CHUONG IV: TICH PHAN MAT

1. TICH PHAN MAT LOAI 1
1. TICH PHAN MAT LOAI 2



Tich phan matloai 1

Dinh nghia : Cho ham 1(x,y,z) trén mat S. Chia S
thanh n phan tuy y khéng dam 1én nhau. Goi tén va
dién tich cia moi mat do la AS,, k=1, 2, .., n. Trén

mo&i manh doé ta lay 1

n
Sn - a
k=1

diém M, thy v va 1ap tong

f(M,)DS,

Cho max(dAS,) — 0 (dAS, la dwdng kinh cua
manh S,), néu tdng trén dan dén 1 gi¢i han hiru
han thi ta goi do la tp mat loai 1 cua ham f(x,y,z)
trén mat S, ki hiéu la

00 f(x,y,z)ds =
S

n

lim 5 f(M,_)DS,
max(dD S, )® 0k=1




Tich phan matloai 1
Tinh chat :

Dién tich mat S dwoc tinh béi P = 00 ds
S

o0 (I f+ mg)ds =1 55 fds + myy gds
S S s

Néu mat S dwoc chia thanh 2 mat khédng dam [én
nhau la S; va S, thi

oo fds = gy fds + 3o fds
S S S

1 2




Tich phan mat loai 1

Cach tinh:

00 T(X,y 2)ds = g5 F(x,y,z(x,y )1+ z§ + z¢ dxdy
S D

Xy

Trong do

D, la hinh chiéu cua S xuong mat phang Oxy (z=0)

T pt mat S 1a F(x,y,z)=0 ta rat ra z theo x, y dé
duwoc z=z(X,y)

Bidu thirc 1+ z¢ + z¢@dxdy = ds dUQC goi la vi

phan cua mat S



Tich phan mat loai 1

Vi du 1: Tinh tich phan I, trén mat S 1a phan mat
nén z2=x?+y? v&i 0=<z<1 cua ham f(x,y,z)=x+y+z

Hinh chiéu ctia S xudng mp z=0 la Dxy : 0=x?+y?<1

Iz _ X

T ey
PtmatS (zdwong) 2= +Jx?+ y?| —» |

{zp=

ey

Suy railgs = v2dxdy| Vay:

L= 9o (X+ y+ z)ds = 5 (x+ y+ \/x2+ yz)\/gdxdy
S D

Xy




Tich phan mat loai 1

Pa4i tp sang toa dd cuc:

2p 1

L= 5 dj g (cosj + sinj + r)rdr
0 0
2p




Tich phan mat loai 1

Vidu 2: Tinh tich phan |, cua ham f(x,y,z)=x+2y+3z
trén mat S la mat xung quanh t& dién x=0, y=0, z=0,
X+2y+3z=6

Mat S gébm 4 mat nén tp |,
cing dwoc chia lam 4 tp
Vi mat x=0 nén X’ -x =0 —

ds=dydz, chiéu xuong mp
x=0 ta dwoc D,,: AOBC

= 5o fds = 35 (2y + 3z)dydz
(x=0) DOBC



Tich phan mat loai 1

Twong tw, tp trén 2 mat toa
do con lai

l,, = 8o fds = 3y (X + 3z)dxdz

(y=0) DOAC

3 = 00 fds = o (x+ 2y)dxdy

(z=0) DOAB

Cudi cuing, trén mat x+2y+3z=6 (mp(ABC)). Ta
chiéu xuéng mp z=0 thi Dxy: AOAB , vi phan mat :
2 1 \/1 4 1 J14

z=2- —y- —X p ds= + —+ —dxdy =
3 3 9 9 3

dxdy



Tich phan mat loai 1

Jia

Do do: 1, = 00 fds = gy 6.——dxdy
(x+2y+3z=6) DOAB



Tich phan mat loai 1

Vidu 3: Tinh tp I3 cua ham f(x,y,z)=x>+y*+2z trén
mat S l1a phan hinh tru x?+y?=1 nam trong hinh cau
X2+y2+22=2

Chu v: Ta khong thé chieu S xudng mp z=0 duwoc vi
ca mat tru x?+y2=1 c6 hinh chiéu xudéng mp z=0 chi
la 1 dwdng tron x2+y?=1

Chiéu S xudng mp x=0 hay y=0 déu nhw nhau. Ta
sé tim hinh chiéu cua S xudng mp x=0 bang cach
khte x tir 2 pt 2 mat va dwoc D, ,: y°<1, z°< 1

Khi do, ta viet xtheoy, ztr pt mat S:  x = = 4/1- y?



Tich phan mat loai 1

Do pt c& 2 mat déu chan ddi v&i x nén mat S nhan
x=0 1& mat doi xrng. Hon niva, ham dwdi dau tp
cling 1a ham chdn v&i x nén ta sé tinh tp trén phan
mat S v&i x>0 roi nhan doi.

i -y
1xg:
x=\/1 yzbi \/1 y2
i
%xg:O
1
ds = dydz
iy
Vay:
! 1+ 27

l, = 25 dy »
2 .
-1 -1\/1- y



Tich phan matloai 1

Vi du 4: Tinh dién tich S, ciia phan méat paraboloid
y=1-x2-z2 nam phia trén mp y=0

V&i y=0, ta dwoe hinh chiéu xudng mp y=0 cla
paraboloid la D, : x*+z?<1

Pt mat S: , ,

2p 1
S, = ¢ dj (‘)r\/1+ 4ridr = IO—(x/125- 1)
6
0

0




Tich phan mat loai 2 — Phap vecto cua mat

Vecto Gradient: Cho mat cong S co pt la F(x,y,z)=0.
Ta goi vecto gradient cua ham F tai diém M la vecto

NF(M)= (F&M),FEM),FEM))

Mat cong S dwoc goi la mat tron néy cac dao ‘hém
rieng F'y, F', F', lién tuc va khong dong thoi bang 0
trén S tic la vecto gradient cua F lién tuc va khac O

Khi mat S dwoc cho bdi pt z=z(x,y) thi ta dat
F(X,y,2) =z-z(x,y) =0 (x,y)i D

Lic do, mét S tron néu cac dao ham riéng ', Z,
lién tuc trén D



Tich phan mat loai 2 — Phap vecto cua mat

Mat dinh hwong : Mat S dwoc goi la mat dinh hwédng
hay la mét 2 phia néu tai diém M bat ky ctia S xac
dinh duyoc vecto phap donvi n(m) sao cho ham
vecto n(M) liéntuc trén S

Khi ta chon 1 ham vecto xac dinh, ta ndi ta da dinh
hwong xong mat S, vecto da chon la vecto phap
dwong. Phic twong trng cua mat S la phia ma khi ta
ding trén phia ay, vecto phap tng tlr chan 1én dau

Mat S tron cho bdi pt F(x,y,z) la mat dinh huwdng
dwoc voi phap vecto don vi la )

N F
INF |

v
n = =+




Tich phan mat loai 2 — Phap vecto cua mat

Phap vecto don vi trén con co thé viét bang cach
khac: -

n = (cosa,cosb,cosg)

Trong d6 a, B, v lan lwot 1a goc tao bdi nlra dwong 3
truc Ox, Oy, Oz v&i phap vecto

Pé xac dinh phap vecto cia mat S véi pt la F(x,y,z)=0,
ta sé lam theo 3 bwoc sau:

1.Tinh " F = (FELFEF 9

2.Xac dinh 1 trong 3 goc a, 3, y xem goc la nhon hay
|a 10 dé suy ra 1 trong 3 toa dd clia phap vecto la
duwong hay

3. Xac dinh dau cla phap vecto




Tich phdn mat loai 2 — Phap vecto cua mat

Vidu 1: Tinh phap vecto cua mat S v&i S la phia
trén mat phang x+2y+4z=8

Pt mat S: F(x,y,z) = x+2y+4z-8(=0)
—NF = (1,2,4)

Hwéng cua mat S Ia phia trén
tire la vecto phap cung hwéong
vOi ntra dwong truc Oz, nén:

4 | uur u )
g=g9g(0z,n)< — — cosy=>0
2

Vay dau can lay I1a “+’ dé toa
(1,2,4) doé thwr 3 la dwong.




Tich phan mat loai 2 — Phap vecto cua mat

Vi du 2: Cho S Ia phia trén cla nlra mat cau
X?+y?+7?=R?, z=0. Tinh phap vecto cua S

Ptmat S Ia
F(X,y,2)=x?+y?+72-R? (=0)

\ / NF = (2x,2y,22)
Cho S la phia trén tiee la phap

vecto cung huwdng voi nira
dwong truc Oz, suy ra goc y<m/,

[ nén cosy>0
>' — Vi méat S chi tinh véi z dwong
i oy 2) nén ta chon dau “+” dé toa do
n= + ’;’ th&r 3 cua phap vecto duwong




Tich phdn mat loai 2 — Phap vecto cua mat

]
n =

(X,y.z)
+
R

Khi do, 2 goc a, 3 la nhon
hay tu sé phu thudc vao
X,y la dwong, hay am

X

Vé&i x=0: thanh phan thd nhat dwong tire 1a cosa=0
— a<T11/2 va X<0: cosa<0 — a=11/2

Vi y=0: cosp=20 — B<"/, va y<0: cosp<0 — ="/,



Tich phan mat loai 2 — Phap vecto cua mat

Vi du 3: Tinh phap vecto cua mat S la phia ngoai
mat tru x2+y?=1

Pt mat S: F(x,y,z)=x?+y?-1(=0)
NF = (x,y,0)

- - o

~ -
S~ -

RO rang, S la mat tru song song
~— | —~ . y&itruc Oz nén phap vecto

— . vuldng goc v&i truc Oz tre 1a
P y="1/, — cosy=0

R Phap vecto huwéng ra phia
ngoai, ta sé so v&i nira duwong

F‘ = *(xy.0) truc Oy, thi B<m/, — cosp=0
Ta chon dau sao cho khi y>0 thi thanh phan thi 2 cia
vecto cling dwong twee la chon dau “+”




Tich phan mat loai 2 — Phap vecto cua mat

Vi du 4: Tim phap vecto cua mat S Ia phia dudi cua
mat tru z=x2

Pt mat S: F(x,y,z)=x?-z(=0)
NF = (2x,0,- 1)

Mat S la phia dudi tiee la
phap vecto ngwoc voi huwdng
ntra dwong truc Oz, tiee |a

V>T1/2 — cosy<0

Vay dé toa do thir 3 cua
phap vecto am, ta sé chon
déu “+”




Tich phdn mat loai 2 — Phap vecto cua mat

Vi du 5: Tim phap vecto cua mat S Ia phia dudi cua
mat non ; = \/XZ oy’

PtmétSZF(x,y,z): \/x2+ y2- Z

075

~ X y
' - 2 2 2 2
. \/x + Yy \/x + Y

Voi S la phia dwo mét, non tuc
5 o la phap vecto quay xudng duoi
S50 Ta cO y>11/2 — cosy<0

~0.25

Do vay, ta lay dau cla phap
o 1 vecto la “+” va thay \/x P ry?

(x,y,- 1)
Va2 da duoc -

- Z




Tich phan mat loai 2 — Cach tinh

Pinh nghia: Cho cac ham P(x,y,z), Q(x,y,z), R(X,y,z)
xac dinh tréen mat dinh hwong S véi phap vecto don

Vi = (cosa,cosbh,cosg)
Tp mat loai 1 cua ham f(x,y,z)=Pcosa+Qcosp+Rcosy

trén mat S dwoc goi la tp mat loai 2 cua 3 ham P, Q, R
trén mat S va ki hiéu la

o0 Pdydz + Qdzdx + Rdxdy = g5 (P cosa + Qcosb + Rcosg)ds
s s

Cach tinh: Co 2 cach

Cach 1: Tim phap vecto cua mat S
n = (cosa,cosb,cosg)
Thay vao cdng thirc trén, tirc 1a dwa vé tp mat loai 1




Tich phan mat loai 2 — Cach tinh
Céch 2: Ta tinh tlirng phan cuta tp mat loai 2 trén

l, = 00 P(X,y,z)dydz = 35 P cosads Theo 4 bwdc sau
S S

Budre 1: Xac dinh géc a nhon (hay tu) dé co cosa=0
(hay cosa<0).
Bude 2: Vi can tinh tp theo dydz nén ta tim hinh chiéu
cia S xuong mp Oyz 1a D,
Buée 2: Ta viét lai pt mat S: F(x,y,2)=0 « x=x(y,2)
dé thay vao ham P
Buéc 4: Pwa tp trén vé thanh tp kép

L= 00 P(X,y,z)dydz = £ 38 P(x(y,z),y,z)dydz

S , , D i
Trong do: tp kép lay dau dwong (Am) néu duong
(am)



Tich phan mat loai 2 — Cach tinh

Pac biét: Néu S 1a phan mat song song vai truc Ox
thi goc a="/, ttrc la cosa=0, Suy ra

| = 39 Pdydz = 0
S

Tinh twong tw cho 2 tp con lai



Tich phan mat loai 2 — Cach tinh

Vidu 1: Tinh |, = 44 zdxdy Vi S la phia ngoai cla
S
mat cau x2+y?+z2=1

Pt mat S la F(x,y,z)=x?+y?+z?-1—> N F = (x,y,z),NF|= 1

Ta phai chia S thanh 2 phan tng véi z20 va z<0,
chiing doi x(*ng nhau qua mp z=0 va cling c6 hinh
chiéu xudng mp Oxy la Dxy: x2+y?<1

Ta sé tinh tp nay bang 2 céach

Céch 1: Tinh trwc tiép
Trén mat S, voi 220, pt S, 13 |z = + 41 x2- y°

Phap vecto hwdng ra phia ngoai tiec la hwé’pg Ié,n
trén, khi do goc y=11/2 nén cosy=0 , tp kep lay dau "+~




Tich phan mat loai 2 — Cach tinh

2p 1
A 2 2
Vay ;= * 00 \/1- X -y dxdy = o dj o rVl- rzdr
D, 0 0

Twong ty, trén mat S, wng voi z=0

z:-\/l- x° - y2

Phap vecto hwdong ra ngoai tuc
la quay xuong dwoi nén y=11/2

Kk

1~ — cosy=<0, tp kép lay dau “

Hinh chiéu Dxy: x2+y2<1

2 2
L, = - (‘)6'\/1' X -y dxdy =1,




Tich phan mat loai 2 — Cach tinh
Céch 2: Chuyén vé tich phan mat loai 1

Mat S, ng voi z20, phap vecto hwong lén tren nén

n1= +(x,y,z) — COSY-= =z valz = \/1 x °

Mat §m2 wng voi z<0, phap vecto huwdong xudng dwdi
nénn2= (X,y,z) —>COSY:ZVé. 7 = - \/1_ X2

Nhw vay v&i ca 2 mat S1, S2 ta déu cd cosy=z va
Tuce la ta khdng can chia lam
ds = ———dxdy| 2 tp nhw cach 1, ma chi can

\/1 X -y tinh trén ntra phia trén roi
Vay: nhan doi.

2 2 dxdy
. = 3o zdxdy = 2355 z.zds = 259 (1- X

1 -y )
2 2
S S D \/1- X -y

Xy




Tich phan mat loai 2 — Cach tinh

Vi du 2: Cho S |a phia trén mat tru z=x? gidi han bdi
cac mat : y=0, y=1, z=1, z=0. Tinh

l, = 3o zdxdy + yzdydz + xyzdzdx
S

Do S 1a phan méat tru z=x2 song song v&i truc Oy nén

l,; = oo Xyzdxdz = 0

Ghi nhé: Pt mat S chi chira x, z thi |00 Rdzdx =0
S

Ptmat S: F(x,y,z)=z-x*=0suyra Nfr = (- 2x,0,1)

S la phia trén mat tru tre Ié,phép vecto hwong lén
trén: y<"/,, cosy=0. Vay ta lay dau “+" cho phap vecto



Tich phan mat loai 2 — Cach tinh

1

L4 u 4 - 101

Phap vecto donvicua S: |n = , L 2%0.0
\/4x2+ 1

Ta tinh Tp theo dxdy: 1,; = oo zdxdy
S
Pt mat S: z=x?, v&i 0sz<1, ta dwoc 0sx?<1 — -1<x=1

Hinh chiéu xuong mp Oxy la D, -1<x<1, 0<y<1
Toa dé thr 3 cua phap vecto dwong nén cosy=0

Do vay :
1 1

= 5o zdxdy = + 39 xzdxdy = 9 xzdx(‘) dy = —
3

I21

S D -1 0

Xy



Tich phan mat loai 2 — Cach tl'nh
u - 2x,0,1)

= +
\/4x +

Phap vectodonviciua S |

Tp theo dydz l,, = oo yzdydz

Pt mat S: z=x? S

Hinh chiéu xuong mp Oyz la D, ,: 0sz<1, 0sy<1
Toa db thtr nhat cua phap vecto phu thubc vao x
nén ta sé chia S thanh 2 phan ng v&i x=0 va x<0

l,, = oo Yyzdydz + gy yzdydz

S,x* 0 S,x£0
Pt mat tru chan ddi voi x, 4 mat cat tru déu co pt

khong chtra x nén mat S nhan x=0 la mat doi x&rng.

térc 1& hinh chiéu Dyz clia 2 phan mat (S,x20) va
(S,x<0) nhwr nhau — mién lay tp cua 2 tp trén nhw nhau




Tich phan mat loai 2 — Cach tinh
Suy ra tp l,, la tong 2 tp c6 cung ham dwei dau tp 1a
yz, cung mién lay tp la D,, nhwng dau thi ngwgc nhau

l,, = + 3y yzdydz - 3y yzdydz = 0O

D D

yz yz




Tich phan mat loai 2 — Cach tinh

Vi du 3: Cho S |a phia trén mat nén z2=x?+y?, 0<z<1.
Tinh L, = 99 z°dxdy + zdydz + y “dzdx

S

Dozz0OnénptmatSla F(x,y.z)= \/x2+ vy - z

y y 1)
\/X 2 + y 2 \/X 2 + y 2
Ta lay S |a phia trén mat non tiee 1a y<11/2 — cosy=0
Vay phap vecto cua S la
[/
y

1 X
R A RN

Ty

U X -y

1 -
N AN TN TR




Tich phan mat loai 2 — Cach tinh

uu

X -y

1)

1 ]
ng = \/E(\/XZ

2,\/2 2
+y X+y

Tp theo dxdy :

Hinh chiéu cta S xudng mp z=0 la

Suy ra:

31

31

5 1
= 006 Z dxdy, cosg = T,z
2

S

2

- X

2

+

y

2

Dxy: x?+y?<1

2p

1

= + (‘)(‘)(x2+ y “)dxdy = o dj (‘)r.rzdr

D

31

b
2

Xy

0

0




Tich phan mat loai 2 — Cach tinh

Tinh tp theo dydz :

Vi cosa phu thudc vao x nén ta phai chia S thanh 2
phan rng voi x20 va x<0, 2 phan do doi xirng nhau

S

uur 1 ( X -y .
N =
S ] ]
«/2 \/X2+ y2 \/X2+ y2
l,, = 5o zdydz, cosa =

qua mp x=0 vi pt S 1a chan doi v&i x

2 tp trén 2 phan dé, khi chuyén sang tp kép sé c6 ham

dwdi dau tp cung 1a f(x,y,z)=z, hinh chiéu cung |a

D, : -zSy<z, 0sz<1 nhwng trai dau nhau vi 2 nra cho

yz:

ta 2 phap vecto nguwoc nhau

vVay




Tich phan mat loai 2 — Cach tinh

uu

X -y

1 -
ng = ( ,
\/E\/X2+y2 \/x2+y2

1)

Tinh tp theo dxdz :

33 = 00 y2dydz, cosb =

S

y

\/2(X2

2
+y )

Twong tw tp I3, ta clng dwoc | |,,=0

Vay .




Tich phan mat loai 2 — C6ng thirc Gauss
Cong thirc Gauss — OstrogratxKki:

Cho mién V dong, bi chan trong khéng gian co bién
la mat S tron trng khuc. Cac ham P, Q, R va cac
dao ham riéng cap 1 cla chdng lién tuc trong mién
mo chra V. Ta ¢o cébng thirc

00 Pdydz + Qdzdx + Rdxdy = £ g5 (P E+ leé+ R ¢)dxdydz
S V

Trong dé: Tp béi 3 1ay dau “+” néu S 1a mat bién phia

ngoai V va lay dau “-” néu S |a mat bién phia trong V




Tich phan mat loai 2 — C6ng thirc Gauss

Vidu 4. Cho mat S la phia ngoai vat thé gi®¢i han boi :

X2+y2+z2<4 va z ° \/x2 + y? Tinh tp sau bang 2 céch
trwee tiép va dung

2 2
|, = 3o X dydz + y dzdx + zdxdy
3 00
CT Gauss <

Cach 1: Tinh true tiep  Mat S gom 2 mét S, la phia
trén mat cau voi \/_;e z £ 2

Va S, la phia dwdi mat non
VOiog z¢ \/g

Trén méat S,, S,, ta thay
chung déu nhén mp x=0, mp
y=0 la mat doi xurng




Tich phan mat loai 2 — C6ng thirc Gauss

Do dd, céac tp tinh theo dydz, dzdx déu chia thanh 2
P

H
n

han véi hinh chiéu nhw nhau va dau tp kép trai nhau.
on nira, 2 tp d6 déu cd ham dwéi dau tp kép gidng

nau. Ta duworc:
30 xzdydz + yzdzdx =0
S

" /' Tich phan trén mat S;: pt mat

Z = \/4- x° - y2

Lay phia trén mét cau turc la
V<1, tp kép l&y dAu “+”

Hinh chiéu xuéng mp z=0 la
DXy: X2+y?<2



Tich phan mat loai 2 — C6ng thirc Gauss

oo zdxdy = + 3§ \/4- x 2 - yzdxdy
S D

1 Xy

Tich phan trén mat S,: pt mat |z = \/x2 ry?

(1

Lay phia dwdi mat non tie 1a y=7/,, tp kép 1ay dau “

Hinh chiéu xudng mp z=0 la Dxy: x2+y2<1

oo zdxdy = - 33 \/x2 + yzdxdy
Sz ny
Véy: l, = + 39 \/4- x° - yzdxdy- 30 \/x2+ yzdxdy
D, D,
2p 1

l, = o dj (‘)r(\/4- % - r)dr
0 0



Tich phan mat loai 2 — C6ng thirc Gauss
Céch 2: S 1a mat bién phia ngoai mién V gidi han béi
\/x2+ y2 £ z £ \/4- (x2+ y2)

Hinh chiéu cta V xuéng mp z=0 |a hinh tron x2+y2<1

Ap dung CT Gauss, ta dwoc

l, = + 300 (2x + 2y + 1)dxdydz

Vv

\/1_ X2- y2
l, = 3o dxdy d (2x + 2y + 1)dz
ny /x2+y2

2p 1
3 o dj (‘)F(\/4- re - r)(2rcosj + 2rsinj + 1)dr

0 0



Tich phan mat loai 2 — Cong thirc Gauss

Vi du 4: Cho S la mat bién phia trong cua V gi&i han
b&i x°+y?<4, 0 <z < x?+y?. Tinh tich phan

l, = oo ydydz + xydzdx - zdxdy

S

Ap dung CT Gauss, ta dwoc

I, = - 360 (0+ x- 1)dxdydz

Vv

2 2
X +y

1, = - o (x- 1)dxdy ¢y dz
X2+y2£4 0
2p 2
1, = - 5 dj (‘)r.rz(rcosj - 1)dr
0 0
2p 1 2p 1
. 4 : 3
= - ycosjdj gr dr+ 5dj gr dr
0 0 0 0



Tich phan mat loai 2 — C6ng thirc Gauss

Vi du 5: Cho S la mat bién ngoai cua V: x=0, y=0,
2=0, x+y+z=2. Tinh I, = §¢ xzdydz + xzdzdx + xydxdy
s

Céch 1: Ap dung CT Gauss

.= + 300 (z+ 0+ 0)dxdydz

%
2 2- X 2- X-Y

. = ydx 3§ dy § zdz
0 0 0




Tich phan mat loai 2 — C6ng thirc Stokes
Cong thuc Stokes:

Cho mat dinh hwédng S tron tivng khuc co bién la
dwdng cong kin C tron tirng khic va khéng tw cat.
Cac ham P, Q, R va cac dh riéng cap 1 lién tuc trong
mién m& chra S. Ta c6 CT Stokes

00 (Qg- PFHdxdy + (Pg- Rg)dzdx + (R¢- Pgdydz

S
= N(Pdx + Qdy + Rdz)

C
Trong d6, huwdng ctia C dwoc lay sao chp khi dirng
phia mat S va di theo huwdng do thi ta thay S bén trai.

Ghi cha: Néu C lay ngwoc chiéu kim dong ho nhin ti
phia z>0 (z<0) thi huwdng trén mat S la cung phia
(ngwoc phia) voi truc Oz, tre la goc y=11/2 (y=11/2)




Tich phan mat loai 2 — C6ng thirc Stokes

Cbng thirc Stokes con dwoc dung ¢ dang lién hé
gitra tp dwong loai 2 va tp mat loai 1 nhuw sau

NPdx + Qdy + Rdz =
C

S g(Qf- Pfcosg + (Pg- Rg¢)cosb + (R¢- Qf)cosagds
S

Trong trwvong hop C la gigo cua l mp va 1 mat cong vi
khi do ta sé chon S la phan mp o] (;ét bdi mat cong,
suy ra phap vecto cua S la hang so0.



Tich phan mat loai 2 — C6ng thirc Stokes

Vidu6: Tinh 1g = yNydx + zdy + xdz
C

V&i C la giao cua mat x+y+z=0 va x*+y*+z?=4 theo
hwdong ngwoc chiéu kim déng ho nhin tw phia z>0

Céch 1: Ap dung CT Stokes

Vi C la giao cua mp x+y+z=0 va x*+y?+z°=4 theo
hwong ngwoc chiéu kim dong hé nhin tw phia z>0
Nén ta chon S 1a phan mp x+y+z=0 nam phia trong

mat cau, lay phia trén. S [a hinh tron tam tai O, ban
Kinh bang 2

1
Suy ra vecto chi phwongcuaSla |ph= + j_(1,1,1)
3




Tich phan mat loai 2 — C6ng thirc Stokes
Va ta st dung CT Stokes dwdi dang:

NPdx + Qdy + Rdz =
C

00 §Q¢- Pflcosg+ (Pg- Rg)cosb + (R¢- Qg)cosalds
S

Pé dwoc :
o = Nydx + zdy + xdz

C

1 1 1
=+ (0- 1) =+ (0- 1) ——]ds

= 9o [(0- 1)
s Vs Vs Va3
- \/g(‘)e, ds = - 3.8 Trong d6 S la dién tich mat S,




Tich phan mat loai 2 — C6ng thirc Stokes

Céch 2: Tinh trwc tiép bang cach viét pt tham so ctia C
(Xem trong phan tp dwdng loai 2- pt tham so)

t tu O den 2p

6
C

i

ix: \/_cost
i

N
Ty = sint
1 3

1

i

{z: - \/Ecost-
i

1

i

\/_
—sint
3
b
Ve
—sint
3
2p

= Nydx + zdy + xdz = § -

0

Je

——Ccost
3

- \/Esint-

6

X
-
[

N

cCost

<
[

Je

3
——Co st

\/Esint-
3

t tu O den 2p

4/3p

P 3 3 3 3 3 S 3k § e S S S S S i 3 i
N
I

12dt - _



Tich phan mat loai 2 — C6ng thirc Stokes

Vidu7: Tinhtp 1, = gydx- zdy + dz

C
Véi C la giao tuyén cla x2+y2+z2=4y va x=y-2 lay
cung chieu kim dong ho nhin tw phia x>0 bang 2
cach : trwec tiep va dung CT Stokes

Cach 1: Dung CT Stokes

Chon S |a phan mp x=y-2 nam trong hinh cau, lay
hwédng nguwoc voi nra dwong truc Ox

Suy ra a="/, — cosa=0
Pt mat S la F(x,y,z2)=x-y+2(=0) : NF = (1,- 1,0)
Vi cosa<0, nén ta chon dau “-” cho phap vecto

v
n

1
- —=(1,- 1,0)
V2




Tich phan mat loai 2 — C6ng thirc Stokes

u 1
n=- ——=(1- 1,0)
) V2
Vay:
I, = yNydx - zdy + dz
C 1 1
= oo [(0- 1).0+ (0- 0) =+ (0+ 1)(- —=)]ds
080 \/E \/E

S 1a phan mp x=y-2 nam trong hinh cau. Ta khi x tw
2 pt dé dwoce hinh chiéu cla S xuéng mp x=0 13

D,,: 2(y-2)2+ZZS4 ds = \/1+ xgz + x¢dydz = \/Edydz

Suyra |, - J2dydz

\/700
P




Tich phan mat loai 2 — C6ng thirc Stokes
Céch 2: Viét pt tham sb clia C

ix2+ y2+ 22: 4y[j §2(y- 2)2+ 22: 4

1x=y- 2 1x=y- 2
ix=\/;ost %X¢=-\/Esint
1 1
1

C:%y=2+ \/Ecost b iy¢:_\/55int
.o l
1 _ .
iZ—ZSInt §z¢= 2cost
%t ditu O den 2p

I, = yNydx - zdy + dz

C
2p

= 5 [(2+ \/Zcost)(- \/;sint)- 2sint]dt

’ = - 2+/2p




Tich phan mat loai 2 — C6ng thirc Stokes

Vidu 8: Tinh 1y = &(x + y)dx + (2x - z)dy + ydz

C
V&i C la giao tuyén cua x2+y?=1 va z=y? lay nguwoc
chiéu kim dong ho nhin tw phia z>0

Cach 1: Dung CT Stokes

Vi C 1a giao tuyén clia 2 mat tru, ta chwa biét nén
chon S 1& mat nao nén ta sé dung CT Stokes dé viét
|l dwdi dang Tp mat loai 2 truwoc

g = N(x+ y)dx + (2x - z)dy + ydz
C

= 50 (2- 1)dxdy + (0- 0)dzdx + (1+ 1)dydz
S



Tich phan mat loai 2 — C6ng thirc Stokes
Pé tinh |, ta s& phai tinh 2 tp : tp theo dxdy va dydz.
Tlrc 14 ta sé phai tim hinh chiéu ctia S xudng 2 mp z=0
va x=0.
Nhw vay, ta sé chon S sao cho hinh chiéu cia né
xudng 1 trong 2 mat trén dé tim, vi khi da chon xong 1
trong 2 tru 1a mat S thi 1 trong 2 tp phai tinh bang 0

1.0

Tachon S la phén mat tru
parabol z=y? nam trong try tron
xoay x?+y?=1 lay phia trén,

suy ra y=tm—cosy=0

Pt mat S: F(x,y,z) = y?-7

NF = (O,Zy,' 1)




Tich phan mat loai 2 — C6ng thirc Stokes

1
\/4y2+ 1

o = N(x + y)dx + (2x - z)dy + ydz

Phap vecto mat S: : - (0,2y,- 1)

C
= 50 (2- 1)dxdy + (0- 0)dzdx + (1+ 1)dydz
S
Pé tinh tp mat loai 2 trén, ta c6 2 cach: tinh truc tiép
hoac dwa vé tp mat loai 1



Tich phan mat loai 2 — C6ng thirc Stokes

Tinh truc tiép:

Vi S la mat tru song song Vol Ox (Pt chi chira y, z)

nén tp theo dydz bang 0. Do do:

g = 00 dxdy V@i cosy>0 va hinh chiéu Dxy: x2+y?<1
S

Véy: lg = + 9o dxdy = p

D xy




Tich phan mat loai 2 — C6ng thirc Stokes

Dua I, vé thanh tp matloai 1 Ta co:
[}

n

1
- (0,2y,- 1)= (cosa,cosb,cosg) Suy ra
\/4y2+ 1

cosa = 0, cosbh =

- 2 1 ,
4 , COSQg= Do do:
\/4y2+ 1 \/4y2+ 1

g = 00 (2- 1)dxdy + (0- 0)dzdx + (1+ 1)dydz
S

= 9o ll.cosg + 2.cosalds
S

Pt mat S: z=y2 nén ds = \/1+ 4y 2dxdy Vay:

1
g = 390 \/4y2 + 1ldxdy g = P
2
X2+y2£1\/4y + 1




Tich phan mat loai 2 — C6ng thirc Stokes

Vidu 8: Tinh 1y = &(x + y)dx + (2x - z)dy + ydz

C
V&i C la giao tuyén cua x2+y?=1 va z=y? lay nguwoc
chiéu kim dong ho nhin tw phia z>0

Céch 2: Tinh trwc tiép bang cach viét pt tham so ctia C

tX = cost

1
Ix? + y2: 1 iy: sint
C:i U i ,
%Z: y2 iZ: sin t
Lo Vay:
ft ditu 0 den 2p Y.

2p
lg = o [(cost+ sint)(- sint)+ (2cost- sinzt)cost+ sint.2sintcost]dt




