TIiCH PHAN BDUONG LOAI 2



NOI DUNG
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PINH NGHIA

Trong mp Oxy, cho cung AB va 2 ham so6 P(x,y),
Q(x,y) xac dinh trén AB.

Phan hoach AB b&i cac diem {A,, A,, .., A}, VO
A=A A, =B. Giast A, = (X, V), k=0,.
GOl AX, = Xip1 — X s AYy = Virr — Vi K=10,..., n-1.



Trén cung A A,,, lay diem M,, xét tong tp




n 1
s =2 P(MM. )%, *QM, )2y,
k=0

IP(x,y)dx TQ(x,y)dy T lim S _

n—>*

AB

la tp dwdng loai 2 cua P, Q trén AB
[

Quy wéc: JPdx *Qdy

C
chi tich phan trén chu tuyén (dwdng cong kin) C



TINH CHAT TP BUONG LOAI 2

1.Tp dwdrng loai 2 phu thudc vao chiéu
duwong di

Pébi chiéu
_ dwong di thi tp
- -
Jde Qdy CﬁJde Qdy 481 dAu.
A B

2.NéeuC=C, uC,

Ide+Qdy Ide+Qdy dex+Qdy

C C, o



CACH TINH TP BUONG LOAI 2
Khi tham s hoa dwdng cong, lwu y vé
chiéu dwong di.
TH1: (C) viét dang tham so x = x(t), y = y(t),
t, :diém dau, t,: diém cudi

IP(x,y)dx+Q(x,y)dy

C

t,
= | P (@t y ()X () * Q (x (), y (1)) (1) dt

t



TH2: (C) viét dang y = y(x),

X = a : diém dau, x = b : diém cudi

IP(x,y)dx+Q(x,y)dy

C

= | p (xy ) F O (xy (x))y (x) dx

H3: (C) viét dang x = x(y),
vy =c: diém dau, y = d : diém cudi

d

I'p(x,y)dx *Q(x,y)dy = I P(x(y).y)x (y) T Q(x(y).y) dy
C C



Nhac lai

Khi tham s hoa cho cung tron, elippse,
ngwoc chiéu kim dong ho la tham soé
tdng dan, cung chiéu kim dong ho 1a
tham s6 gidm dan.



Cach tinh Tp dwong loai 2 trong khéng gian

| = JP(x,y,z)dx TQ(x,y,z)dy TR(x,y,z)dz

C

Cach tinh: (C)x X(1), y = y(t) z = z(t),
t, :diém dau, t,: diém cudi

dex+Qdy+Rdz



VI DU

1/ Tinh: 1= _[xzdx t xydy
V'é C ’
C la doan noi tw A(0,0) dén B(1,1) theo cac
dwong cong sau day:
a.Doan thang AB
b.Parabol: x = y?

c.Buwong tron: x2+y2 = 2y, 1ay nguoc
chiéu Kbl




1= Ix%dx * xydy A(O, 0), B(1, 1)

C

a/ Poan thang AB:y =x,x:0—> 1
1 1

1 . | = J[x2+x.x.y’(x)}dx
: 0
1
:1 :_“(XZJ“xz)dx:g
; 3

b/ Parabol: x=y?,y:0—>1

=

1
| = H(yz)z-Zy +yz-y}dy = f(zy5+y3)dy =

0 0

H
|\>|\'



C/ x°+y? =2y & X+ (y—1)2 =1,
lay ngwoc chiéu KBH

X = cost, y = 1+sint,

T

A(O,O):>t:—2
B(1,1) = t=0
0
T
= ] feos?t(~sint) * cost * sint)cost]dt =
A

oy



2/ Tinh: 1= _[Zydx T xdy

véi C la cung ellipse x2 + 3y2 = 3 di tw (0, 1)
dén giao diém dau tién cla ellipse vOi
dwdng thang v = X, lay theo chiéu KBH.

X = \/gcost,y ~ sint

(Xx,y)~=(0,1) < t=7 ]2

v Tai giao diém v&i dty = x:

T

\/gcost:sintc> t = —
3




X = \/gcost,y —sint

| = J.Zydx T xdy

C

7:/3
- _[ [Zsint(_\/gsint) + \/gcost.costJdt
7[/2



3/ Tinh: | = JZydx t zdy T 3ydz

C A N\
v&i C la gt cua mat cau x? + y? + z2 = 6z va

mp z = 3 - x lay ngwoc chiéu KDH nhin ti
phia dwong truc Oz

3

2X% +y>=9 X zrzcost,
2

§\L\\\ y = 3sint,

\\\\\\‘—////// Z“S":Z;cost

t: 0> 27




| = j2ydx tzdy T 3ydz

C
-3 t ~ 3sint -3 > t
X -~ —=cost,y ~ 3sint,z ~ ——=CO0S
V2 V2

! ! !

2y (t)x (t) T z(t)y (t) T3y (t)z (t)

3 3
= 6sint(” —=sint) T (3~ —=cost)(3cost)
V2 V2

T A
9S|nthmt ~9cost
2






i
















CONG THUC GREEN
Dinh nghia: Néu chu tuyén C(dwong cong kin)

|a bién ctiia mién D c R,, chiéu dwong cua C 13
chiéu ma di trén do, mién D nam veé bén trai.
C,

C %
D
Pinh nghia: Mién don lién 1a mién ma moi

C

chu tuyén trong mién nay cé thé co vé 1
diém trong mién( khdng chira 16 thung).



Dinh Iy

D Ia mién déng va bi chan trong R,, C 1a bién
dinh hwdng dwong cua D. Gia s P, Q va cac
dao ham riéng lién tuc trén D. Khi do

f (8Q \
JPdx TQdy ~ m oy 8dexdy
C D

(Cong thirc Green)

Lwu y: C c6 thé gom nhiéu chu tuyén gioi
han mién D.




VI DU

1/ Tinh: 1 = Ix%ydx ~ xy *dy trong do C la dtron

C
x2 + y2 = 1, lay nguwoc chiéu KDH.

Goi D Ia hinh tron x2 + y? <1,

khi d6 C la bién dinh hudng

4N
\J dwong cua D.

Ap dung cdng thirc Green:




P

0

_ _ Q _
I‘Ixzydx xy *dy = HL@ y

C

dedy

- I (-7 xP)axdy

x2y1

27 1

__jd¢,[r3dr:i

2
0 0



2/ Tinh: 1 = J(x ~2y)dx T (3x Ty)dy

C ={(x, y) x| + ly| = 1}, l4y theo chiéu KDH.

Goi D la hinh vuong |x|+|y| < 1.

Khi dé C |a bién dinh hwédng am
cua D.

\/ Ap dung cdng thirc Green :
(09 op )

IZI(X_Zy)dx+(3x y)dy @”L )

C D




| = I(X‘Zy)dx+(3x+y)dy

”UQ aZ:dedy

- ”(3+ 2)dxdy = “5S(D)~ "1

D



3/ Tinh:

1= JTx?*ycosxy)dx T (—*F xy? " x

C

C la nlra dwdi dt x2 + y2 = 2x, ngwoc chiéu KbH

3
X 2

+ +

X CcosXxy)dy
3

C

« Néu tham s6 hoa dé tinh | = kho

2 .+ C khong kin nén khong thé

ap dung ct Green.

Goi C, la doan thangy =0, x: 2 — 0

D la nra du®i hinh tron x2 + y2 < 2x



c Khido C u C, la bién dinh
D hwdng dwong cua D.
~LpS : Ap dung ct Green:
3
j (x2+ycosxy)dx+(x—+xyz_x+xcosxy)dy
cYc, 3
(0 Op
B HkaQ_aJdXdy N ”(XZ +y2_1)dxdy
X y
DO 2cos? b
T
= jqu _[ (r rdr = —



j Pdx " Qdy ~ .[PdX+Qdy@ J.de+Qdy il

4
U
C Cl C Cl

—~ | = dexJ“Qdy -7 - Jde+Qdy

4

C C,
P = x°Tycosxy
ﬁ 3 C,.y=0,x:2->0

X
Q=" *Txy’  x*xcosxy
) 3

0
T T
8

~ 17— szdx_—+—



X " R ' ’
4/Chop = - =" kiémtrarp =q.
X" Ty X" Ty

Tinh:1= Jpax +qay trong cac TH sau:
a)Cladirx2+y?=R? R>0tuyy.
b)C la dtr (x — 3)2+ (y — 1)? = 2.

C)C ={(x.y) max {|x], |y[} =1}

d)C la dwong cong bao quanh goc toa d6 nai
tir diém (1, 0) dén (x, 0).

Cac dwdng cong déu lay nguoc chiéu KBH.




Q. =

y2_2x y X

2 2 _— 2

(X

2.2 2.2
Ty ) (x“FTy")

j— :P
2

a)Cladirx?+y?=R? R>0tuyy.

E

N

A
—-

Vi P, Q va cac dao ham riéng
khong xac dinh tai (0, 0) nén

khdng thé ap dung cdng thire
Green trén hinh tron x? + y2 < R? .



J4 , _ y —
Tham s6 hoa C: P="———.Q°~
X" Ty
<(x:Rcost,y:Rsint
t:0 7 27
I:dex+Qdy
C
272'

_ J'_R sint(TRsint) TR cost(R COSt)d

R2

t

0

:27[




Nhan xét: trén dwong tron C, do x? + y? = R?,
thay vao tp ta co

_ J‘_ydx T xdy

R2

| = Ide+Qdy

C C

Lacnay:p =- Y @ =~ , xacdinh tai (0, 0).
R R

— Ap dung ct Green dwoc

| = I_ydx S xdy ” Ll_t]dxdy =27

RZ

C x2+y23R2



0)C la dtr (x — 3)2+ (y — 1)2 = 4.

Ap dung ct Green trén
hinh tron bieén C

I:dex+Qdy: ” Q;_P' dxdy

y
C (x3)"*(y 1) =4

-0



y _ X

2 ]
x“ Ty

O)C ={0xy)/ max { xl, Iy} =1} P =7 .c

: Khéng thé ap dung ct Green
/1N | . trén mién hinh vuodng (P, Q

- khong xac dinh tai (0,0).

Dung 1 dwérng tron C’' dd nhé bao géc O
(hoac 1 dtron du I&n bao ca dwdng cong C).
Ap dung ct Green trén hinh vanh khan (HVK)
gi¢i han b¢di C va C’( hinh vanh khan sé
khong chura (0,0)).



C”

2
X

I

-
-

/

+y?=R? |4y cung chiéu KBH

| = j Pdx TQdy

CcC+~C
= ] ol -p, axay =
HVK

= dex*Qdy :__[de+Qdy = 27 (theo cau a)

Nﬁén xet: khi tinh %p trong cau c) theo cach

nay, khéng st dung tham sb hda cla dc (C),

Néu C 1a dwdng cong tuy y bao goc O?



d)C la dwong cong bao quanh goc O ndi tir
1(1,0) dén (.,0)

No&i vao C bdi C’ voi
/f? n C:y=0,x:n—>1

\\

Khi d6 C U C’ la duwdng cong kin bao goc O,
ap dung két qua cau c).



TICH PHAN KHONG PHU THUOC BUONG DI

D 1a mién m& don lién. P, Q va cac dao ham riéng
lién tuc trén D. Cac diéu sau twong duong:
0 0
P
y Pl

oy Oy

B

2/ IPdx T Qdy khong phu thudc dwong ndi A, B
A

3/ JPdx *Qdy Vv&i moichu tuyén trong D
C

4] Tén tai ham U(x, y) thda: du = Pdx * Qdy

(Biéu thirc dwdi dau tp 1a vp toan phan cua U)



Ap dung

1. Théng thworng ta sé kiém tra diéu kién 1

hodc 4 (néu ham U c6 thé doan nhanh).

2. Néu 1 hodc 4 théa, c6 2 cach tinh tp tir A
den B

C,: Poi dwong lay tp thdong thuong di theo

cac doan thang // v&i cac tryc toa do

A

A

—

Lwu y mién D

/

NI

/

>



Ap dung
C,: voi ham U trong dk 4

B
Jde+Qdy ~U(B) U (A)

A

Cach tim U:|C1:T|mUtu’he:UX=p,Uy:Q

C,: chon (x,, Yg) tuy y trong D

X y
U(x,y) " JP(t,yo)dt+ IQ(x,t)dt

X0 Yo

X y
hay U (x,y)~ J‘P(t,y)dtJr jQ(xO,t)dt

X0 Yo



VI DU

1/ Tinh ;1 = Iydx*‘xdy

C
C: doan thang ndi 2 diém (1, -1), (2,1).

P’, = Q' trén R, nén tp khong phu thudc
duwong di.

(2,71) (2.1)
| = j ydx T xdy J ydx T xdy

g I
1/2

(1,7 1) (2,71)

2 1
i o j_ldx +IZdy =3
Jo /] o



Céch khac: nhan thay ham U(x, y) = xy
thoa

dU = ydx + xdy trén R, nén

1=U(2,1)-U(1,-1)=2+1=3



(0,2)

2/ Tinh : j (x ¥ 2y)dx T ydy
. (X y)
(2,71)

Theo dwdng khdng cat dwdng thang x +y =0

2 P,yzQ,x’ V(X,y): x+y=0
N 2
- j ydy j(x+4)dx
L2

2 27y (X x T 2)°

B R \' =In2-2




Hoac(tinh U): chon (X,, Yy) = (1, 0)

X y
t ¥ 0)dt tdt

U(x,y):j( )2+I ;

(t 7 0) O(x+t)

1

X
“In|xTy|" 1
X Ty



3/ Tim cac hang s a, b sao cho tp
B

f(axyz t3y)dx * (b~ 2)x°y * (a T b)x]dy

A
khong phu thudéc dwong di. Sau do, voii a,
b vira tim dwoc, tinh tp voi A(-1, 2), B(0,3).

1 5 1
=" p=" U(x,y)~ “x"y " *3xy

P':Q’:> a
Y § 2 2 4

B
j Pdx "TQdy “U(B) U(A)~ 75
A




4/ Tim ham s6 h(y) thda h(1) = 1 sao cho tp

B
f(zxy *3)h(y)dy ~y h(y)dx

A

khong phu thudéc dwong di. Sau do, voi h
vra tim dworc, tinh tp voi A(-1,1), B(1,1)
theo dwdrng tron x2 + y2= 2y, lay cung
chiéu KDH.




B
K\ = J2xy *3)h(y)dy ~ y 2h(y)dx
A

|
/ 1
|
\ ! , 1
|
1

=n = = _—
Py T T T

an  dx  (2x . 3 . a ‘
| = f X+L—X —de theo nwa trén dwong
(T1.1) y <
tron

Poi dworng lay tp: chon dwdng thang ndi A, B.

-1 1



