CUC TRI HAM NHIEU BIEN



CUC TRI CO BIEU KIEN

Xét 2 bai toan:

Bai 1: Timcucti 2= 1-x? - y°

Cuwc dai dat tai (0,0),
z=1




Bal 2: Timcwctri z = \/1_x2_y2
hda diéu kien x +y—1=0
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Bal 2: Timcwctri z = \/1_x2_y2
hda diéu kien x +y—1=0

z\\/fxzy2
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X+y—1=0
Cwc dai dat tai (1/2, 1/2),



Pinh nghia:

Ham s6 z = f(x, y) thda diéu kién o(x, y) =0
dat cwc dai tai M, néu ton tai 1 1an can V
cua M, sao cho

f(M) < f(Mo), YMeV va (M) =0

Twong tw cho dinh nghia cuc tiéu cé diéu kién.



Piéu kién can cua cwec tri co diéu kién

Gia s f, @ kha vi trong 1an can cua My(X,, Yo)
va

(|V| ) " ¢ (|V| ) 7 0,
Néu fdat CuC tr! tai M, v&i diéu kién ¢ = 0 thi
tobn tai A € R sao cho

M)A (M) T0 ()
ﬁfy(MO)J“’“py(Mo):O

P (M) 0

A - nhan t&r Lagrange




M)A (M) =0 (*)
M) tA? (M) T o

P (M,)~ 0

1.M, théa hé (*) goi la diém dirng trong bai
toan cuwec tri co diéu kién, cling goi la diém
drng cua ham Lagrange
L(Xy) = 1(X, y) + Lo(X, y)

2. dop(M,) = 0 (dx va dy lién két v&i nhau
theo hé thire nay)




Piéu kién du cla cuwec tri co diéu kién

Gid st f, @ co cac dhr dén cap 2 lién tuc trong
|an can ctia My(x,, Y,) va M, |a diém dirng cla
L(X.y).

2 . " 2 " " 2
d°L(M,) L, (M )dx" 7 2L, (M g)dxdy + L,, (Mg)dy

1.Néu d2L(M,) xac dinh dwong thi f dat cuc
tieu co diéu kién tai M,

2.Néu d2L(M,) xac dinh am thi f dat cwc dai
co diéu kién tai M,.




Cac buwdc tim cuwce tri co diéu kien ham 2 bién

Loai 1: diéu kién bac nhat theo x, y( tim trén
dwdng thang)

o(X,y)=ax+by+c=0

— dwa vé cuc tri ham 1 bién khi thay y theo x

trong f.




Loai 2:(tdbng quat) dung pp nhan t& Lagrange

L(X,y) = f(X,y) + Lo(X,y)

L. (M,) 0

B1: tim diém dirng cla L(x, y) : 4 L. (M) =0

P (M,) =0

B2: xét dau d2L tai M, co kém dk do(M,) = 0

X4c dinh dwong: cuc tiéu

eXac dinh am: cwc dai




Vi DU

1/

thda diéu kien 2 (x,y) = x° "8y 870

Im cwc tri

z — 17 4x ~ 8y

L(X,y) = 1(X, y) + Lo(X, y)
=1-4x -8y +A (x?—8y?>—8)
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L =—4%t24x =0

“87 164y =0 o

gy’ = 8

x = "4,y =1,4="1/2

xS 4,y = 1,4 =1/2



ll)\ < ( N p— ﬂ(:—
Diémdieng: ;X 4y L 1/2

x =4,y ="1,4=1/2

" — 2{ " — " — _ ﬂ, — .
Ly ~ 2% L, 70, L, 77164, d¥ T 2xdx ~16ydy

Tai M,(- 4, 1), A = -1/2

jd L(T4,1)= ~dx°t8dy’

(d?(74,1) = “8dx ~16dy = 0
f

= 9
ldx = —2dy

d°L("4,1)= ~4dy° *8dy° = 4dy® >0

= M, |a diém cuc tiéu co dk caa f, f(M,) = 9



" 1"

o 0, L, T7164, d? T 2xdx "16ydy

" — 2{
I‘xx 2%, L vy

TaiM,(4,-1), A=1/2

%(dZL(4,_1):dX2_8dy2

(d?(4,71) = 8dx T16dy = 0

[

= 9
ldx = —2dy

d’L(74,1) = 4dy’~8dy” = ~4dy’ <0

= M, |a diém cuwc dai c6 dk cta f, f(M.,) = 7
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z — 17 4x ~ 8y




2/ Tim cuwec tri

thda diéu kién




[ 2 v’ )
L(x,y)= xy T 4] + ~ 1
. 8 2 )

Piem dirng cla L la n, hé:

X
L (X,y) "y — 0
A
1L (x,y)—x+’1y =0
2 y2
~+2 170
- 8 2

A=2.(x,y)T(2,71) hay (x,y)~ (72,1

A =72,(x,y) T (2,1) hay (x,y)~ (72,71)



44 ﬂl 44 " X
L= —, L..=1, L..=4 d?(x,y)= =dx t ydy

XX ’ Xy YY
4 4

Tai P,(2,-1), . = 2

dZL(P1)=£dx2+2dy2+2dxdy
J 2
| 1
Ld(”(Pl)——dx dy = 0
2
(
=
ldx = 2dy
Vay f dat cuc tiéu co dk tai P, f(P,) = -

. Twong ty tai P,(-2, 1)

d’L(P,)=8dy” >0



_ " X
I‘xx_Z’ ny_l Lyy_/l dw(X,Y)_ZdXerdy
Tai Py(2, 1), A = - 2
[ 2 __1 2 2
d“L(P,) T ~—dx"~ ~2dy " T 2dxdy
% 2

|Ld¢(P1):ldx+dy =0
2
[
=

ldx = —2dy
Vay f dat cwc dai co dk tai P, f(P3) = 2.

Twong ty tai P,(-2, -1)

d’L(P,)= “8dy° <0



3/ Timcyctri :f(x,y)=\/1—x2—y2

théa diéu kien x +y—1 =0

X+y—-1=0cy=1-X = 7= V2x -~ 2x°
Bai toan tré thanh tim cwc tri cua z voi xe (0, 1)
1 2X
\/2x_2x2
z’ d6i dau tir + sang — khi di qua x = 1/2 , nén
z datcdaitaix=1/2 f_, =1/+2

Vay f dat cdai cé didu kién tai (x,y) = (1/2, 1/2).

z'(x):




GIA TRI LON NHAT - NHO NHAT

Pinh ly: flién tuc trén tap compact D thi f

dat min, max trén D.

Nhac lai: tAp compact 1a tap dong (lay tat

ca cac bién) va bi chan (c6 thé dwoc bao
bdi 1 hinh tron)




Cach tim gtln, gtnn

1.Tim diém dirng cla f trén mién md cua D
(phén bé bién).

2.Tim cac diém dac biét trén bién cda D
a.Piém dirng ctia ham Lagrange (tong quét).
b.Néu bién Ia doan thang, chuyén f vé ham

1 bién, tim céac diém c6 khé nang dat min,
max cla ham 1 bién nay.

3.So sénh gié tri cha f tai cac diém trén
= min, max




Vi DU

1/ Trén tam giac OAB, v¢&i O(0, 0), A(0, 1) va
B(1, 0), tim cac diém M(x, y) c6 tdng binh
phwong khodng cach dén cac dinh 1a I&n

nhat, bé nhat.

A OI\/I2:x2+y2,
+y =1 AM® = x" Tt (y "),
BM® = (x 1) ty?
O B ]
bat z = OM? + AM? + BM?




= 7z T f(x,y) = 3x° T3y " 2x "2y *t2

Bai toan tré thanh: tim gtin, gtnn cua z trén
D:x>0,y> 0, x+ty <1

Piém dirng cua z = f(x, y) trén mién m& cua
D la nghiém hé

f =6x - 27~0

11
f, "6y T 270 < (x,y):(,]
""" 1 3 3

X 70,y 70, x Ty <1



Xét trén bién D z =3x°+t3y° " 2x "2y T2
OA:x=0,0<y<1,z=3y?-2y +2
z(y)=6y—-2=0«<y=1/3
— cac diém dac biét: (0,0), (0,1), (0,1/3)

OB:y=0,0<x<1,z=3x?—-2x+2

Z(X)=6x—-2=0<x=1/3
+ty =1 .
— cac diém dac biét:

O B (0,0), (1,0), (1/3,0)




z T f(x,y)=3x T3y " 2x "2y *2
AB:y=1-X%X,0x<1,Zz=6x°—-—6x+3
Z(X)=12x—-6=0<=x=1/2
— cac diém dac biét: (1/2,1/2), (0,1), (1,0)

Tinh f tai cac diém dwoc chira
f 1/3,1/3 = 4/3,f(0,0) = 2,£(0,1) = 3,f(1,0) = 3
f(0,1/3) =5/3,f(1/3,0) =5/3,f(1/2,1/2) = 3/2
Vay f = f(1/3,1/3) = 4/3,

f _ =1f(1,0=f(0,1) = 3



2/ Tim gtin, gtnn cua z = f(x, y) = x? + y?-3x+ 4y
trén hinh tron D: x2 + y? <1

Piém dirng cua z = f(x, y) trén

|
{t =2y t4a=0
|

y [(x“+ty" <1

/ \ mién m& cla D 1a nghiém hé
(o

\J f, = 2x 370 ((x,y):(3/2,_2)
LX2+y2<1 (lOaI)

< S
2 4 2
Trén bién D: x? + y2 = 1, xét ham Lagrange

2

L(x,y)=x°FTy?~3xtay+tAx?+y?1



Piém dac biét trén bién Ia diém dirng cua
L(x,y) = x "ty ~3x*tay tAKx ty? T

[L (xy)_2x_3+2}b =0

|
4L (x,y)= 2y t4at2dy =0
|

(x*ty®~1%0
~ (x,y):£4,‘3] hay (x.,y) ™ (‘4,3]
5 5 5 5

(Khdng can chira A.)

_ f[4 _3}2_19 f(4 3]:29
5 5 5 5 5 5






z=f(X,y) = X2 +y?—=3x + 4y

/
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