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CHAPTER SEVEN

DEFLECTION OF SYMMETRIC BEAMS

Learning Objective

1. Learn to formulate and solve the boundary-value problem for the deflection of a beam at any point.

Greg Louganis, the American often considered the greatest diver of all time, has won four Olympic gold medals, one silver
medal, and five world championship gold medals. He won both the springboard and platform diving competitions in the 1984
and 1988 Olympic games. In his incredible execution, Louganis and all divers (Figure 7.1a) makes use of the behavior of the
diving board. The flexibility of the springboard, for example, depends on its thin aluminum design, with the roller support
adjusted to give just the right unsupported length. In contrast, a bridge (Figure 7.15) must be stiff enough so that it does not
vibrate too much as the traffic goes over it. The stiffness in a bridge is obtained by using steel girders with a high area moment
of inertias and by adjusting the distance between the supports. In each case, to account for the right amount of flexibility or
stiffness in beam design, we need to determine the beam deflection, which is the topic of this chapter

(@) T i (b)

Figure 7.1 Examples of beam: (a) flexibility of diving board; and (b) stiffness of steel girders.

We can obtain the deflection of a beam by integrating either a second-order or a fourth-order differential equation. The
differential equation, together with all the conditions necessary to solve for the integration constants, is called a boundary-
value problem. The solution of the boundary-value problem gives the deflection at any location x along the length of the
beam.

7.1 SECOND-ORDER BOUNDARY-VALUE PROBLEM

Chapter 6 considered the symmetric bending of beams. We found that if we can find the deflection in the y direction of one
point on the cross section, then we know the deflection of all points on the cross section. In other words, the deflection at a
cross section is independent of the y and z coordinates. However, the deflection can be a function of x, as shown in Figure 7.2.
The deflected curve represented by v(x) is called the elastic curve.

Figure 7.2 Beam deflection.
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The deflection function v(x) can be found by integrating Equation (6.11) twice, provided we can find the internal moment as
a function of x, as we did in Section 6.3. Equation (6.11), this second-order differential equation is rewritten for convenience:

2
M, = EI,— (7.1)
dx

The two integration constants generated from Equation (7.12.a) are determined from boundary conditions, as discussed
next, in Section 7.1.1.

As one moves across the beam, the applied load may change, resulting in different functions of x that represent the internal
moment M,. In such cases there are as many differential equations as there are functions representing the moment M,. Each addi-
tional differential equation generates additional integration constants. These additional integration constants are determined
from continuity (compatibility) equations, obtained by considering the point where the functional representation of the moment
changes character. The continuity conditions will be discussed in Section 7.1.2. The mathematical statement listing all the differ-
ential equations and all the conditions necessary for solving for v(x) is called the boundary-value problem for the beam deflec-
tion.

7.1.1 Boundary Conditions

The integration of Equation (7.1) will result in v and dv/dx. Thus, we are seeking conditions on v or dv/dx. Figure 7.3 shows
three types of support and the associated boundary conditions.

Note that for a second-order differential equation we need two boundary conditions. If on one end there is only one bound-
ary condition, as in Figure 7.3b or ¢, then the remaining boundary condition must come from another location. Doubts about a
boundary condition at a support can often be resolved by drawing an approximate deformed shape of the beam.

s.:&l: ::
o |
A
= x,) = dv
V[XA) 0 V\XA) 0 E (XA) =0

D=0

(a) (®) ©

Figure 7.3 Boundary conditions for second-order differential equations. (@) Built-in end. (b) Simple support. (¢) Smooth slot.

7.1.2 Continuity Conditions

Suppose that because of change in the applied loading, the internal moment M, in a beam is represented by one function to the
left of x; and another function to the right of x;. Then there are two second-order differential equations, and integration will
produce two different displacement functions, one for each side of x;, together, these will contain a total of four integration

constants. Two of these four integration constants can be determined from the boundary conditions, as discussed in Section
7.1.1. The remaining two constants will have to be determined from conditions at x;. Figure 7.4 shows that a discontinuous

displacement at x; implies a broken beam, and a discontinuous slope at x; implies that a beam is kinked at x;.

Assuming that the beam neither breaks nor kinks, then the displacement functions must satisfy the following conditions:

vi(x;) = va(x)) (7.2.2)
dv, _dv,
= () = == () (7.2.b)

where v, and v, are the displacement functions to the left and right of x;. The conditions given by Equations (7.2) are the con-

tinuity conditions, also known as compatibility conditions or matching conditions.
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() v(x) V,(X) (b) v(x)

v,(x) h//q Discontinuous

Discontinuous
Displacement

|

|

I
Figure 7.4 (@) Broken beam. (b) Kinked beam. X; X:

® Example 7.1 demonstrates the formulation and solution of a boundary-value problem with one second-order differential
equation and the associated boundary conditions.

® Example 7.2 demonstrates the formulation and solution of a boundary-value problem with two second-order differential
equations, the associated boundary conditions, and the continuity conditions.

* Example 7.3 demonstrates the formulation only of a boundary-value problem with multiple second-order differential
equations, the associated boundary conditions, and the continuity conditions.

* Example 7.4 demonstrates the formulation and solution of a boundary-value problem with variable area moment of
inertia, that is, /_ is a function of x.

> "zz

EXAMPLE 7.1

A beam has a linearly varying distributed load, as shown in Figure 7.5. Determine: (a) The equation of the elastic curve in terms of E, /,
w, L, and x. (b) The maximum intensity of the distributed load if the maximum deflection is to be limited to 20 mm. Use £ =200 GPa,
I=600 (10°) mm*, and L = 8 m.

W(N/m)i wx/L y

Figure 7.5 Beam and loading in Example 7.1. L (m) |

PLAN

(a) We can make an imaginary cut at an arbitrary location x and draw the free-body diagram. Using equilibrium equations, the moment

M, can be written as a function of x. By integrating Equation (7.1) and using the boundary conditions that deflection and slope at x = L
are zero, we can find v(x). (b) The maximum deflection for this problem will occur at the free end and can be found by substituting x = 0
max

in the v(x) expression. By requiring that |V | <0.02 m, we can find w,,,..

SOLUTION

(a) Figure 7.6 shows the free-body diagram of the right part after making an imaginary cut at some location x. Internal moment and shear
forces are drawn according to the sign convention discussed in Section 6.2.6. The distributed force is replaced by an equivalent force,
and the internal moment is found by equilibrium of moment about point O.

_ Lwx’ (X _ 1wy’
M, = SEE(3) - e (E1)

vyl x (m) 1 V]
(a) (b)
Figure 7.6 Free-body diagram in Example 7.1. (a) Imaginary cut on original beam. (b) Statically equivalent diagram.
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We substitute Equation (E1) into Equation (7.1) and note the zero slope and deflection at the built-in end. The boundary-value problem
can then be stated as follows:

* Differential equation:

El ‘ﬁ’ = ,lw_xs (E2)
zz dxz 6 L
* Boundary conditions:
v(L) =0 (E3)
dv
—(L) =0 E4
) (E4)
Equation (E2) can be integrated to obtain
dv 1 wx'
— = ———+
“d& @l )
Substituting x = L in Equation (E5) and using Equation (E4) gives the constant c;:
4 3
1 wl wL
=y = = 2=
AL 0 or c 74 (E6)
Substituting Equation (E6) into Equation (E5) we obtain
4 3
dv 1 wx | wL
—_ = =
“dx 24 L 24 (E7)
Equation (E7) can be integrated to obtain
El v = 7Lw—xs+v£x+c (E8)
120 L 24 2
Substituting x = L in Equation (E8) and using Equation (E3) gives the constant c,:
5 3 4
1 wL™  wL wL
=L+ = = _ =
Doz " altes0 o a=-5y (E9)

The deflection expression can be obtained by substituting Equation (E9) into Equation (E8) and simplifying.

w

5 4 5
—_—(x - +
120EIZZL(X 5L'x+4L")

ANS. v(x) =
Dimension check: We note that all terms in the parentheses have the dimension of length to the power of five, that is, O(L’). Thus the
answer is dimensionally homogeneous. But we can also check whether the left-hand side and any one term of the right-hand side has the
same dimension,

il
2

5 5
v 0(9 x>0l  E- O(L ] Loouh)  voow) [M

T I (F/LZ)O(L4)LJ — O(L) — checks

(b) By inspection it can be seen that the maximum deflection for this problem will occur at the free end. Substituting x =0 in the deflec-

tion expression, we obtain v, .. = —wL'/ 30E7,,. The minus sign indicates that the deflection is in the negative y direction, as expected.

max

Substituting the given values of the variables and requiring that the magnitude of the deflection be less than 0.02 m, we obtain
4 4
— maxl‘ — (8 m)
30EL,  30[200(10° N/m*)][600(10 °) m*]

_ w Wnax

<0.02 m or w,. < 17.58(10%) N/m (E10)

|VmaX| max —

ANS. Whax = 17.5 kN/m

COMMENTS

1. From calculus we know that the maximum of a function occurs at the point where the slope of the function is zero. But the slope at
x = L, where the deflection is maximum, is not zero. This is because v(x) is a monotonic function— that is, a continuously increasing
(or decreasing) function. For monotonic functions the maximum (or minimum) always occurs at the end of the interval. We intu-
itively recognized the function’s monotonic character when we stated that the maximum deflection occurs at the free end.

2. If the dimension check showed that some term did not have the proper dimension, then we would backtrack, check each equation for
dimensional homogeneity, and identify the error.
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EXAMPLE 7.2

For the beam and loading shown in Figure 7.7, determine: (a) the equation of the elastic curve in terms of E, I, L, P, and x; (b) the maxi-
mum deflection in the beam.

y lP
2<IiL A c
— B d.
o MON
Figure 7.7 Beam and loading in Example 7.2. } L | L l

PLAN

(a) The internal moment due to the load P at B will be represented by different functions in 4B and BC, which can be found by making
imaginary cuts and drawing free-body diagrams. We can write the two differential equations using Equation (7.1), the two boundary con-
ditions of zero deflection at 4 and C, and the two continuity conditions at B. The boundary-value problem can be solved to obtain the
elastic curve. (b) In each section we can set the slope to zero and find the roots of the equation that will give the location of zero slope.
We can substitute the location values in the elastic curve equation derived in part (a) to determine the maximum deflection in the beam.

SOLUTION

(a) The free-body diagram of the entire beam can be drawn, and the reaction at 4 found as R, = 3P/2 upward, and the reaction at C

found asR, = P/2 downward. Figure 7.8 shows the free body diagrams after imaginary cuts have been made and then internal shear

force and bending moment drawn according to our sign convention.

P

(a) 2PL . 5 |T‘>M1 (b) 2PL l M,
<~ 1 v Q A B [ T‘>

X 11 A 'y

R, =3P/2 LT# | :

Figure 7.8 Free body diagrams in Example 7.2 after imaginary cut in (a) AB (b) BC. R, =3P/2
By equilibrium of moments in Figure 7.8a and b we obtain the internal moments

M,+2PL-Rx =0 or M, = %Px72PL (E1)
M,+2PL—Ryx+P(x—L) =0 or M, = %Px—ZPL—P(x—L) (E2)

Check: The internal moment must be continuous at B, since there is no external point moment at B. Substituting x = L in Equations (E1)
and (E2), we find M, =M, atx = L.

The boundary-value problem can be stated using Equation (7.1), (E1), and (E2), the zero deflection at points 4 and C, and the continuity
conditions at B as follows:

* Differential equations:

a’zv1 3
El,,—5 = 5Px-2PL, 0<x<L (E3)

dx 2

d2V2 3
El,—; = >Px-2PL-P(x-L), L<x<2L (E4)
dx 2
* Boundary conditions:
v, (0) =0 (ES)
v,(2L) =0 (E6)
¢ Continuity conditions:
vi(L) = vy(L) (E7)
Wiy = Loy (ES)
dx dx
Integrating Equations (E3) and (E4) we obtain
dVl 3 2
— = -Px - +
EIL, o 4Px 2PLx+c, (E9)
dv, 3, P 2
— = —px - —=(x—-L)+

El. T 4Px 2PLx 3 (x—L) +c, (E10)
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Substituting x = L in Equations (E9) and (E10) and using Equation (E8), we obtain

%PL272PL2+61 = %PLZfZPL270+c2 or ¢ =0 (E11)
Substituting Equation (E11) into Equation (E10) and integrating Equations (E9) and (E10), we obtain
El,v, = }1Px37PLx2+clx+c3 (E12)
_ 1,3 > P 3
El v, = ZPX —PLx —g(x—L) +extey (E13)
Substituting x = L in Equations (E12) and (E13) and using Equation (E7), we obtain
‘1—‘PL37PL3+01L+C3 - iPL37PL370+clL+c4 or e = e (E14)
Substituting x = 0 in Equation (E12) and using Equation (ES), we obtain
;=0 (E15)
From Equation (E14),
¢ =0 (E16)
Substituting x = 2L and Equation (E16) into Equation (E13) and using Equation (E6), we obtain
iP(ZL)3—PL(2L)2—§(L)3+cl(2L) =0 or ¢ = %PL2 (E17)
Substituting Equations (E15), (E16), and (E17) into Equations (E12) and (E13) and simplifying, we obtain the answer:
ANS. v,(x) = —2— (3’ 120+ 131%)  0<x<L (E18)
12E1,
P 3 2 2 3
ANS. v(x) = == [3x" - 12L2° + 1307 - 2(x - L)'] L<x<2L (E19)

Dimension check: All terms in parentheses are dimensionally homogeneous, as all have the dimensions of length cubed. But we can also
check whether the left-hand side and any one term of the right-hand side have the same dimension:

3 3
P> O(F) x—Ol) E- o(fz) Lol voow X O[JL_
L

— O(L) — checks
El (F/LZ)L‘J

zz

(b) Let dv,/dx be zero at x = x; Differentiating Equation (E18), we obtain

E%—-(%cf C24Lx,+13L) =0 or  9x —24Lx,+13L% = 0 (E20)
The roots of the quadratic equation are x; = 1.91L and x; = 0.756L. . The admissible rootis x; = 0.756L., since Equation (E18), and

hence Equation (E20), are valid only in the range from 0 to L. Substituting this root into Equation (E18), we obtain

3
P 3 2 2 0.355PL
= —_— _ + = =
v,(0.756L) 12)5122(3, x 0.756L° — 12L x 0.756L* + 13L*x 0.756L) EL (E21)
To find the maximum deflection in BC, assume dv,/dx to be zero at x = x, Differentiating Equation (E19) we obtain
1221 [9x3—24Lx,+ 13L°—6(x,—L)’] = 0 or 3x3—12Lx,+7L° = 0 (E22)

The roots of the quadratic equations in Equation (E22) are x, = 0.709L and x, = 3.29L. Both roots are outside the range of L to 2L
and hence are inadmissible. Thus in this problem the slope is zero only at 0.756L, and the maximum deflection is given by Equation
(E21).

_0.355PL°
Vinax — T

zz

ANS.

COMMENT

1. When we made the imaginary cut in BC, we took the left part for drawing the free-body diagram. Had we taken the right part, we
would have obtained the moment expression M, = (Px/2)— PL, which is the simplified form of Equation (E21). We can start with
this moment expression and obtain our results from integration and the conditions as shown. The values of the integration constants
will be different, and there will be slightly more algebra, but the final result will be the same. The form of the moment expression
used in the example made use of the observation that the continuity conditions are at x = L and the terms in powers of (x — L) will be
zero. This form results in less algebra and simplified relations for the constants, as given by Equations (E11) and (E14).
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EXAMPLE 7.3
Write the boundary-value problem for solving the deflection at any point x of the beam shown in Figure 7.9. Do not integrate or solve.
4 5kN l 4 KN/m
S R
Al——x B+ )12kN-m d D
L Pt Fsaum©
. L 5 kN/m ‘
Figure 7.9 Beam and loading in Example 7.3. } 20m <1.0 m~| 30m |

PLAN

The moment expressions in each interval were found in Example 6.10. The differential equations can be written by substituting these
moment expressions into Equation (7.1). We can also write the zero-deflection conditions at points 4 and D and the continuity conditions
at points B and C to complete the boundary-value problem statement.

SOLUTION

From the free body diagram of the entire beam the reactions at 4 and D in Example 6.10 were found to be R, = 0 and R, = 7 kN.

Figure 7.10 shows the free body diagrams used in Example 6.10 to obtain the internal moments

M, =(§x2) KN'm 0 <x<2m (E1)
M, = (5x—12) kN-m 2m<x<3m (E2)
M, = (2x"+17x-30)kN-m  3m<x<6m (E3)
() LRA=O (b) LRA=O SkNl . © v, l4(6—x)kN
A Bo‘) OleS M:(l 03

01|T‘>M,

7 !
SXF—;m——‘Vy «1.0m$1.0m+ PP iV«V (6fx)/2m‘
m | 10 1

kN ‘ 6-xnm
xm | R,=7K

Figure 7.10 Free body diagrams in Example 7.3 after imaginary cut in (a) 4B (b) BC (c) CD.

The boundary value problem can be written as described below.

» Differential equations:

EI AR ER
275 T zx kKN -m 0 <x<2m (E4)
dx
dzvz
El,—5 = (5x—12)kN-m 2m<x<3m (E5)
dx
d*v, 2
El,—5 = (-2x"+17x-30) kN-m 3m<x<6m (E6)
dx
* Boundary conditions:
vi(0) = 0 (E7)
v5(6) = 0 (EB)
¢ Continuity conditions:
vi(2) = v,(2) (E9)
dv, dv,
7@ = 7=2) (E10)
va(3) = v3(3) (E11)
dv dv
—2(3) = —20) (E12)
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COMMENTS

1. Equations (E4), (E5), and (E6) are three differential equations of order 2. Integrating these three differential equations would result in
six integration constants. We have two boundary conditions and four continuity conditions. A properly formulated boundary-value
problems will always have exactly the right number of conditions needed to solve a problem.

2. In Example 7.3 there were two differential equations and the resulting algebra was tedious. This example has three differential equa-
tions, which will make the algebra even more tedious. Fortunately there is a method, discussed in Section 7.4*, which reduces the
algebra. This discontinuity method introduces functions that will let us write all three differential equations as a single equation and
implicitly satisfy the continuity conditions during integration.

EXAMPLE 7.4

A cantilever beam with variable width b(x) is shown in Figure 7.11. Determine the maximum deflection in terms of P, b,, ¢, L, and E.

N (b)
P 6{ 7
A \ - b,
S R
1L > V
(a) ©)
¢ P

4
i

Figure 7.11 (a) Geometry of variable-width beam in Example 7.4. (b) Top view. (c) Front view.

~

PLAN

The area moment of inertia and the bending moment can also be found of x and substituted into Equation (7.1) to obtain the differential
equation. The zero deflection and slope at x = L are the boundary conditions necessary to solve the boundary-value problem for the elas-
tic curve. The maximum deflection will be at x = 0 and can be found from the equation of the elastic curve.

SOLUTION

Noting that b(x) is a linear function of x that passes through the origin and has a value of b, at x = L, we obtain b(x) = b,x/L and the area

moment of inertia as

3
_ b _ (bt
r= 200 - (B ) (ET)

Figure 7.12 shows the free body diagram after an imaginary cut can be made at some location x. By equilibrium of moment at about O,
we obtain the internal moment,

M, = —Px (E2)
P
M,
Figure 7.12 Free-body diagram in Example 7.4. I =V
x /
The boundary-value problem can be written as follows:
* Differential equation:
2
M. _

d_z _ M Px___ _ 12PL (E3)

dx*  EL. Eb,F/12L)x  Eb,r
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* Boundary conditions:

v(L) = 0 (E4)
dv
—(L) = E
S =0 (ES)
Integrating Equation (E3) we obtain
dv 12PL
= +
e > SXte (E6)
Substituting Equation (E6) into Equation (E5), we obtain
2
0=-12L e o o =L (E7)
Eb,t Eb,t

Substituting Equation (E7) into Equation (E6) and integrating, we obtain
712PL(xz) L Lepr?

v = = x+c (ES)
Eb,R 2 Ebe
Substituting Equation (E8) into Equation (E4), we obtain
2 2 3
0 - _12PL3(§_) . 12PL3L+C2 o o= _6PL3 (E9)
Eb, 2/ Ebjt Eb, ¢

The maximum deflection will occur at the free end. Substituting x = 0 into Equation (E8) and using Equation (E9) we obtain the maxi-
mum deflection.

6PL*

ANS. vy, = o
Eb,t

max

(E10)

COMMENTS

1. The beam taper must be gradual given the limitation on the theory described in Section 6.2.

2. We can calculate the maximum bending normal stress in any section by substituting y = #/2 and Equations (E1) and (E2) into Equation
(6.12), to obtain

_v2

(b, /12L)x

3. Equation (E11) shows that the maximum bending normal stress is a constant throughout the beam. Such constant-strength beams are
used in many designs where reduction in weight is a serious consideration. One such design is elaborated in comment 3.

4. In a leaf spring (see page 335), each leaf is considered an independent beam that bends about its own neutral axis because there is no
restriction to sliding (see Problem 6.20). The variable-width beam is designed for constant strength, and b, is found using Equation
(E11). The width b, is then divided into 7 parts, as shown in Figure 7.13a. Except for the main leaf 4, all other leaf dimensions are
found by taking the one-half leaf width on either side of the main leaf. In the assembled spring, the distance in each leaf from the
applied load P is the same as in the original variable-width beam shown in Figure 7.11. Hence each leaf has the same allowable
strength at all points. If b is the width of each leaf and L is the total length of the spring, so that L = L/2, Equations (E10) and (E11)
can be rewritten as

_ OPL (E11)

= |-Px
b1

max

3PL 3PL
5= — 3 Omax = = (73)
4nEbt nbt
ey by b n ey | L P
7777777777777777777777777 4 br/2n
c_ =~ Fb, /20 4 | Lt
B >~ ybi/2n ;’—l
A by /n N !
5 _— Th/om R
””””””””” -+ : w ; ~ T
c 4 bi/2n N > >c ‘B ‘,> Ib =b,/n
77777777777777777777777777777777 77]71‘/2" o
N~ {b/2n
(a) (b)

Figure 7.13 Explanation of leaf spring design.

5. The results can be used in design as in Example 3.6.

August 2012

CuuDuongThanCong.com https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Printed from: http://www.me.mtu.edu/~mavable/MoM2nd.htm

M. Vable Mechanics of Materials: Deflection of Symmetric Beams 7 334

MoM In Action: Leaf Springs

When it comes to leaf springs, necessity was the mother of invention. Humans realized very early the mechanical
advantage of a spring force from bending. For example, most early civilizations had longbows. However, thongs and ropes
lose much of their elasticity in dampness and rain. Metals do not, and in 200 B.C.E. Philo of Byzantium proposed using
bronze springiness as a source of power. By the early sixteenth century spring-powered clocks attained an accuracy of one
minute a day—far better than the weight-driven clocks seen in the towers of Renaissance Italy. The discovery revolution-
ized navigation, enabling world exploration and European colonial power.

Around the same time, overland travel drove a different kind of spring development. Wagons and carriages felt
every bump in the road, and the solution was the first suspension system: leather straps attached to four posts of a chassis
suspended the carriage body and isolated it from the chassis. For all its advantages, however, the system did not prevent
forward and backward sway, and the high center of gravity left the carriage susceptible to rollover. The problems were sig-
nificantly reduced by the introduction of cart springs (Figure 7.14a) or what we call leaf springs today. Edouard Phillips
(1821-1889) developed the theory of leaf springs (see Example 7.4) while studying the spring suspension in freight trains.

It was one of the first applications of the mechanics of materials to engineering design problems.

Figure 7.14 Leaf springs in (a) cart; (b) conventional vehicles.

We still use the term suspension system today, although cars, trucks, and railways are all supported on springs
rather than suspended. To increase bending rigidity, leaf springs have a curve (Figure 7.145). When the curve is elliptical,
the springs are referred to as semi-elliptical springs. The Ford Model T had a non-elliptical curve, but with the Corvette
leaf spring design reached its zenith. Unlike the traditional longitudinal mounting of one spring per wheel, the spring in a
Corvette was mounted transversely. This eliminated one leaf spring and significantly reduced the tendency to rollover. A
double wishbone design allowed for independent articulation of each wheel. The one-piece fiberglass material practically
eliminated fatigue failure, reducing the weight by two thirds compared to steel springs.

With the growth of front wheel drive in the 1970s, automobiles turned instead to coil springs, which require less
space and provide each wheel with independent suspension. However, leaf springs continue to be used in trucks and rail-
ways, to distribute their heavy loads over larger spans.

Both coil and leaf spring systems are part of a passive suspension system, which involve a trade-off between com-
fort, control, handling, and safety. Those factors are driving newer design systems called active suspension, in which the
amount of spring force is externally controlled. It took 400 years for leaf springs to reach their zenith, but need has no

zenith, and necessity is still the mother of invention in suspension design.
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PROBLEM SET 7.1

Second-order boundary-value problems

7.1 For the beam shown in Figure P7.1, determine in terms of P, L, E, and I (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

Y P

[— A

Figure P7.1 L |

7.2 For the beam shown in Figure P7.2, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

y
w
|
[E— A -
= ;8
Figure P7.2 } L2 } L/2 }

7.3  For the beam shown in Figure P7.3, determine in terms of P, L, E, and I (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

Y PL
- Y , ‘)
b I
Figure P7.3 } L/2 ‘ L/2 1

7.4  For the beam shown in Figure P7.4, determine in terms of w, L, E, and I (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

Figure P7.4 L |

7.5 For the beam shown in Figure P7.5, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

Figure P7.5

7.6 For the beam shown in Figure P7.6, determine in terms of P, L, E, and I (a) the equation of the elastic curve; (b) the deflection of the
beam at point 4.

Pt L

A

Figure P7.6

7.7 The cantilever beam in Figure P7.7 is acted upon by a distributed bending moment m per unit length. Determine (a) the elastic curve
in terms of m, E, I, L, and x; (b) the deflection at x = L.

y
m X
N N N NN (N (N—>
Figure P7.7 L}

L = ’
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7.8 For the beam shown in Figure P7.8 determine the deflection at point 4 in terms of w, L, E, and L.

y

.
[E— Al

L —1/2—

Figure P7.8

7.9  For the beam shown in Figure P7.9 determine the deflection at point A in terms of P, L, E, and 1.
y

PL
P
. =7 A Al
|
Figure P7.9 } L 1 L |

7.10  For the beam and loading shown in Figure P7.10, determine the deflection at point 4 in terms of P, L, E, and I.

y p¢

—=X A|
FigureP7.10 L :>|<1— L/2—|>‘

7.11 For the beam shown and loading in Figure P7.11, determine the deflection at point 4 in terms of w, L, E, and 1.
4\y
w

| —— Y A

Figure P7.11 & B ;': 1

7.12  For the beam and loading shown in Figure P7.11, determine the deflection at point 4 in terms of w, L, E, and [
y

w
vV VY
——=x /®\ Al
Figure P7.12 S 4L/24l>l

7.13 In Table P7.13, v, and v, represents the deflection in segment 4B and BC. For the beam shown in Figure P7.2, identify all the condi-
tions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam.
TABLE P7.13 Potential Boundary and Continuity Conditions

@ v,(0) =0 () vo(2L) = 0 () vy (L) = vo(L)

JV Y

A——==x B 2 Cl
(©) vo(L) =0

w
1
dv, 3 dv, _dv,
(® i 0)=0 (k) ok (L) = i (L)
l<’7 2L4‘>‘<1— L
v, (2L) =0

dv, B dv, _dv,
0 "GL =0 O (2L) = D)

() vi(L) = 0 (O v,(3L) =0 0 vi(2L) = v,(2L)

Figure P7.13

7.14 In Table P7.13, v, and v, represents the deflection in segment AB and BC. For the beam shown in Figure P7.14, identify all the con-
ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam.

lg—
—|

i

Figure P7.14 L

2L
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7.15 1In Table P7.13, v, and v, represents the deflection in segment 4B and BC. For the beam shown in Figure P7.15, identify all the con-
ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam.

A "l
=31 5 d

Figure P7.15
= 2L

7.16 In Table P7.13, v, and v, represents the deflection in segment 4B and BC. For the beam shown in Figure P7.16, identify all the con-

~

ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam.

R TR

A = 1 B/.\ 2 c

Figure P7.16
2L =<7 L

7.17 For the beam and loading shown in Figure P7.17, determine in terms of w, L, E, and [/ (a) the equation of the elastic curve; (b) the
deflection at x = L.
y le

AF—x B gd_
|
[

O

Figure P7.17 L oL l

7.18 For the beam and loading shown in Figure P7.18, determine in terms of w, L, E, and [ (a) the equation of the elastic curve; (b) the
deflection at x = L.

y w
wL2 ¥ > J l l
Af—x B C]
Figure P7.18 } L } L

7.19 For the beam and loading shown in Figure P7.19 determine in terms of w, L, E, and [ (a) the equation of the elastic curve; (b) the
deflectionatx =1L .

y w

Figure P7.19 |

7.20 For the beam and loading shown in Figure P7.20 determine in terms of w, L, E, and [ (a) the equation of the elastic curve; (b) the
deflection at x = L.

y L—"i’i
X
Figure P7.20 I | I |

7.21 A simply supported beam in Figure P7.21 is acted upon by a distributed bending moment m per unit length. Determine (a) the elastic
curve in terms of m, E, I, L, and x; (b) deflection at x =L.

Y
m X
! R R e
Figure P7.21 E ii L - I
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7.22 A diver weighing 200 Ib stands at the edge of the diving board as shown in Figure 7.22. The diving board cross section is 16 in.x
1 in. and has a modulus of elasticity of 1500 ksi. Determine the maximum deflection in the diving board.

Elin,
z

16 in.

Figure P7.22

7.23  For the beam and loading shown in Figure P7.23, write the boundary-value problem for determining the deflection of the beam at any
point x. Assume EI is constant. Do not integrate or solve.

le

AF—>x B (@ D
1 t TW \WLZ
Figure P7.23 — L —— L —] 2L }

7.24  For the beam shown in Figure P7.24, write the boundary-value problem for determining the deflection of the beam at any point x.
Assume E/ is constant. Do not integrate or solve.

y
w

Ab=x BA Jwi? owi?( «C D]
— DY

\
—L— 2L L—
Figure P7.24 wL

Variable area moment of inertia

7.25 A cantilever beam with variable depth 4(x) and constant width 5 is shown in Figure P7.25. The beam is to have a constant strength
o. In terms of b, L, E, x, and o, determine (a) the variation of 4(x); (b) the maximum deflection.

Figure P7.25

7.26 A cantilever tapered circular beam with variable radius R(x) is shown in Figure P7.26.The beam is to have a constant strength o. In
terms of L, E, x, and o, determine (a) the variation of R(x); (b) the maximum deflection.

Figure P7.26

7.27 For the tapered beam shown in Figure P7.27, determine the maximum bending normal stress and the maximum deflection in terms
of E,w, b, h;, and L.

Figure P7.27
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7.28 For the tapered circular beam shown in Figure P7.28, determine the maximum bending normal stress and the maximum deflection in
terms of E, P, dj, and L.

Figure P7.28

7.29 The 2-in. x 8-in. wooden beam of rectangular cross section shown in Figure P7.29 is braced at the support using 2-in. x 1-in.
wooden pieces. The modulus of elasticity of wood is 2000 ksi. Determine the maximum bending normal stress and the maximum deflection.

Figure P7.29

7.30 A2 in.x 8 in. wooden rectangular cross-section beam is braced the near the load point using 2 in. x 1 in. wooden pieces as shown in
Figure P7.30. The load is applied at the mid point of the beam. The modulus of elasticity of wood is 2,000 ksi. Determine the maximum
bending normal stress and the maximum deflection. (Hint: Use symmetry about mid point to reduce calculations)

P=16001b
y

IS in.

Figure P7.30

Stretch Yourself

7.31 To reduce weight of a metal beam the flanges are made of steel £ = 200 GPa and the web of aluminum £ = 70 GPa as shown
in Figure P7.31. Determine the maximum deflection of the beam.

y 5kN Y4

\ Steel 10 mm

Aluminum
—> X ~

m } 70 mm
10 mm

—

Steel _ 10 mm
f«— 70 mm — t

Figure P7.31

7.2 FOURTH-ORDER BOUNDARY-VALUE PROBLEM

We were able to solve for the deflection of a beam in Section 7.1 using second-order differential equations because we could
find M, as a function of x. In statically indeterminate beams, the internal moment determined from static equilibrium will con-
tain some unknown reactions in the moment expression. Also, if the distributed load p, is not uniform or linear but a more
complicated function, then finding the internal moment M, as a function of x may be difficult. In either case it may be prefer-
able to start from an alternative equation. We can substitute Equation (7.1) into Equation (6.17), (that is, into
dM./dx = -V, ) and then substitute the result into Equation (E6.18), (that is, dV,/dx = —p, ) to obtain

d dv
V,= - (EIZZJJ (7.4)
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d2
ax’

If the bending rigidity E7,, is constant, then it can be taken outside the differentiation. However, if the beam is tapered, then 7,

Z

(EIZZ i—}‘-z’) =p, (7.5)

is a function of x, and the form given in Equations (7.4) and (7.5) must be used.

7.2.3 Boundary Conditions

The deflection v(x) can be obtained by integrating Equation (7.5), but the fourth-order differential equation will generate four
integration constants. To determine these constants, four boundary conditions are needed. The integration of Equation (7.5)
will yield V), of Equation (7.4), which on integration would yield M, of Equation (7.1), which on integration would in turn
yield v and dv/dx. Thus boundary conditions could be imposed on any of the four quantities v, dv/dx, M, and V,

To understand how these conditions are determined, we generalize a principle discussed in statics for determining the reac-
tion force and/or moments. Recall how we determine reaction forces and moments at the supports in drawing free-body dia-
grams:

¢ Ifa point cannot move in a given direction, then a reaction force opposite to the direction acts at that support point.

¢ Ifaline cannot rotate about an axis in a given direction, then a reaction moment opposite to the direction acts at that support.

y P

" g (E—11) ¢
A I | ~— Ax — M(0) M (L) f— Ax —
Ry
(a) (b) ©)

Figure 7.15 Example demonstrating grouping of boundary conditions.

Consider the cantilever beam with an arbitrarily varying distributed load shown in Figure 7.15a. We make an imaginary cut
very close to the support at 4 (at an infinitesimal distance Ax) and draw the free-body diagram as shown in Figure 7.15b. The
internal shear force and the internal moment are drawn according to our sign convention. Notice that the distributed force is not
shown because as Ax goes to zero, the contribution of the distributed force will drop out from the equilibrium equations. By

equilibrium we obtain ¥ ,(0) = -R, and M,(0) = —M,. Thus if a point cannot move—that is, the deflection v is zero at a
point—then the shear force is not known, because the reaction force is not known. Similarly if a line cannot rotate around an axis
passing through a point, dv/dx = 0, and the internal moment is not known because the reaction moment is not known.

The reverse is equally true. Consider the free-body diagram constructed after making an imaginary cut at an infinitesimal
distance from end B, as shown Figure 7.15¢. By equilibrium we obtain V(L) = 0 and M_(L) = 0. However, the free end can
deflect and rotate by any amount dictated by the loading. Thus, when we specify a value of shear force, then we cannot specify
displacement. And when we specify a value of internal moment at a point, then we cannot specify rotation. We can thus place the
quantities v, dv/dx, M, and VV

* Group 1: Ataboundary point either the deflection v can be specified or the internal shear force V, can be specified, but

not both.

® Group 2: At a boundary point either the slope dv/dx can be specified or the internal bending moment M, can be spec-

ified, but not both.

Two conditions are specified at each end of the beam, generating four boundary conditions. One condition is chosen from
each group. Stated succinctly, the boundary conditions at each end of the beam are

® Group I: \% or v,
and (7.6)
* Group 2: dv or M,
dx ‘
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From Figure 7.15¢ we concluded that the shear force and the bending moment at the free end were zero. This conclusion can
be reached by inspection without drawing a free-body diagram. If at the end there were a point force or a point moment, then
clearly the magnitude of the shear force would equal the point force, and the magnitude of the internal moment would equal
the point moment. Again, we can reach this conclusion without drawing a free-body diagram. But to get the correct sign of ¥
and M, we need a free-body diagram, with the internal quantities drawn according to our sign convention. We address the

issue in Section 7.2.5.

7.2.4 Continuity and Jump Conditions

Suppose there is a point force or a point moment at x;, or that the distributed force is given by different functions on the left
and right of x;. Then, again, the displacement will be represented by different functions on the left and right of x,.

Thus we have two fourth-order differential equations, and their integration constants will require eight conditions:

* Four conditions are the boundary conditions discussed in Section 7.2.3.
* Two additional conditions are the continuity conditions at x; discussed in Section 7.1.2.

* The remaining two conditions are the equilibrium equations on ¥, and M, at x;.

The equilibrium conditions on ¥/, and M. at x; are jump conditions due to a point force or a point moment to be discussed in

the next section.

7.2.5 Use of Template in Boundary Conditions or Jump Conditions

We discussed the concept of templates in drawing shear—-moment diagrams in Section 6.4.2. Here we discuss it in determining
the boundary conditions on ¥, and M, and jumps in these internal quantities due to a point force or a point moment.

Recall that a template is a small segment of a beam on which a point moment A/; and a point force F; are drawn (Ax tends
to zero in Figure 7.16). F; and M; could be applied or reactive forces and moments and their directions are arbitrary. The ends

at +Ax and —Ax represent the imaginary cut just to the left and just to the right of the point forces and point moments. The inter-
nal shear force and the internal bending moment on these imaginary cuts are drawn according to our sign convention, as dis-
cussed in Section 6.2.6. Writing the equilibrium equations for this 2Ax segment of the beam, we obtain the template equations,

Va(x) = Vi(x;) = —F; (7.7.a)
My(x;) - M\(x;) = M, (7.7.b)

Vl(xj) A/I/ Vz(x_,')

P

Figure 7.16 Template at x;.

The moment equation does not contain the moment due to the forces because these moments will go to zero as Ax goes to
Zero.
If the point force on the beam is in the direction of F; shown on the template, the template equation for force is used as

given. If the point force on the beam is opposite to the direction of F; shown on the template, then the template equation is used

by changing the sign of F. The template equation for the moment is used in a similar fashion.

* Ifx; is a lefi boundary point, then there is no beam left of x;. Hence ¥} and M, are zero and we obtain the boundary condi-
tions on ¥, and M, from V, and M,

* Ifx; is a right boundary point, then there is no beam right of x;. Hence V, and M, are zero and we obtain the boundary
conditions on ¥, and M, from V', and M,.

* Ifx; is in between the ends of the beam, then the jump in shear force and internal moment is calculated using the tem-

plate equations.
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An alternative to the templates is to draw free-body diagrams after making imaginary cuts at an infinitesimal distance from
the point force and writing equilibrium equations. Example 7.5 demonstrates the use of the template. Examples 7.6 and 7.7 dem-
onstrate the use of free-body diagrams to determine the boundary conditions or the jump in internal quantities.

EXAMPLE 7.5
The bending rigidity of the beam shown in Figure 7.17 is 135 (10°) Ibs-in., and the displacements of the beam in segments 4B (v,) and BC

(v,) are as given below. Determine (a) the reactions at the left wall at 4; (b) the reaction force at B and the applied moment M.

Some loading

v, = 5(x’=20x)10° in. 0<x<20 in. Yooy

B
v, = 10(x* ~30x> +200x)10 * in. 20 in.<x<40 in. = D

. : A -
Figure 7.17 Beam in Example 7.5. 20 in—}<20 in—~<———40 in—|

PLAN

By differentiating the given displacement functions and using Equations (7.1) and (7.4), we can find the bending moment M and the
shear force ¥V, in segments 4B and BC. (a) Using the template in Figure 7.16, we can find the reactions at 4 from the values of V, and M,
atx = 0. (b) Using the template in Figure 7.16, we can find the reaction force and the applied moment at B from the values of V, and M,

before and after x = 20 in.

SOLUTION
The shear force calculation requires the third derivative of the displacement functions. The functions v, and v, can be differentiated three
times:
D 5327 40x)(10°) (E1)
dx
2
dv, _ 6y . -1
— = 5(6x—40)(10") in. (E2)
dx
d3v1 _ 6y _ 6y . -2
—5 = (5)(6)(10 ") = 30(10 ") in. (E3)
dx
dv, _ ) 6
i 10(3x"—60x +200)(10 ) (E4)
dv
—2 = 10(6x-60)(10°) in.”" (ES)
dx
dv
—2 = (10)(6)(10°°) = 60(10 °) in.”? (E6)
dx
From Equations (7.1), (E2), and (ES), the internal moment is
d’v
M, = El—' = [135(10°) Ibs.in.”][5(6x —40)(10™°) in.”'] = 675(6x —40) in.-Ibs (E7)
dx
szz 6 .2 6y . -1 .
M. = EI.—5 = [135(10") Ibs.in."][10(6x — 60)(10 °) in. '] = 1350(6x - 60) in.-Ibs (EB)
dx
From Equations (7.4), (E3), and (E6), the shear force is
d3V1 6 .2 6y s 2
v, = EIZZF = [135(10") Ibs.in."][30(107°) in. ] = 4050 Ibs (E9)
X
V—Eld3V2—1 %) Ibs.in.> ) in 2] = I El
b, = ZZF = [135(10") lbs.in.”][60(10 ") in. "] = 8100 lbs (E10)
X
The internal moment and shear force at 4 can be found by substituting x = 0 into Equations (E7) and (E9),
M. (0) = 675(-40) = 27,000 in.-Ibs V, (0) = 4050 Ibs (E1D)

The internal moment and shear force just before and after B can be found by substituting x = 20 into Equations (E7) through (E10),

August 2012

CuuDuongThanCong.com https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Printed from: http://www.me.mtu.edu/~mavable/MoM2nd.htm

M. Vable Mechanics of Materials: Deflection of Symmetric Beams 7 343

M, (20) = 675[(6)(20) —40] = 54,000 in.-Ibs M_(20) = 1350[(6)(20)~ 60] = 81,000 in.-Ibs (E12)
v, (20) = 4050 Ibs V,,(20) = 8100 Ibs (E13)
Figure 7.18 shows the free-body diagram of the entire beam. It also shows the template of Figure 7.16 for convenience.

Some loading

Figure 7.18 Free-body diagram of entire beam in Example 7.5. J
If we compare the reaction force at 4 to F; and the reaction moment to A; in Figure 7.16, we obtain F; = —R, and M; = —M . As point 4 is
the left end of the beam, V(x;) and M, (x;) are zero on the template, and V(x;) = Vyl(O) and M,(x;) = le(o)- From the template
equation we obtain R, = VyI(O) and M, = 7MZI(0). Substituting Equation (E11), we obtain

ANS. R, =4050 lbs M, = 27,000 in. - lbs

If we compare the reaction force at B to F; and the applied moment to M; in Figure 7.16, we obtain F;= R and M; = M}, Substituting for
x; =20 in. and using Equations (E12) through (E13), we obtain R and M,

Rg = V1(20) - ¥, (20) = 4050 Ibs — 8100 Ibs = —4500 Ibs (E14)

My = M. (20) - M_ (20) = 81,000 in.lbs — 54,000 in.-Ibs = 27, 000 in.-Ibs (E15)

ANS. R, = -45001bs M, = 27,000 in.-Ibs

COMMENTS

1. An alternative to the use of the template is to draw a free-body diagram after making imaginary cuts at an infinitesimal distance from
the point forces, as shown in Figure 7.19. The internal forces and moments must be drawn according to our sign convention. By writ-
ing equilibrium equations the required quantities can be found.

Ry V(0 V,1(20) My V,5(20)
MA(JT;M“(O) (lT‘)
Ry = Vy(0) M_,(20) T M_5(20)
My = —M,(0) Ry
@ V,2(20) = V,1(20) = ~Ry
Figure 7.19 Alternative to template. M_5(20) — M 1(20) = My

b
2. The free-body diagram of the entire beam in Figure 7.18 is not necessary. From the template equations, the force ;?)and the moment
M; with the correct signs can be found. If F; and M; are positive, then Ry and My will be in the direction shown on the template. If
these quantities are negative, then the direction is opposite.
3. This problem demonstrates how we (i) determine the conditions on shear force and bending moment and (ii) relating these internal
quantities to the reaction forces and moments. The same basic principles apply when the displacement functions have to be deter-

mined first, as we see next.

EXAMPLE 7.6

In terms of E, I, w, L, and x, determine (a) the elastic curve; (b) the reaction force at 4 in Figure 7.20.

Figure 7.20 Beam and loading in Example 7.6. \ L

METHOD 1 PLAN: FOURTH-ORDER DIFFERENTIAL EQUATION

(a) Noting that the distributed force is in the negative y direction, we can substitute p, = —w in Equation (7.5) and write the fourth-order

differential equation. The two boundary conditions at 4 are zero deflection and zero moment, and the two boundary conditions at B are
zero deflection and zero slope. We can solve the boundary-value problem and obtain the elastic curve. (b) We can draw a free-body dia-
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gram after making an imaginary cut just to the right of 4 and relate the reaction force to the shear force. We can find the shear force at
point 4 by substituting x = L in the solution obtained in part (a).

SOLUTION

(a) The boundary-value problem statement can be written below following the description in the Plan.

* Differential equation:

2 2
i[Elzzd—\;J — (E1)
dx? dx
* Boundary conditions:
v(0) =0 (E2)
dv _
(0) =0 (E3)
v(L) =0 (E4)
d’v
El,— (L) =0 (E5)
dx
Integrating Equation (E1) twice,
2
4 [Elzz d—\;] = —wx+c, (E6)
dx dx
dv wx’
Elzzﬁ =5 +cxtoe, (E7)
Substituting Equation (E7) into Equation (ES), we obtain
2
cL+c, = % (E8)
Integrating Equation (E7), we obtain
EI d—vifﬂJrcx—erchrc (E9)
2Zqx 6 1 2 2 3
Substituting Equation (E9) into Equation (E3), we obtain
c; =0 (E10)
Substituting Equation (E10) and integrating Equation (E9), we obtain
wx' x X
ElLv = 7? + Clg+czz+c4 (E11)
Substituting Equation (E11) into Equation (E2), we obtain
¢ =0 (E12)

Substituting Equations (E12) and (E11) into Equation (E4), we obtain

3 2 4

CIL CQL wl

—_— = =
6 2 24 (E3)

Solving Equations (E8) and (E13) simultaneously, we obtain

2
SwL wL
¢ = ¢ =% (E14)
Substituting Equations (E12) and (E14) into Equation (E11) and simplifying, we obtain the elastic curve,
w 4 3 2.2
= - - +
ANS. v(x) 48E]zz(2x SLx”+3L°x") (E15)

Dimension check: Note that all terms in parentheses on the right-hand side of Equation (E15) have the dimension of length to the power
of 4, or O(L*). Thus Equation (E15) is dimensionally homogeneous. But we can also check whether the left-hand side and any one term
of the right-hand side have the same dimension:

4 4
wr' 0[ (F/L)L

w—> 0(9 x>0() E- 0(?) Lol voo) IR

j — O(L) — checks

zz
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(b) We make an imaginary cut just to the right of point 4 (at an infinitesimal distance) and draw the free-body diagram of the left part

using the sign convention in Section 6.2.6, as shown in Figure 7.21. By force equilibrium in the y direction, we can relate the shear force

at A to the reaction force at A4,
Ry=V,= Vy(L)

(E16)

=)

Figure 7.21 Infinitesimal equilibrium element at 4 in Example 7.6. RAW
From Equations (7.4), (E6), and (E14), the shear force is

2
V.(x) = _4 El avi_ foM
Rl dx zzd 2

X

Substituting Equation (E17) into Equation (E16), we obtain the reaction at 4.

METHOD 2 PLAN: SECOND-ORDER DIFFERENTIAL EQUATION

< Ax—] M,

(E17)

We can make an imaginary cut at some arbitrary location x and use the left part to draw the free-body diagram. The moment expression
will contain the reaction force at 4 as an unknown. The second-order differential equation, Equation (7.1), would generate two integra-

tion constants, leading to a total of three unknowns. We need three conditions: the displacement at 4 is zero, and the di
slope at B are both zero. Solving the boundary-value problem, we can obtain the elastic curve and the unknown reaction

SOLUTION

splacement and
force at 4.

We make an imaginary cut at a distance x from the right wall and take the left part of length L — x to draw the free-body diagram using

the sign convention for internal quantities discussed in Section 6.2.6 as shown in Figure 7.22.

3l

(a) vi) " (b) w(L — x)
al|)
Lo v el e L,

Figure 7.22 Free-body diagram in Example 7.6. R R
A A

Balancing the moment at point O, we obtain the moment expression,

2
szRA(fo)er% =0 or M, = RA(fo)f;—V(LZerszLx)
Substituting into Equation (7.1) and writing the boundary conditions, we obtain the following boundary-value problem:

* Differential equation:

2
Elzzﬂz’ =R,(L-x) - 2(L*+x"—2Lx)
dx 2
* Boundary conditions:
v(0)=0
dv _
dx(O) =0
v(L)=0

Integrating Equation (E2), we obtain

2
e 9 -z

i RA(fo);—) 2(L2x+x;fo2) +c
Substituting Equation (E6) into Equation (E4), we obtain

¢, =0
Substituting Equation (E7) and integrating Equation (E6), we obtain

2 3 22 4 3
ELv = RA(LTX f%) - %V(LTX +L 7%‘) +e,

Substituting Equation (E8) into Equation (E3), we obtain

c, =0
Substituting Equations (E8) and (E9) into Equation (ES), we obtain

(ET)

(E2)

(E3)
(E4)

(ES)

(E6)

(E7)

(E8)

(E9)
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3,3 4 4 4
Ly (L, L Ly 3wl
RA(z 3 ACRETRE 0 or ANS. R, 3 (E10)
Substituting Equations (E9) and (E10) into Equation (E8) and simplifying, we obtain v(x).
w 4 3 2.2
. = - +
ANS v(x) 48Elzz(2x SLx” +3L°x") (E11)

COMMENTS

1. Method 2 has less algebra than Method 1 and should be used whenever possible.

2. Suppose that in drawing the free-body diagram for calculating the internal moment, we had taken the right-hand part. Then we would
have two unknowns rather than one—the wall reaction force and moment in the expression for moment. In such a case we would
have to eliminate one of the unknowns using the static equilibrium equation for the entire beam. In other words, in statically indeter-
minate problems, the internal moment should contain a number of unknown reactions equal to the degree of static redundancy.

3. The moment boundary condition given by in Method 1 is implicitly satisfied. We can confirm this by substituting x = L in Equation
(E1).

EXAMPLE 7.7

A light pole is subjected to a wind pressure that varies as a quadratic function, as shown in Figure 7.23. In terms of E, I, w, L, and x,
determine (a) the deflection at the top of the pole; (b) the ground reactions.

Figure 7.23 Beam and loading in Example 7.7.

PLAN

(a) Finding the moment as a function of x by static equilibrium is difficult for this statically determinate problem. We can use the fourth-
order differential equation, Equation (7.5). We have four boundary conditions: the deflection and slope at 4 are zero, and the moment
and shear force at B are zero. We can then solve the boundary-value problem and determine the elastic curve. By substituting x = L in the
elastic curve equation, we can obtain the deflection at the top of the pole. (b) By making an imaginary cut just above point 4, we can
relate the internal shear force and the internal moment at point 4 to the reactions at 4. By substituting x = 0 in the moment and shear
force expressions, we can obtain the shear force and moment values at point 4.

SOLUTION

The boundary-value problem below can be written as described in the Plan.

* Differential equation:

2 2 2
d d
_2(E1~—‘—2’] = —w[%] (ED
dx dx L
* Boundary conditions:
v(0) =0 (E2)
d
(=0 (E3)
d*v
El,—; =0 (E4)
dx x=L
2
d [Elzzd Zj -0 (ES)
dx dx .
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Integrating Equation (E1), we obtain

2 3
i[Elz,d—Z] =W, (E6)
dxl gy 3L
Substituting Equation (E6) into Equation (E5), we obtain
o = & (E7)
3
Substituting Equation (E7) into Equation (E6) and integrating, we obtain
& fowL
EIzz_\zl = _%—FW_X-"—CZ (ES)
3
dx 12L

wlL
S E9
€2 4 (E9)
Substituting Equation (E9) into Equation (E8) and integrating, we obtain
5 2 2
Elzz@ _ wx +wLx _wL x_’_c3 (E10)
dx 60L> 6 4

Substituting Equation (E10) into Equation (E3), we obtain
¢; =0 (E11)
Substituting Equation (E11) into Equation (E10) and integrating, we obtain

6 2.2
chﬁ/ _wx 2_‘_wLx _wLl'x +e, (E12)
dx 3601 18 8
Substituting Equation (E12) into Equation (E2), we obtain
¢y =0 (E13)

Substituting Equation (E13) into Equation (E12) and simplifying, we obtain

3

v(x) = —————(x*-20L7% +45L%%%) (E14)

360E1,_L
Dimension check: Note that all terms in parentheses on the right-hand side of Equation (E14) have the dimension of length to the power
of 6, or, O(L®). Thus Equation (E14) is dimensionally homogeneous. But we can also check whether the left-hand side and any one term

of the right-hand side have the same dimension:

6 6
wool)  xsowy Esof)  Loouh voom 2o 0[ (F/L)L J 5 O(L) - checks
L ELL> \(F/LAL'L

zz

(a) Substituting x = L into , we obtain the deflection at the top of the pole.

13w’
180E1_,

ANS.  v(L) = -

(b) We make an imaginary cut just above point 4 (Ax — 0) and take the bottom part to draw the free-body diagram shown in Figure
7.24. By equilibrium of forces and moments, we can relate the reaction force R, and the reaction moment M, to the internal shear force
and the internal bending moment at point 4,

M.(0) = -M, V,(0) = —R, (E15)

M0) ¢—— V(0

!

il
—
Figure 7.24  Free body diagram of an infinitesimal element at 4 in Example 7.7. AU M,

Substituting Equations (E7) and (E6) into Equation (7.4) and Equations (E9) and (E8) into Equation (7.1), we can obtain the shear force
and bending moment expressions,

4 2
M (x) = -—=+—x—— (E16)
12L
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3

wx~ wL
Vo(x) = 2L W& (E17)
y 3 LZ 3
Substituting Equations (E16) and (E17) into Equation (E15), we obtain the reaction force and the reaction moment.
2
_wlL _wl
ANS. R, == M,="-

COMMENTS

1. The directions of R, and M can be checked by inspection, as these are the directions necessary for equilibrium of the externally dis-
tributed force.

2. The free-body diagram in Figure 7.24, the reaction force R, and the reaction moment M, can be drawn in any direction, but the inter-
nal quantities V), and M, must be drawn according to the sign convention in Section 6.2.6. Irrespective of the direction in which R,
and M, are drawn, the final answer will be as given. The sign in the equilibrium equations, Equation (E15), will account for the

assumed directions of the reactions.

PROBLEM SET 7.2

Fourth-order boundary-value problems

7.32 The displacement in the y direction in segment 4B, shown in Figure P7.32, was found to be v(x) = (20x3 - 40x2)10’6 in. If the
bending rigidity is 135 x 10° Ib-in., determine the reaction force and the reaction moment at the wall at 4.

Some loading

= B L

20 in 60 in |

Figure P7.32

7.33 In Figure P7.33, the displacement in the y direction in section AB, is given by v,(x) = -3 (x*~20x’)(10%) in. and in BC by

vy(x) = -8 (x2 —100x + 1600)(10-3) in. If the bending rigidity is 135 x 10° Ib-in.%, determine: (a) the reaction force at B and the applied

moment My; (b) the reactions at the wall at 4.

Some loading y
Ms, l I 1 :
AC (B x= 1‘
O Af ‘
Figure P7.33 1 0in 20 i

7.34 For the beam shown in Figure P7.34, determine the elastic curve and the reaction(s) at 4 in terms of E, I, P, w, and x.

y P (kN)JL
——— A
' |
Figure P7.34 ~— L (m) | L (m) \

7.35 For the beam shown in Figure P7.35, determine the elastic curve and the reaction(s) at 4 in terms of £, 1, P, w, and x.

y w (kKN/m)
=0 A
Figure P7.35
L (m)
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7.36 For the beam shown in Figure P7.36, determine the slope at x = L and the reaction moment at the left wall in terms of £, I, w, and L.

ﬁ<\l\

Ct—x B|

Figure P7.36 | |
\ L \

7.37 For the beam shown in Figure P7.37, determine the deflection and the moment reaction at x = L in terms of E, I, w, and L.

y
w
A
—x B
Figure P7.37 L

7.38 For the beam shown in Figure P7.38, determine the deflection and the slope at x = L in terms of E, I, w, and L.

5]
y L’

Figure P7.38 L

wL

7.39  For the beam and loading shown in Figure P7.39, determine the deflection and slope at x = L in terms of E, I, w, and L.

FigureP7.39

7.40 For the beam and loading shown in Figure P7.40, determine the slope at x = L and the reaction moment at the left wall in terms of E,
I, w,and L.

FigureP7.40

7.41 For the beam and loading shown in Figure P7.41, determine the maximum deflection in terms of E, I, w, and L.

. TTX
wsin—

Figure P7.41 L

=

7.42  For the beam and loading shown in Figure P7.42, determine the maximum deflection in terms of E, I, w, and L.

. TIX
wsin—
L

Figure P7.42
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7.43 A cantilever beam under uniform load has a spring with a stiffness & attached to it at point 4, as shown in Figure P7.43. The spring
constant in terms of stiffness of the beam is written as k = o.EI/L> , where « is a proportionality factor. Determine the compression of the
spring in terms of &, w, E, I, and L.

)7

A
L 4

I =

Figure P7.43

7.44 A linear spring that has a spring constant K is attached at the end of a beam, as shown in Figure P7.44. In terms of w, E, I, L, and K,
write the boundary-value problem but do not integrate or solve.

w sin(7r x/2L) (1b/ft)
w (Ib/ft)
~VB
—>x  M(=wL”>(t:lb) C D
A O .
K
| |
Figure P7.44 ! L L ! L %
F=wL

Historical problems

7.45 The beam and loading shown in Figure P7.45 was the first statically indeterminate beam for which a solution was obtained by
Navier. Verify that Navier’s solution for the reaction at 4 is given by the equation below.

y lP
C
> x B |A

O
1 a b —

_ Pd’(3L—-a)
2L’

R, where L = a+b

Figure P7.45

7.46 Jacob Bernoulli incorrectly assumed that the neutral axis was tangent to the concave side of the curve in Figure P7.46 and obtained
the equation given below. In the equation R is the radius of curvature of the beam at any location x. Derive this equation based on Bernoulli’s
assumption and show that it is incorrect by a factor of 4. (Hint: Follow the process in Section 6.1 and take the moment about point B.)

A
R
Figure P7.46 o

7.47 Clebsch considered a beam loaded by several concentrated forces P, placed at a location x;, as shown in Figure P7.47. He obtained
the second-order differential equation between the concentrated forces. By integration he obtained the slope and deflection as given and
concluded that all C;’s are equal and all D,’s are equal. Show that his conclusion is correct. For x, <x<x,,,,

AV o ¢ (x—x)’ x)
Elﬁfoszj(xij) El—fo—sz 5 C, Elv = R— ZP +Cx+D;

i=1 i=1 i=1

AR

X=0Fm—>X

ﬂ»‘

]

Figure P7.47 R
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Stretch Yourself

7.48 A beam resting on an elastic foundation has a distributed spring force that depends on the deflections at a point acting as shown in Fig-
ure P7.48. Show that the differential equation governing the deflection of the beam is given by Equation (7.8), where k is the foundation
modulus, that is, spring constant per unit length.

—~
t 1

2 2
M.+ dM, L[Ezu d—j] kv = p (7.8)
dx

(ledxaTﬁ dx’

wo wea,
(k dx)v

Figure P7.48 Elastic foundation effect.

7.49 To account for shear, the assumption of planes remaining perpendicular to the axis of the beam (Assumption 3 in Section 6.2) is
dropped, and it is assumed that the plane rotates by the angle y from the vertical. This yields the following displacement equations:

u=-py@x)  v=v()

The rest of the derivation! is as before. Show that the following equations apply:

%[GA(%fwﬂ - %(El%’) - Ga(f ) (7.9)

where 4 is the cross-sectional area and G is the shear modulus of elasticity. Beams governed by these equations are called Timoshenko beams.

7.50 Figure P7.50 shows a differential element of a beam that is free to vibrate, where p is the material density, 4 is the cross-sectional

area, and 8’v/or" is the linear acceleration. Show that the dynamic equilibrium is given by Equation (7.10).

I ox*

v
M, M_+ AM, PATS Ax ? 4
(l ‘ K T or* oV, cz—a—-‘-, =0 where ¢ = JEI__/ pA. (7.10)

o))

Vil Ax~{Vy + AV - Ax |

Figure P7.50 Dynamic equilibrium.

7.51 Show by substitution that the following solution satisfies Equation (7.10):

v(x, 1) = G(x)H(1) G(x) = Acoswx + Bsinwx + Ccosh wx + Dsinh ox H(t) = E cos(cw’)t+ D sin(ca’ )t

7.52 Show by substitution that the following deflection solution satisfies the fourth order boundary value problem of the cantilever beam
shown in Figure P7.52.

v(x) = 6LEI{RAX3 + 3MAx2 +J0X(x7x1)3p(xl) dx1:| where R, = 7J‘0Lp(x1) dx,and M, = jéxlp(xl) dx,. (7.11)

Computer problems

7.53 Table P7.53 shows the value of distributed load at several point along the axis of a 10 ft long rectangular beam. Determine the slope
and deflection at the free end using. Use modulus of elasticity as 2000 ksi.
TABLE P7.53 Data in Problem 7.53

x ) x ()
(ft) (Ib/ft) (ft) (Ib/ft)
0 275 6 377
1 348 7 316
2 398 8 233
3 426 9 128
4 432 10 0
5 416

'Use Equations (2.12a) and (2.12d) to get &, and %,- Use Hooke’s law, the static equivalency equations [Equations (6.1) and (6.13)], and the
equilibrium equations [Equations (6.17) and (6.18)].
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7.54 For the beam and loading given in Problem 7.53, determine the slope and deflection at the free end in the following manner. First

represent the distributed load by p(x) =a + bx + ex’ and, using the data in Table P7.53, determine constants a, b, and c by the least-squares
method. Then using fourth-order differential equations solve the boundary-value problem. Use the modulus of elasticity as 2000 ksi.

7.55 Table P7.55 shows the measured radii of a solid tapered circular beam at several points along the axis, as shown in Figure P7.55. The
beam is made of aluminum (£ = 28 GPa) and has a length of 1.5 m. Determine the slope and deflection at point B.

TABLE P7.55 Data for Problem 7.55

Figure P7.55

x R(x) x R(x)
(m)  (mm) (m) (mm)
0.0 100.6 0.8 60.1
0.1 92.7 0.9 60.3
0.2 82.6 1.0 59.1
0.3 79.6 1.1 54.0
0.4 75.9 1.2 54.8
0.5 68.8 1.3 54.1
0.6 68.0 1.4 49.4
0.7 65.9 L5 50.6

7.56 Let the radius of the tapered beam in Problem 7.55 be represented by the equation R(x) = a + bx. Using the data in Table P7.55,
determine constants a and b by the least-squares method and then find the slope and deflection at point B by analytical integration.

August 2012

CuuDuongThanCong.com

https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Printed from: http://www.me.mtu.edu/~mavable/MoM2nd.htm

M. Vable Mechanics of Materials: Deflection of Symmetric Beams 7 353

MoM in Action: SKkyscrapers

A skyscraper can be a monument to the builder’s pride or a literal monument, designed to attract tourists and ten-
ants to the city’s, the country’s, or the world’s tallest building. When John Roscoe, in 1930, wanted a taller building than
Walter Chrysler’s, he pushed for his own, completed just one year after the Chrysler building More than 40 years later, his
Empire State Building (Figure 7.25a). was still the world’s tallest building, at 1250 ft. Even today, it is surely the most
famous skyscraper ever. New construction is also driven by the same social forces as those behind the boom in Chicago,
New York, and London at the end of 19th century. Businesses then and now want to be near a city’s commercial center
and emerging economies are seeing a movement of the population from villages to cities. As this edition goes to press, the
tallest building is Taipei 101 in Taiwan (Figure 7.25b). Built in 2003, it stands 1671 feet tall.

@ . ®)

Figure 7.25 (a) Empire State in New York. (b) Taipei 101 in Taipei, Taiwan. (c) Joint construction.

Social forces, then, have pushed skyscrapers higher and higher, but technological advances have made that
possible. Early high-rise buildings had a pyramid design: the building cross-section decreased with height to avoid
excessive stresses at the bottom. The height of these building was limited by the strength of masonry materials and by the
difficulty of getting water to higher stories. Besides, renters did not want to climb too many stairs! With the advent of steel
beams, reinforced concrete, glass, electric water pumps, and elevators, however, the human imagination was freed to build
tall. If one thinks of a high-rise building as an axial column, then skyscrapers are like cantilevered beams subject to
bending loads in the wind. A proper variation of both axial and bending rigidity with height is important in design.
Skyscrapers must be strong enough to withstand hurricane winds in excess of 140 mph. With an increase in height, too, the
bearing stresses at the base increase, often requiring digging deep to bedrock.

In addition to the stresses, the deflection of a skyscraper increases with height. By welding and bolting the
horizontal girders to steel columns, the rigidity of the joint (Figure 7.25c¢) is increased, which helps reduce the sway.
Skyscraper designs often have columns on the outer perimeter, which are connected to the central core columns. The outer
columns act like flanges to resist most of the wind load, while the inner columns carry most of the weight. In modern
skyscrapers, computer-controlled masses of hundreds of tons, called tuned mass dampers, move to counter the building
sway. Today skyscrapers are also designed to move with earthquakes rather then stress the building frames.

The terrorist attack on World Trade Center (see page 525) has highlighted the need for better fireproofing of steel
beams, and technology is once more providing the solution. But terrorist acts do not deter the human spirit, which like the
skyscrapers themselves still soars. In the sands of United Arab Emirates, the next tallest skyscraper is rising. Called Burj

Dubai, or the Dubai tower, it will be twice the height of the Empire State Building.
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7.3* SUPERPOSITION

The assumptions and limitations that were imposed in deriving the simplest theory for beam bending ensured that we have a
linear theory. As a consequence, the differential equations governing beam deflection, Equations (7.1) and (7.5), are linear
differential equations, and hence the principle of superposition can be applied to beam deflection.

The leftmost beam in Figure 7.26 is loaded with a uniformly distributed load w and a concentrated load P,. The superposition
principle says that the deflection of a beam with uniform load w and point force P, is equal to the sum of the deflections calculated
by considering each load separately, as shown on the right two beams in Figure 7.26. Although the example in Figure 7.26 demon-
strates the principle of superposition, there is no intrinsic gain in calculating the deflection of each load separately and adding to find
the final answer. But if the solutions to basic cases are tabulated, as in Table C.3, then the principle of superposition becomes a very
useful tool to obtain results quickly. Thus the maximum deflection of the beam on the left can be found using the results of cases 1
and 3 in Table C.3. Comparing the loading of the two beams in Figure 7.26 to those shown for cases 1 and 3, we note that P =—
P,=—wL and p,=-w, a =L, and b = 0. Substituting these values into v,,,. given in Table C.3 and adding, we obtain

4

_ (whL wL' _ 1lwL
Vinax 3EI  SEI  24EI (7.12:2)
Py =wL
y w y P, = le y w
IR R
i X = i X + i X
L (m) L (m) L (m)

Figure 7.26 Example of superposition principle.

Another very useful application of superposition is the deflection of statically indeterminate beams. Consider a beam built in at
one end and simply supported at the other end with a uniformly distributed load, as shown in Figure 7.27. The support at 4 can be
replaced by a reaction force, and once more the total loading can be shown as the sum of two individual loads, as shown at right in
Figure 7.27. Comparing the loading of the two beams in Figure 7.26 to those shown for cases 1 and 3 in Table C.3, we note that
P=R, py=-w,a=L,and b=0.v,, is at point 4 in both cases. Substituting these values into v,,,. given in Table C.3 and adding,

we obtain
R,.L wL*
= - 7.12.b
Va T 3E[ T REI (7.12.0)
y w y y w
RN IR
> x A = —>x A + > x A
mn F |
1 L (m) 1 1 L (m) Ry 1 L (m) \

Figure 7.27  Example of use of superposition principle in solving statically indeterminate beam deflection.

But the deflection at 4 must be zero in the original beam. Thus we can solve for the reaction force as R, = 3wL/8EI. Now the

solution of v(x) given in Table C.3 can be superposed to obtain

v(x) = I—Q—Af-z(u I (7.12.0)
6E] 24E1
Substituting for R, and simplifying, the solution for the elastic curve is
wx2(f 2x% +5Lx - 3L2)
48E1

v(x) = (7.12.d)
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EXAMPLE 7.8
For the beam shown in Figure 7.28, using the principle of superposition and Table C.3, determine (a) the reactions at 4; (b) the maximum
deflection.
y w (kN/m)
y V¥ vk
" A
Figure 7.28 Beam in Example 7.8.
L (m)

PLAN

(a) The wall at 4 can be replaced by a force reaction R, and a moment reaction M. Thus the beam would be a cantilever beam with a uni-

formly distributed load, a point force at the end, and a point moment at the end, corresponding to the first three cases in Table C.3. Superpos-
ing the slope and deflection values from Table C.3 and equating the result to zero would generate two equations in the two unknowns R, and

M which give the reactions at 4. (b) From the symmetry of the problem, we can conclude that the maximum deflection will occur at the

center. Substituting x = L/2 in the elastic curve equation of Table C.3 and adding the results, we can find the maximum deflection of the
beam.

SOLUTION

(a) The right wall at 4 can be replaced by a reaction force and a reaction moment, as shown at left in Figure 7.29. The total loading on
the beam can be considered as the sum of the three loadings shown at right in Figure 7.29.
vy w(kN/m) y y ¥y w(kN/m)

¥ VY im My I

—>x A ) = —>x A -|— —>x A) -|— —>x A

f——L (m) *jRA ——L(m) 41 Ry ——L(m) ‘ f—— L (m)—
Figure 7.29 Superposition of three loadings in Example 7.8.
Comparing the three beam loadings in Figure 7.29 to that shown for cases 1 through 3 in Table C.3, we obtain P =R, M =—-M,, and p
=-w,a =L, and b = 0. Noting that v,

values and superpose to obtain the deflection v, and the slope at 6,. Noting that at the wall at 4 the deflection v , and the slope at €, must

nax a0 6, shown in Table C.3 for the cantilever beam occur at point 4, we can substitute the load

be zero, we obtain two simultaneous equations in R, and M ,,

3 2
R, (-M)L  (—w)L* 5
= +—2+ = - =
e e = 0 or 8R,L—12M, = 3wL (E1)
2 3
RAL (—MA)L (—W)L 2
6, Y =7 Chl 0 or 3R,L—-6M, = wL (E2)
Equations (E1) and (E2) can be solved to obtain R, and M.
~wlL _ wL?
ANS. R, = > M, = 5 (E3)

(b) The maximum deflection would occur at the center of the beam. Substituting x = L/2, P=R, = wL/2, M = -M,=-wL/12, and p
= —w in the equation of the elastic curve for cases 1 through 3 in Table C.3 and superposing the solution, we obtain

_ g) _ ng/zggL/zf( _é)+7(wL2/12)(L/2)2+ (—w)(L/2)* [(4)2_ (g) N 2}

Vinax V(z 6er L3 2El 24El |\2) 4G teL o (E4)
4 4 4

Voo = SwL™ wL™ 17wl (ES)
96EI 96EI 384EIl

4

_ wlL

ANS. Vea = 307

COMMENTS

1. All terms in Equations (E1) and (E2) have the same dimension, as they should. If this were not the case, then we would need to exam-
ine the equations obtained using superposition and the subsequent simplifications carefully to ensure dimensional homogeneity.

2. By symmetry we know that the reaction forces at each wall must be equal. Hence the value of the reaction forces should be wL/2, as
calculated in Equation (E3).

August 2012

CuuDuongThanCong.com https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Printed from: http://www.me.mtu.edu/~mavable/MoM2nd.htm

M. Vable Mechanics of Materials: Deflection of Symmetric Beams 7 356

EXAMPLE 7.9

The end of one cantilever beam rests on the end of another cantilever beam, as shown in Figure 7.30. Both beams have length L and
bending rigidity £/. Determine the deflection at 4 and the wall reactions at B and C in terms of w, L, E, and I.

Figure 7.30 Two cantilever beams in Example 7.9.

PLAN

The two beams can be separated by putting an unknown force R, that is equal but opposite in direction on each beam at point 4. From case
1 in Table C.3 for beam AB, the deflection at 4 can be found in terms of R ,. From cases 1 and 3 for beam AC, the deflection at 4 can be
found by superposition. By equating the deflection at 4 for the two beams, we can find the force R . (a) Once R is known, the deflection

at A is found from the equation written for beam 4B. (b) The reactions at B and C can be found using equilibrium equations on each
beam’s free-body diagram.

SOLUTION

(a) The assembly of the beams shown in Figure 7.30 can be represented by two beams with a force R that acts in equal but opposite

directions, as shown in Figure 7.31a and b. The loading on the beam in Figure 7.31b can be represented as the sum of the two loadings
shown in Figure 7.31¢ and d.

w
WL C C
A L/2 A L/2

RA‘ L/2 | L/2

(@) (b) © (d)
Figure 7.31 Analysis of beam assembly by superposition in Example 7.9.

Comparing the beam of Figure 7.31a to that shown in case 1 in Table C.3, we obtain P=—-R,, a =L, and b = 0. Noting that v, in case 1
occurs at A4, the deflection at A can be written as

3

(7RA)L22L R,
6EI =7 3EI
Comparing the beam in Figure 7.3 1c¢ to that of case 1 in Table C.3, we obtain P =R, — wL, a = L, and b = 0. Comparing the beam in Fig-

\

(E1)

ure 7.31d to that of case 3 in Table C.3, we obtain p,=-w, a =L/2, and b = L/2. Since v, for both cases occurs at 4, by superposition

the deflection at 4 can be written as

o ZRiWDL (n)(L/2)(BL/2+4L/2) _ (Ry—wDIL 7w )
4 6E1 24FE1 3E] 384E1
Equating Equations (E1) and (E2), give the reaction R :
R, (R—wL)L’ 4
R, (R -wL)LT TwL or R, =135wL (E3)
3E] 3E] 384E1 256
Substituting Equation (E3) into Equation (E1), we obtain the deflection at 4.
45wl
ANS. V4T “hser7

(b) The reactions at the wall can be found from the free-body diagrams of each beam, as shown in Figure 7.32. By equilibrium of forces
in the y direction and the moments about B in Figure 7.324, the reactions at B can be found,

Ry = R, My = R,L (E4)
2

135wL 135wL

ANS. Ry = ¢ My = =
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(@) MBABB (b) L/4
P T R, wL/2 ‘C
RB\ . o ﬂMC

N

A L
Figure 7.32 Free-body diagrams in Example 7.9. R T/
. A
By equilibrium of forces in the y direction and the moments about C in Figure 7.32b, the reactions at C can be found,
wL 249wl
= 4+ = _ =
Re=wL 2 R, 756 (ES)
wl (L) 153w’
= + ==+ =
Mc = wL(L)+ () + R,L e (E6)
249wl _153wl?
ANS. R- = 256 M. = 56

COMMENT

1. This example demonstrates how the principle of superposition can significantly simplify the analysis and design of structures. Hand-
books now document an extensive number of cases for which beam deflections are known. These apply to a wide variety of beam
assemblies. But to develop a list of formulas (as in Table C.3) requires a knowledge of the methods described in Sections 7.1 and 7.2.

7.4* DEFLECTION BY DISCONTINUITY FUNCTIONS

Thus far, we have used different functions to represent the distributed load p,, or moment M., for different parts of the beam.
We then had to determine the integration constants that satisfy the continuity conditions and equilibrium conditions at the
Junctions x;. These tedious and algebraically intensive tasks, may be unavoidable for a complicated distributed loading func-
tion. But for many engineering problems, where the distributed loads either are constant or vary linearly, there is an alterna-
tive method that avoids the algebraic tedium. The method is based on the concept of discontinuity functions.

7.4.1 Discontinuity Functions

Consider a distributed load p and an equivalent load P = pe¢, as shown in Figure 7.33. Suppose we now let the intensity of the
distributed load increase continuously to infinity. At the same time, we decrease the length over which the distributed force is
applied to zero so that the area peremains a finite quantity. We then obtain a concentrated force P applied at x = a. Mathemat-
ically,
P = lim lim(pe¢)
p—>xo -0
Rather than write the limit operations, we can represent a concentrated force with, P(x — a)fl.

G—a)!

|t

‘ S .

tt g

Figure 7.33 Delta function.
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The function (x—a) ' is called the Dirac delta function, or delta function. The delta function is zero except in an infinites-

imal region near a. As x tends toward a, the delta function tends to infinity, but the area under the function is equal to 1. Mathe-
matically, the delta function is defined as

] 0, xX#a ate a
(x—a) ' = j (x—a) " dv=1 (7.13)
o0, xX—a a—g
Now consider the following integral of the delta function:
_[ (x— a)fl dx

The lower limit of minus infinity emphasizes that the point is before a. If x < a, then in the interval of integration, the delta

function is zero at all points; hence the integral value is zero. If x > a, then the integral can be written as the sum of three inte-

grals,

a—é& a+e X
-1 -1 -1
I (x—a) dx+ J‘a_g (x—a) dx+ J.aﬂ(x—a) dx

—00

Step function Ramp function
x-a (x—a) (x—ay
Figure 7.34 Discontinuity functions. ' . . .
a a a

The first and third integrals are zero because the delta function is zero at all points in the interval of integration, whereas the

second integral is equal to 1 as per Equation (7.13). Thus the integral J:O (x— a)f1 dx is zero before a and one after a. It is
called the step function as shown in Figure 7.34 and is represented by the notation (x — a)’ .

(x—a)o = Ix (x—a)fl dx—{o’ vea (7.14)

1, x>a

Now consider the integral of the step function,
j ' (x—a) O dx

If x < a, then in the interval of integration the step function is zero at all points. Hence the integral value is zero. If x > a, then
we can write the integral as the sum of two integrals,

a X
I (x—a)odx+J. (x—a)odx
—00 a
The first integral is zero because the step function is zero at all points in the interval of integration, whereas the second inte-

gral value is x — a. The integral J‘fw (x - a)’ dx is called the ramp function. It is represented by the notation (x — a)' and is

shown in Figure 7.34. Proceeding in this manner we can define an entire class of functions, which are represented mathemati-
cally as follows:

0, x<a
(x—a)" = { (7.15)

(x—a)", x>a

We can also generate the following integral formula from Equation (7.15):
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X N :<x_a>n+l
j (x—a) de =2 120 (7.16)

We define one more function, called the doublet function. It is represented by the notation {x — a)  and is defined mathe-

matically as

(x—a) "’ = {0’ x:a fx (x—a) *dce=(x—a)" (7.17)
o0, x—>a w

The delta function {x — a)fl and the doublet function (x — a)fz become infinite at x = a, that is, they are singular at x = @ and

are referred to as singularity functions. The entire class of functions (x —a)" for positive and negative n are called disconti-
nuity functions.

The discontinuity functions are zero if the argument is negative. By differentiating Equations (7.14), (7.16), and (7.17) we
can obtain the following formulas:

d{x— a)fl _
dx

d(x-a)° _

— (x-ay”! (7.18)

(x—a)”

d{x—a)"

=nl{x—a)" ", n>1 (7.19)
dx

7.4.2 Use of Discontinuity Functions

Before proceeding to develop a method for solving for the elastic curve using discontinuity functions, we discuss the process
by which the internal moment M, and the distributed force p, can be written using the discontinuity functions. We will
develop the procedure using a simple example of a cantilever beam subject to different types of loading, as shown in Figure
7.35. Then we will generalize the procedure to more general loading and types of support.

y y lP y w
~M l l
() .) (b) —>=x . (c) =« 5
f—a— f—a— —a—
P w

s e —a— "
} X | } X I } X |
M_O x<a M_O x<a M—O ) x<a
< -M x>a < —P(x—a) x>a < —W(XZ;a) x>a
N2
MZ=—M<)c—a>0 M.7=—P<x—a>1 Mz=—ww
p=—Mx—ay? p=—Plx—a)! p=—-wx—a)l

Figure 7.35 Use of discontinuity functions.
When we make an imaginary cut before x = a in the cantilever beams shown in Figure 7.35, the internal moment M_ will be
zero. If the imaginary cut is made after x = a, then the internal moment M, will not be zero and can be determined using a free-

body diagram. Once the moment expression is known, then it can be rewritten using the discontinuity functions. This moment
expression can be used to find displacement using the second-order differential equation, Equation (7.1). However, if the
fourth-order differential equation, Equation (7.5), has to be solved, then the expression of the distributed force p, is needed.

Now the distributed force can be obtained from the moment expression using the identity that is obtained by substituting

Equation (6.18) into Equation (6.17), or M ./ dx’ = p,- By using Equation (7.19) we can obtain the distributed force expres-

sion from the moment expression, as shown in Figure 7.35.
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If the distributed load is as shown in Figure 7.35¢, then the expression for it can be obtained directly, without the free-body
diagram, and the moment expression can be obtained by integrating twice. For the concentrated force and moment also, it is not
difficult to recognize the type of discontinuity function that will be used in the representation. The difficulty lies in obtaining the
correct sign in the expression for the internal moment M,. We shall overcome this problem by using a template to guide us.

A template is created by making an imaginary cut beyond the applied load. On the imaginary cut the internal moment is
drawn according to the sign convention discussed in Section 6.2.6. A moment equilibrium equation is written. If the applied load
is in the assumed direction on the template, then the sign used is the sign in the moment equilibrium equation. If the direction of
the applied load is opposite to that on the template, then the sign in the equilibrium equation is changed. The beams shown in
Figure 7.35 are like templates for the given coordinate systems.

EXAMPLE 7.10

Write the moment and distributed force expressions using discontinuity functions for the three templates shown in Figure 7.36.

Case 2 P w Case 3

x=b x=a

Figure 7.36  Three cases of Example 7.10.

PLAN

For cases 1 and 2 we can make an imaginary cut after x = a and draw the shear force and bending moment according to the sign conven-
tion in Section 6.2.6. By equilibrium we can obtain the moment expression and rewrite it using discontinuity functions. By differentiat-
ing twice, we can obtain the distributed force expression. For case 3 we can write the expression for the distributed force using
discontinuity functions and integrate twice to obtain the moment expression.

SOLUTION

Case 1: We make an imaginary cut at x > a and draw the free-body diagram using the sign convention in Section 6.2.6 as shown in Fig-
ure 7.37a. By equilibrium we obtain

M, =M (E7)
is valid only after x > a. Using the step function we can write the moment expression, and by differentiating twice as per Equation (7.19)
we obtain our result.

ANS. M, = M(x-a)"  p,=M(x-a)"

M ) (b) ‘ O T y
= >J f< ) (o et }J

Figure 7.37 (a) Case 1, (b) Case 2, (c) Case 3 in Example 7.10.

Case 2: We make an imaginary cut at x > a and draw the free-body diagram using the sign convention in Section 6.2.6 as shown in Fig-
ure 7.37b. By equilibrium we obtain

M, = P(x—a) (ES)
is valid only after x > a. Using the ramp function we can write the moment expression, and by differentiating twice as per Equation
(7.19) we obtain our result.

ANS. M, = P(x—a}1 p},:P<x—a>71
Case 3: The distributed force is in the negative y direction. Its start can be represented by the step function at x = a. The end of the dis-
tributed force can also be represented by a step function using a sign opposite to that used at the start as shown in Figure 7.37b.

ANS. py = —W(x—a)Oer(x—b}O (E9)

Integrating Equation (E9) twice and using Equation (7.16), we obtain the moment expression
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z

ANS. M. = —;V(x—a)er%}(x—b)z (E10)

COMMENTS

1. The three cases shown could be part of a beam with more complex loading. But the contribution for each of the loads would be calcu-
lated as shown in the example.

2. In obtaining Equation (E10) we did not yet write integration constants. When we integrate for displacements, we will determine these
from boundary conditions.

3. In case 3 we did not have to draw the free-body diagram. This is an advantage when the distributed load changes character over the
length of the beam. Even for statically determinate beams, it may be advantageous to start with the fourth-order, rather than the sec-
ond-order differential equation.

EXAMPLE 7.11

Using discontinuity functions, determine the equation of the elastic curve in terms of £, I, L, P, and x for the beam shown in Figure 7.38.

y lP
2(1:L A c
—x B :
= Ui
Figure 7.38 Beam and loading in Example 7.11. | L | L l

PLAN

Two templates can be created, one for an applied moment and one for the applied force. With the templates as a guide, the moment
expression in terms of discontinuity functions can be written. The second-order differential equation, Equation (7.1), can be written and
solved using the zero deflection boundary conditions at 4 and C to obtain the elastic curve.

SOLUTION
Figure 7.39 shows two templates. By equilibrium, the moment expressions for the two templates can be written
M, = M{(x-a)’ M.=F(x—a) (E1)
y M. y M.
X ala
Lx S T> L » 7 D
Figure 7.39 Templates for Example 7.11. M~ vy TF Vy

Figure 7.40 shows the free-body diagram of the beam. By equilibrium of moment at C, the reaction at 4 can be found as R, = 3P/2.

We can write the moment expressions using the templates in Figure 7.39 to guide us. The reaction force is in the same direction as the
force in the template. Hence the term in Equation (E2) will have the same sign as shown in the template equation.

The applied moment at point 4 has an opposite direction to that shown in the template in Figure 7.39. Hence the term in the moment
expression in Equation (E2) will have a negative sign to that shown in the template equation. The force P at B has an opposite sign to that
shown on the template, and hence the term in the moment expression will have a negative sign, as shown in Equation (E2).

M, = 3TP<x)lePL(x>OfP(x7L)1 (E2)
Y P
A | c
2PL Q —x B
Figure 7.40 Free-body diagram in Example 7.11. L } L
Ry Rc

Substituting Equation (E2) into Equation (7.1) and writing the zero deflection conditions at 4 and C, we obtain the boundary-value prob-
lem:

* Differential equation:

LY - 37})(x)172PL(x)07P<x7L)1, 0<x<2L (E3)

zz )
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* Boundary conditions:

v(0) =10 (E4)
v(2L) = 0 (ES)
Integrating Equation (E3) twice using Equation (7.16), we obtain
dv _ 3P, 2 1 P 2
—_— == - —=(x—L) +
2z Jy 4 <x> 2PL<X> 2 <X L> ¢y (E6)
El v = g(xffPL(x)zf}g(fof+c1x+c2 (E7)

Substituting Equation (E7) into Equation (E4), we obtain the constant c,:
§<0)37PL(0)27§<7L)3+CZ=0 or =0 (E8)

Substituting Equation (E7) into Equation (E5), we obtain the constant c;:
13 .2

§(2L>37PL<2L)27§<L)3+c1(2L) =0 o e =pPL (E9)
Substituting Equations (E8) and (E9) into Equation (E7), we obtain the elastic curve.
ANS. v(x) = =2 [3(0)° — 120(x) 2~ 2 (x— L)* + 130%] (E10)

12EL,

Dimension check: All terms in brackets are dimensionally homogeneous as all have the dimensions of length cubed. But we can also
check whether the left-hand side and any one term of the right-hand side have the same dimension,

3 3
Dx - 0[%} — O(L) —> checks
ElL (F/LYL

zz

P>OF) x—>0L) E- 0(52) I.—> 0" v O(L)
L

COMMENTS

1. Comparing the boundary-value problem in this example with that of Example 7.2, we note the following: (i) There is only one differ-
ential equation here representing the two differential equations of Example 7.2. (ii) There are no continuity equations at x = L as there
were in Example 7.2. The net impact of these two features is a significant reduction in the algebra in this example compared to the
algebra in Example 7.2.

2. Equation (E10) represents the two equations of the elastic curve in Example 7.2. We note that (x ~1)’=0 for0<x< L. Hence
Equation (E10) can be written v(x) = P(3x® — 12Lx* + 13L%)/12EI

the term (x—L)° = (x—L)’. Hence Equation (E10) can be written v(x) = P[3x’ — 12Lx" + 13L°x — 2(x— L)’]/12EL,
same as Equation (E19) in Example 7.2.

which is same as Equation (E18) in Example 7.2. For L <x < 2L,

which is

Z9

EXAMPLE 7.12

A beam with a bending rigidity EI = 42,000 N-m? is shown in Figure 7.41. Determine: (a) the deflection at point B; (b) the moment
and shear force just before and after B.

Y 5KN| 12kN-m 4 kN/m
— S R
AbE—x B- )G [P
. o b b Aaum
Figure 7.41 Beam and loading in Example 7.12. | = 1.0 m~] 30m 1

PLAN

The coordinate system in this example is the same as in Example 7.11, and hence we can use the templates in Figure 7.39. Differentiating
the template equations twice, we obtain the template equation for the distributed forces, and we write the distributed force expression in
terms of discontinuity functions. Using Equation (7.5) and the boundary conditions at 4 and D, we can write the boundary-value problem
and solve it to obtain the elastic curve. (a) Substituting x = 2 m in the elastic curve, we can obtain the deflection at B. (b) Substituting
x = 2.5 in the shear force expression, we can obtain the shear force value.

SOLUTION

(a) The templates of Example 7.11 are repeated in Figure 7.42. The moment expression is differentiated twice to obtain the template
equations for the distributed force,
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M, = M{(x-a) M.=F(x-a) (E1)
p= M()cfaf2 p:F()cfaf1 (E2)
Xi=a
* i x B — (/]
V. Vv,
Figure 7.42 Templates for Example 7.12. M 4 T P ?

We note that the distributed force in segment AB is positive, starts at zero, and ends at x = 2. The distributed force in segment CD is neg-
ative, starts at x = 3, and is over the rest of the beam. Using the template equations and Figure 7.42, we can write the distributed force
expression,

p =50 -5(x-2"-4(x-3)"-5(x-2) ' —12(x-2)" (E3)
Substituting Equation (E3) into Equation (7.5) and writing the boundary conditions, we obtain the boundary-value problem:

* Differential equation:

2 2
d—{ﬂud—ﬁ =50 o5 -2 —ax -3 -5(x-2) - 12(x-2)%,  0<x<6 (E4)
dx dx
* Boundary conditions:
v(0) =0 (E5)
d’v
EL.25(0) =0 (E6)
dx
v(6) = 0 (E7)
2
Elzzilzl(6) =0 (E8)
dx
Integrating Equation (E4) twice, we obtain
df ., d&v
_[EIZZ—Z] =5(x0) =5(x-2) —4(x-3)'-5(x-2)" - 12(x-2) " +¢, (E9)
dx dx
d’v _ 5,2 5 2 2 1 0
ElL.— = 5(x)" = 5(x-2)"-2(x=3)"-5(x-2) - 12{(x-2) +cx+c (E10)
dx 2 2
Substituting Equation (E10) into Equation (E5), we obtain
¢, =0 (E11)
Substituting Equation (E10) into Equation (ES8), we obtain
2(6)272(4)272(3>275(4)1712(4)0+c1(6) =0 or ¢, =0 (E12)
Substituting Equations (E11) and (E12) into Equation (E10) and integrating twice, we obtain
dv _ 5,3 5 3 2 35 2 1
-~ ==z _Z{x— _=z _ _Z{x— _ _ +
ElL, » 6<x) 6(x 2) 3(x 3) 2(x 2)"—=12(x—-2) +c4 (E13)
5 4 5 4 2 4 5 3 2
= = — = x=2) = (x =3 =2 (x=2) = —2) +eax+
El.v 24<x> 24(x 2) 12<x 3) 6(x 2y —6(x—2)"+cyxtoey (E14)

Substituting Equation (E14) into Equation (E5), we obtain
&Ll (E15)
Substituting Equation (E14) into Equation (E6), we obtain

25—4(6)4725—4(4>47%<3>47§(4>3 —6(4) +es(6)=0  or ¢y = 7% - 897 (E16)
Substituting Equations (E15) and (E16) into Equation (E14) and simplifying, we obtain the elastic curve,
v = 722122[15()047 15(x—2)* — 12¢x—3)* — 60 (x—2)°— 432 (x — 2)> — 646x] (E17)
Substituting x = 2 into Equation (E17), we obtain the deflection at point B,
V2) = — 15 15(0) - 12(- 1)~ 60(0)’— 432(0)% - 646(6)] (E18)

72[(42)(10%)]
ANS. v(2)=-1.2mm
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(b) As stated in Equation (7.1), the moment M, can be found from Equation (E10). And as seen in Equation (7.4), the shear force V) is
the negative of the expression given in Equation (E11). Noting that the constants ¢; and ¢, are zero, we obtain the expressions for M, and ¥}

M.(x) = [%<x)27§(x72)272(x73)275(x72)17 12<x72)0:| KN-m (E19)

Vy(x) = [-5(x) +5(x-2) +4(x-3) +5(x-2)"+ 12(x~2) '] kN (E20)
Point B is at x = 2. Just after point B, that is, at x = 2—, all terms except the first term in Equations (E19) and (E20) are zero.
ANS.  M.(2-) = 10kN-m ¥, (2-)=-10 kN
Just after point B, that is, at x = 2+, the step function (x — 2>0 is equal to 1. Hence this term along with the first term are the nonzero
terms in Equations (E19) and (E20).
M_(2+) = (10-12) = 2 kN-m V,(2+) = (-10+5) = -5 kN (E21)
ANS. M,(2+) = -2 kN'm V,(2+) = -5 kN

COMMENT

1. We note that M,(2+) — M(2-) = -12 kN-m and V(2+) - V,(2-) = 5 kKN-m, which are the values of the applied moment and
applied shear force. Thus the jump in the internal shear force and internal moment difference is captured by the step function.

7.5* AREA-MOMENT METHOD

One last method is especially useful in finding the deflection or the slope of the beam is to be found at a specific point. Called
the area-moment method, it is based on graphical interpretation of the integrals that are generated by integration of Equation
(7.1).

Equation (7.1) can be written

d M
aV (x) FL (7.20.2)

where v'(x) = dv(x)/dx represents the slope of the elastic curve. Integrating the equation from any point 4 to any other

point x, we obtain

Ve o M,
av'(x) = f I dx, or
v/(x,) Xy zz
! ! * MZ
Vi(x) = v'(x,) + j 77 (7.20.b)
XA V-4

Integrating Equation (7.20.b) between point 4 and any point x, we obtain

M.
EL.

v(x) = V(xA)+V’(xA)(x—xA)+Ix(Ix d ) dv (7.20.¢)

The last integral® can be written as

x M
v(x) = V(XA)*‘V'(XA)()C*XA)'FJA (xfxl)ﬁz— dx, (7.20.d)
XA zZz
Assume EI, is a constant for the beam. From Equations 7.20.b and 7.20.d, the slope and the deflection at point B can be writ-

ten

’By integrating by parts, it can be shown that
[ [ e Jar = | et a,
XA XA XA

Letting f(x,) = M_/EI

zz%

we can obtain Equation (7.20.d) from Equation (7.20.c).
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1 ™
v'(xp) = Vi(x)+ M, dx (7.21)
EIZZJ.XA
, 1™
V() = V06) F V() (=) + [ o) M. dx (7.22)
zz )CA
(@) M. (b) pM., 7
M, dx Au fMZ - Centroid of area Ay,
: x
a Wxt; ' \ = \ =B

Figure 7.43 Graphical interpretation of integrals in area-moment method.

The integral in Equation (7.21) can be interpreted as the area under the bending moment curve, as shown in Figure 7.43. The
moment diagram can be constructed as discussed in Section 6.4. Thus, if the slope v'(x,) at point 4 is known, then by adding
the area under the moment curve, we can obtain the slope at point B. The area 4,, will be considered positive if the moment

curve is in the upper plane and negative if it is in the lower plane.
From Figure 7.43a, we see that the integral in Equation (7.22) is the first moment of the area under the moment curve about
point B. This first moment of the area can be found by taking the distance of the centroid from B and multiplying by the area,

J' (xy— X)M. dx = (xy—X)A,, (7.23.2)

With this interpretation the deflection of B can be found from Equation (7.22). Table C.2 in the Appendix lists the areas and
the centroids of the areas under various curves. These values can be used in calculating the integrals in Equations 7.21 and
7.22.

Consider the cantilever beam in Figure 7.44a and the associated bending moment diagram. At point 4 the slope and the

deflection at 4 are zero. Hence v'(x,) = 0 and v(x,) = 0 in Equations 7.21 and 7.22. The area 4,, representing the integral in

Equation (7.21), is —PL(L)/2. Thus the slope at Bis v'(xz) = —PL*/2EI. Since distance of the centroid from B is xp—x=2L/3,

(xg—X)A,y = (2L/3)(—PL2/2) is the value of the integral equation, Equation (7.22) Thus the deflection at B is

v(xz) = —PL*/3EL.

y P
P
@ o, () Al g
A 0O
X B
! [ L/2 L/2 |
L |
M| PL
M. L3 2L/3 | 4
! i | x A, = LLZ Ay = LLZ
1 My 16 My 16
‘ 24 9 :
f T 1 X
N __P L/3 L/6'r/e: L/3
M~ T 2FE][ F——— ;
PL 5 =L/3"
Figure 7.44 Application of area-moment method. ¥, =L/3

Now consider the simply supported beam and the associated bending moment in Figure 7.44b. The value of the slope is not
known at any point on the beam. Thus before the deflection and slope at B can be determined, the slope at 4 must be found.
The deflection at A4 is zero. Treating the slope at 4 as an unknown constant, we equate the deflection at C from Equation (7.22)
to zero and obtain the slope at 4,
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v(xe) = V(xA)+V,(xA)(xC7xA)+E1-I[AM1(XC7)_CI)+AM2(xC*3_52)] =0 or (7.23.b)
. 1 [PL*(2L\  PL’(L\] _ .. pL
Vi(x) (L) + E"][T&'(?) + —13—(5)} =0 o V() =1 (7.23.c)

Using Equation (7.22) once more, we find the deflection at point B:

V(xg) = v(x) TV (x)(xp—x,) + E—lv—][AMl(xB -x)]

__rr 4+ L[fiz(éﬂ _ PL (7.23.d)

16EIN2)  EI| 16 \6 48

EXAMPLE 7.13

In terms of E, I, w, and L, determine the deflection and slope at point B for the beam and loading shown in Figure 7.45.

y w (kips/in)
A!‘ T X B c
| e
Figure 7.45 Beam and loading in Example 7.13. | L (in) ‘ L (in) |

PLAN

The reaction forces at 4 and C can be found and then the shear—moment diagram can be drawn as discussed in Section 6.4. The area
under the moment curve and the location of the centroids can then be determined. Because the deflection at 4 is zero, the deflection at C
can be written in terms of the unknown slope at 4 using Equation (7.22). Equating the deflection at C to zero, then gives the slope at 4.
Slope and deflection at B can now be found using Equations 7.21 and 7.22, respectively.

SOLUTION

From the free-body diagram of the entire beam, the reaction forces at the supports can be found and the shear-moment diagram drawn,
as shown in Figure 7.46. The moment curve in region BC is a quadratic, and the areas under the curves is the sum of three area. Table C.2
in the Appendix lists the formulas for the areas and centroids.

2 3
- é(ﬁ) - wL e = 2
A, 2\ 2 3 Xy 3(L) (E1)
2. 3
L(WL) wiL _ L 9L
= 2| =] = == =L+===
4 =37 16 WLt =g (E2)
Z(L) (sz) wL’ ) S(L) 37L
= —=| = — = —_—— = +_ —_ = —_——
4 =3\ 5 192 B3 T3 (E3)
_ z(a_L)(wﬁ) _owLl o S3(3) - st
4 =3 53 64 Y= 2L-5% 32 (E4)
w (kips/in)
A—>x B C
L—L(in) | L (in)
Ry = wL/4 I Rc=3wL/4
= Vilwr/a i
(kips) —NH3L/44>
/4
M. 2 4§ A3l 9wr2/32 wL/4
(in-kips) WL/ !
Figure 7.46 Shear—-moment diagram in Example 7.13. A, 3 Azi A,

The deflection at C can be written as
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, 1 B B _ _
v(xe) =v(xy) +v(x)(xe—x)+ E_I[A1(xc*x1) TAy(xe—Xy) T A3(xc—X3) T A4(xc—Xy)] (ES)
The deflections at the support are zero. Substituting v(x) = 0 and v(x,) = 0 and the values of the areas and centroids in Equation (ES),

we can find the slope at 4.

1 wL3( 2L) WL3( 9L) WL3( 37L) 9wL3( 49L) TwL’
4 4| = il A I+ g R _ 22 | = 4 = _
v'(x,)(2L) 1{ 3 2L 3 T 2L 2 93 2L D) a 2L } 0 or v'(x,) 18E] (E6)

The deflection at B can be written as

/ 1 -
v(xg) =v(xy) +v (xA)(xB_xA)+E‘~'}[A1(XB_x1)] (E7)
Substituting the calculated values we obtain the deflection at B,
3 3
7wl l(wL )( ZL)
= _ = 4+ = e

Vo) = mEr D s T (E8)
ANS. v(x,) = 0L
5 48E1

COMMENTS

1. The example demonstrates uses of the area moment method for finding slopes and deflection at a point in the beam.

2. If the elastic curve needs to be determined for an indeterminate beam, we can use the area moment method to determine the reactions
and then the second-order differential equation to solve the problem. But if this approach is to have any computational advantage over
using the fourth-order differential equations, then it must be possible to draw the moment diagram quickly by inspection.

PROBLEM SET 7.3

Superposition

7.57 Determine the deflection at the free end of the beam shown in Figure P7.20.

7.58 Determine the reaction force at support A in Figure P7.34.

7.59 Determine the deflection at point A4 on the beam shown in Figure P7.59 in terms of w, L, E, and I.

y w wL
wL?
x
[E— o ) A
Figure P7.59
L 1 L |

7.60 Determine the reaction force and the slope at A for the beam shown in Figure P7.60, using superposition.

Y w (kips/in)

——x Al

Figure P7.60 | L (in) } L (in) |

7.61 Two beams of length L and bending rigidity EI, shown in Figure P7.61, are simply supported at the ends and are in contact at the
center. Determine the deflection at the center in terms of P, L, E, and 1.
P

Figure P7.61
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7.62 Two beams of length L and bending rigidity EI, shown in Figure P7.62, are simply supported at the ends and are in contact at the
center. Determine the deflection at the center in terms of w, L, E, and 1.

Figure P7.62

7.63 A cantilever beam’s end rests on the middle of a simply supported beam, as shown in Figure P7.63. Both beams have length L and
bending rigidity £/. Determine the deflection at A and the reactions at the wall at C in terms of P, L, E, and I.

Figure P7.63

7.64 A cantilever beam’s end rests on the middle of a simply supported beam, as shown in Figure P7.64. Both beams have length L and
bending rigidity E/. Determine the deflection at 4 and the reactions at the wall at C in terms of w, L, E, and 1.

Figure P7.64

7.65 The end of one cantilever beam rests on the end of another cantilever beam, as shown in Figure P7.65. Both beams have length L and
bending rigidity E/. Determine the deflection at 4 and the reactions at the wall at C in terms of w, L, E, and 1.

Figure P7.65

Discontinuity functions

7.66 A gymnast with a mass of 60 kg stands in the middle on a wooden balance beam as shown in Figure P7.66. The modulus of elastic-
ity of the wood is 12.6 GPa. To bracket the elasticity of the support, two models are to be considered: (a) the supports are simply supported,
(b) the supports are built in ends. Determine the maximum deflection of the beam for both the cases.

120 Zr

150 mm

80 mm
Cross section

Figure P7.66
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7.67 Solve Problem 7.17 using discontinuity functions.

7.68 Solve Problem 7.18 using discontinuity functions.

7.69 Solve Problem 7.19 using discontinuity functions.

7.70  Solve Problem 7.20 using discontinuity functions.

7.71 (a) Solve for the elastic curve for the beam and loading shown in Figure P7.23. (b) Determine the slope and deflection at point C.

7.72  Solve Problem 7.34 using discontinuity functions.

7.73 A beam is supported and loaded as shown in Figure P7.73. The spring constant in terms of beam stiffness is written as

k = aEl/L’ , where « is a proportionality factor. Determine the extension of the spring in terms of a, w, E, I, and L.
w

s BI c|
%w&w%

Figure P7.73

Area-moment method

7.74 Using the area-moment method, determine the deflection in the middle for the beam shown in Figure P7.2.

7.75 Using the area-moment method, determine the deflection in the middle of the beam shown in Figure P7.3.

7.76 Using the area-moment method, determine the deflection and slope at the free end of the beam shown in Figure P7.4.

7.77 Using the area-moment method, determine the slope at x = 0 and deflection at x = L of the beam shown in Figure P7.6.

7.78 Using the area-moment method, determine the slope at x = 0 and deflection at x = L of the beam shown in Figure P7.17.

7.79  Using the area-moment method, determine slope at x = 0 and deflection at x = L of the beam shown in Figure P7.18.

7.80 Using the area-moment method, determine the slope at the free end of the beam shown in Figure P7.20.

Stretch Yourself

7.81 To improve the load carrying capacity of a wooden beam (£}, = 2000 ksi) a steel strip (E, = 30,000 ksi) is securely fastened to it as
shown in Figure P7.81. Determine the deflection at x =L.

20 Ib/in.
t | I
[
RSN
Figure P7.81 [ 6 ft | 6 ft |

*7.6 CONCEPT CONNECTOR

Compared to a theory for the deflection of beams, our understanding of the strength of beams developed more intuitively, as
described in Section 6.7. The very term elastic curve for the deflection of a beam reflects the early impact of mathematics.
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7.6.1 History: Beam Deflection

In the seventeenth century, procedures were in use to draw tangents (similar to differentiation) and areas swept by curves
(similar to integration). Issac Newton (1642-1727) in 1666 realized that the two procedures were inverse of each other and
developed a method called fluxional method, which he circulated among some of his friends but did not publish. Newton’s
method did not receive much attention. Nine years later in Germany, Gottfried Wilhelm Leibniz (1646-1716) developed nearly
the same method independently. Leibniz’s notation caught on, especially in Europe, and so did his name for the method, differ-
ential calculus. Members of the Bernoulli family were in the forefront of finding applications for this new mathematical tool.
One of the applications they considered was the determination of the elastic curve.

Figure 7.47 Pioneers of beam deflection theories. . .
b 1 ' Daniel Bernoulli Leonard Euler

Jacob Bernoulli (1646—-1716) and John Bernoulli (1667—1748) won acclaim for their mathematical work, which the French
Academy of Science recognized by making the brothers members in 1699. Daniel Bernoulli (1700-1782), John’s son, made
important contributions to hydrodynamics, while Leonard Euler (1707-1782), John’s pupil, introduced analytic methods used
today in practically every area of mathematics. His name is also associated with buckling theory, as we shall see in Chapter 11.
Both Daniel Bernoulli and Euler were pioneers in the theory of the elastic curve.

Jacob Bernoulli had started with Mariotte’s assumption that the neutral axis is tangent to the bottom (the concave side) of
the curve in a cantilever beam. From this he obtained a relationship between the curvature of the beam at any point and the
applied load, as described in Problem 7.46. Although Mariotte’s assumption proved incorrect, Bernoulli’s result was correct—
except for the value of the bending rigidity. Euler, on the suggestion of Daniel Bernoulli, approached the same problem by min-
imizing the strain energy in a beam, which yielded the correct relationship. Euler called the constant relating moment and curva-
ture the moment of stiffiess (rather than bending rigidity), but he recognized that it had to be determined experimentally. As we
saw in Section 3.12.1, much later Thomas Young made a similar observation concerning axial rigidity, and the modulus of elas-
ticity is named after him. Such are the quirks of history.

Claude-Louis Navier (1785-1836), whose work on the concept of stress we met in Section 1.5, was the first to solve for
the deflection of statically indeterminate beams. Navier carried the extra unknown reactions in the second-order differential
equation and determined these reactions from conditions on the deflection and slopes at the support (see Problem 7.45).

Jean Claude Saint-Venant, whose work we have seen in several chapters, analyzed the deflection of a cantilever beam
due to a force at the free end. He was the first to realize that it can be found without formally integrating the differential equa-
tions. This was the beginning of the area-moment method that we studied in Section 7.5*. Alfred Clebsch (1833—-1872), in his
1862 book on elasticity, considered the deflection of a beam under concentrated forces (see Problem 7.47). His approach
later evolved into the discontinuity method, discussed in Section 7.4*. The English mathematician W. H. Macaulay formally
introduced the discontinuity functions in 1919.

Each aspect of beam theory thus had its own development. The normal stress in bending was relatively intuitive; shear
stress in bending was guided by experiment; and beam deflection was guided by mathematics. Together, they highlight the
importance of intuition, experimental evidence, and mathematical formalization. Engineers need them all to understand

nature.
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7.7 CHAPTER CONNECTOR

In this chapter we saw several methods for determining the deflection of beams. The preferred approach treats beam deflec-
tion as a second-order boundary-value problem. However, other approaches may be needed if the distributed loads on the
beam are complicated functions or if we have only experimentally measured values for the distributed load. With the discon-
tinuity function, a single differential equation can represent the loading on the entire beam. This method should be used if the
beam loading changes in a discrete manner across the beam. The area-moment method, a graphical technique, can yield quick
solutions for the beam deflection and slope at a point if the moment diagram can be constructed easily. The superposition
method is another versatile design tool. It can be used for determinate or indeterminate beams, provided we know the beam
deflection and slope. Handbooks supply these values for many basic cases.

Chapter 7 concludes the second major part of this book. Table 7.1 offers a synopsis of one-dimensional structural elements,
described in Chapters 4 through 7. The table highlights the essential elements common to these theories. They allow us to obtain
deformation, strains, and stresses at any point in a one-dimensional structural element. In the next three chapters we will use this
information in many ways.

In order to determine whether a structure will break under a given load, we need failure theories, which we study in
Chapter 10. To apply failure theories, we first need to determine the maximum normal and shear stresses at a point. Chapter 8,
on stress transformation, describes how to obtain these stresses from our one-dimensional theories. Only experiment, how-
ever, can render the final verdict on designs based on the one-dimensional theory. One popular experimental technique is to
measure strains using strain gages. And this technique requires a relationship between the strains obtained from one-dimen-
sional theory and the strains in any given direction. That relationship, known as strain transformation, is the topic of Chapter
9. Chapter 10 is the culmination of the first nine chapters. Here we study stresses and strains in structural elements subject to
combined axial, torsional, and bending loads. We also address the design and failure of structures and machine elements.
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Table 7.1 Synopsis of one-dimensional structural theories.

y(v)
)@—»x(u)
zZ(w) Axial (Rods) Torsion (Shafts) Symmetric Bending (Beams)
Displacements/ u(x,y,z) = u(x) u=0 v=0 w=0 _ .dv
deformation u(x,y,z) = -y e
v=0 w=0 #(x,y,2) = ¢(x)
v=vx) w=0
Strains . Yo y
d 2
u
S Ty — _ d¢ Yina s = %Y
o = €1y xo = Py | > it Eax
—
Stresses B ~du _ _ d¢ 2
Oyx = ngx_EE TxH_nyﬁ_pdx Oy :Eé‘xx:nyi-\é Txy;t()
dx
Interzlaolnfloernctz s and N=| o, dd T = I P dA J. 6., d4 =0 ..Locates neutral axis
A A A
M, = 7-“ Yo, dA Vy = I Ty da
A A
Sign convention
v s It (Ce )
_ \
Stress formulas
y Tx6 y
N
=2 My
e 4 o = IB Tmax Oy = — . (o
Oy J P [ZZ e
SX Xs [zzt
Deformation formulas du _ N d¢ _ T “i’ _ M.
dx EA dx GJ dxz EIzz
B Fo) _I0p-x) M
27T T b= =7 v=j( o x) dx+Cyx+C,
EA = axial rigidity GJ = torsional rigidity =2

EI, = bending rigidity
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POINTS AND FORMULAS TO REMEMBER

The deflected curve of a beam represented by v(x) is called elastic curve.

2 2 2 2
vV oan v, = fi(ElzzﬂD (7.4) iz(EIZZd—Z) —p (15
dx dx dx

M, = EI,
dx dx

where v is the deflection of the beam at any x and is positive in the positive y direction; M, is the internal bending
moment; V| is the internal shear force; p is the distributed force on the beam and is positive in the positive y direction; E7,,

is the bending rigidity of the beam; and d°v/dx” is the curvature of the beam.

The mathematical statement listing all the differential equations and all the conditions necessary for solving for v(x) is
called boundary-value problem for beam deflection.

Boundary conditions for second-order differential equations:

Built-inend atx, v(x,) = 0 %(xA) =0
Simple support at x,v(x,) = 0

Smooth slot at xA%(xA) =0

Continuity conditions at x;:

d d
) = i) e = L)

Boundary conditions for fourth-order differential equations are determined at each boundary point by specifying:

(vorV,) and (dv/dx or M,) (7.6)
In fourth-order boundary-value problems, at each point x; where the differential equation changes, the continuity condi-
tions and equilibrium conditions must be specified.
The superposition method is a versatile design tool that can be used for solving problems of determinate and indetermi-
nate beams provided the beam deflection and slope values are available for many basic cases, such as in a handbook.
In the discontinuity function method a single differential equation and conditions on deflection and slopes at support
describe the complete boundary-value problem.
Discontinuity functions:

x<a

<X*a>7n: {0 xX*a <xa>n_{0 )
o x—a (x—a) x>a

Differentiation formulas:

—1 0 n
d(xa:xa) = (x— a)fz d(xd;a> = (x- a)fl d(xd;a) _ n(x—a)"fl 0> 1
Integration formulas:
X X X n+l
J. (x—a)f2 a’x:<x—a>71 I (x—af1 dx:(x—a>0 I (x—a)"dx:ilﬁ-}i—— n>0

The area-moment method is a graphical technique that can yield quick solutions of beam deflection and slope at a point,
if the moment diagram can be constructed easily.
1 s
' — 2 4
Vi) = V) g | M ds

| S
Ay

(7.21)

1
El,

V() = V) V@) x) + o [ (- 0)M, d

(7.22)
(xp—X)A4y
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