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Chuong 1. GIGI HAN VA HAM sO
LIEN TUC




1.1. Tap s6 thuc va day sb

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 3 /64



1.1. Tap s6 thuc va day sb

@ 1.1.1. C4c phép todn cla tap hop
e 1.1.2. Tap hop sb thuc
e 1.1.3. Day sb.
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1.1. Tap s6 thuc va day sb

@ 1.1.1. C4c phép todn cla tap hop
e 1.1.2. Tap hop sb thuc
e 1.1.3. Day sb.

(1) D3y sb.

Definition Day sb6.

Anhxa n>N—u,eR I m6td5ysé.
Ky hiéu: (up), {un} hodc (un)7Zo, {un} s -
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(2) Gidi han day sb.

Definition Gidi han day sb.

e Day (x,) dugc goi la hdi tu néu tdn tai a € R sao cho véi moi
s6 € > 0, ton tai s6 ng = ny(e) € N sao cho

|x, —al < e Vn> ny.

Ky hiéu: lim x, = a.
n—o0
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(2) Gidi han day sb.

Definition Gidi han day sb.

e Day (x,) dugc goi la hdi tu néu tdn tai a € R sao cho véi moi
s6 € > 0, ton tai s6 ng = ny(e) € N sao cho

|x, —al < e Vn> ny.
Ky hiéu: lim x, = a.
n—oo

o Day (x,) dudc goi I3 phan ky néu né khéng héi tu.
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(2) Gidi han day sb.

Definition Gidi han day sb.

e Day (x,) dugc goi la hdi tu néu tdn tai a € R sao cho véi moi
s6 € > 0, ton tai s6 ng = ny(e) € N sao cho

|x, —al < e Vn> ny.
Ky hiéu: lim x, = a.
n—oo

o Day (x,) dudc goi I3 phan ky néu né khéng héi tu.

Y nghia: Néu lim x, = a, thi x, ~ a khi nlén.
n—oo
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(2) Gidi han day sb.

Definition Gidi han day sb.

e Day (x,) dugc goi la hdi tu néu tdn tai a € R sao cho véi moi
s6 € > 0, ton tai s6 ng = ny(e) € N sao cho

|x, —al < e Vn> ny.

Ky hiéu: lim x, = a.
n—o0

o Day (x,) dudc goi I3 phan ky néu né khéng héi tu.

Y nghia: Néu lim x, = a, thi x, ~ a khi nlén.
n—oo
Vi du: CMR
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(3) Tinh cht cda gisi han.

Theorem Tinh duy nhét.

Gidi han cta diy (néu cd) I3 duy nhit.
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(3) Tinh cht cda gisi han.

Theorem Tinh duy nhét.

Gidi han cta diy (néu cd) I3 duy nhit.

Theorem .

Gia st lim x, = x, lim y, = y. Khi dé
n—o0 n—o0

o lim(x,+y,)=x+y.

n—o0
° nll_)hgo(kx,,) = kx, nIl_)ﬂ;o(x,,y,,) = Xxy.
o lim % =5 (y#0)
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Theorem Tinh tha tu.

o Néu lim x, = x < y, thi ton tai s6 ny € N sao cho x, < y vdi

) n—o0
moi n > ny.
@ Néu lim x, = x >y, thi ton tai s6 ny € N sao cho x, > y vdi
n—oo

moi n > ny.

o Néu x, <y, véi moi n > ng, va lim x, = x, lim y, =y, thi
n—o0 n—o0

x<y.
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Theorem Nguyén ly kep.

Gia st x, < y, < z, véi moi n > ng va lim x, = limz, = a. Khi dé
n—oo

lim y, = a.
n—o0
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Theorem Nguyén ly kep.

Gia st x, < y, < z, véi moi n > ng va lim x, = limz, = a. Khi dé

n—oo
lim y, = a.
n—o0
Vi du. CMR
. 2n—sin® n 4 3 cos(2n)
lim =
n—o00 n

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 7/ 64



(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:
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(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:

o (/) tang néu x, < Xp.1 v6i moi n > 1.
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(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:

o (/) tang néu x, < Xp.1 v6i moi n > 1.

o (ii) gidm néu x, > X,41 v6i moi n > 1.
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(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:

o (/) tang néu x, < Xp.1 v6i moi n > 1.

o (i) giam néu x, > Xp.1 v6i moi n > 1.

@ (iii) bi chan trén néu tdn tai sd M sao cho x, < M véi moi
n>1.
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(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:

o (/) tang néu x, < Xp.1 v6i moi n > 1.
o (i) giam néu x, > Xp.1 v6i moi n > 1.

@ (iii) bi chan trén néu ton tai s6 M sao cho x, < M véi moi

n>1.
@ (iv) bi chan dudi néu ton tai s m sao cho x, > m véi moi
n>1.
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(4) Day don diéu va day bi chan.

Definition Day don diéu va day bi chan.
Day {x,} dugc goi la:

o (/) tang néu x, < Xp.1 v6i moi n > 1.
o (i) giam néu x, > Xp.1 v6i moi n > 1.

@ (iii) bi chan trén néu ton tai s6 M sao cho x, < M véi moi

n>1.
@ (iv) bi chan dudi néu ton tai s m sao cho x, > m véi moi
n>1.

@ (v) bi chan néu né vira bi chdn trén va vira bi chin dudi.
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Xét tinh don diéu va bi chan cha cic day sau:

Q x, = %
Q x,=(-1)"
Q@ x,=2n—1.
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Q@ Néu day {x,} don diéu tang va bi chan trén thi né héi tu.
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Q@ Néu day {x,} don diéu tang va bi chan trén thi né héi tu.
Q Néu diy {x,} don diéu giam va bi chan dudi thi né héi tu.

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016



Q@ Néu day {x,} don diéu tang va bi chan trén thi né héi tu.
Q Néu diy {x,} don diéu giam va bi chan dudi thi né héi tu.

Cho day x, = /2 + X,_1,n > 1,x = 1. Chiing minh rang day {x,}
hoi tu va tinh gidi han dé.
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(5) Hai day ké nhau
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(5) Hai day ké nhau

Definition Hai diy ké nhau.

D3y {x,} va {y,} goi | k& nhau néu {x,} ting va {y,} gidm va

lim (x, — yn) = 0.

n—oo
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(5) Hai day ké nhau

Definition Hai diy ké nhau.

D3y {x,} va {y,} goi | k& nhau néu {x,} ting va {y,} gidm va

lim (x, — yn) = 0.

n—oo

Theorem .

| A

Néu {x,} va {y,} ké nhau, thi ton tai a € R sao cho

lim x, = lim y, = a.
n—0o0 n—o0
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Corollary Dinh ly Cantor.

Cho hai diy s {x,},{ya} sao cho

lim (x, — y,) = 0. (1)

n—o00

{ Xo < Yoy [Xns Yol C [Xoo1, Yno1] V0> 1.

Khi dé tén tai duy nhit s6 thuc c € [Xn, Y] vdi moi n > 1.
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Corollary Dinh ly Cantor.
Cho hai diy s {x,},{ya} sao cho

lim (x, — yn) = 0.

n—o00

{ Xo < Yoy [Xns Yol C [Xoo1, Yno1] V0> 1.

Khi dé tén tai duy nhit s6 thuc c € [Xn, Y] vdi moi n > 1.

Definition .

D3y cac doan [x,, y,| théa man diéu kién (1) dugc goi la day cac
doan l6ng nhau .
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Chdng minh ring hai ddy sau |3 k& nhau

n

1 1 1
Xn:Zm7 yn:Xn“—E__ n>3
k=3
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(6) Day con.

Definition Day con.

Cho day sb {x,}. Day s6 con {xj, } trich ra tir ddy {x,} gdm cic
phan ti
Xy s Xngs -+ + 5

véinp < np < .- - .

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 14 / 64



(6) Day con.

Definition Day con.

Cho day sb {x,}. Day s6 con {xj, } trich ra tir ddy {x,} gdm cic
phan ti
Xy s Xngs -+ + 5

véinp < np < .- - .

Day xo, = 1 va x2p41 = —1 la hai con cta day x, = (—1)".
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Q Néu diy {x,} c6 gidi han la a khi n — oo, thi moi ddy con cia
né ciing c6 gidi han 13 a.

Q Diy {x,} c6 gidi han I3 a khi n — oo néu va chi néu hai diy con
(x2n) va (xon11) cung héi tu tdi a.
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Q Néu diy {x,} c6 gidi han la a khi n — oo, thi moi ddy con cia
né ciing c6 gidi han 13 a.

Q Diy {x,} c6 gidi han I3 a khi n — oo néu va chi néu hai diy con
(x2n) va (xon11) cung héi tu tdi a.

Nhéan xét. Néu ton tai hai ddy con {x,, } vd {x,,} clia {x,} sao cho
kIer;o X, 7 plim Xn,

— 00

thi day {x,} phan ky.
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Chiing minh ring day sau phan ky

n . nm
X, = sin —
n+1’ 3

x, = (—1)"
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Chiing minh ring day sau phan ky

Theorem Bolzano-Weierstrass.

. M6t diy bi chin déu trich ra mét diy con héi tu.
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Chdng minh day sau [a héi tu

+2, n>1,x=1L1
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(7) Tiéu chuan hdi tu Cauchy.
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(7) Tiéu chuan hdi tu Cauchy.

Definition Day Cauchy.

D3y s6 {x,} dugc goi Ia diy Cauchy (ddy co ban) néu véi moi € > 0
ton tai so ny > 0 sao cho

|Xn — Xntp| <€ VYn>ng,p>1.
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(7) Tiéu chuan hdi tu Cauchy.

Definition Day Cauchy.

D3y s6 {x,} dugc goi Ia diy Cauchy (ddy co ban) néu véi moi € > 0
ton tai so ny > 0 sao cho

|Xn — Xntp| <€ VYn>ng,p>1.

Theorem Tiéu chuan hdi tu Cauchy.

D3y {x,} héi tu néu va chi néu né I3 diy Cauchy.
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(7) Tiéu chuan hdi tu Cauchy.

Definition Day Cauchy.

D3y s6 {x,} dugc goi Ia diy Cauchy (ddy co ban) néu véi moi € > 0
ton tai so ny > 0 sao cho

|Xn — Xntp| <€ VYn>ng,p>1.

Theorem Tiéu chuan hdi tu Cauchy.

D3y {x,} héi tu néu va chi néu né I3 diy Cauchy.
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Dung tiéu chuin hdi tu Cauchy dé xét su hoi tu clia cic day sau:
_ 1 1
o 1Xn—ﬁ++m

0 2. x, =145+ + 5.

3. x,=1+3+---+1
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Vii Hitu Nhy



1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap
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1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).
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1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).
+ X goi |3 mién xéc dinh cha £, dugc ki hiéu 13 Df hosc D.
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1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).

+ X goi |3 mién xéc dinh cha £, dugc ki hiéu 13 Df hosc D.

+ x € D duoc goi 1a bién (déi sb).

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 20 / 64



1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).

+ X goi |3 mién xéc dinh cha £, dugc ki hiéu 13 Df hosc D.

+ x € D duoc goi 1a bién (déi sb).

+ yo = f(x0) dugc goi la gid tri cha f tai x = xp.
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1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).

+ X goi |3 mién xéc dinh cha £, dugc ki hiéu 13 Df hosc D.

+ x € D duoc goi 1a bién (déi sb).

+ yo = f(x0) dugc goi la gid tri cha f tai x = xp.

+ Tap G := {(x,y) | x € D,y = f(x)} dugc goi |3 db thj ctia ham
sO f.
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1.2. Khéi niém ham mét bién s6. Ham hop,

ham ngudc. Cac ham so cap co ban. Cac
ham so cap

1.2.1. Ham s0 mat bién so

Definition .

Cho X,Y C R. M6t 4nh xa f : X — Y dudc goi 13 mét ham sb. Ki
hiéu y = f(x).

+ X goi |3 mién xéc dinh cha £, dugc ki hiéu 13 Df hosc D.

+ x € D duoc goi 1a bién (déi sb).

+ yo = f(x0) dugc goi la gid tri cha f tai x = xp.

+ Tap G := {(x,y) | x € D,y = f(x)} dugc goi |3 db thj ctia ham
sO f.
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Cho ham s6 f : [0,1] — R cho béi x — y = x2. Khi dé
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Cho ham s6 f : [0,1] — R cho béi x — y = x2. Khi dé
+ Tap xac dinh D = [0, 1].
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Cho ham s6 f : [0,1] — R cho béi x — y = x2. Khi dé
+ Tap xac dinh D = [0, 1].
+ DO thi I tap

G ={(x,x*) | x € [0,1]}.

Diém M(1/2,1/4) € G va N(0,1) ¢ G.
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1.2.2. Ham so6 chan, ham so lé, ham so

tuan hoan va ham s6 don diéu
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1.2.2. Ham so6 chan, ham so lé, ham so

tuan hoan va ham s6 don diéu

Ham sb f : D — R duoc goi 3
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1.2.2. Ham so6 chan, ham so lé, ham so

tuan hoan va ham s6 don diéu

Ham sb f : D — R duoc goi 3
(i) ham s6 chan, néu:

_xeD VxeD,
f(—x) =f(x) VxeD.
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1.2.2. Ham s6 chin, ham sb 1&, ham so

tuan hoan va ham s6 don diéu

Ham sb f : D — R duoc goi 3
(i) ham s6 chan, néu:

_xeD VxeD,
f(—x) =f(x) VxeD.

(ii) ham sb 1é, néu:

f(—x) = —f(x) VxeD.

{ —xeD VxeD,
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Definition .

Him sb f : D ¢ R — R dudgc goi 13 ham tuan hoan néu tdn tai sb
duong k sao cho

f(x+k)="f(x) VxeD.
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Him sb f : D ¢ R — R dudgc goi 13 ham tuan hoan néu tdn tai sb
duong k sao cho

f(x+k)="f(x) VxeD.

Definition .
Cho (a,b) C Dvahamsb f: D — R.
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Him sb f : D ¢ R — R dudgc goi 13 ham tuan hoan néu tdn tai sb
duong k sao cho

f(x+k)="f(x) VxeD.

Cho (a,b) C Dvahamsb f: D — R.
(/) Ham sb f dugc goi la don diéu ting (t3ng ngit) trén (a, b) néu

x1,% € (a,b),x1 < x = f(x1) < f(x2) (f(x) < f(x)).
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Him sb f : D ¢ R — R dudgc goi 13 ham tuan hoan néu tdn tai sb
duong k sao cho

f(x+k)="f(x) VxeD.

Cho (a,b) C Dvahamsb f: D — R.
(/) Ham sb f dugc goi la don diéu ting (t3ng ngit) trén (a, b) néu

x1,% € (a,b),x1 < x = f(x1) < f(x2) (f(x) < f(x)).

(if) Ham sb f ducc goi I3 don diéu gidm (gidm ngit) trén (a, b) néu
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Him sb f : D ¢ R — R dudgc goi 13 ham tuan hoan néu tdn tai sb
duong k sao cho

f(x+k)="f(x) VxeD.

Cho (a,b) C Dvahamsb f: D — R.
(/) Ham sb f dugc goi la don diéu ting (t3ng ngit) trén (a, b) néu

x1,% € (a,b),x1 < x = f(x1) < f(x2) (f(x) < f(x)).

(if) Ham sb f ducc goi I3 don diéu gidm (gidm ngit) trén (a, b) néu

x1,% € (a,b),x1 < x = f(x1) > f(x2) (f(x1) > f(x)).
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Don anh, toan anh, song anh

Dinh nghia .
Cho hams6 f: X — Y, f goi la:
e don anh néu

X1, X2 € X, f(Xl) = f(XQ) = X1 = Xo

o toan anh néuVy € Y, ton tai x € X sao cho f(x) =y

@ song anh néu né vira don 4nh, via toan dnh.
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Xét phuong trinh
fx)=y (2)

@ f la don 4nh < v6i moi y € Y, phuong trinh (2) c6 khéng qua
1 nghiém x € X.

@ f |3 toan dnh < véi moi y € Y, phuong trinh (2) c6 it nhat 1
nghiém x € X.

© f la song 4nh < véi moi y € Y, phuong trinh (2) ¢ duy 1
nghiém x € X.

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 25 / 64



Xét phuong trinh
fx)=y (2)

@ f la don 4nh < v6i moi y € Y, phuong trinh (2) c6 khéng qua
1 nghiém x € X.

@ f |3 toan dnh < véi moi y € Y, phuong trinh (2) c6 it nhat 1
nghiém x € X.

© f la song 4nh < véi moi y € Y, phuong trinh (2) ¢ duy 1
nghiém x € X.

Cdc ham don diéu chat:
o Tang chat x; > xo = f(x1) > f(x)
@ Gidm chat x; > x = f(x1) < f(x)
I3 cdc song dnh tir tap xdc dinh lén mién gid tri cda né
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1.2.3. Ham s6 hop va ham sbé ngudc

Definition Ham sb hop.

Cho ham sb f : (a, b) — (c,d) va g : (¢, d) — (m, n). Ham sb
h: (a, b) — (m, n) dugc xac dinh bdi

h(x) = g(f(x)) Vx € (a,b)

ducc goi 13 ham s6 hop clia f va g. Ki hiéu h:=gof.

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 26 / 64



1.2.3. Ham s6 hop va ham sbé ngudc

Definition Ham sb hop.

Cho ham sb f : (a, b) — (c,d) va g : (¢, d) — (m, n). Ham sb
h: (a, b) — (m, n) dugc xac dinh bdi

h(x) = g(f(x)) Vx € (a,b)

ducc goi 13 ham s6 hop clia f va g. Ki hiéu h:=gof.

Chof :R—Rx— f(x)=2x—1vag:R— R x— g(x) = x>
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1.2.3. Ham s6 hop va ham sbé ngudc

Definition Ham sb hop.

Cho ham sb f : (a, b) — (c,d) va g : (¢, d) — (m, n). Ham sb
h: (a, b) — (m, n) dugc xac dinh bdi

h(x) = g(f(x)) Vx € (a,b)

ducc goi 13 ham s6 hop clia f va g. Ki hiéu h:=gof.

Chof :R—Rx— f(x)=2x—1vag:R— R x— g(x) = x>
Khi dé
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Definition ham sé nguoc.

Cho X,Y CRva f: X — Y |2 song 4nh. Him s6 g : Y — X xac
dinh nhu sau: véi mdi y € Y, g(y) = x sao cho f(x) = y dugc goi la
ham sb nguoc clia ham sb f. Ki hidu: g := 1.
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Definition ham sé nguoc.

Cho X,Y CRva f: X — Y |2 song 4nh. Him s6 g : Y — X xac
dinh nhu sau: véi mdi y € Y, g(y) = x sao cho f(x) = y dugc goi la
ham sb nguoc clia ham sb f. Ki hidu: g := 1.

Remark. D4 thi clia ham sb y = f(x) va dd thi ctia ham sb nguoc
y = f~1(x) déi xiing nhau qua dudng thang y = x.
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Definition ham sé nguoc.

Cho X,Y CRva f: X — Y |2 song 4nh. Him s6 g : Y — X xac
dinh nhu sau: véi mdi y € Y, g(y) = x sao cho f(x) = y dugc goi la
ham sb nguoc clia ham sb f. Ki hidu: g := 1.

Remark. D4 thi clia ham sb y = f(x) va dd thi ctia ham sb nguoc
y = f~1(x) déi xiing nhau qua dudng thang y = x.

Ham s ndo 13 song dnh? Tim ham sb ngudc néu c67?
(DR>x+— (5x—1) e R.

(i) f: R — R, x — x2.
(i

i) f:]0,400) = [0, +00), x — f(x) = x°.
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1.2.3. Ham sb so cip

(1) Ham sb so cip ca ban.

Ham sb ldy thia x — x°.

Ham s6 mii x +— a~,(a > 0,a # 1).

Ham sb logarit x — log, x,(a > 0,a # 1).
Ham sb lugng gidc x — sin x, x — Cos X, x — tan x, x — cot x.
Ham lugng gidc ngugc:

e Ham x — arcsin x.

e Ham x — arccos x.

e Ham x — arctan x.

e Ham x — arccotx.
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- Ham Hyperbolic:
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- Ham Hyperbolic:
+) Ham sinhyperbolic:

eX —e
h(x) := ————
shix) = <
+) Ham cosinhyperbolic
e+ e~
h =
ch(x) 5

+) Ham tanhyperbolic va contanghyperbolic

th(x) := coth(x) =
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Chidng minh cac cong thiic sau:

Q sh(x +y) = sh(x)ch(y) + ch(x)sh(y)
Q sh(x —y) = sh(x)ch(y) — ch(x)sh(y)
0 ch(x + y) = ch(x)ch(y) — sh(x)sh(y)

ch(x — y) = ch(x)ch(y) + sh(x)sh(y)
o th(X+y) th(x)+th(y)

T 1-—th(x)th(y)"

Vii Hitu Nhy Bai giang Giai tich 1
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(2) Ham sb so cap.
Cho hai ham s6 f va g. Ta xac dinh cac phép toan

o (f£g)(x) = f(x) £ g(x).
° (fg)(x) = f(x)g(x).

° (g) (x) = %.
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(2) Ham sb 0 cap.
Cho hai ham s6 f va g. Ta xac dinh cac phép toan
o (f+g)(x)=f(x)+g(x)
o (fg)(x) = f(x)g(x).
° (g) (x) = %.
Mién xac dinh
® Dfyg = Dgg = Dr N Dy
® Df/jg = DrN{x € Dy | g(x) #0}.
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(2) Ham sb so cap.
Cho hai ham s6 f va g. Ta xac dinh cac phép toan

o (f+g)(x)=f(x)+g(x)

o (fg)(x) = f(x)g(x).

f _ f(x)

o (£) =28
Mién xac dinh

4 Dfig = ng = Df N Dg.

® Df/jg = DrN{x € Dy | g(x) #0}.
Ham so clp 13 nhiing ham dudc tao thanh bdi mét sb hitu han cac
phép todn sb hoc (cong, trir, nhan, chia), cic phép lay ham s6 hop
clia cac ham so cAp co ban va cac hing sb.
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1.3. Giéi han cta ham so
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1.3. Giéi han cta ham so

1.3.1. Khai niém va tich chit
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DAY

1.3. Giéi han cta ham so

1.3.1. Khai niém va tich chit Cho ham s& y = f(x) xac dinh trén tap
D.
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1.3. Giéi han cta ham so

1.3.1. Khai niém va tich chit Cho ham s& y = f(x) xac dinh trén tap
D.

e Gidi han x = xp, lim f(x)=a€R

X—rXQ

& (Ve> 0,30 >0s.c. |[f(x)—al <eVx:|x—xo| < x#x).
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1.3. Giéi han cta ham so

1.3.1. Khai niém va tich chit Cho ham s& y = f(x) xac dinh trén tap
D.

e Gidi han x = xp, lim f(x)=a€R

X—rXQ

& (Ve> 0,30 >0s.c. |[f(x)—al <eVx:|x—xo| < x#x).

@ Gi6i han bén trdi x - x, lim f(x)=a€R
X=Xy

< (Ve> 0,30 >0s.c |[f(x)—al <eVx:—0<x—x <0).
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7/
DAY

1.3. Giéi han cta ham so

1.3.1. Khai niém va tich chit Cho ham s& y = f(x) xac dinh trén tap
D.

e Gidi han x = xp, lim f(x)=a€R

X—rXQ

& (Ve> 0,30 >0s.c. |[f(x)—al <eVx:|x—xo| < x#x).

@ Gi6i han bén trdi x - x, lim f(x)=a€R
X=Xy

< (Ve> 0,30 >0s.c |[f(x)—al <eVx:—0<x—x <0).

e Gidi han bén phai x — x;, |im+ fix)=a€eR

< (Ve>0,30 >0s.c. |[f(x)—al <eVx:0<x—x9 <9).
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Dung dinh nghia chiing minh gigi han sau
X 2

lim = —.
x—>2X—|—]_ 3
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Vii Hitu Nhy

lim f(x)=a

lim f(x)=ae { ¥
X—Xo lim f(x)=a
x—3xq
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Vii Hitu Nhy

lim f(x)=a

lim f(x)=ae { ¥
X—Xo lim f(x)=a
x—3xq
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Tim m, n d& ham sb sau c6 giéi han khi x — —1.

x24+m
f(x)=¢ x+17
nx + 2, x> -1
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Mot s& dinh nghia vé gi6i han tai v6 cuc va gidi han v6 han (xem
gido trinh)

°
A, fl) =4
°
XETXO f(x) = +oo.
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1.2.2 Tinh chit.
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1.2.2 Tinh chét.
(1) Tinh chit 1. Néu f(x) tén tai gi6i han khi x — xg, thi giéi han
d6 13 duy nhét.
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1.2.2 Tinh chit.

(1) Tinh chit 1. Néu f(x) tén tai gi6i han khi x — xg, thi giéi han
d6 13 duy nhét.

(2) Tinh chit 2. Gia st lim f(x) = a, lim g(x)=b, a,beR.

Khi ds X—X0 X—>XQ
Im (F() £ g() = b, fim (F(x)g(x) = ab.
° f(x) a
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(3) Tinh chat 3. Néu ton tai gidi han lim f(x) = a € R. Khi dé

X—>Xp
f(x) bi chan trong lan cin cla x, c6 nghia, tdn tai s6 M, > 0 sao
cho
f(x)| <M Vx e (x—0d,x +6).
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(3) Tinh chat 3. Néu ton tai gidi han lim f(x) = a € R. Khi dé

X—>Xp
f(x) bi chan trong lan cin cla x, c6 nghia, tdn tai s6 M, > 0 sao
cho
f(x)| <M Vx e (x—0d,x +6).
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(4) Tinh chit 4.
Q Néu f(x) < g(x)Vx € (x0 — 6, x0 + 0)\{x0}, thi
lim f(x) < lim g(x).
X—>X0

X—rX0
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(4) Tinh chit 4.
Q Néu f(x) < g(x)Vx € (x0 — 6, x0 + 0)\{x0}, thi
lim f(x) < lim g(x).
X—>X0

X—rX0

@ N&u lim f(x) > m thi ton tai sb 6 > 0 sao cho

X—>X0

f(x)>m Vxe&(x—0dx+9)\{x}
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(4) Tinh chit 4.
Q Néu f(x) < g(x)Vx € (x0 — 6, x0 + 0)\{x0}, thi
lim f(x) < lim g(x).
X—>X0

X—rX0

@ N&u lim f(x) > m thi ton tai sb 6 > 0 sao cho

X—>X0

f(x)>m Vxe&(x—0dx+9)\{x}

@ Né&u lim f(x) < M thi ton tai s6 § > 0 sao cho

X—>X0

f(x) <M Vxe(xo—6dx +0)\{x}
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(4) Tinh chit 4.
Q Néu f(x) < g(x)Vx € (x0 — 6, x0 + 0)\{x0}, thi
lim f(x) < lim g(x).
X—>X0

X—rX0

@ N&u lim f(x) > m thi ton tai sb 6 > 0 sao cho

X—>X0

f(x)>m Vxe&(x—0dx+9)\{x}

@ Né&u lim f(x) < M thi ton tai s6 § > 0 sao cho

X—>X0

f(x) <M Vxe(xo—6dx +0)\{x}
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(4) Tinh chéat 5: Nguyén Iy kep.

p f(x) <g(x) < h(x) Vxe€(xo—39x +)\{x} i
i, 70 = Jim o) = -
fn st2)
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(4) Tinh chéat 5: Nguyén Iy kep.

5 {f.(x) <g(x) < h(x) ¥xe(x—3dx+3)\{x}

Tinh
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M6t s6 cong thirc lién quan tdi sb e.

Q Im (1—}—)1—())( =e.

X—00

Q lim(1+x)/ =e
x—0

Q lim NG+ _ 4
x—0 X ’

Q lime<t=1

x—0

Vii Hifu Nhy

Bai gidng Giai tich 1

19th September 2016
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1.2.3. Gidi han ciia ham don diéu.
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1.2.3. Gidi han ciia ham don diéu.

(i) Gid sir f(x) la ham tang trén (a, x).
- Néu f(x) bi chan trén, thi ton tai lim f(x) = m e R.

X—>X0
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1.2.3. Gidi han ciia ham don diéu.

Theorem .

(i) Gid sir f(x) la ham tang trén (a, x).

- Néu f(x) bi chan trén, thi ton tai lim f(x) = m e R.
X=Xy~

- Néu f(x) khong bi chan trén, thi lim f(x) = +oc.

X—)XO
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1.2.3. Gidi han ciia ham don diéu.

Theorem .

(i) Gid sir f(x) la ham tang trén (a, x).

- Néu f(x) bi chan trén, thi ton tai lim f(x) = m e R.
X=Xy~

- Néu f(x) khong bi chan trén, thi lim f(x) = +oc.
X=Xy

(if) Gia st f(x) la ham giam trén (xo, b).

- Néu f(x) bi chan dudi, thi tén tai lim f(x) = m € R.

4k
X—)XO
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1.2.3. Gidi han ciia ham don diéu.

Theorem .

(i) Gid sir f(x) la ham tang trén (a, x).

- Néu f(x) bi chan trén, thi ton tai lim f(x) = m e R.
X=Xy~

- Néu f(x) khong bi chan trén, thi lim f(x) = +oc.
X=Xy

(if) Gia st f(x) la ham giam trén (xo, b).

- Néu f(x) bi chdn dudi, thi ton tai lim f(x) = m € R.
X—>X0

- Néu f(x) khong bi chan dudi, thi lim f(x) = —oo.

x—xg
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1.2.3. Gidi han ciia ham don diéu.

Theorem .

(i) Gid sir f(x) la ham tang trén (a, x).

- Néu f(x) bi chan trén, thi ton tai lim f(x) = m e R.
X=Xy~

- Néu f(x) khong bi chan trén, thi lim f(x) = +oc.
X=Xy

(if) Gia st f(x) la ham giam trén (xo, b).

- Néu f(x) bi chdn dudi, thi ton tai lim f(x) = m € R.
X—>X0

- Néu f(x) khong bi chan dudi, thi lim f(x) = —oo.

x—xg
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0

e Vi du.
+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)

-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0

e Vi du.

+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.
+) x* 1a VCL khi x — oo va & la VCB khi x — oo.
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0

e Vi du.
+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.
+) x* 1a VCL khi x — oo va & la VCB khi x — oo.
e Cha y.

1. f(x) 1a VCL khi x — xy < la VCB khi x = xo.

f()
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)
-) N&u lim f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0

e Vi du.
+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.
+) x* 1a VCL khi x — oo va & la VCB khi x — oo.
e Cha y.

1. f(x) 1a VCL khi x — xy <
2. f(x) la VCB khi x = x &

13 VCB khi x — xp.
la VCL khi x — xg.

f()
f()
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)

-) Néu X'L”lo f(x) = 0 thi f(x) 1a VCB khi x — xp.

-) Néu X'L”lo f(x) = oo thi f(x) 1a VCL khi x — xp.

e Vi du.

+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.
+) x* 1a VCL khi x — oo va & la VCB khi x — oo.
e Cha y.

1. f(x) 1a VCL khi x — xy < f( y 1a VCB khi x = x.
2. f(x) la VCB khi x = x & f( ) la VCL khi x — xo.
Do d6 ti nay ta chi nghién cdu tinh VCB.
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1.4. C4c dai luong v6 cung 16n (VCL), vb cling bé

(VCB).

1.4.1. Dinh nghia. (VCL, VCB)

-) Néu lim f(x) = 0 thi f(x) la VCB khi x — x.

-) N&u lim f(x) = oo thi f(x) Ia VCL khi x — x.
X—rX0

e Vi du.

+) sinx la VCB khi x — 0 va Z1— 1a VCL khi x — 0.

+) x* 1a VCL khi x — oo va & la VCB khi x — oo.

e Cha y.

1. f(x) 1a VCL khi x — xy < f( y 1a VCB khi x = x.

2. f(x) la VCB khi x = x & f( ) la VCL khi x — xo.

Do d6 ti nay ta chi nghién cdu tinh VCB.
3. Néu lim f(x) = a thi (f(x) — a) la VCB khi x — x.

X—rX0
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1.4.1. Céc dai luong vé cung I6n (VCL), v6 cling bé

(VCB).
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1.4.1. Céc dai luong vé cung I6n (VCL), v6 cling bé

(VCB).

(2) So sanh cac VCB. Cho f(x),g(x) la 2 VCB khi x — x,.
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1.4.1. Céc dai luong vé cung I6n (VCL), v6 cling bé

(VCB).

(2) So sanh VCB. Cho f(x), g(x) 1a 2 VCB khi x — xq.

-) Néu lim £ m 0 thi f(x) 1a VCB béc cao hon g(x) khi x — xo.
X—rX0

Ki hiéu: f(x) = o(g(x)), x = xo.
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1.4.1. Céc dai luong vé cung I6n (VCL), v6 cling bé

(VCB).

(2) So sanh cac VCB. Cho f(x),g(x) la 2 VCB khi x — x,.
-) Néu lim £ — o thi £(x) I3 VCB bac cao hon g(x) khi x — x.

X—>X0 ()

Ki hiéu: f(x) = o(g(x)), x = xo.

-) Néu lim f(—X = C # 0 thi f(x), g(x) 1a 2 VCB cung béac khi
X—>X0

x — Xo. Ki hiéu: f(x) = O(g(x)), x — xo.
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1.4.1. Céc dai luong vé cung I6n (VCL), v6 cling bé

(VCB).

(2) So sanh cac VCB. Cho f(x),g(x) la 2 VCB khi x — x,.
-) Néu lim E— = 0 thi f(x) la VCB bac cao hon g(x) khi x — xp.

X—>X0

)
Ki hiéu: f(x) = o(g(x)), x = xo.
-) Néu lim f(—X_C;éOthl f(x),g(x) la 2 VCB cung bac khi

X—>X0

x — xo. Ki hiéu: f(x) = O(g(x)), x — xo.
*) D3c biét néu lim L; 1 thi f(x), g(x) la 2 VCB tucng ducng

X—rX0

(
khi x = xo. Ki hiéu: f(x) ~ g(x),x = xo.
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e Vidu 1.

+) x2 = o(x),x = 0 vi lim < = 0.
x—0 X
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e Vidu 1.
+) x* = o(x),x = 0 vi Iimo’;—2 =0.
X—

+)(x2=1)=O0(x — 1), x = 1 vi lim 2=L =2,

x—1 x—1
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e Vidu 2.

+)’sinx~x,x—>0‘v‘| lim $0x — 1,
x—0 X
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e Vidu 2.

)’sinx~x,x—>O‘V| ||m0

SInX — 1

+) ’tanx~x,x—>0‘w lim 20X — 1,

x—0
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on'du 2.
’smx~x X—>O‘VI ||m0

SInX — 1

’tanx~x,x—>0‘w lim 20X — 1,
x—0

+ ) Tuong tu ta cé:

(e“—1)~x,x—0

In(x +1) ~ x,x = 0

1
(1 —cosx) ~ Exz,x —0
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= f(x)g(x) ~ filx)g(x), x = x.

{f(x) ~ fi(x),x = xo

g(x) ~ &(x), x = x

d)~ ) x o T )EEN AR Ea).

{f(x) ~ f(x),x = X
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e Dinh Ii. Gid st f(x) ~ fi(x),x = xo va g(x) ~ g (x),x — xo. Néu

lim £0d = 5 thi
X=X g1(x) ’
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e Dinh Ii. Gid st f(x) ~ fi(x),x = xo va g(x) ~ g (x),x — xo. Néu

lim £0d = 5 thi
X=X g1(x) ’

e Vi du. Tinh céc giéi han sau:

(2) lim 8
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e Dinh Ii. Gid st f(x) ~ fi(x),x = xo va g(x) ~ g (x),x — xo. Néu

lim £0d = 5 thi
X=X g1(x) ’

e Vi du. Tinh céc giéi han sau:
: sin 4x
(a) Jim 5%

(b) lim 01

X0 1—cos3x"
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e Dinh Ii. Gid st f(x) ~ fi(x),x = xo va g(x) ~ g (x),x — xo. Néu

lim £0d = 5 thi
X=X g1(x) ’

e Vi du. Tinh céc giéi han sau:

(2) lim 8

. e2x2_1
(b) )l(lLT]O 1—cos3x"

. In(1-3x?)
(C) )[IL)T}) e3x2_ex2 :
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1.5. Dang vé dinh $, = 00 — o0, 1%,
1.5.1. Dang J. Diing VCB tuong duong ho3c sit dung bién déi
thanh nhan td chung.
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1.5. Dang vé dinh $, = 00 — o0, 1%,
1.5.1. Dang J. Diing VCB tuong duong ho3c sit dung bién déi
thanh nhan td chung.

Tinh

A Im log, (1 —zi—xsin 3x), _ o € .
x—0 2% —1 x—0 |n(1 +X2)

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016



1.5.2. Dang .
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VA 4 néu x>0
X

—1/:#2 nfu x<20

e Vi du. Tinh cac gidi han sau:

2 ! vVx2+x—143x
= lim )

X—r+00 3x —2
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1.5.2. Dang .
Cha y:

e Vi du. Tinh cac gidi han sau:

vVx2+x—143x

A= i
FLULS 3x — 2
5 i vVx24+x—1+3x
= lim )
X——00 3x — 2
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1.5.3. Dang oo — oc.

- Bién d&i vé dang % hodc .
o0
e Vi du. Tinh cac giéi han sau:

A= lim (vV4x?+x—1-2x).

X—r=400
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1.5.3. Dang oo — oc.

- Bién d&i vé dang % hodc .
o0
e Vi du. Tinh cac giéi han sau:

A= lim (vV4x?+x—1-2x).

X—+00
B= lim (V4x2 4+ x — 1+ 2x).
X—r—00
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1.5.3. Dang oo — oc.

- Bién d&i vé dang % hodc .
o0
e Vi du. Tinh cac giéi han sau:

A= lim (vV4x?+x—1-2x).

X—r=400

B= lim (V4x2 4+ x — 1+ 2x).
X—r—00
= lim (V4x2+x—1—2x)

X—>—00
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1.5.3. Dang oo — oc.

- Bién d&i vé dang % hodc .
o0
e Vi du. Tinh cac giéi han sau:

A= lim (vV4x?+x—1-2x).

X—r=400

B= lim (V4x2 4+ x — 1+ 2x).
X—r—00
= lim (V4x>+x—-1-2x) =

X—>—00
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1.5.3. Dang oo — oc.

- Bién d&i vé dang % hodc .
o0
e Vi du. Tinh cac giéi han sau:

A= lim (vV4x?+x—1-2x).

X—r=400

B= lim (V4x2 4+ x — 1+ 2x).
X—r—00
= lim (V4x>+x—-1-2x) =

X—>—00
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1.5.4. Dang 1.
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1.5.4. Dang 1. Chay

1
lim (14+ =) =e lim(1+x)/* =e
X x—0

X—00
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1.5.4. Dang 1. Chay

1
lim (14+ =) =e lim(1+x)/* =e
X

X—00 x—0

1 \ax) ;
lim 1+—> =e néu a(x) — oo khi x—x

X—X0 ( a(x)
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1.5.4. Dang 1. Chay

: 1 1
Y = : /x

XIL)n;o(l—l—X) e lm(l—irx) e

_ 1 \a00 . _

lim (1 + —) =e néu a(x) — oo khi x—x
X—>X0 a(x)

lim (1 + a(x))a(lx) =e néu a(x) =0 khi x—x
X—>Xp
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1.5.4. Dang 1. Chay

1

lim (14+ =) =e lim(1+x)/* =e
X—00 X x—0

_ 1 e . _

lim (1 + —) =e néu a(x) — oo khi x—x
X—>X0 a(x)

lim (1 + a(x))a(lx) =e néu a(x) =0 khi x—x
X—>Xp

e Vi du. Tinh cic gi6i han sau:
2

A= lim (1+ )
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1.5.4. Dang 1. Chay

1

lim (14+ =) =e lim(1+x)/* =e
X—00 X x—0

_ 1 e . _

lim (1 + —) =e néu a(x) — oo khi x—x
X—>X0 a(x)

lim (1 + a(x))a(lx) =e néu a(x) =0 khi x—x
X—>Xp

e Vi du. Tinh cic gi6i han sau:
2

i =2 : 1
A= Xllanclo(l + 2X1+1)x72, B = )I(m)(cos X ) Xtansx .
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e Vi du. Tinh cac gidi han sau:

21

) 4x 4+ 1\ =
C=Ilim (—)
x—oo \4dx + 5
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e Vi du. Tinh cac gidi han sau:

21

) 4x 4+ 1\ =
C=Ilim (—)
x—oo \4dx + 5

Ta cé:
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e Vi du. Tinh cac gidi han sau:

CAx 122
C = lim ( )
x—oo \4dx + 5
Ta cé:
4 x;l
C =i (1 - )
xigo dx +5
1 Mﬂ((x%;)
— lim <1+ 2 x(4x+5
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e Vi du. Tinh cac gidi han sau:

Ax 1\
C = Ilim (—)
x—oo \4dx + 5
Ta cé:
4 x271
C=| (1 . —> ;
xigo dx +5
1 Mﬂ((x%;)
— lim <1+ 7 x(4x+5
—4(x2-1)
— ||m e x(4x+5)

X—00
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e Vi du. Tinh cac gidi han sau:

. 4x +1 XZ;I
C = Ilim (—)
x—oo \4dx + 5
Ta cé:
4 x271
C=li (1 _ —> ;
xigo dx +5
1 —(4x+5) 74((x27)1)
— lim <1+— 2 x(4x+5
—4(x2-1)
= lim e>&® = et

X—00
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.
(1) Ham so6 lién tuc, lién tuc trai va lién tuc phai.
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.
(1) Ham so6 lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham s6 f(x) dugc goi la:
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.

(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham sb f(x) dugc goi la:

_ lién tuc tai xp néu

ILm f(x)=f(x) < lim f(x)= lim f(x) = f(x).
X—3x0 -

+
X*)XO X*)Xo

19th September 2016
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.

(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham sb f(x) dugc goi la:

_ lién tuc tai xp néu

)JI_)rT)'I(O f(x) = f(x) & lim f(x) = lim f(x) = f(xo).

X*)XO X*)Xo

- lién tuc trdi tai xp néu lim f(x) = f(xp).
X=X

19th September 2016
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.

(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham sb f(x) dugc goi la:

_ lién tuc tai xp néu

lim f(x) = f(xo) < lim f(x)= lim f(x) = f(x).
X—X0 x—xg x—xg

- lién tuc trdi tai xp néu lim f(x) = f(xp).
X=X

- lién tuc phai tai xo néu lim f(x) = f(xo).
x—rxg
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.

(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham sb f(x) dugc goi la:

_ lién tuc tai xp néu

lim f(x) = f(xo) < lim f(x)= lim f(x) = f(x).
X—X0 x—xg x—xg

- lién tuc trdi tai xp néu lim f(x) = f(xp).
X=X

- lién tuc phai tai xo néu lim f(x) = f(xo).
x—rxg

- lién tuc trén (a; b) néu né lién tuc tai moi x € (a; b).
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.
(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham s6 f(x) dugc goi la:
_ lién tuc tai xp néu
lim f(x) = f(xo) < lim f(x)= lim f(x) = f(x).
X—=Xo X=Xy x—xg
- lién tuc trdi tai xp néu lim f(x) = f(xp).
X‘)XO
- lién tuc phai tai xo néu lim f(x) = f(xo).

+

7
A 7

- lién tuc trén (a; b) néu né lién tuc tai moi x € (a; b).

- lién tuc trén [a; b] néu né lién tuc trén khodng (a; b) va lién tuc
phai tai x = a, lién tuc trdi tai x = b.
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1.6. Ham so lién tuc

1.6.1. Cac khai niém va tinh chit co ban.

(1) Ham sb lién tuc, lién tuc trai va lién tuc phai.
e Dinh nghia. Ham sb f(x) dugc goi la:

_ lién tuc tai xp néu

lim f(x) = f(xo) < lim f(x)= lim f(x) = f(x).
X—X0 x—xg x—xg

- lién tuc trdi tai xp néu lim f(x) = f(xp).
X=X

- lién tuc phai tai xo néu lim f(x) = f(xo).
x—rxg

- lién tuc trén (a; b) néu né lién tuc tai moi x € (a; b).

- lién tuc trén [a; b] néu né lién tuc trén khoang (a; b) va lién tuc
phai tai x = a, lién tuc trdi tai x = b.

- Gian doan tai x = xo néu né khéng lién tuc tai xo.
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e Cha y.
- Ham s6 lién tuc tai xo néu va chi néu né lién tuc trdi va lién tuc
phai tai xp.
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e Cha y.
- Ham s6 lién tuc tai xo néu va chi néu né lién tuc trdi va lién tuc

phai tai xp.
- D6 thi cda ham lién tuc trén doan [a; b] la dudng lién trén doan dé.

y=f(x)
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——17*
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——17*

Vay ham sb lign tuc trai nhung khéng lién tuc tai x = —1.
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——17*

Vay ham sb lign tuc trai nhung khéng lién tuc tai x = —1.
+) Taix=2. f(2)=0
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——1t
Vay ham sb lign tuc trai nhung khéng lién tuc tai x = —1.
+) Taix=2. f(2)=0
lim f(x) = lim (8 —4x) =0

X—2~ X—2~
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——1t
Vay ham sb lign tuc trai nhung khéng lién tuc tai x = —1.
+) Taix=2. f(2)=0
lim f(x) = lim (8 —4x) =0

X—2~ X—2~

lim f(x)= lim (|x| —2) =0

x—2+ x—2+
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e Vi du. Xét tinh lién tuc trai, lién tuc phai va lién tuc cta ham so
sautaix=—1vax=2:

lim f(x)= lim (8 —4x)=12

x——1t x——1t
Vay ham sb lign tuc trai nhung khéng lién tuc tai x = —1.
+) Taix=2. f(2)=0
lim f(x) = lim (8 —4x) =0

X—2~ X—2~

lim f(x)= lim (|x| —2) =0

x—2+ x—2+
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( )|én tuc tai xp.
Néu g(x0) # 0 thi £ g— cling lién tuc tai xo.
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( )|én tuc tai xp.
Néu g(x0) # 0 thi £ g— cung lién tuc tai xo.

e Dinh li 2. Cac ham so cAp (da thic, phan thic, luong gidc, mii,
logarit, ltly thira) lién tuc trén tdp xac dinh cta ching.
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( )|én tuc tai xp.
Néu g(x0) # 0 thi £ g— cung lién tuc tai xo.

e Dinh li 2. Cac ham so cAp (da thic, phan thic, luong gidc, mii,
logarit, ltly thira) lién tuc trén tdp xac dinh cta ching.

e Chii y. Tix Dinh Ii 1 va Dinh Ii 2 suy ra téng, hiéu, tich, thuong,
ham hop, ham ngudc cla cic ham so cap 13 lién tuc trén TXD.
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( )|én tuc tai xp.
Néu g(x0) # 0 thi £ g— cung lién tuc tai xo.

e Dinh li 2. Cac ham so cAp (da thic, phan thic, luong gidc, mii,
logarit, ltly thira) lién tuc trén tdp xac dinh cta ching.

e Chii y. Tix Dinh Ii 1 va Dinh Ii 2 suy ra téng, hiéu, tich, thuong,
ham hop, ham ngudc cla cic ham so cap 13 lién tuc trén TXD.

e Vidu 1.

- Ham s f(x) = x* — 3x + 5 lién tuc trén R.
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( ) lién tuc tai xp.

Néu g(x) #0 thi £ g— cung lién tuc tai xo.

e Dinh li 2. Cac ham so cAp (da thic, phan thic, luong gidc, mii,
logarit, ltly thira) lién tuc trén tdp xac dinh cta ching.

e Chii y. Tix Dinh Ii 1 va Dinh Ii 2 suy ra téng, hiéu, tich, thuong,
ham hop, ham ngudc cla cic ham so cap 13 lién tuc trén TXD.

e Vidu 1.

- Ham s f(x) = x* — 3x + 5 lién tuc trén R.

- Ham sb f(x) = v/x — 1 + - lién tuc trén khodng (1; +00).
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e Dinh Ii 1. Gid s f(x), g(x) lién tuc tai xo. Khi dé:

f( )+ g(x), f(x )g( ) lién tuc tai xp.

Néu g(x) #0 thi £ g— cung lién tuc tai xo.

e Dinh li 2. Cac ham so cAp (da thic, phan thic, luong gidc, mii,
logarit, ltly thira) lién tuc trén tdp xac dinh cta ching.

e Chii y. Tix Dinh Ii 1 va Dinh Ii 2 suy ra téng, hiéu, tich, thuong,
ham hop, ham ngudc cla cic ham so cap 13 lién tuc trén TXD.

e Vidu 1.

- Ham s f(x) = x* — 3x + 5 lién tuc trén R.

- Ham sb f(x) = v/x — 1 + - lién tuc trén khodng (1; +00).

- Ham sb f(x) = tan x lién tuc trén R\ {% + k7 : k € Z}.
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx  pdy x #£0

Ly=fFf(x)=4¢_% . 7

1 néu x = 0.
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx néu x £ 0
l.y=1Ff(x)= x ,
Y (x) 1 néu x = 0.
LSi gidi. +) Tai x # 0.f(x) = =2 lién tuc trén (—oo; 0) U (0; 00).
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx néu x £ 0
l.y=Ff(x)=<¢ % ,
Y (x) 1 néu x = 0.

LSi gidi. +) Tai x # 0.f(x) = =2 lién tuc trén (—oo; 0) U (0; 00).
+) Tai x =0.f(0) =1
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx néu x £ 0
l.y=1Ff(x)= x ,
Y (x) 1 néu x = 0.
LSi gidi. +) Tai x # 0.f(x) = =2 lién tuc trén (—oo; 0) U (0; 00).
+) Taix =0.f(0) =1 va

sin x

lim f(x) = lim — =1
x—0 x—=0 X
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx néu x £ 0
l.y=Ff(x)=<¢ % ,
Y (x) 1 néu x = 0.

LSi gidi. +) Tai x # 0.f(x) = =2 lién tuc trén (—oo; 0) U (0; 00).
+) Taix =0.f(0) =1 va

) . sinx
lim f(x) = lim — =1
x—0 x—0 X

= Ham s f(x) lién tuc tai x = 0.
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e Vi du 2. Xét tinh lién tuc cla cic ham sb:
sinx néu x £ 0
l.y=1Ff(x)= x ,
Y (x) 1 néu x = 0.
LSi gidi. +) Tai x # 0.f(x) = =2 lién tuc trén (—oo; 0) U (0; 00).
+) Taix =0.f(0) =1 va

sin x

lim f(x) = lim — =1
x—0 x—=0 X

= Ham s f(x) lién tuc tai x = 0.
Vay ham s6 f(x) lién tuc trén R.
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:
2x néu 0 <x<1
2—-x néul<x < 2.
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:

5 £(x) 2x néu0§x§1
.y =1Ff(x)= ,
Y 2—x néul<x<2.

L&i gidi. +) Véi x € [0;1).f(x) = 2x lién tuc trén [0; 1).
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:
2 fu0<x<1
2.y =1f(x) = X hT=xs
2—x néul<x<2.
L&i gidi. +) Véi x € [0;1).f(x) = 2x lién tuc trén [0; 1).
+) Véi x € (1;2].f(x) =2 — x lién tuc trén (1;2].
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:
2 du0<x<1
2.y =1f(x) = x n(/eu =X=
2—x néul<x<2.
Lai gidi. +) Véi x € [0;1).f(x) = 2x lién tuc trén [0; 1).
+) Véi x € (1;2].f(x) =2 — x lién tuc trén (1;2].
+) Taix=1.f(1)=2va

lim f(x)= lim 2x =2

x—1- x—1-

lim f(x)= lim (2—x) =1

x—1t x—1t
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:

2 fuo<x<1
2.y =1f(x) = x n(/eu =X=

2—x néul<x<2.
Lai gidi. +) Véi x € [0;1).f(x) = 2x lién tuc trén [0; 1).
+) Véi x € (1;2].f(x) =2 — x lién tuc trén (1;2].
+) Taix=1.f(1)=2va

lim f(x) = lim 2x =2

x—1- x—1-

lim f(x)= lim (2—x) =1

x—1+ x—1+

= f(x) gidn doan tai x = 1.
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e Vi du 2. Xét tinh lién tuc cta cidc ham sb:
2 du0<x<1
2.y =1f(x) = x n(/eu =X=
2—x néul<x<2.
Lai gidi. +) Véi x € [0;1).f(x) = 2x lién tuc trén [0; 1).
+) Véi x € (1;2].f(x) =2 — x lién tuc trén (1;2].
+) Taix=1.f(1)=2va

lim f(x)= lim 2x =2

x—1- x—1-

lim f(x)= lim (2—x) =1

x—1t x—1t

= f(x) gidn doan tai x = 1.
Vay f(x) lién tuc trén [0;2] \ {1}.
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1.6.2. Tinh chat lién tuc cla ham sb trén mot doan.
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1.6.2. Tinh chat lién tuc cla ham sb trén mot doan.

(1) Dinh li. Gia st ham sb f(x) lién tuc trén [a; b]. Khi dé f(x) dat
max va min trén doan dé. Tiic 13: tdn tai xq, % € [a; b] sao cho

f(x) = max f(x) =M, f(x)= r[mbr]1 f(x) :==m.

Hon nita, véi moi gid tri d € [m; M| ludn tdn tai xg € [a; b] sao cho
f(Xo) =d.
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(2) Hé qua. Gia st ham sb f(x) lién tuc trén [a; b] va f(a)f(b) < 0.
Khi d6 phuong trinh f(x) = 0 ludn c6 it nhat mét nghiém x, € (a; b).
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(2) Hé qua. Gia st ham sb f(x) lién tuc trén [a; b] va f(a)f(b) < 0.
Khi d6 phuong trinh f(x) = 0 ludn c6 it nhat mét nghiém x, € (a; b).

y=f(x)

Vii Hitu Nhy Bai giang Giai tich 1 19th September 2016 61 / 64



Ching minh ring céc phuong trinh sau ¢4 it nhit mét nghiém thuc
o (a)x® +4x* — X3 +7x+1/2=0
@ (b)3x +sin(mx) +4 = 0.
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Cho ham s6 lién tuc f(x) : [0,1] — [0,1]. Chiing minh ring ton tai
xo € [0, 1] sao cho
f(Xo) = Xp.
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1. Tim m d& ham sb sau lién tuc tai x = 0?

eX—e—X )

{w 0 <|x| <1,

m, x =0.
2. Cho ab # 0. Xét tinh lién tuc tai x =0 cla

F(x) = {(cos ax)/sin) x4,

2
a —
TR x = 0.
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