2. Tich phan dwong loai 2- Cach tinh
Dinh nghia: Cho ham P(x,y), Q(x,y) xac dinh trén cung
AB trong mp Oxy
Chia cung AB thanh n phan tuy y béi cac diém chia
A=Ay AL A, ... A=B, A(X,Y,)
Trén méi cung nhé A A, ., lay 1 diém M, bat ky, dat
AX, =Xy 11Xy AY =YY > Al 1a d0 dai cung

LAptong s = § [P(M,)Dx,+ Q(M )Dy. ]

k=0




2. Tich phan dwong loai 2- Cach tinh

Cho max Al, — 0, néu S, ¢6 gi¢i han hiru han khong
phu thudc céch chia cung AB va cach lay diém M, thi
gi¢i han dé duwoc goi la tp dwdng loai 2 cua cac ham
P(x,y) va Q(x,y) doc cung AB va ki hiéu la

A P (x,y)dx + X,y)dy = lTm S
00 P(x,y) Q(x,y)dy S
AB

Diéu kién ton tai: Néu cac ham P, Q lién tuc trong
mién m& chira cung AB tron tirng khuc thi ton tai tich
phan dwdng loai 2 cua P, Q doc cung AB




2. Tich phan dwong loai 2 — Cach tinh

Tinh chat :
Tich phan dwong loai 2 dbi dau néu hwéng di trén

AB BA

Trwdng hop dwdng lay tp 1a dwdng cong kin C, ta
quy woc hwong duong trén C la hwdng ma khi di
doc C thi mién gi®i han béi C nam vé bén trai.

Q\Xd(\g

\,\\36“9

Hwong am la hwédng nguwoc voi hwédng dwong



2. Tich phan dwong loai 2— Cach tinh

Cach tinh tich phan dwong loai 2
Néu cung AB c6 phwong trinh y=y(x), di ti
A(Xy,y(X;)) den B(z(z,Y(Xz)) thi

d Pdx+ Qdy = § (P(x,y(x))+ Q(x,y(x))y«x))dx
Néu cung AB c6 phwong trinh tham s6 x=x(t), y=y(t)
di tw A(x(ty), y(t;)) den B(x(t,), y(t,)) thi

Oy Pdx + Qdy = § (P (x(t),y(t))xdt)+ Q(x(t),y(t))ydt))dt

AB t,

Néu AB la dwérng cong khong gian, ta co cach tinh
twong tw khi c6 pt tham s6 cua dwdng cong



2. Tich phan dwong loai 2 — Cach tinh

Vi du 1: Tinh tich phéan I, di tir A(0,0) dén B(1,1) cla
2 ham P=x? va Q=xy theo cac dudng

1.Dwdng thang
2.Parabol y=x?

3.Duwdng tron x2+y?2=2x

1. AB |a doan thang y=x, x t& 0 dén -

1

1

| = O X “dx + xydy = O (x2+ xz)dx

AB 0




2. Tich phén dudng loai 2 — Céach tinh

2. AB |a phan parabol y=x2 v&i x
tr 0 dén 1, y'=2x

|, = O (x2 + x.x2.2x)dx

0

L 3.ABIa phan duong tron x2+y2=2x

Ta viét pt tham s6 clia AB bang céch viét lai pt

(x-1)2+y?=1 va dat x=1+cost thi y=sint v&i t di ttr 17
dén 7/,
%

| = O g(1+ cost)z(— sint)+ (1+ cost)(sint)costgdt

P



2. Tich phan dwong loai 2 — Cach tinh

Vi du 2: Tinh tp dwdng loai 2 cia 2 ham P=x?+2y \{a
Q=y? trén dwdng cong C : y=1-|1-x| v&i x di tir O dén 2

e . . %X,X;E 1
Ta viét lai pt dwongcong C. vy =1
A 12- X,1< X
g1 . Vay .
|, = Pdx + Qdy
1 2 c

_ | 4 2 2 \ 4 2 ) ) 2 ) \
|, = O g(x + 2X)+ X $x+ O g(x + 2(2- x))+ (2- x) ( 1)?x
0

1




2. Tich phén dudng loai 2 — Céach tinh

Vi dl_J 3: Tinh I, = xdx + zdy + ydz vOi C la giao tuyénl

0

cla 2 mat y=x2 va x=z di tir 0(0,0,0) dén A(1,1,1)

Ta viét pt tham s6 clia C bang cach dat x=t thi ta dworc
y=t?, z=t, t ditlr 0 dén 1

Vay : L= o (t+ t2t+ t7)dt

3
0



2. Tich phan duwong loai 2 — CT Green
CONG THUC GREEN:

Dinh Iy Green : Cho D la mién déng, bi chan trong

mp Oxy voi bieén C tron twwng khuc. Cac ham P(x,y)
va Q(x,y) lién tuc trong mién mé chira D. Khi ay ta

coO cong thire Green

&de + Qdy = =+ 30 (Q¢- Py¢)dxdy

C D

Trong do, tp kép lay dau “+” néu hwéng di trén
duwong cong kin C la hwéng dwong va dau “-”" néu
ngworc lai



2. Tich phan duwong loai 2 — CT Green

Chu tuyén kin C c6 thé bao gdm nhiéu chu tuyén
C,, C,, ... Mién D dwoc goi Ia mién don lién néu moi
chu tuyén kin do c6 thé co vao 1 diém thudc D, khi
d6 trong D khdng co6 “16 thang”




2. Tich phan duwong loai 2 — CT Green

Vidu 4: Cho l,= o (4x- 2y)dx- (2x + 3y)dy
V&i C chu tuyén dwong cla hinh tron
(Xx-1)?+(y+1)?=4. Tinh tp trén bang 2 cach: trwc tiép
va dung cong thirc Green

1. Tinh trwc tiép: Ta tinh bang céach viét pt tham so
dwong tron di ngwoc chiéu kim dong ho
I x=1+2cost, y=-1+2sint, t

\ di ttv 0 dén 21
J ~ Suyra:




2. Tich phan duwong loai 2 — CT Green

P[(4(1+ 2cost)- 2(- 1+ 2sint)](- 2sintdt)

0o :
) o - [(2(1+ 2cost)+ 3(- 1+ 2sint)]2co stdt

2p
S (8 sin’t - 8coszt)dt =0

0

4

2. DUng CT Green véi C 1a bién dwong clia mién
D: (x-1)?+(y+1)°<4 va P=4x-2y, Q=-(2x+3y) tic la
Q,-P,=-2-(-2) =0

vay: l, =+ 80 (Qf- PAHdxdy =0

D



2. Tich phan duwong loai 2 — CT Green

Vidy 6: Tinh I, = § 2(x™+ y )dx + (x + y) dy

V&i C la chu tuyén AABC, A(2,1), B(6,1), C(4,3)
ngwoc chiéu kim dong hé bang 2 cach : Truc tiép
va dung CT Green

1. Tinh trwc tiép bang céach viét pt tham s6 3 canh

u uul

Pt AB di qua A(2,1) va vecto chi phwong aBs = (4,0)
x=2+4t, y=1, t tr 0 dén 1
pt BC: x=6-2t, y=1+2t, t t&r 0 dén 1

pt CA: x=4-2t, y=3-2t, t tr 0 dén 1




2. Tich phan duwong loai 2 — CT Green

PR

2 u
2 + 4t + 1)4dt)+
( )"+ 1)4dt)y

2 (
gz((6- 2t)° + (1+ 2t)°)(- 2dt)+ 72.2dtg+
2 (

(4- 20)°+ (3- 2)°)(- 2dt)+ (7- 4t)°(-

2dt)!
)4



2. Tich phan duwong loai 2 — CT Green

2. Dung CT Green:

Mién lay tp kép D: AABC, dau tp kép: +, ham dwéi
dau tp kép : Q',-P’ =2x-2y
Véy 3 7-y
.= 5dy § (2x- 2y)dx
1 1+ y




2. Tich phan duwong loai 2 — CT Green

Vidu 6: Tinh
e = & (ey sin x - 3x + 2y)dy + (ey cCos X + 4y)dx
C
V&i C la phan dwong tron x2+y2=2y, x20, di t& (0,2)
déen (0,0)

Khong thé tich truc tiép tich phan nay. Ta sé tinh
bang cach ap dung CT Green.

Tuy nhién C la dwdong cong
khéng kin, nén ta phai “bu”
thém dwong cong di tw (0,0)

/ dén (2,0) dé dwoc dwérng cong
Kin.




2. Tich phan dwong loai 2 — CT Green

! Puwdng cong bu thém con phai duwoc
chon sao cho viéc tinh tp dwong loai
2 cla 2 ham da cho trén do l1a dé

nhat tlrc 12 ta sé chon dt song song
voi cac truc toa dob

V&i vi du nay, ta chon C, 1a phan dt

x=0 ti (0,0) dén (2,0)

Nhuw vay, dwdng cong kin CUC, la bién am cua
mién D: x2+y?<2y, x=0

Ap dung CT Green, ta dwoc :

o Pdx+ Qdy = - 55 (Qg- PFdxdy
CEC, D



2. Tich phan dwong loai 2 — CT Green

»
»

o Pdx+ Qdy = - 55 (Qf- P#Hdxdy
CEC, D

U g Pdx+ Qdy + g Pdx + Qdy = - 35 - 7dxdy
c c, D
1 7
U oPdx+ Qdy =-g2ydy+ 7S(D) (O |. = -4+

C 0 2



2. Tich phan duwong loai 2 — CT Green

- y X

Vidu7:Cho2hamP(x,y)= —— Q(x,y)=

X +y X +y

Tinh 1= § Pdx + Qdy V@i C la chu tuyén kin, dwong

C
1. Cua hinh vuéng |x|+|y|=1
2.Cua hinh tron x2+y?=1
3.Khdéng bao quanh goc toa do

Nhan xéet : Ta co Q' ,=P’, va 2 ham P, Q déu khéng xac
dinh tai goc tao do O(O O) terc 1a néu dworng cong C bat
ky bao kin mién D ch¥a O thi ta s& khéng ap dung
dwoc CT Green




2. Tich phan dwong loai 2 — CT Green

1. Hinh vuong [x|+|y|=1
chtra O. Dé ap dung CT
4 ~ Green, ta sé “khoét” di phan
N

chira O.
Cu thé, ta goi C1 Ia dwong
tron x2+y?=r2, v&ir du nho
lay cung chiéu kim dong
ho

Ap dung CT Green trén CUC1 la bién dwong cla
mién D: [x|+|y|£1, x2+y?=r2, ta dwoc

o Pdx+ Qdy = + 4355 (Qg- PFdxdy
CEC, D



2. Tich phan dwong loai 2 — CT Green

o Pdx+ Qdy = + 4355 (Qg- PFdxdy

CEC, D
U ygPdx+ Qdy = - 5§ Pdx + Qdy
C c,
U1, =-4 xdy - ydx Pt x=rcost, y=rsint ta dwoc
2
c, r
° 1
L= -9 —2(r cost.rcostdt- rsint.(- rsintdt))
r
2p



2. Tich phan duwong loai 2 — CT Green

2. C la chu tuyén dwong cua dworng tron x2+y2=1
nén ta thay vao 2 ham P, Q dé duoc

. = 3 xdy - ydx

C

Ta ap dung dwoc CT Green dé dwoc

|, =21



2. Tich phan dwong loai 2 — CT Green

Chu y: Cach lam & cau 1. khéng chi dung cho khi C
la chu tuyén dwong cla hinh vuéng ma con dwoc
lam twong tw khi C l1a dwdng cong bat ky bao goc
toa do. Twc la vol mol chu tuyén dwong bao kin
mién D chira goc toa do ta luén cé |, = 21T

3. Do C khdng bao quanh goc toa dd nén ta ap
dung duoc CT Green.

Vi Q,=P’y néntaco I,=0




2. Tich phan duong loai 2 khdng phu thuéc duwong di

TICH PHAN BUONG LOAI 2 KHONG PHU THUOQC
PUONG bI

Cho cac ham P(x,y), Q(x,y) va cac dao ham rieng
lién tuc trong mién m&, don lién D. 4 ménh dé sau
twong dwong

1.Q, =P,

2. o Pdx + Qdy khong phu thuoc dwong cong tron
AB tirng khuc noi tww A dén B trong D

3 &Pdx+ Qdy = 0 V&i moi chu tuyén C kin, tron
C trng khuc trong D

4. Ton tai ham U(x,y) sao cho dU=Pdx+Qdy




2. Tich phan duong loai 2 khdng phu thuéc duwong di
Cach lam:

1. Théng thwdng, ta sé kiém tra diéu kién 1. hoac 4.
(néu la ham da cho san)

2. Néu diéu kién 4. thda, ta sé cé cach 1 dé tinh tp:

Tim ham U(x,y) sao cho dU=Pdx+Qdy twrc la ta di
glal he U',=P, U',=Q va thay vao tich phan (Ala
diém dau Bla dlem cudi)

o Pdx+ Qdy = 3§y dU = U(B)- U(A)
AB AB




2. Tich phan duong loai 2 khdng phu thuéc duwong di

Cach 2: Kiém tra ,d’i‘éu ki‘én 1. dung thi ta sé chon
dwong noi tw Adén B nam hoan toan trong D la
dwong gap khuc theo cac dt song song vo&i cac truc

toa Ao y X
Khi do : o Pdx + Qdy = § Q(x,,y)dy + § P(x,yz)dx
A AB yA XA
Hoac
X, Ye
A \“B_
= o P(x,y)dx + 5 Q(xg,y)dy
/ > XA yA
A >




2. Tich phan dwong loai 2 khéng phu thudc dwong di

(4.2)
Vidu 8: Tinh L= o xdy + ydx

(2,1)

Cach 1: Tim ham U sao cho U',=y, U’ =X
Ta duwoc U(x,y)=xy. Nén |;=4.2-2.1 =6
Céch 2: Kiém tra dieu kién Q',=P’, = 1, vi P=y, Q=x
4 2

o = ogdx+ y4dy = 2+ 4.1=6

2 1



2. Tich phan dwong loai 2 khéng phu thudc dwong di

Vi du 9: Tinh cac tich phan

(1,2) ,
-, Xdy - ydx theo dwdng cong khéng cat truc Oy,

9 O 2
X

(2,1)

(1,2,3)
Lo = o 2xydx + (x2- zz)dy- 2yzdz
(0,0,0)
N 2 : -y X 1
9. Timham U saocho: yy¢ - —-Ug= —= =
y X2 X2 X

Tadwoc U=~

(1,2) 2
.= o dU = U(L2)- U(2,1)= —

9
(2,1) 2



2. Tich phan dwong loai 2 khéng phu thudc dwong di

10. Ta tim ham U(X,y,z) sao cho dU=Pdx+Qdy+Rdz
Suy ra U',=2xy, U’ =x*-z%, U’',=-2yz
Pao ham theo x ctia U 1a 2xy thi nguyén ham chac
chan cé s6 hang x2y
Pao ham theo y clia U cé x2-z2 thi chac chan
nguyén ham cé s6 hang x2y-yz2
Pao ham theo z clia U 1a -2yz thi chac chan nguyén
ham co sd hang —yz2
Téng hop tr 3 két qua trén ta dwoc ham
U(X,y,z)=x2y-yz?+C

Vay |, = U(1,2,3)-U(0,0,0) = (1.2-2.9+C)-(C) = -16




2. Tich phan duong loai 2 khdng phu thuéc duwong di

Vi du 10: Tim ham h(y) thoa h(1)=1 sao cho tp

B
;= o (2xy + 3)h(y)dy - yh(y)dx

A
La tp khong phu thudc dwong di. Sau do tinh tp voi
A(1,1), B(3,2)

pé |, la tp khéng phu thudc dworng di ta phai co
Q,=P’, < [(2xy+3).h(y)]'x=[-y=-h(y)],
— 2y.h =-2y.h —y2.n’
o 4y.h = -y2.1’

Nhw vay, ta dwoc pt vi phan cap 1 véi ham la h,
bién 13 y




2. Tich phan duong loai 2 khdng phu thuéc duwong di

Ta sé viét lai pt trén thanh pt tach bién

- 4dy dh d dh
=« - 452 +C= gy < -4ny+InC=Inh
y h y h

C
« o= h(y)

Thay diéu kién h(1)=1 vao, ta dwgc C=1.
Khi do, ta co tp khong phu thudéc dwong di

(3.2) 1 1

L, = o (2xy + 3)—4dy- —de
(1,1) y y

Tim ham U(x,y) sao cho U’ \=Q, U',=P



(S SNCUNY WY Sy JUFNETE WY S ey

2. Tich phan dwong loai 2 khéng phu thudc dwong di

1
U)g: - —2
y
2 XYy 3
U)f/é: P
y y
Tw dh cua U theo x, suy ra U c6 chira - %
y
Thay vao pt dwéi, tasuyra y(x.yy= - . 1
2 3
y y

Véy .. = U(2,3)- U1 = ﬂ

o 27



