 0 0
1

( ) cos( ) sin( ) (1)n n
n

f t a a n t b n tω ω
∞

=

= + +∑ Trigonometric series
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� Caùc heä soá khai trieån Fourier

0

0

1
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T

a f t dt
T

= ∫

0

0
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( )cos( )

T

na f t n t dt
T

ω= ∫

0

0

2
( )sin( )

T

nb f t n t dt
T

ω= ∫

� Tín hieäu coù chu kyø T (s)

2

0

0

1
( ) ( )

2
a f t d t

π

ω ω
π

= ∫
2

0

0

1
( ) cos( ) ( )na f t n t d t

π

ω ω ω
π

= ∫

2

0

0

1
( )sin( ) ( )nb f t n t d t

π

ω ω ω
π

= ∫

� Tín hieäu coù chu kyø 2π (rad)
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� Chuoãi Fourier vaø haøi (harmonic)

� Töø Phöông trình (1) , ta bieán ñoåi :

0 0

2 2
n n n

n
n

n

d a

D a b

b
a rc tg

a
ϕ


 =
 = +

 = −


� Vôùi : 
d0 = thaønh phaàn DC (trung bình).
D1cos(ω0t + ϕ1) = Tp haøi cô baûn.
Dkcos(kω0t + ϕk) = Tp haøi thöù k.

0 0
1

( ) cos( ) (2)n n
n

f t d D n tω ϕ
∞

=

= + +∑ Cosine expansion
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� ÖÙng duïng chuoãi Fourier 

1

( ) n
n

f t TpDC har
∞

=

= +∑

1. YÙ nghóa xeáp choàng : tín hieäu tuaàn hoaøn khoâng sin laø toång
cuûa tín hieäu DC vaø caùc ñieàu hoøa , coù taàn soá laø boäi soá cuûa taàn
soá cô baûn.

2. Tín hieäu tuaàn hoaøn khoâng sin  f(t) coù theå taïo ra töø caùc tín
hieäu : tín hieäu DC vaø caùc tín hieäu ñieàu hoøa , coù taàn soá laø boäi
soá cuûa taàn soá tín hieäu muoán taïo.
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� Taïo tín hieäu khoâng sin töø caùc haøi
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5.2.2 Tính ñoái xöùng cuûa haøm vaø caùc
heä soá khai trieån chuoãi Fourier.

/ 2

0

0

2
( )

T

a f t d t
T

= ∫
/ 2

0

0

4
( )cos( )

T

na f t n t dt
T

ω= ∫

0nb =

a) Haøm chaün f(t) = f(-t) : 
Tín hieäu nhaän truïc tung
laøm truïc ñoái xöùng.
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b) Tính ñoái xöùng leû :

0 0a =

0na =

/ 2

0

0

4
( ) sin( )

T

nb f t n t dt
T

ω= ∫

Haøm leû f(t) = - f(-t) : Tín hieäu
nhaän goác toïa ñoä laøm taâm ñoái
xöùng.
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c) Ñoái xöùng nöûa soùng

� Haøm ñoái xöùng nöûa soùng :
f(t) = - f(t ± T/2 ) :

/ 2

0

0

4
( ) cos( )

T

na f t n t dt
T

ω= ∫
/ 2

0

0

4
( ) sin( )

T

nb f t n t dt
T

ω= ∫

� Khi leû : 

� Khi n chaün : 0n na b= =

0 0a =� TP DC : 

Examples of signals with half-wave symmetry
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d) Chaün & ñoái xöùng nöûa soùng

…,2,1,0 ==⇒ nbneven

even nfor                                   

odd nfor        symmetry wave-half

0

cos)(
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0
0

0
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=

=⇒ ∫
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dttntf
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T

dttkVdttkV
T

a
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T

T
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4

0
0

2

4

0

4

0
12 12cos

8
12cos12cos

4 ωωω +=
















+−+= ∫∫∫+

/ 4
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0

8
( ) cos( ) (n:odd)

T

na f t n t dt
T

ω= ∫
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e) Leû & ñoái xöùng nöûa soùng

…,2,1,0;0 ==⇒ nan  odd

odd nfor                                   

odd nfor        symmetry wave-half

0

sin)(
4 2

0
0

0

0

=

=⇒ ∫

n

T

n

b

dttntf
T

b ω
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0

0

8
( )sin( ) (n:odd)

T

nb f t n t dt
T

ω= ∫
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f) Neáu khoâng ñoái xöùng : 

� Dôøi tín hieäu theo truïc hoaønh : 
thay ñoåi goùc pha cuûa caùc haøi.

� Dôøi tín hieäu theo truïc tung : thay
ñoåi Thaønh phaàn DC cuûa tín hieäu .

f1) Dôøi truïc :
Khoâng ñoái xöùng
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f2)  Phaân tích chaün � leû

( ) ( )
( )

2e

f t f t
f t

+ −
=

( ) ( )
( )

2o

f t f t
f t

− −
=

� Phaân tích thaønh caùc
thaønh phaàn chaün vaø leû :

[Haøm f(-t) xaùc ñònh baèng ñoà thò ]

a0 = a0e an = ane bn = bno

� Vaø ta coù :
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5.2.3 Chuoãi Fourier daïng muõ

0( ) (3)jn t
n

n

f t C e ω
∞

=−∞

= ∑

� Neáu söû duïng caùc coâng thöùc bieán ñoåi Euler vaøo phöông
trình (1) , ta nhaän ñöôïc chuoãi Fourier daïng soá muõ (daïng soá
phöùc ) nhö sau :

0

0

1
( ).

T
jn t

nC f t e dt
T

ω−= ∫� Vôùi soá phöùc Cn :

0 0 0

0

1
( )

T

C f t dt a d
T

= = =∫� Vaø :
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� Chuoãi daïng muõ vaø chuoãi löôïng giaùc

2 2

2 2 2
n nn n n n

n n
n

a ba jb b D
C arctg

a
ϕ

+  −
= = ∠− = ∠ 

 

� Chuoãi daïng muõ quan heä vôùi caùc daïng khaùc :

0 0
1

( ) 2 cos( ) (4)n n
n

f t C C n t Cω
∞

=

= + +∠∑� Vaø nhö vaäy : 
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� Time Shifting :

� It is easier to study the effect of time-shift with the 
exponential series expansion .

0 0 0 0 0( )
0( ) ( . )jn t t jn t jn t

n n
n n

f t t C e C e eω ω ω
∞ ∞

− −

=−∞ =−∞

− = =∑ ∑
� Neáu haøm f(t) bò laøm treã ñi t0 , ta coù :

� Töùc laø ôû mieàn taàn soá , goùc pha haøi thöù n bò thay ñoåi : nω0t0 .

nctn

tft

for shift  phase  

for shift time         

=−
=

00

0 )(

ω
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5.2.4 Phoå taàn soá (fre.  spectrum)

� Phoå taàn soá : bieåu dieãn ñoà thò caùc heä soá chuoãi Fourier.  

a) Phoå taàn soá moät phía bieåu dieãn chuoãi Fourier daïng :  

0 0
1

( ) cos( ) (2)n n
n

f t d D n tω ϕ
∞

=

= + +∑ Cosine expansion

� Phoå bieân ñoä : bieåu dieãn Dn theo n .
� Phoå pha : bieåu dieãn ϕn theo n .
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b) Phoå taàn soá hai phía

0( ) (3)jn t
n

n

f t C e ω
∞

=−∞

= ∑
� Phoå taàn soá hai phía bieåu dieãn chuoãi Fourier daïng :  

� Phoå bieân ñoä : bieåu dieãn |Cn|  theo n . Phoå bieân ñoä
nhaän truïc tung laøm truïc ñoái xöùng.

� Phoå pha : bieåu dieãn ∠Cn theo n . Phoå pha nhaän goác
toïa ñoä laøm taâm ñoái xöùng. 

� Caû hai loaïi phoå coù cuøng thoâng tin  
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� Xaùc ñònh vaø veõ phoå taàn soá 2 phía

1. Xaùc ñònh chu kyø , taàn soá cô baûn.

2. Xaùc ñònh haøm f(t) trong moät chu kyø .

3. Xaùc ñònh C0 duøng tích phaân hay trung bình dieäân tích.

4. Xaùc ñònh Cn baèng coâng thöùc tích phaân. Bieåu dieãn soá phöùc
naøy döôùi daïng soá muõ .

5. Veõ |Cn| theo soá haøi toàn taïi n : phoå bieân ñoä .

6. Veõ ∠Cn theo soá haøi toàn taïi n : phoå pha .
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5.2.5 Truyeàn tín hieäu tuaàn hoaøn qua 
maïch tuyeán tính.

Phöông phaùp phaân tích : Xeáp choàng trong mieàn taàn soá.

0 0
1

( ) cos( )n n
n

x t d D n tω ϕ
∞

=

= + +∑

1. Tìm chuoãi Fourier cuûa x(t) :

Baøi toaùn: Cho maïch :

Tìm ñaùp öùng xaùc laäp y(t) ?
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� Xeáp choàng trong mieàn taàn soá

� Coù theå thay ω = 0 trong bieåu thöùc haøm truyeàn ñaït taàn
soá H(jω) hay tieán haønh baøi toaùn giaûi tích maïch xaùc laäp DC.

2. Tìm Y0 : ñaùp öùng DC.
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� Xeáp choàng trong mieàn taàn soá

0 0
1

( ) cos( )n n
n

y t Y Y n tω ψ
∞

=

= + +∑

� Ñaùp öùng caàn tìm coù daïng :

0( ).n n n nY H jn X Yω ψ
⋅ ⋅

= = ∠

3. Tìm vecto phöùc cuûa haøi:
� Thay ω = nω0 trong bieåu
thöùc haøm truyeàn ñaït taàn soá
H(jω) hay giaûi tích maïch
phöùc khi cho ω = nω0 . 
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� Using Frequency Response for 
Harmonic Analysis (AC analysis) :

R RL C 0jn Lω
0

1

jn Cω
� Circuit Elements:

� Determine Frequency Response: H(jnω0) = I(jnω0)/V(jnω0) .

� From Fourier Series → V(jnω0)  → I(jnω0)  .

0 0 0 0 nH(jnω ) M(nω ) (nω )  &  V(jnω ) V= ∠ = ∠ nθ ϕ

0 n 0 0 n nI(jnω ) V .M(nω ) (nω ) I  = ∠ + = ∠nϕ θ ψ
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� Find Frequency Response H(jω) * :

i. Using the basic laws in the phasor domain .

Y(jω)
H(j )

X(jω)
=ωH(jω)X(jω) Y(jω)

ii. Assuming Y(jω) = 1 → Find X(jω) → then calculate H(jω) .

iii. Determine the Transfer Function H(s) (See chapter 6)→
then replace s by jω .

(*): very important to Electronic Engineering .
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5.2.6 Coâng suaát ôû maïch khoâng sin.

0
1

( ) cos( )DC n un
n

u t U U n tω ϕ
∞

=

= + +∑

0
1

( ) cos( )DC m im
m

i t I I m tω ϕ
∞

=

= + +∑

� Cho moät nhaùnh coù aùp , 
doøng laø tín hieäu khoâng sin :

0

1
( ). ( )

T

P u t i t dt
T

= ∫

a) Coâng suaát taùc duïng P (W) :

1

1
cos( )

2DC DC n n un in
n

P U I U I ϕ ϕ
∞

=

= + −∑

P = PDC + ΣP(haøi) 
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b) Trò hieäu duïng cuûa tín hieäu:

0
1

( ) cos( )DC n un
n

u t U U n tω ϕ
∞

=

= + +∑
� Cho tín hieäu khoâng sin coù khai trieån chuoãi Fourier :

2

2

1 2
n

RMS DC
n

U
U U

∞

=

 = +  
 

∑

� Trò hieäu duïng (RMS value) :

� Treân phaàn töû maïch:
i(t)

u(t)+ -

2
RMSU2

R RMS R
P RI= =

L CP ;P 0=
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c) Coâng suaát phaûn khaùng Q (Var):

1
n n2

1

Q U I sin( )  (Var)un in
n

ϕ ϕ
∞

=

= −∑
� Treân moät nhaùnh baát kyø :

� Treân phaàn töû maïch:
i(t)

u(t)+ -

2
n

0

U1 12
L 0 n2 2 nω L

1 1

Q (n L)I  (Var)
n n

ω
∞ ∞

= =

= =∑ ∑
2
n

0

I1 1 2
C 0 n2 nω C 2

1 1

Q (n C)U  (Var)
n n

ω
∞ ∞

= =

=− =−∑ ∑

RQ 0=
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d) Coâng suaát S vaø T : 

RMS RMSS U I=� Coâng suaát bieåu kieán S (VA)  :

2 2 2T S P Q= − −

� Coâng suaát meùo daïng T (VA)  : coù moät soá haøi chæ toàn taïi ôû
u(t) hay i(t), maø khi thay ñoåi bieân ñoä cuûa chuùng , S thay ñoåi
nhöng P vaø Q khoâng ñoåi. Ngöôøi ta ñöa ra khaùi nieäm coâng
suaát meùo daïng.
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e) Caùc heä soá ñaëc tröng : 
P

S
cos p.fϕ = =� Heä soá coâng suaát cosϕ (p.f):

RMS

0

F RMS Value
f F Average Value

k = =� Heä soá daïng kf :

max

RMS

F peak Value
p F RMS Value

k = =� Heä soá ñænh kp :

� Heä soá meùo daïng: 1(RMS)

RMS

F

F
k =

� Heä soá haøm löôïng haøi thöù n : n(RMS)

RMS

F

n F
k =
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