DAO HAM VA VI PHAN

Phan 2



NOI dung

1.Dao ham va vi phan ham hop.
2.Dao ham va vi phan ham an.



PAO HAM VA VI PHAN CUA HAM HOP

Trwdng hop co ban: hop cta ham 2 bién va ham 2 bién

Cho z = f(x, y) va x = x(u, V), y = y(u, v). Néu z, x,

y kha vi:
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Trieong hop rieng 1

Cho z = f(x) va x = x(u, V) (hop cta 1 bién va 2 bién)

z, f(x)x,, z, = f(x)x,

4 /

dz =z, du "z dv

dz = f'(x)dx = f (x)(x,du * x, dv)




Trieong hop rieng 2:

z = f(x, y), x = x(t), y = y(t) (hop 2 bién va 1 bién)

2 (1) = fox () Ty (1)

dz = z (t)dt

— !/ + !/ — !/ ! + / !
dz = f dx fydy f..x (t)dt fy.y (t)dt




Trieong hop rieng 3:

z =f(x, y), y = y(X) (hop 2 bién va 1 bién)

4

z (x) ™ f +fy.y (X)

dz — z’(x)dx

Luu V: khi tinh dao ham ham hop, ludn bdt dau ti dao
ham cua f theo bién chinh. Sau do, tiy thudc vao yéu
cau, nhan thém dao ham ciia bién chinh vao canh dao

ham cua f.




Vi DU

1/Cho: z = f(x,y) = e’ ”, X =u’, y —u v

tmz,Zz,,dztai(u, v)= (1, 1).

z, =t . X+ Py, |z, =1 X, +f.y,

u,v)=1 1)=&y =(1,2

X
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z (1,1)=2e’2%1e’ 1= 5e"
=5

’ _ 2
Lz, (1,1) " e

dz(1,1) =z, (1,1)du * z, (1,1)dv = 5e°du * e’dv



TinhZ, Zz' tai (0, 1)

2/ Cho:z = f(x) = sin(x * x°),x = arctan (“]

\Y

X(0,1)=0
4(2;(0,1) =1
[z, (0,1) = 0




3/ Cho: z ~ f(x,y)~ sin(xy),

X ~— arctan t ,y ~ e’

Tinh dz(t) tait = 0

Cach1: dz=z(t)dt, voi Z'(t) = . x(t)+F,y'(),

1

z'(t):ycos(xy) +xcos(xy)et

1+ t°

t:OjX:O’yzl

= dz(0) = dt



z — f(x,y) ~ sin(xy),

t

X — arctan t ,y ~ e

Cach2: dz ~fdx *fdy = f .x ()dt*f .y (t)dt

dz = ycos(xy)dx T xcos(xy)dy

dtJr

~ ycos(xy) xcos(xy)etdt

1+ t°

= dz(0) = dt



4/ Cho:

z — f(x,y) "~

a/ Tinh Z',, tai (1,0).

In(y > * 1)

2
X

b/ Néuy =eX tinh z'(x)taix=1

0 2 +
: Z / In 1 /
alz, = —~f =72 (y3 ) = )
Oy y
b/ Z'(x) = T, + T,.y'(X)
Lyt 2y
X3 (y2_|_1)x2

z, (1,0) = " 2——







5/ Cho: z = f(x ~ y,xy), v&ifla ham kha vi

Tinhz,, Z,

Pattu=x-y,v=xy=1z=1(u,v)

(u, v 1a bién chinh cua f)




(o)
6/ Cho: 7z = xf LXZJ v&i f1a ham Kha vi
y
Chirng minh dang thirc: 2xz. T yz; =2z

X

bat: u =L2 = 7 = X.f(u)
y

/

z. = f(u)* x. f(u) X

1
2
y

=fu) T xf(u)u, =fu)t xf(u).
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- X, f - xf| —
z, ~ X (u) y Z X LyZJ
_ / r 2X
— xf (u).uy - x.f (u)
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: _ / 1 2
2X2Z +yzy = ZXLf(U)_I_ X .f (u).—ZJ yx.f (u). :
y y

2xf(u) — 27




7/ Cho:z =t x°~y,xy’ v@&iflaham kha vi

Tinh dz theo dx, dy.

Patu=x?-y,v=xy? =z =1f(u,v)

‘Cach 1: dz = Z',dx + ', dy V0i

o ' 2
X u-"- X vV x _fu.2X+fV.y

z fu TFfwv, = fu’.(_1)+fv’.2xy

/ / 2 . / /
dx & ~f Tf .2xy dy




 Cach khac:

dz =f du + f' dv
=f,(u,dx +u . dy) +f,(v,dx+ v dy)
= f' (2xdx — dy) + f (y?dx + 2xydy)
= (2xf', + y?f )dx + (2xyf, — f' )dy



Pao ham va vi phan cap cao cia ham hop

Xét trirong hop co ban, cac trirong hop khac tuong ftur.

Cho z =f(x, y) va x = x(u, v), y = y(u, v)

z:u = fX' x:JJ“fy’.y:J u
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Zvv - fx Xv y 'yv
\'
|_ !/ ! !/ !/ 1" —| ) !/ , !/ 1" |
L f Xy tvxuv_l fy y Y, fy.yVV

Cac dham (f), (f\)» (f\), (f}), phaitinh theo
ham hop.

Vi phan cap hai ca ham hop: (u, v 1a bién doc 1ap)

Pé don gian, viét d?z theo du, dv

2 . " " " 2

= 2+ +
d z zuudu ZZUVdudv zvvdv




Vi phan cap 2 tinh theo ham hop

Cho z =1(x, y) vax =x(u, v), y =y(u, v)

— !/ / 2 — — / !/
dz fxdx+fydy:>d z =d(dz)~d fxdx+fydy

V&i x, y 1a cac ham sé thi dx va dy khdng phéi 1a hang

4

= d’z=d f
Lwu y:
» d(f,), d(f,) tinh theo vi phan cap 1 ctia ham hop.

dx *f,d x*d f, dy*fd’y

» d2x, d2y tinh theo vi phan cap 2 cla ham thudng.




Vi DU

1/ Cho: z = f(x,y) ~ x2y, X “UuUTVvV,y “u_ vV
Tinhz" ,z", tai(u,v)=(1,1)(x=2,y=0)

!/ /
= X _|_ 2 X
Z, 2Xy © X, "X Y,

= 2xy X1t x°X17 2xy T x

!/

" ! !/
— + 2 +
Z .. 2Xy T X 2

- 7",(1,1)=8




r — 2 . ’ ' /
= + = + +
Z .,y 2Xy T X 2 X, ¥y "Xy, 2 XX,

= 2(y " x)T2x T2y

z’,(1,1)=0



Vi DU

1/ Cho: z:f(x,y):xzy, X —utv,y =u’

Tinhz" tai(u,v)=(1,1) (x=2,y=1)

/ /

= X + 2 x — X a4+ 2%
Z, 2Xy © X, "X Y. 2Xy “17 X 2U
4
1"
Z ., 2 XYy T U.X
u
_ r r 2 '
= + + +
2 X,¥Y "Xy, (X u.2x.x,)




2/ Cho: z = f(x,y)~ x2y,vc')’i X = t2,y ~Int
Tinh d?ztheo dttait=1

d2z = z"(t)dt®> (tla bien doc lap)

!/ _ ! !/ 4 ! 1
z (1) " fx ()T fy (1) = 2xy.2tt x’.=
t

= 4t°.Int tt°

2 (1) T 12t°.Int T 4t T 3t°

d’z(1) = 7dt’




3/ Cho: z =f(x®~y) véiflaham kha vi cip 2.

Tinh Z%,, Z'y, Z',

Patu=x°- y=z =1(u)

!/

z; - f’(u)u; - f’(u).2x, Z, - f’(u).(_l)

/ /
" !/

= 2 = f (u).2x :Z[f’(u)J“x £ (u) 'X}

X X X x X

=2 f(u)* xf (u)u, = 2[f’(u)+ 2x2f"(u)J






PAO HAM VA VI PHAN HAM AN

Nhac lai: gia st ham an y = y(x) xac dinh b
phwong trinh F(x, y) = 0. Bé tinh y’(x), 1ay dao ham
phwong trinh F = 0 theo x va giai tim y’(x) (cach 1).

V&i cach 1a nay ta xem y 1a ham theo x khi lay dao
ham cua F.

Céch 2: S dung ham hop cho ham nhiéu bién

G=F(x,y)=0, voiy =y(x)
= G(x)=F,+F,y(x)=0




Pao ham clia ham an 1 bién y = y(x)

y (x) =

F
F

/

X
/

y

Xem x, y la 2 bién déc lap
khi lay dh cua F.

Xét ham an 2 bién z = z(x, y) xac dinh t phwong

trinh:

F(x,y,2)=0 (1).

X. V. Z la cac bién doc

lap khi tinh F',, F', F’,.




Chng minh céng thirc dao ham ham an

pat G = F(x, y, z), lay dao ham (1) theo x:

!

=0=>c =g 1+ +g', = = = —
G~ 0 G, ~F, .1 Fy.O F,.z, — 0 Z

G=026G, “F.0*F 1%F,z =0 = z =-

Ham an cho b&i pt (1) c6 dhr 13




Cach tim vi phan cap 1:

G =0 dG ~dF = F,.dx *F dy ¥ F,.dz = 0= Giai pt tim dz

dz tim bang giai pt hoac tir dz = 2’,dx + 2’ dy

Pao ham va vi phan cap 2 cta ham an:

Cach 1: tinh 2”7, 2”

w2 yy vadiztr2’,, 2’ va dz

Cach 2: giai cac pt
(a) G”,, =0timz”
(b) G”,, =0tim 2",
(c) G”,, =0timz”

(d) d2G =d2F = 0tim d2z




VI DU

Choy=y(x)xacdinhtwpt: e’ * xy e =0 (1)
Tim y’(0).

Cach 1: hocky 1

/

Lay dao ham ptdacho: ye’ *y * xy =0 (2)
x=0,(1)=y=1,
)= y'(0)et1t0=0

/ — _ 1
—~ y (0)~T "e



Cach2: F(x,y) =eY+xy —e

1) & FXx y)=0




Vi du

1/ Cho z = z(x, y), thda pt:
F(x,y,z) =z ye** =0 (1)

TimZz',, z', tai (x, y) = (0, 1).

tr () taco:(x,y)=(0,1)=z=1

, _yex/z
, = -Tx=o 2 = 7 (0,1) =
X ! X :
F, 1_|_yxex/z







Vi du

2/ Cho z = z(x, y), thda pt:

F(x,y,z) = xy “sh(xty~z)y=o (1)
Tim z”,,, z",, tai (x, y) = (1, 0).
(x,y)=(,0)~ z71
_ F, _ _y~ch(xtyz)
FZ, Ch(X + y o Z) JZ;(].,O) :1,
:_Fy,:_X_Ch(X-l_y_z) LZ;,(l,O):O

!/

F Ch(X+y_z)

y4



: F y “ch(xty ™ 2)

= — X = —

F ch(x Ty ™ z)

_ oy chixty-z))
" X L ch(xty ™ 2) J

X

y “ch() ch()” ch() .y~ ch()

ch’(.)

_~(@~z,)sh()ch()~ y “ch() @~ z,)sh(.)

ch®(x Ty~ z)



. __ @ z)sh()ch()~ y “ch() (L~ z,)sh()

/
Z

" ch’(x Ty = z)
<fz'x(1,0)=1,
[z, (1,0) = 0

~ " 10)- _T@TD.01T (0T NATY0
1




= — X = —

: F y “ch(x Ty~ 2z) %[Z;(l,o)zl,

Z ! !
' F, ch(x Ty~ z) [z, (1,0) = 0
o o [ yenixty )
ZX ZX
’ g L ch(x Ty ™~ z) Jy
e zhshlen vy meh) @ z))sh()
ch®(x ty ~z)
ST 1~ (170).0 .17 (0 1)1~ 0).0 _ _

1



Vi du

3/ Cho z = z(x, y), thda pt:
F(x,y,z)=z>  ~4axz*ty® ~a=0 (1)

Tim dz(1, -2), d?z(1, -2) néu z(1, -2) = 2

< Lay vi phan pt (1):
dF = 3z°dz ~ 4zdx ~4xdz T 2ydy =0 (2

Thayx=1,y=-2,z=2vao (2):

12dz(1,72)  8dx ~4dz(1,72)  4dy — 0

1
=~ dz(1,72) T dx T —dy
2




< Lay vi phan pt (2):
d°F =d 3z°dz ~4zdx ~4xdz t 2ydy =0

d°F =3 2zdz° T z°d°z ~4dzdx

~4 dxdz T xd‘z t2dy® =0 (3)

(Vi X, y 1a bién doc 1ap nén dx = dy = hang)
Thayx=1,y=-2,z=2,dz =dz(1, -2) = dx + 1/2dy
vao (3)

1

2 _ 2 S 2
d z(1,2) -~ —dx ~dxdy ~ —dy
2 8



Vi du

4/ Choz=2z(x,y),théapt: F =f(x Tz,y)~0 (1)

v&i fla ham kha vi cap 2.

Z

Timz,,z,2",Z,

Patu=x+z,v=y=FX, Vy,2) =1f(u,v) =0

!/ / 4

= + ' =
= f u 1‘\,.vX f

!/ ! !/ 4

= + ! —
J F f .u f, v f




=Y

Uu=X+2,V







