2. Chudi lily thira — Mién hai tu

Chudi iy thira la chudi cé dang

n

¥

a

0

a,(x-

Xp)

hay

n

¥

[ &

0

a

n

X

n

a,, a4, A, .. la hang so

S0 hang tong quat u,(x)=a,(x-X,)" (1) hodc
u,(x)=a,x"(2) phu thuéc vao n va bién x, la 1 ham
IOy thwra theo x hoac (x-X,).

Ta c6 thé dat X=x-x, va dwa dang (1) vé thanh dang
(2) nén ta chi viét cac két qua sau day véi s6 hang
tong quat dang (2)



2. Chudi Iy thtra — Mién hai tu

¥
Mién HT cla chudi liy thira & a,x" latap D néu
=1
~ z ¥ ’ N
"x = XoI D chubisO & a,Xg HT
n=1

n
X

0

Vi du: Chuoi

¥
a
n=

La chubi cap s6 nhan nén HT khi va chi khi |x|<1

Suy ra MHT cua chubi la (-1,1)



2. Chudi lily thira — Mién hai tu

¥
a

n=11+ X

Vi du: Tim MHT cda chudi .

2N

1
u,(x)=

xac dinh voi moi x
1+ X

Khi [x|<1:

Cho n® ¥ taduoc x?"® o

im u. = 1 chudi PK theo dkcssht

N® ¥

Khi [x|=1: x™=1"nb u = —.»n Chudi PK
2

| 1 1 |
Khi |[X|>1: Cho n® ¥ u, =

1+ X2n' (Xz)n |

b

-2

x|2'

)

Chudi HT vi [x|>1
Vay MHT 13 (-0 -1)U(1,+ =)



2. Chubi lGy thtra — Ban kinh HT, Mién HT

Tong quat: gia str chui Iy thiva & a x" HT tai x=x,,

¥

trc la chudisd i a x.," HT. Theo dkccsht ta dwoc

n=1

ima x, = 0 b $§M > 0:‘anxn

n® ¥

O<M’"n

Bién dbi s6 hang tong quat clia chubi:

X x X
R S R
X, X, X

Néu |x|<[x,| thi chudi a v, HT

o:
5

o
\ N

.

&HII 3

&HII

Suy ra chudi ban dau HTTD theo t/c so sanh.
Vay ta chirng minh xong dinh ly Abel sau day.



2. Chudi Ity thtra — Ban kinh HT, Mién HT

Dinh ly Abel :
Néu chudi Iy thtva : a,x" HT tai x, * o thiné HTTD tai

moi dieém x i (- |x, .Ix, |)

Hé qug: Néu chubi i a x" PK tai x, thi n6 PK v&i moi x
' thoa |x|>|x,|

Ban kinh hoéi tu (BKHT):

SO R>0 sao cho chubi s a x” HT v&i moi x: [x|<R va

1

PK v&i moi x: [X|>R dwoc goi la BKHT cla chubi




2. Chudi Ity thtra — Ban kinh HT, Mién HT
Cach tim BKHT cua chudi liiy thira

9im /| a_|
G‘I n

® ¥ . . 1
Dat: Fo @ Thi BKHT la R = —
= & la_ . | r
im
g la |

Cach tim MHT cua chudi Iy thira

Sau khi tim xong BKHT, ta chi con xét sy HT cua
chudi tai 2 diém x=R va x=-R nira la co6 két luan



2. Chubi Iy thira — Ban kinh HT, Mién HT
Vi du: Tim BKHT, MHT cta cac chudi sau

X

1.4 (nx) 2.4 .
n=1 n=12n.n

1. V@i chudi Iy thira nay, ta dang cé a,=n":

r= 1Im Xla,|= limn=+¥ p R=0

nN® ¥ nN® ¥

BKHT R=0 t&c Ia MHT chi gém 1 diém duy nhat {0}

2 1 i 1 1
j— H = 1 n == —_— —
ca, S b lim \/| a lim A P R =

2°n nN® ¥ n® ¥ V2 .n 2
Khi x=2: j iz la chudi sb dwong HT
n=10N
. L GIE AT
Khi x=-2: la chuoi HTTD

o

n

1 n° Vay MHT [-2,2]



2. Chudi Ity thtra — Ban kinh HT, Mién HT

Vi du: Tim BKHT, MHT cua cac chudi:

* Xn foan+ 16n 2n
1.3 2.4 é = (x- 1)
n=13" + 5" h=182n - 19

¥ (n- 1)Ix" ¥
3.4 ( ) 4. 3

n n n
n=1 5 n=1Nn X

1. Chudi Ity thira v&i BKHT R=5, MHT 1a (-5,5)

1 i 1 1
a, = — ~bim Afla, = dim R n:g—>R:5

3 + 5 N® ¥ n® ¥ V3 + 5§

Khix= 5. s 2 La2chudiPK theo dkccsht
n=13 + 5

Chu y: Khi chudi s6 duwong PK theo dkcesht thi chudi
dan dau twong wng cling PK theo dkccsht




2. Chubi lGy thtra — Ban kinh HT, Mién HT

een+1"

N
>

n
&n+ 10 1
lim Rfja, |= lim n\/é T = = —> R=2
J

nN® ¥ nN® ¥

Ta chi xét X=2: 5 ¢

Z

..n =
&2n+ 290 & 3 0 3 3 %
. = = gl 5 ' QuBuur € ° "1 O

Suy ra, chubi da cho HT khi
0E X <2« 0£ (x- 1D2<2« 1- V2< x<1+ 2

Vay BKHT R=2, MHT: (1-V2, 1+V2)



b

2. Chudi Ity thtra — Ban kinh HT, Mién HT

Ry~ . , . (n- 1)!
3. Chudi lhy thwra v&i a_ = :
5
im — "1 = im . - Jim —= +¥ —R
ne ¥ |a | ey 5" (n- 1)1 ne¥ 5

Vay BKHT R=0, MHT la {0}



2. Chudi Ity thtra — Ban kinh HT, Mién HT

X g~ . , . n! 1
4. ChuOi l0y thwa voi a, = — X = —
n' X
n .Nn
o lag, | . (n+ 1)! n .. & n o 1
lim = |im - = |im To= —
n® ¥ |a_ | n®¥ (n+ 1) n! neyx &n+ 16 e
— R=e
: ¥ !
Khi X=e: ; " gn
n=1nN
+1 n
u_ ., (n + 1)!e n e
P D, = — = o1 . “Ou®uutr 1
u. (n + 1) n'e (1+ y)
n
An v ® 10 e 10
Tuy nhien, vi ¢, =3 . ¢« L+ =2y
no no

Nén D,<1. Vay chudi PK theo t/c d’Alembert



2. Chubi lGy thtra — Ban kinh HT, Mién HT

R g~ . , . n! 1
4. Chudi lby thva voi a = —,x = — ,R=e
n X

Khl X:'e: j n—l(_ e)n = § (- 1)n n_n!en

n
n=1nN n=1 n

Chudi tri tuyét dbi PK theo tiéu chuan d’A nén né
cing PK
Suy ra, chubi da cho HT khi

: 1
1 g”%

< e « —<< ‘X‘« e
& < - y
e e

Vay BKHT R=e, MHT (-, "1/ )U(Y/,,+ =)

1

‘X‘< e «



2. Chudi lily thtra — Tinh tdng chudi
, ~ ¥
Tinh chéat cda chudi ldy thira: & a x" (1)
n=1

Cho chudi (1) v&i BKHT la R, MHT la D va trong D
co tong la S(x) Ta co6 cac két luan sau:
1. Ham S(x) lién tuc trong MHT D
2.Trong MHT D, ta c6 thé lay dao ham timng s6 hang

ctia chudi va dwoc chudi liiy thira ciing c6 BKHT la R

S _ %% ngﬁ__ % n ¢_ % n'lvv T R R
qx)= §a a X s = a a (x )= 4 a_nx "x1I (- R,R)
n=1 n=1 n=1

3.Trong MHT D, ta c6 thé /ay tich phan tirng sé hang
ctia chuoi va dwoc chudi liiy thira ciing c6 BKHT la R

X n+1

¥

n

a ot dt= 31 a
1 0 n=

X X ¥ ¥
5S(t)dt= 5 a a t dt= s
0 on=1 n=

"x1 (- R,R)

n
1 n+ 1




2. Chudi liy thira — Tinh tdng chudi

Vi du: Tim BKHT va tinh tdng cac chubdi sau
¥ oy ¥
1.3 2. 4 nx.
n=1 N n=1
¥ _ ¥ x "
3.4 (- D)"2nx"t 4. 4 —
n=1 n=10N + N
x. 1 X s
1. Chudico a, = — Dé dang suy ra R=1.
n

Ta tinh tdng v&i x trong khoang (-1,1). Dat s (x) = j —

n

vomy N oty 1 1
P SEx)= a g—: - & x = x io(- 1,1)
n=18§ N 6 n=1 1- X
n X
Vay: s(x)= o ——dt=-1In(1- x),"x1 (- 1,1)

ol- t

1

X

n

n




2. Chudi liy thira — Tinh tdng chudi

2. Dé dang thdy R=1, "x i (- 1,1) ta dat

¥ ¥

S(x)= &4 nx = X a nx"
n=1 n=1
& ¥ ¢ & 1 ¢ )
S(x) = xgé xn;: xgx T= X(l X)
n=1 Z 1- x9 (1_ X)
X .
S(x)= 2,"xI (- 1,1)
(1- Xx)




2. Chudi Iy thira — Tinh tdng chudi

3. Dé dang thay R=1, "x 1 (- 1,1) ta dat

¥ ) x ¥ ¢
S(x)= a (- 1) onx "t = §§1 (- 1)”X2”;
n=1 n=1 o
& ¥ 2 n9¢
N )3
& 5 §¢
(- x7) -
%)

- 2x(1+ x2)+ x°.2 X

1+ x?)°

A 2 X .
Vay:|s(x)= - " x 1 (- 11)
(1+ x7)




2. Chudi Iy thira — Tinh tdng chudi

4. Dé dang thdy R=1, "x i (- 1,1) ta dat

X el 1 0 ¥y ¥ X
S(x) = , = X é - == &4 —- a
n=1Nn <+ n n=1 n n+ 19 n=1 N h=1nh + 1
y Xn 1 ¥ Xn+1
S(x)= a —- — 34
n:ln Xn:1n+ l
¥ x" 1%y " O X > A
S(x)= & —- —8&s —- —% Swdung két qua cau 1.
n=1 N X En=1 N 16
1
S(x)=-1In(1- x)- —(- In(1- x)- x)
X
a €l 0 .
Vay : s(x) = In(1- x)é—- 13+ 1,"x I (- 1,1)
X [0




2. Chudi Taylor - Maclaurint
Cho ham f(x) kha vi vo han lan trong 1&n can cla x,

Ta goi chuoi Taylor cla f(x) 1a chuoi

f(n)(XO)

¥
;| (X - X,)
n=20 n'

Khi x,=0, ta dwoc chubi Maclaurint ciia ham
r1"00)
a X

n

Tuy nhién, cac chudi trén chuwa chac dé& HT véi moi-
X,‘l‘L'FC la chuwra chac chung da co tong dé tong co thé
bang f(x).



2. Chubi Taylor - Maclaurint

Dinh ly: (Diéu kién dé ham f(x) co thé khai trién thanh
chudi Taylor)

Gia st trong lan can (x,-R,x,+R), ham f(x) thoa

1. f(x) kha vi vO han lan
2. Ton tai hang s6 C>0: [fM(x)|<CN, v&i moi n

(n)
f X .
( O)(x- xo)n,"xI (X, - R,X,+ R)

thi

¥
f(x)= a
n=2~0 nl

Chu v: Trong khi 1am bai, ta s& khdng kiém tra 2 diéu
kién trén dé co chudi Taylor ctia ham f(x) ma ta sé s
dung cac két qué sau day dé chi ra MHT cla chubi
Taylor - Maclaurint




2. Chubi Taylor - Maclaurint
Mot s6 chudi Maclaurint co ban

_ nl
n—0
1 _Z n 1
2/1 - X, :Z(_l)nxn, D 1.1
- 5 ] N
n—0 1 X n=~0
o aa—l a—n+1
3/ 1% x 1+ 2 ( )...{ )xn
_ n!
n—1 R aEN
11, -0
D = ©
11, T1S¢9 <0y
1,1, =71




2. Chudi Taylor - Maclaurint

st x)= 2 ("t

n=1 4
> 2nt1
5/sinxzz(_1)n +
=0 (2n " 1)!
> 2N
COS X — Z (‘1)” :
n=0 (2n)!
> 2nt1
6 /arctan x — Z (_1)n ,
_ 2n T1

1,1



2. Chudi Tavlor - Maclaurint

Vi du: Tim chudi Maclaurint cac ham:

1. f(x)= — 2. f(x)= In(2-3x+ x°)
X - bx+ 6
1. X & 1 1 0
F(x) = 2 = Xé i =
X - Bbx+ 6 X - 3 X - 29
& 0
1 1 1 1 = 1Y axd 1 ¥ axo Q
= X & — + — z:x-—§§—£+—§§—£i
3 29
a ¥ oz 1 1 0
Vay: f(x)= s é : =x"" MHT: (-2,2)
n+1 n+ 1=
n=0%2 3 2

X . X X X
ChudiHTnéu - 1< < 1va - 1< ~< 1 ¢ -2<x<2
3 2



2. Chudi Tavlor - Maclaurint
2. f(x)=In(2-3x+x2) = In((1-X)(2-X)) = In(1-x) + In(2-X)

F(x)= In(1+ (- x))+ N2+ In(1+ (- )
2

n-1 n- 1 .n
f(x)= In2 + , oY - x)" + , &1 gii
n=1 n n=1 n ZQ
Fole 16,
f(x)= In2- & ~¢+ —ix"| MHT (-1,1)
n=10N 2 9

!
X 4 1
Chu6i HT néu | C X U -1< x<1
i_
1



2. Chubi Taylor - Maclaurint

Vi dy: Tim chudi Maclaurint ham: f (x) = In (x - Jis )

1t X .

1 ' + 2 1 o

Tatlnh f (X) — \/1 X — — 1_|_ X2 5
xJ“\/ler2 \/1+x2

Tim chud6i Maclaurint cta ham f(x):

G

f(x)=1~ ~x°+ X




2. Chubi Taylor - Maclaurint

/ 1.3.5...(2n 1
f(X):1+ Z (_1)n ( )X2n
n

Ham khai trién dwocnéu o< 2 <1< —1<y <1

Suy ra: f(x) = onf'(t)dt+f(0)

1.3.5...(2n 1 +
In xJF\/lJ“x2 =x T2 (1" ( )inl
n=1 2"n12n *1)

MHT: ~15 x <1



2. Chudi Tavlor - Maclaurint

Vi du: Tim chudi Taylor & lan can x,=3 clia ham

F(x) =
X -1
Pbat X=x-3
1 1 2 1 ¥ L &X - 30
f(x) = = — 3:—5(-1)§ ;
2+ (x- 3) 21+X' 2 n=0 2 0
2
£ (- 1)" i
f(x)= a (n+)1 (x - 3)
n=0 2

MHT: (1,5)



2. Chubi Taylor - Maclaurint

Ngoai viéc ap dung khai trién cac ham co ban thanh
chudi Maclaurint vao viéc tim chudi Taylor , chudi
Maclaurint cac ham binh thwdng. Ta con ¢ thé ap
dung dé tinh tdng cac chudi Gy thra, chudi s6

Vi du: Tinh tdng cta chudi Idy thira
SO R ST
n=onh(n + 1)

- 1)

Chudi trén |a chudi lGy thira v&i a_ =

n(n + 1)
Nén dé thay BKHT R=1, trc la v&i -1<x<1 ta dat
S(x) = j - x)

n=onh(n + 1)



2. Chudi Taylor - Maclaurint

¥ n nael 1 O
S(x)= 3 (- 1) x é—- H
n=0 n n + 19
yoE. )"t 1(- 1)" 0
N G I Y G MNP
n=0 n X n+ 1 o
v ) 1n 1 .1 ¥ ) ln
:(_ 1)5 ( ) Xn+ 5 ( )Xn+1
n=10 n X n=on+ 1
S1®y o™t 0
= (- 1)In(1+ x)+ 3 X - 1z
X n=20 n 6
1
= (- DIn(1+ x)- —(In(2+ x)- 1)
X
Vay: £ (- x)" 2 10 1 1 .
& = ¢1+ —ZIln + —, "x1 (-1,1)
n=on(n + 1) X9 1+ X X




2. Chudi Taylor - Maclaurint

a

h=1(2n)!!

’ ’ X > X. ¥ _
Vidu: Tinh tbng cha chudi , "~ 1 n+1

¥ n- 1 ¥ n- 1
5 _ .

h=1(2n)!! h=12.4.6...(2n)

Q||| o] O



2. Chudi Tavlor - Maclaurint

% n-1 n+1 X2 ﬁé/ x(eﬁé/— l)

a X = —e -

n=1(2n)!! 2
2 X/

I




2. Chuoi Taylor - Maclaurint

Vi du: St dung khai trién Maclaurint ham dwi dau
tich phan bang chudi, tinh tich phan

1 & 1 6

| = (‘)Iné _dX
0 1- x9
s . & 1 o ¥ -Xn
Ta co: ;= In(1- x)= - & (- 1)" 1 %)
n=1 n
Thay vao tlch phan trén
1y - x)" ¥ (- "1 ¥ 1 -1
| = o & (- 1)n( ) dx= 3 S o (- x)ndx: &
on=1 n n=1 N 0 n=1hn+ 1

Ta tinh tdng cua chudi sd bang dinh nghia

Tong riéng : S, = u,+u,+...+u. va tong S



2. Chudi Tavlor - Maclaurint

< &l 10 =1 10 &l

— - —_ - —:+ _

" %1 26 B2 35 B3
¢ 1 u

S, = - &- aQu®uutr -1
e n+ 1y

Va ae 0

Ay _dx = -1

10
4(/3




2. Chudi Tavlor - Maclaurint

Vi du: Tinh tdng cac chudi so sau

¥ n.5" ¥ - 2)"

1. 3 3. 3 ( ) 0
n=0 Nn! n=1n(n + 2)7
y p2n+l ¥ (- )" '.2.5.8...(3n- 4)

2. 4 4. 4 3n- 1
n=1(2n)!! n=1 2 n!
¥ n.5' - ¥ "

1. = 0+ 5 3 :55’15—:e5
n=20 n' n=l(n' 1)| n=20 n'

2 y 22n+1 y 2.22n y 2.22n y 2n
. 3 — 3 = a . — 25 -
n=1(2n)!! n=12.4.6...(2n) n=12 n! n=1 N1

@y pf 9 2
2§a — :: 2(e - 1)
:On 6




3.

2. Chudi Taylor - Maclaurint

¥

(- 2)"

¥ (- 1)"2" 1= 1 9
d n+1: d S =
n=1n(n + 2).7 n=1 (.7 2¢n n+ 29
1 ¥ La20 @l 1
TTLEE AT S ;
- 1¥ (- 1" Te2s 1 0¥ (- 1)(- 1" e29
4 e - o i
14 n=1 N 76 14,21 n+ 2 76
1 2 1 49%¥ ()" ta2s 2 1
In(1+ —)+ ——¢ 4 é_: -+ -
14 7 14 4 §a=1 n 76 7 2
(- 2)" 45I 9 3
= —|n—- —
n=in(n+ 2).7""t 56 7 14




4.

2. Chudi Taylor - Maclaurint

¥ (- 1)""2.5.8...(3n- 4)

a

3n-1

n=1 2 .n!

1 1 1 1 )
, (- 1C-2)..(-(n-1).3
! 3 3 3 3
-1 2 1_23nn|

CC-DC- 2 - (n- 1)

A - N n -

3 3 3 3 &i
n=1 n' §8
& 1 0
e 3 03 H 11

1+ _; - 1:_ 23— - = \3/1 - 2
80 = 8
o



