1: Tich phan kép — U'D hinh hoc
2 Ung dung hinh hoc cta tich phan kép

1. Dién tich hinh phang: Dién tich mién D trong mat
phang Oxy dworc tinh bdi

s(p) = lldxdy

D

2. Thé tich véat thé Q gidi han trén b&di mat s, :z =1 (x,y)

gi&i han dwdi beimat s,z =1, (x,y)

va gi®¢i han xung quanh b&i mat tru song song véi truc
Oz c6 duwdng chuan la bién mién D dwoc tinh bdi:

P(Q) = 0 y) 00y dxdy | (HGy) S HGy), T (x,y) € D)

D
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C. Dién tich mét cong : Dién tich phan mat cong S c6
phwong trinh z = f(x,y) va co hinh chieu xu6ng mat
phang Oxy la mién D dworc tinh bdi

— 4+ r2 4 r2
S /1 f. fy dxdy
D

Nhw vay, dé tinh thé tich vat thé hodc tinh dién tich 1
phan mat cong thi truwée tién ta phai xac dinh dwoc
hinh chiéu D caa véat thé hodc phan mét cong can
tinh xubng 1 trong 3 mat toa dé Oxy, Oyz, Ozx

V&i vat thé can tinh thé tich, sau dé ta phai xac
dinh trong vat thé do thi mat nao gi¢i han trén,
mat ndo gidi han dwdi vat thé.
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Vi du 1: Tinh dién tich mién phé’\ng D gi&di han boi
y2+2y-3x+1=0, 3x-3y-7=0

Ta tim giao diém 2 dwdng cong bang cach khir x tlr 2 pt

[ =2+ +
3 X 2 1

) _y g = yitoyt1=3yt7 (1)
(3x =3y t7

LSy "y 6°09 y =3y~ 2

Tlc la chiéu mién D xudng truc Oy dwoc doan [-2,3]

Khi -2 < y <3, suy nguwec lai phuwong trinh (1)

tasé duoc y>+2y+1<3y+7

. ?1,(3y+7)
Véy; S(D)~ fdy J d x

- 1
2 T(y*ta2yti)
3
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_ 2

Vi du 2: Tinh dién tich phan mat phang nam ngoai
dwong tron r = 1 va trong dwong tron r

\/gcosj

Trwde tién, ta tim giao diém
cos@p =3, & @="lg, ¢ ="

)77/6 _

Vay .
. e
S(D) = O d] O rdr
_% 1
343 - p
S(D) =
18

RECT

"~
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Vi du 3: Tinh thé tich vat thé Q gi¢i han bdi
z:\/xz“Lyz,z:\/Z_xz_y2

Khi vat thé gi&i han chi bi 2 .
mat thi ta tim hinh chiéu D Xty :1\i:1

cta né xuong mat phang z=0 |
bang cach khtr z tr 2 phwong 1267

trinh 2 mat ™ >

ID.?E?

X2+y2:2_X2_y2

& 2 + 2 — ]
y 1 0257

X
\ . X > . X . ] Y
Hinh chiéu cla giao tuyén la Fraaa. Daﬂfﬁ:%
N 1 N A\ w4 > . ' }:D.E
dworng tron thi hinh chiéu cua Ty '

vat thé la hinh tron 2 + 2 <
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Vi bat dang thiee hinh tron, ta thay nguwoc [én
phwong trinh (1) dé dwoc N SERNEICI A

Tlrc |a mat nén 1a mat gidi han dwdi, méat cau 1a
mat gi¢i han trén cua vat thé. Vay :

\/2— Pyt oy Ddxady 13
x+y 1

(Q)— fd(ﬂfr(\lz_ ’ T r)dr /\*
3
V(Q)=‘2”(3 22(2‘ 2)43 \J

V(@)= —<\/_—1>
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Vi du 4: Tinh thé tich vat thé gi®i han b&i x2+ y2= 4,
y2=2z,z=0

Trong 3 mat tao nén vat thé, cd 1 hinh tru kin (dwdng
chuan 1a dwdng cong kin) x2+y2=4 song song voi truc
Oz nén hinh chiéu cla né xuéng méat z = 0 la hinh tron,
tirc 1a ta cé mién |ay tich phan D: x2+ y2 < 41

Ta con lai 2 mat va phai xac /\
dinh mat nao nam trén, mat >
nao nam dwoi dé co ham K/

dwdi dau tich phan
Dé dang thay bat dang thirc kép 0 < z < y2/, , tirc 13
mat z = 0 & phia dwéi va 2z = y? & phia trén
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Suy ra ham dwdi dau z=y2
tich phan la :
f(x,y)= >—- 0= '

2 2

Vay thé tich can tinh 13 :

1.0+

2

v = y—dxdy D'EE
X2+y2§4 2
2" 2 22 Y
_ [ sin 1
= [qolr dr == [ sin“?d? ]
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Vi du 5: Tinh thé tich vat thé V gi®i han bdi

- 24 2. = 2

Z = X y oy - x;y 1,270

Ta sé& tim hinh chiéu cta V xudng mat phang Oxy dua
trén cac hinh tru c6 dwong sinh sona song vo'i truc Oz

WOU4-THETICH

co trong phwong trinh V

Trong 4 mat da cho co 2
mat tru (phwong trinh 20]
khéng chtra z) cung song
song v&i Oz lay=1,y = x?

Hai mat tru do co 2 dwong
chuan tao thanh mién D
dong trong mat Oxy
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V&i 2 mat con lai hién

nhién ta c6 0 < x2+y?
tre 1a f(x,y) = x2+y?

Vay .

v = (x>t y?)~0)xdy

2
Ty T)dy

]

2.0

1.5-

1.0-

| Z=X2y?
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Vi du 6: Tinh thé tich vat thé gi®i han boi
2 2
z:X—+y—,z:0,y:O,3x+y:4,§x+y:4
2 4 2

Cac mat cung song song
voi Oz (phwong trinh
khéng chtra z) lay = 0,
3X+y = 4, 3[,x+ty = 4.

Pay 1a 3 mat phang twa
|én 3 dwdng thang trong
mat phang Oxy va ghép
lai thanh hinh tru kin c6
hinh chiéu xudng mat

Oxy la AABC C
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Do d6, hinh chiéu D cla A(0,4)
vat thé xudng mat phang
Oxy la tam giac ABC.
Con 2 mat ma phuwong
trinh chra z thi hién nhién

ta co x* .y’ :
0=2z*% o B(4/3,0)  C(8/3,0)
Twc l1a ham dwéi dau tich
han lc ° °
PRANIS f = Y
2 4 4y
2 2 2 2 2

AV _ X y 4 3 X
Vays v = 0 (B Tyaxay = Jay X Y ax
Apgc 2 4 0 4=y 2 4
3
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z=1/2x%+1/4y?

3/2x+y=4
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Vidu 7 : Tinh thé tich vat thé gi¢i han b&i:y =0,z =0,
Z=a—Xx-y,3x+y=a,3/2x+y=a

Trong 5 mat tao nén vat
thé cd 3 mat phang song
song voi truc Oz va tua
|én 3 dwdng thang 3x +y
=a,3/2x+y=a,y=0

Chung tao trong khéng
gian hinh tru kin co hinh [ C

chiéu xudng mat phang
Oxy la AABC = Mién D
Cpn lal 2 mat, ta sé tim CéCh’XéC dinh mat nam trén,
nam dwoi dé co ham dwdi dau tich phan
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Ta di so sanh z= a-x-y voOI
z= 0 bang céach vé thém
duwong a-x-y=0 trong mat
phang z=0 dang xét

RO rang, trén hinh vé ta co
AABC nam phia dwdi duwdng
thang a-x-y=0 ttrc |a trong
mién D ta co6 bat dang thc

0 < a-x-y. Suy ra ham dwoi
dau tich phén la f(x,y) = a-x-y

vayVv = Il (@~ x " y)dxdy = g dy o (a- x- y)dx

ApBC 0 a-y
3
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Ta xoay truc Oy
thang dng, ta
- sé thay vat thé

y=0: SXty=4 chinh & hinh
" - 7=4-Xy chop ti giac,
. thé tich béing
: 1/3 chiéu cao

nhan dién tich
day
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Vi du 8: Tinh thé tich vat thé gi¢i han b&i cac mat
congz=1-x2-y2, y=x, y=V3x,z=0VvGix, y, 2= 0

Ta cling bat dau tim hinh
chiéu cla vat thé xudng mat
z = 0 bang cach chira cac @

mat tru voi pt khong chira z / -
N/ NN

V&i vi du nay, ta chi cé 2 mat

A y=xvay = V3x v&i 2 i
dwdng chuan la 2 dwdng

thang khéng du cho ta mién

dong D. Vi vay, ta sé tim

thém giao tuyén cua cac mat

con lai voi mat z=0
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Cho z = 0 va thay vao phwong trinh Paraboloit ta
dwoc x2+y2 =1, tlrc 1a giao tuyén ctia mat Paraboloit
véi mat toa d6 z = 0 la dwdng tron. 1 phan dwong
tron do sé “DAY KiIN” phan con m(y gitra 2 dwong
thang trén.
Twdosuyra,Dlal
phan hinh tron x2+y2<1
nam gitra 2 dwérng
thang, vay trong D ta cé

0< 1-x2-y2 tire la mat

phang z = 0 nam duoi
va paraboloid
z = 1-x2-y? nam trén
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Vay:

2

V = 00 (1- x - yz)dxdy

Vi mién lay tich phan la
hinh tron nén ta sé doi
sang toa do cuc bang
cach dat

X=rcosq, y=rsin ¢

Khi do, ta dwoc

ZA
V = (‘)dj O r(l- rz)dr

e
4



1: Tich phan kéep — U'D hinh hoc

Vi du 9: Tinh thé tich vat thé gi¢i han bix = 1, x = 2

y2_|_22:1’y2_|_ 2 —

Vi vay, hinh chiéu cla vat
the xuéng mat phang Oyz
lamenD: < 2+ ,2<,

V = I (2~ 1dydz

15y 2 +2%<y

V bang dién tich hinh tron 1&n
tree dién tich hinh tron nho
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37
~ —
|||||||III‘||||—|: |||Illﬁ|
3 2—5_‘_3 —'25'-@] : -

‘—‘x._\_\_\_\_\_\_\_\_\ :

o
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Vidu 10 : Tinh dién tich phan mat S : x2+y?+z2=4
nam phia trén mat nén z = \/x2 Ty’

Pé tinh dién tich mat cong S,nhc‘)’ tich phan kep, ta
phai xac dinh dwoc hinh chiéu D cua mat cong
xuong 1 trong 3 mat toa do.

V&i vi du nay, ta sé tim hinh chiéu cla S xudng
mat z=0 bang cach kh z tir 2 phwong trinh da cho
T phwong trinh trén, ta dwoc hinh chiéu cia S
xuong mat z = 0 la hinh tron D, : x*+y?< 2

Sau d9, vi tim hinh chiéu xuéng mat z = 0 nén ta sé
tinh z=f(x,y) tr phwong trinh mat S
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Vi m&t S nam phia trén mat non tirc 1a z = 0 nén ta lay

2 27 N2
s = dxdy = [ 4@ | ° dr
x°t 2<2\/4_x2_y2 0 0 \/4_r2
- V2
2 V2 —q (a1 ?)
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Vi du 11:Tinh dién tich phan mat cau S x> *y* * z%* =1

Nam gitta 2 mat phang 2=y .z - i/_y,(z 20,y
AL3

ZO)

2 mét phang da cho déu song song véi truc Ox (Pt
khéng chira x) nén ta sé tim hinh chiéu cua S xubng
mat phang x =0 Z
Chiéu 2 mat phang xuong mat x = 0

ta dwoc 2 duwdng thang cung di qua

gOc toa dd tire 1a chwa cé mién
dong D.

Do dé, ta sé& phai lay thém hinh

chiéu cla mat cau xudng mat O y
phang x = 0 |la hinh tron



1: Tich phan kep — U'D hinh hoc

Mét cau va ca 2 Mi&n D trén mp x=0 X2+y2+72=2
mat phang cat no
déu nhAn matx =0
la mat doi xirng
nén phan méat S
cingnhanx=0la
mat doi xirng

Do do, ta sé tinh
dién tich phan
p‘hl'a trenmatx=0
roi nhan doi

Ta viét lai phwong trinh mat S theo y, z: x=f(y,z) va x =2 0
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Vi du 11: Tinh dién tich phan mat tru S:
x2+y2=4 nam phia trong mat tru R: x2+z2 = 4

Ta sé& chiéu phan mat S
xudng mat phang y = 0 vi
hinh tru R song song voi
truc Oy, va duoc hinh tron
2 < 4

2
X +

Do tinh ddi xtrng qua céac
mat toa d6 cua ca 2 mat tru
nén ta chi tinh dién tich mot
phan tdm mat S, nam trong
goc x=0, y 20, z 20

y4
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Khi do, ta di tinh y = f(x,z) tir phwong trinh mat S.
(

, X , , 2
Yy = 1ty ty,’ T
y =Na- x> 7 Va~ x” \/ 4~ x*
ky;:O
Vay, dién tich can tinh 13
— J‘J‘ 2 2 4_X2 2
V — 8 \/ - 2dxdz:8jdx | dz
D 4 X 0 0 \/4_)(2
2
1 Ny 2
=16 | YX9x T 16ldx =32

0\/4_x2(2)O °
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Vi du 12: Tinh dién tich phan mat nén z2 = x2+y2 bj cat
bdidmatx-y=1,x+y=1,x-y=-1, x+y=-1

4 mat phang x-y = 1, x+y = 1, x-y = -1, x+y = -1 cuing
song song Vo' truc Qz, tao trong khong gian 1 hinh tru
Kin co hinh chieu xuong mat Oxy la hinh vubng ABCD

. -1.EI—_' B
Mat non nhan mat phang as-

Oxy la mat doi xirng nén o]
phan nén nam trong tru kin o
trén cling nhan Oxy lamat .. .% ., % . %

doi xieng, ta tinh dién tich  C o] A
phia trén mp Oxy réi nhan 04
doi s

0.8
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Khi d6, ham dwai dau tich phan bang V2 nén tich
phan can tinh la dién tich mién lay tich phan nhan

V&i V2
Vay S =222
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Z2=x2+y2, 720
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Vi d,u 13: Tinh dién tich phan mat phang S :x+y+z=2
bi cat b&i 2 mat y?=2x va mat x=2

2 mét Cé’E S tao trong khc“)ng gian hinh tru kin co hinh
chiéu xudéng mat z=0 Ia mién D gi&¢i han bdi 2
duwdng y°=2x va x=2

Ta chiéu xudng mat z=0 nén viét phuong
trinh mat S lai z=2-x-y
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Phan mat
X+y+z=2
dang can
c6 2 phan
phan
nam trén
va phan
nam dudi
mat
phang
z=0




1: Tich phan kép — U'D hinh hoc

Vidu 14 : Cho vat thé Q gi&i han b&i y=x2, x=y?2, z=0,
z=y?. Tinh

1.Dién tich phan mat phang z=0 nam trong Q
2.Thé tich Q

3.Dién tich phan mat tru z = y2 nam trong Q

Trong 4 mat tao thanh Q,
co 2 mat cung song song

v@i truc Oz la y=x? va x=y?
T d6 ta dwoc hinh chiéu
cua Q xubngmatz =0 la 1/ D
mién D

T T T T 717 7T T T T 1 T T T 17
0.0 0.25 0.5 0.75 1.0
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1. Dién tich mién D

1 Jx
S(D) = 00 dxdy = O dx(‘) dy
D 0 x 2

2. Thé tich Q : Hién nhién y22 0 nén f(x,y)=y?

1 Jx
V(W)= 88 f(x,y)dxdy = 5 dxg ydy
D 0 x2

3. Dién tich mat cong c6 phuwong trinh z=y?

2 2 2
\/1+ zg + z¢ = \/1+ 4y

0

2

[y Y JES G S

zy¢ 2y
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Vay dién tich méat cong can tinh Ia
1 Jx
S = O dx(‘) \/1+ 4y2dy

—\2
Z=y? =X

0.251




