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Chuong 2: Phép tinh vi phan
cua ham mot bién




2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong
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2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong

1. Bai toan vat ly.

> Xét mdt chit dim M chuyén déng theo cng thic:

S=1(t)
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2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong

1. Bai toan vat ly.

> Xét mdt chit dim M chuyén déng theo cng thic:

S=1(t)

» Vat tbc v = f/(t)
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2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong

1. Bai toan vat ly.

> Xét mdt chit dim M chuyén déng theo cng thic:

S=1(t)

» Vat tbc v = f/(t)
> Gia téc a = f"(t)

Vii Hitu Nhy Bai giang Giai tich 1



2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong

2. Tiép tuyén cha dudng cong.
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2.1. Dao ham

2.1.1. Bai toan vat ly va tiép tuyén cta dudng cong

2. Tiép tuyén cha dudng cong.
+Tiép tuyén cta (C) tai M(xo, ) € (C) la:

d:y="f(x)x—x)+ .
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2.1.2. Cac khai niém
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2.1.2. Cac khai niém

(1) Dinh nghia dao ham: Cho ham s f(x) xac dinh trén
khoadng (a; b) va xo € (a; b).

- Dao ham clia ham sé tai x = xp :

Flxg) = lim 10 EB) =) o ) = F6) g

Ax—0 AX X—rX0 X — Xo
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2.1.2. Cac khai niém

(1) Dinh nghia dao ham: Cho ham s f(x) xac dinh trén
khoadng (a; b) va xo € (a; b).

- Dao ham clia ham sé tai x = xp :
f(x) — f(x)

Flxg) = lim [COFBX) = Flo) () = o) -y

Ax—0 AX X—rX0 X — Xo

- Néu ham s6 c6 dao ham tai x = xp, ta néi ham sé kh3 vi tai
X = Xp.-
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2.1.2. Cac khai niém

(2) Y nghia:
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2.1.2. Cac khai niém

(2) Y nghia:

Hé sb géc clia MN la:
f(xo+Ax)—f(xo) (2)

tana = Ax
Khi Ax — 0 suy ra
N—M, MN-—d, «o—a«a
= tanag = '(xo).
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2.1.2. Cac khai niém
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2.1.2. Cac khai niém

(3) Tu dinh nghia (1) ta cé:

f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).
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2.1.2. Cac khai niém

(3) Tu dinh nghia (1) ta cé:
f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

- Néu f(x) kha vi tai xp, thi f(x) lién tuc tai xo. Diéu nguoc
lai khéng diing.
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2.1.2. Cac khai niém

(3) Tu dinh nghia (1) ta cé:
f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

- Néu f(x) kha vi tai xo, thi f(x) lién tuc tai xo. Diéu ngugc
lai khéng diing.

Ching han: ham s y = f(x) = || lién tuc tai x = 0 nhung
khong kha vi tai x = 0.
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2.1.2. Cac khai niém

o Vi du:
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2.1.2. Cac khai niém

e Vi du:
+) f(x) = c— hing b
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2.1.2. Cac khai niém

o Vi du:
+) f(x) = c— hing s6 = f'(x) = 0.
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2.1.2. Cac khai niém

e Vi du
+) f(x) = c— hing s6 = f'(x) = 0.
+) f(x) =x
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2.1.2. Cac khai niém

. :
+) f(x) = c— hing s6 = f'(x) = 0.
+) f(x) =x = f'(x) = 1.
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2.1.2. Cac khai niém
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2.1.2. Cac khai niém

e Vi du:

+) f(x) = c— hing s6 = f'(x) = 0.
+) f(x)=x= f'(x) =1.

+) f(x) = sinx = f’(x) = cos x.
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2.1.2. Cac khai niém

o Vi du:

+) f(x) = c— hing s6 = f'(x) = 0.
+) f(x) =x = f'(x) = 1.

+) f(x) = sinx = f’(x) = cos x.
+) f(x) =&
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2.1.2. Cac khai niém

o Vi du:

+) f(x) = c— hing s6 = f'(x) =
+) f(x) =x = f'(x) = 1.

+) f(x) =sinx = f'(x) = cos x
+) f(x) = & = f(x) = &
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2.1.2. Cac khai niém

o Vi du:

+) f(x) = c— hing s6 = f'(x) = 0.
+) f(x) =x = f'(x) = 1.

+) f(x) = sinx = f’(x) = cos x.
+) f(x) = e = f'(x) = e*.

+) f(x) =Inx

Vii Hitu Nhy Bai giang Giai tich 1






2.1.2. Cac khai niém

(4) Dao ham mét phia
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2.1.2. Cac khai niém

(4) Dao ham mét phia
Cho ham sb f(x) xac dinh trén khodng (a; b) va xg € (a; b).
- Dao ham bén ph3i clia ham sb tai x = xg :
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2.1.2. Cac khai niém

(4) Dao ham mét phia
Cho ham sb f(x) xac dinh trén khodng (a; b) va xg € (a; b).
- Dao ham bén ph3i clia ham sb tai x = xg :

/

. f(xg + Ax) — f(x
f+(X0) = AJ(ITO+ (xo Al (o)

Vii Hitu Nhy Bai giang Giai tich 1



2.1.2. Cac khai niém

(4) Dao ham mét phia
Cho ham sb f(x) xac dinh trén khodng (a; b) va xg € (a; b).
- Dao ham bén ph3i clia ham sb tai x = xg :

p f(xo + Ax) — f(xo0)

= i .
+ (%) Axvo+ Ax

- Dao ham bén trdi cha ham so tai x = xg :
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2.1.2. Cac khai niém

(4) Dao ham mét phia
Cho ham sb f(x) xac dinh trén khodng (a; b) va xg € (a; b).
- Dao ham bén ph3i clia ham sb tai x = xg :

, f(xo + Ax) — f(xo0)

filo) = A)UTW Ax '

- Dao ham bén trdi cha ham so tai x = xg :

/ . f(xg + Ax) — f(x
o) = Allino— = A)z ( 0)‘
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Dinh li (Diéu kién tén tai dao ham)

Ham sb f(x) c6 dao ham tai x = xo khi va chi khi
f.(x) = f-(x) = a.

Khi d6 f'(x) = a.
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(4) Dao ham mét phia

e Vi du 1 Tinh dao ham bén phdi va dao ham bén trdi tai
x =0 cla ham s6 y = f(x) = |x|. Ham s6 trén c6 kha vi tai
x = 0 khdng?
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(4) Dao ham mét phia

e Vi du 1 Tinh dao ham bén phdi va dao ham bén trdi tai
x =0 cla ham s6 y = f(x) = |x|. Ham s6 trén c6 kha vi tai

x = 0 khéng?
Ta c6:

0) = [lim fO+Ax)-f(0) _ o [Ax o Ax _
+) £.(0): A>I<|210+ Ax A>I<”—T>10+ Ax AIITN o=t
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(4) Dao ham mét phia

e Vi du 1 Tinh dao ham bén phdi va dao ham bén trdi tai
x =0 cla ham s6 y = f(x) = |x|. Ham s6 trén c6 kha vi tai

x = 0 khéng?
Ta cé:

/ e f(0+AX)—F(0) |Ax| Ax
) £.0) A>I<|210+ Ax B A>I<”—T>10+ Ax AIITO+ o=t
+)
£(0):= lim fO2A)=f0) _ |y & _ iy =Ax _ 7
-(0) Ax—0— Ax Ax—0— DX aAx0- B
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(4) Dao ham mét phia

e Vi du 1 Tinh dao ham bén phdi va dao ham bén trdi tai
x =0 cla ham s6 y = f(x) = |x|. Ham s6 trén c6 kha vi tai

x = 0 khéng?
Ta cé:

/ o FO+AX)—F(0) _ o [Ax] _ o Ax
+) £:(0):= A>I<|210+ Ax A>I<”—T>10+ Ax A||210+ o=t
+)

F(0):= lim fOEENZFO) — iy 12— iy =Bx — g
-(0) Ax—0— Ax Ax—0— DX aAx0- B

Vay ham sb y = |x| khéng kha vi tai x = 0.
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

f(x):{ x3 néu x>0

ax+b nbu x<0

Tim a, b dé ham sb c6 dao ham tai x = 0. Tinh /(0) =7
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

f(x) = .
ax+b néu x<0

{ x3 néu x>0

Tim a, b d& ham sb c6 dao ham tai x = 0. Tinh £(0) =7
Ta cé:

5 F0) = lim [ORIO iy @2 g
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

f(x):{ x3 néu x>0

ax+b nbu x<0

Tim a, b dé ham sb c6 dao ham tai x = 0. Tinh /(0) =7

Ta cé: oy

/ T f0+Ax)—f(0) _ Ax)®
) £0) = A>I<|210+ ( AX) o A>I<”—T>10+ & =0
+) £-(0) Axrib- Ax Axllh- Bx
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

f(x):{ x3 néu x>0

ax+b nbu x<0

Tim a, b dé ham sb c6 dao ham tai x = 0. Tinh /(0) =7

Ta cé: oy

/ T f0+Ax)—f(0) _ Ax)®
) £0) = A>I<|210+ ( AX) o A>I<”—T>10+ & =0
+) £-(0) Axrib- Ax Axllh- Bx

— m [a—i—i]— a néu b=0
 Ax—0- Ax] 0 néu b#£0
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

f(x):{ x3 néu x>0

ax+b nbu x<0

Tim a, b dé ham sb c6 dao ham tai x = 0. Tinh /(0) =7

Ta cé: oy
/ T f0+Ax)—f(0) _ Ax)®
) £0) = A>I<|210+ Ax A>I<”—T>10+ & =0
f’ 0) = i f(0+Ax)—f(0) _ lim 24x+b
#) F(0)i= lim (OISO i oA
' [ L ] a ntu b=0
= lim |a+ | = A
Ax—0~ Ax oo néu b#0

Viy: Ham sb6 c6 dao ham tai x =0 khi a= b = 0.
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(4) Dao ham mét phia

e Vi du 2 Cho ham sb

Flx) = x3 néu IXZO
ax+b néu x<0

Tim a, b dé ham sb c6 dao ham tai x = 0. Tinh /(0) =7
Ta cé:

/ o FO+AX)—F(0) (Ax)}
) £0) = A>I<|210+ Ax B A>I<”—T>10+ & =0
+) £-(0) Axrib- Ax Axllh- Bx
i [a L ] a néu b=0
= | e - 7
Ax—0~ Ax oo néu b#0

Vay: Ham sb c¢6 dao ham tai x =0 khi a= b=0. Khi dé:
f'(0) = 0.
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2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

(1) Dinh Ii 1. Gia st f(x) va g(x) xac dinh trén (a; b) va c6
dao ham tai x € (a; b). Khi dé: f(x) + g(x) va f(x)g(x) kha
vi tai x. Hon nia:

(i) [F(x) + g(x)]" = f'(x) + g'(x),

(ii) [F(x)g (X)) = F'(x)g(x) + F(x)g'(x),




2.1.3. Cac quy tic tinh dao ham

(1) Dinh Ii 1. Gia st f(x) va g(x) xac dinh trén (a; b) va c6
dao ham tai x € (a; b). Khi dé: f(x) + g(x) va f(x)g(x) kha
vi tai x. Hon nia:

(i) [F(x) + g(x)]" = f'(x) + g'(x),

() [F()8()) = /() + F()g ().

(iii) Néu g(x) # 0, thi ;E y cling kha vi tai x va

(f (X))’ f'(x)g(x) — f(x)g'(x)
g%(x) ‘




2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

e Ham sé hap.
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2.1.3. Cac quy tic tinh dao ham

e Ham sb hgp. Cho ham sb v : (a; b) — (c; d) va
f:(c;d) — (m;n). Khi d6 ta c6 ham sb: h: (a; b) — (m; n)
cho béi:
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2.1.3. Cac quy tic tinh dao ham

e Ham sb hgp. Cho ham sb v : (a; b) — (c; d) va
f:(c;d) — (m;n). Khi d6 ta c6 ham sb: h: (a; b) — (m; n)
cho béi:
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2.1.3. Cac quy tic tinh dao ham

e Ham sb hgp. Cho ham sb v : (a; b) — (c; d) va
f:(c;d) — (m;n). Khi d6 ta c6 ham sb: h: (a; b) — (m; n)

cho béi:
h(x) = f(u(x)).

Ham sb h(x) dugc goi la ham s6 hop cha hai ham sb u(x) va

f(u).
Ki hiéu: h(x) = f(u(x)) hodc h= f o u.
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2.1.3. Cac quy tic tinh dao ham

e Ham sb hgp. Cho ham sb v : (a; b) — (c; d) va
f:(c;d) — (m;n). Khi d6 ta c6 ham sb: h: (a; b) — (m; n)

cho béi:
h(x) = f(u(x)).

Ham sb h(x) dugc goi la ham s6 hop cha hai ham sb u(x) va
f(u).

Ki hiéu: h(x) = f(u(x)) hodc h= f o u.

e Vi du. Cho u(x) = x>+ x — 2 va f(u) = sin3u.
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2.1.3. Cac quy tic tinh dao ham

e Ham sb hgp. Cho ham sb v : (a; b) — (c; d) va
f:(c;d) — (m;n). Khi d6 ta c6 ham sb: h: (a; b) — (m; n)

cho béi:
h(x) = f(u(x)).

Ham sb h(x) dugc goi la ham s6 hop cha hai ham sb u(x) va
f(u).

Ki hiéu: h(x) = f(u(x)) hodc h= f o u.

e Vi du. Cho u(x) = x> + x — 2 va f(u) = sin3u. Khi dé:

h(x) = f(u(x)) = sin3(x* + x — 2).

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va

h'(x0) = £, (o)t (x0)-
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2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va
W (x0) = £, (uo) i (x0)-
Hay ta hay ding cong thic sau:

r_
yx_.yuux‘
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2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va
W (x0) = £, (uo) i (x0)-
Hay ta hay ding cong thic sau:
y/ — y/ u/ .

e Vi du. Tinh dao ham clia ham s6: y = ",
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2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va

W (x0) = 1, (uo) i (x0).
Hay ta hay ding cong thic sau:

r_
yx_yuux‘

e Vi du. Tinh dao ham clia ham s6: y = ",

Dit u =sinx = y = e". Ta cé:
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2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va

W (x0) = 1, (uo) i (x0).
Hay ta hay ding cong thic sau:

r_
yx_yuux‘

e Vi du. Tinh dao ham clia ham sb: y = " x.
Dit u =sinx = y = e". Ta cé:

u, =cosx, y,=-¢e"

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham

(2) Dinh Ii 2. (Dao ham ham s6 hop) Gia st ham sé
u = u(x) kha vi tai xo, ham sb f(u) kh3 vi tai uy = u(xy). Khi
dé ham s6 hop y = h(x) = f(u(x)) kh3 vi tai xy va

W (x0) = 1, (uo) i (x0).
Hay ta hay ding cong thic sau:

!/ !/
Y = YUy
e Vi du. Tinh dao ham clia ham s6: y = ",
Dit u =sinx = y = e". Ta c6:
u. =cosx, y =e"

/ sin x

=y =y, =y u, = e"cosx = e cos x.
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2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

e Ham sb ngudc. Cho song 4nh

f:[a; b] — [c;d]
x =y =f(x)
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2.1.3. Cac quy tic tinh dao ham

e Ham sb ngudc. Cho song 4nh
f:[a; b] — [c;d]
x =y =f(x)
Ham sb nguoc (dnh xa ngugc) xac dinh bdi
f~1:[c;d] — [a; b]
y=rx=1fy)

sao cho F}(f(x)) =x, F(f(y)) =y véi moi
x € [a; b],y € [c; d].
Ki hieu: y = f~1(x)

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

e Vi du 1. Cho song 4nh

f:R—R
x—y="Ff(x)=3x—-1
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2.1.3. Cac quy tic tinh dao ham

e Vi du 1. Cho song 4nh

f:R—R
x—y="Ff(x)=3x—-1

Suy ra
f1:R—>R
1
Yy x = f_l(y) = y_—3i— )
Vay ham sb nguoc |3 f~(x) = XT“
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2.1.3. Cac quy tic tinh dao ham

e Ham sb ngudc cha ham sb lugng giac.
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2.1.3. Cac quy tic tinh dao ham

e Ham sb ngudc cha ham sb lugng giac.

+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh
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2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho béi y = arcsinx € [F; 5] & x =siny.
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2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho bdly—arcsmxe [5: 5] & x=siny.
+) Ham sb6 cos : [0; 7] — [—1;1] song anh
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2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh
— ham sb ngugc arcsin : [-1;1] — [5X > 5]
cho bmy-arcsmxe [5: 5] & x=siny.
+) Ham sb cos : [0; 7] — [—1;1] song anh
— ham sb ngugc arccos : [-1;1] — [0; 7]
cho bdi y = arccos x € [0; 7] < x = cosy.

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho bmy-arcsmxe [5: 5] & x=siny.
+) Ham sb cos : [0; 7] — [—1;1] song anh

— ham sb ngugc arccos : [-1;1] — [0; 7]

cho bdi y = arccos x € [0; 7] < x = cosy.
+) Ham s6 tan : (5F; ) — R song 4nh
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2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho bmy-arcsmxe [5: 5] & x=siny.
+) Ham sb cos : [0; 7] — [—1;1] song anh

— ham sb ngugc arccos : [-1;1] — [0; 7]

cho bdi y = arccos x € [0; 7] < x = cosy.
+) Ham s6 tan : (5F; ) — R song 4nh

™

— ham sb ngugc arctan : R — (£ 5 5)

cho béi y = arctanx € (F; ) & x =tany.

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho bmy-arcsmxe [5: 5] & x=siny.
+) Ham sb cos : [0; 7] — [—1;1] song anh

— ham sb ngugc arccos : [-1;1] — [0; 7]

cho bdi y = arccos x € [0; 7] < x = cosy.
+) Ham s6 tan : (5F; ) — R song 4nh

™

— ham sb ngugc arctan : R — (£ 5 5)

cho béi y = arctanx € (F; ) & x =tany.

+) Ham s6 cot : (0; 7) — R song anh
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2.1.3. Cac quy tic tinh dao ham

e Ham sé ngudc ctia ham sb lugng giac.
+) Ham s6 sin : [5%; 2] — [—1;1] song 4nh

— ham sb ngugc arcsin : [-1;1] — [5X > 5]

cho bmy-arcsmxe [5: 5] & x=siny.
+) Ham sb cos : [0; 7] — [—1;1] song anh

— ham sb ngugc arccos : [-1;1] — [0; 7]

cho bdi y = arccos x € [0; 7] < x = cosy.
+) Ham s6 tan : (5F; ) — R song 4nh

s
— ham sb ngugc arctan : R — (£ 5 5)
—T. T

cho béi y = arctanx € (F; ) & x =tany.
+) Ham s6 cot : (0; 7) — R song anh
= ham s6 ngudc arccot : R — (0; )

cho bdi y = arccotx € (0;7) < x = coty.

Vii Hitu Nhy Bai giang Giai tich 1



2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

(3) Dinh i 3 (Dao ham ham s ngugc) Gia sk song anh lién
tuc f : [a; b] — [c; d] c6 ham sO ngugc

g =f"1:[c;d] — [a; b]. Néu f(x) kha vi tai xo € (a; b), thi
ham sb ngugc g(y) ciing kha vi tai yp = f(xo) va

g)l/(yO) = fl(];Q)) :
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2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

Tu Dinh If 3, ta suy ra cac céng thic sau:
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2.1.3. Cac quy tic tinh dao ham

Tu Dinh If 3, ta suy ra cac céng thic sau:

(arcsinx) = ——, Vvéi —1<x<1,

V1 —x2’



2.1.3. Cac quy tic tinh dao ham

Tu Dinh If 3, ta suy ra cac céng thic sau:

(arcsinx) = ——, Vvéi —1<x<1,

V1 —x2’



2.1.3. Cac quy tic tinh dao ham

Tu Dinh If 3, ta suy ra cac céng thic sau:

(arcsinx) = ——, Vvéi —1<x<1,

V1 —x2’



2.1.3. Cac quy tic tinh dao ham

Tu Dinh If 3, ta suy ra cac céng thic sau:

1

(arcsinx) = —, v6i —1<x<1,
V1—x2
-1
(arccosx) = —, V6 —1<x<1,
V1—x2
1
arctanx)' = , Vvéi x€eR,
1+ x2
X
—1
(arccotx)’ = T2 véi x € R.
X
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Vi Hitu Nhy



(shx)' = chx, Vx €eR,
(chx) = shx, Vx €R,

(thx) = ——, Vx € R,

ch?x

-1
(cothx)' = e Vx # 0.
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2.1.3. Cac quy tic tinh dao ham
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2.1.3. Cac quy tic tinh dao ham

Béng dao ham cia cidc ham so cap:

x?) = ax*7 1 (a # —1);

u®) = au M, (a # —-1);

sinx)’ = cos x

sinu) = u' cosu

( (

( (

(cosx)’ = —sinx (cosu) = —u'sinu

(tanx) = 5 (tanu) = %

(cotx) = = (cotu) = 4=

(eX) =€, (%) =a"lna| (e') =ve", (a") =1da"lna
(Inx) =1 (Inuy =<

(log, %) = 51t (log, u)' = 55

va dao ham cda ham lugng gidc ngugc, ham lugng gidc

hyperbolic.

Vi Hitu Nhy

Bai giang Giai tich 1




2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.
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2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.
(1) Dinh nghia. Gia s ham sb f(x) kha vi tai xo. Khi dé:

f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).
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2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.
(1) Dinh nghia. Gia s ham sb f(x) kha vi tai xo. Khi dé:

f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

Ta goi df (xp) := f'(x)Ax 13 vi phan clia ham sb f(x) tai
X = Xp.-
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2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.

(1) Dinh nghia. Gia s ham sb f(x) kha vi tai xo. Khi dé:
f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

Ta goi df (xp) := f'(x)Ax 13 vi phan clia ham sb f(x) tai

X = Xp.-
Trong trudng hgp tong quat, ki hiéu:

df = f'(x)Ax
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2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.
(1) Dinh nghia. Gia s ham sb f(x) kha vi tai xo. Khi dé:

f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

Ta goi df (xp) := f'(x)Ax 13 vi phan clia ham sb f(x) tai
X = Xp.-
Trong trudng hgp tong quat, ki hiéu:

df = f'(x)Ax

- Xét f(x) = x = dx = Ax.
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2.2. Vi phan

2.2.1. Dinh nghia vi phan. Tinh b4t bién cta vi phan cp 1.

(1) Dinh nghia. Gia s ham sb f(x) kha vi tai xo. Khi dé:
f(xo + Ax) — f(x0) = f'(x0)Ax + o( Ax).

Ta goi df (xp) := f'(x)Ax 13 vi phan clia ham sb f(x) tai

X = Xp.-
Trong trudng hgp tong quat, ki hiéu:

df = f'(x)Ax

- Xét f(x) = x = dx = Ax.
- Vi vay ta ludn cé:

df = f'(x)dx| hay |f'(x)=—|

Vii Hitu Nhy Bai giang Giai tich 1



e Vi du. Tinh vi phan clia ham sb sau y = arctan 3x.

Vii Hitu Nhy Bai giang Gi



e Vi du. Tinh vi phan clia ham sb sau y = arctan 3x.
Ta cé.
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(2) Quy tac tinh vi phan.
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(2) Quy tac tinh vi phan.

d(u+v)=du-+dv
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(2) Quy tac tinh vi phan.

d(u+v)=du-+dv

d(uv) = vdu + udv|, |d(cu) = cdu| véi c 1a hing sb
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(2) Quy tac tinh vi phan.

d(u+v)=du-+dv

d(uv) = vdu + udv|, |d(cu) = cdu| véi c 1a hing sb
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esmx

e Vi du. Tinh vi phan cia ham sb sau y = f(x) = . Tinh

dy(m) =?.

X
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esmx

e Vi du. Tinh vi phan cia ham sb sau y = f(x) = —. Tinh
dy(m) =?.
Ta c6.
esinx Xd(esinx) _ esinxdx
dv = d —
y .( ) e |
xe*"* cos xdx — e""¥dx  (xcosx — 1)e’"*
= > = 5 dx.
b%s X
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esmx

e Vi du. Tinh vi phan clia ham sb sau y = f(x) = <
dy(m) =?.
Ta cé.
esinx Xd(esinx) o esinxdx

dy =d =

y .( ) e |

_xe cosxd; —e""dx (x cos x ; l)e .

X X
Suy ra
—m—1
dy(m) = — dx

Vii Hitu Nhy Bai giang Giai tich 1

. Tinh




(3) Tinh b4t bién cha vi phan cap 1.

Vii Hitu Nhy Bai giang Giai tich 1



(3) Tinh b4t bién cha vi phan cap 1.

Cho 2 ham sb kha vi y = f(u) va u = u(x). Khi dé ta cé ham
s6 hap y = f(u(x)) va cbng thifc vi phan
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(3) Tinh b4t bién cha vi phan cap 1.

Cho 2 ham sb kha vi y = f(u) va u = u(x). Khi dé ta cé ham
s6 hap y = f(u(x)) va cbng thifc vi phan

Ching minh. Ta ¢6

df = fjdu va du=u.dx
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(3) Tinh b4t bién cha vi phan cap 1.

Cho 2 ham sb kha vi y = f(u) va u = u(x). Khi dé ta cé ham
s6 hap y = f(u(x)) va cbng thifc vi phan

Ching minh. Ta ¢6

df =f)du va du=udx = df =f,u dx.
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(3) Tinh b4t bién cha vi phan cap 1.

Cho 2 ham sb kha vi y = f(u) va u = u(x). Khi dé ta cé ham
s6 hap y = f(u(x)) va cbng thifc vi phan

Ching minh. Ta ¢6

df =f)du va du=udx = df =f,u dx.

Theo cong thiic dao ham ham hop, ta suy ra

df = fldx.
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man

V 4+ yx+y=x>—sinx. (%)
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man

V 4+ yx+y=x>—sinx. (%)

Ta c6: x =0= y(0) = 0.
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man

V 4+ yx+y=x>—sinx. (%)

Ta c6: x =0= y(0) = 0.
Vi phan 2 vé& déng thiic (x) ta duoc:

3y?dy + ydx + xdy + dy = 2xdx — cos xdx
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man

V 4+ yx+y=x>—sinx. (%)

Ta c6: x =0= y(0) = 0.
Vi phan 2 vé& déng thiic (x) ta duoc:

3y?dy + ydx + xdy + dy = 2xdx — cos xdx <

(3y?+x+1)dy = (2x—cos x—y)dx
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man

V 4+ yx+y=x>—sinx. (%)
Ta c6: x =0= y(0) = 0.
Vi phan 2 vé dang thiic (x) ta dugc:

3y?dy + ydx + xdy + dy = 2xdx — cos xdx <

dy 2x—cosx—y
) B _ _
(By"+x+1)dy = (2x—cosx—y)dx < y' = dx  3y?+x+1
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e Vi du: Tinh dao ham y/(0) véi y = y(x) thda man
V 4+ yx+y=x>—sinx. (%)

Ta c6: x =0= y(0) = 0.

Vi phan 2 vé& déng thiic (x) ta duoc:

3y?dy + ydx + xdy + dy = 2xdx — cos xdx <

dy 2x—cosx—y
) B _ _
(By"+x+1)dy = (2x—cosx—y)dx < y' = dx  3y?+x+1

Thay x =0,y = y(0) = 0= y’(0) = —1.

Vii Hitu Nhy Bai giang Giai tich 1



(4) Tinh dao ham cia ham theo tham sb.
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(4) Tinh dao ham cia ham theo tham sb.

Cho ham s6 y = y(t) va x = x(t) kha vi theo t.

==y, =7 va x, =7
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(4) Tinh dao ham cia ham theo tham sb.

Cho ham s6 y = y(t) va x = x(t) kha vi theo t.

==y, =7 va x, =7

Ta cé.

dy = y,dt
dx = x,dt
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(4) Tinh dao ham cia ham theo tham sb.

Cho ham s6 y = y(t) va x = x(t) kha vi theo t.

==y, =7 va x, =7

Ta cé.
dy = y,dt
dx = x;dt
Suy ra
! !
’—ﬂ Ye oy x':%—ﬁ.
*odx X Yoody oyl
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y =In(t?* +3t+1)

x = et

e Vi du. Cho . Tinh dao ham

Y lt=0=7va X}, |—0="
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y =In(t?* +3t+1)

x = et

e Vi du. Cho . Tinh dao ham

Vi l=0=7 va x|, |=0="
Ta cé.
2t +3

[ /t: t
(t2+3t+1) x(t)=e

y'(t) =
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=In(t?+3t+1)
x = et

Vi = 0_?V3X |t=0="7

e Vi du. Cho . Tinh dao ham

Ta cé. 213
/ / _ t
y(1) (t2+3t+1) x(t) = e
Suyra y (t) 2t+3
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=In(t?+3t+1)
x = et

Vi = 0_?V3X |t=0="7

e Vi du. Cho . Tinh dao ham

Ta céb. 213
/ / _ t
y(1) (t2+3t+1) x(t) = e
y'(t) 2t +3
S
W Y= (t) et(t2+3t+1)
Tuong tu,
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2.2.2. Cac dinh Ii gia tri trung binh.
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2.2.2. Cac dinh Ii gia tri trung binh.

Cuc tri. Cho ham sb y = f(x) xéc dinh trén (a; b). Diém
xo € (a; b) dugc goi la:
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2.2.2. Cac dinh Ii gia tri trung binh.

Cuc tri. Cho ham sb y = f(x) xéc dinh trén (a; b). Diém
xo € (a; b) dugc goi la:
- cuc dai néu tdn tai 0 > 0 sao cho:

f(xo + Ax) < f(x) v6imoi |Ax| <.
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2.2.2. Cac dinh Ii gia tri trung binh.

Cuc tri. Cho ham sb y = f(x) xéc dinh trén (a; b). Diém
xo € (a; b) dugc goi la:
- cuc dai néu tdn tai 0 > 0 sao cho:

f(xo + Ax) < f(x) v6imoi |Ax| <.

- cuc tiéu néu ton tai 6 > 0 sao cho:

f(xo + Ax) > f(x) v6imoi |Ax| <é.
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2.2.2. Cac dinh Ii gia tri trung binh.

Cuc tri. Cho ham sb y = f(x) xéc dinh trén (a; b). Diém
xo € (a; b) dugc goi la:
- cuc dai néu tdn tai 0 > 0 sao cho:

f(xo + Ax) < f(x) v6imoi |Ax| <.

- cuc tiéu néu ton tai 6 > 0 sao cho:

f(xo + Ax) > f(x) v6imoi |Ax| <é.

- cuc tri néu xg hodc la cuc dai, hodc la cuc tiéu.
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Tu hinh vé ta théy: x = x; la cucdai, x=x lacuc tiéu.

X1 X2

Vii Hitu Nhy Bai giang G



(1) Dinh i 1. (Dinh li Fermat)

Gid st ham sb f(x) kha vi trén (a; b). Néu x = xo € (a; b) Ia
cuc tri clia f(x) thi

f'(x0) = 0. (1)
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(1) Dinh i 1. (Dinh li Fermat)

Gid st ham sb f(x) kha vi trén (a; b). Néu x = xo € (a; b) Ia
cuc tri clia f(x) thi

f'(x0) = 0. (1)

Chiang minh. Gid st x = xg la cuc tiéu.
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(1) Dinh i 1. (Dinh li Fermat)

Gid st ham sb f(x) kha vi trén (a; b). Néu x = xo € (a; b) Ia
cuc tri clia f(x) thi

f'(x0) = 0. (1)

Ching minh. Gid st x = xg la cuc tiéu.  Khi dé, ta cé:

f(xo + Ax) — f(x0)

’

f+(X0) = A)'jﬂ?m Ax >0
, f Ax) —f
va f (x):= lim (o + %) = Fx) <0.
Ax—0- Ax
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(1) Dinh i 1. (Dinh li Fermat)

Gid st ham sb f(x) kha vi trén (a; b). Néu x = xo € (a; b) Ia
cuc tri clia f(x) thi

f'(x0) = 0. (1)

Ching minh. Gid st x = xg la cuc tiéu.  Khi dé, ta cé:

f(xo + Ax) — f(x0)

’

f, (%) == A)'jﬂ?m Ax >0
, f Ax) —f
va f_(x):= lim (o + %) = Fx) <0.
Ax—0— Ax

Vi ham s f(x) kha vi tai x = xp, nén ta c6
f (Xo) = f+(X0) = f_(Xo) = 0
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(1) Dinh i 1. (Dinh li Fermat)

Gid st ham sb f(x) kha vi trén (a; b). Néu x = xo € (a; b) Ia
cuc tri clia f(x) thi

f'(x0) = 0. (1)

Ching minh. Gid st x = xg la cuc tiéu.  Khi dé, ta cé:

f(xo + Ax) — f(x0)

’

f, (%) == A)'jﬂ?m Ax >0
, f Ax) —f
va f_(x):= lim (o + %) = Fx) <0.
Ax—0— Ax

Vi ham s f(x) kha vi tai x = xp, nén ta c6
f'(x0) = (%) = f_(x) =0. Trudng hop x = xo 13 cuc dai
chiing minh tucng tu.
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(2) Hé qua. (Dinh li Rolle).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Néu f(a) = f(b), thi ton tai ¢ € (a; b) sao cho f'(c) = 0.
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(2) Hé qua. (Dinh li Rolle).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Néu f(a) = f(b), thi ton tai ¢ € (a; b) sao cho f'(c) = 0.
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Cho f(x) = (x — 2)(x + 3)?(e* + 3) + 5. CMR phuong trinh
f'(x) = 0 c6 it nhit 1 nghiém.
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Cho f(x) = (x — 2)(x + 3)?(e* + 3) + 5. CMR phuong trinh
f'(x) = 0 c6 it nhit 1 nghiém.
LG. Ta c6, f(x) lién tuc va kha vi trén R.
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Cho f(x) = (x — 2)(x + 3)?(e* + 3) + 5. CMR phuong trinh
f'(x) = 0 c6 it nhit 1 nghiém.
LG. Ta c6, f(x) lién tuc va kha vi trén R.
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Cho f(x) = (x — 2)(x + 3)?(e* + 3) + 5. CMR phuong trinh
f'(x) = 0 c6 it nhit 1 nghiém.
LG. Ta c6, f(x) lién tuc va kha vi trén R.

Theo dinh Ii Rolle, phuong trinh f'(x) = 0 cé it nhit 1 nghiém
thudc (—3;2).
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Example
Thit lai Dinh ly Rolle di véi ham sb sau trén doan [1, 3]

f(x)=(x—1)(x—2)(x—3).

Tim sb trung gian c?
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(3) Dinh li 2. (Dinh li Lagrange).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

f'(c) = w hay f(b) —f(a) = f'(c)(b—a). (2)
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(3) Dinh li 2. (Dinh li Lagrange).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

ﬂd:ﬁ%ggﬂ hay f(b) —f(a) = f'(c)(b—a). (2)

Ching minh. Dat

f(b) — f(a)

hx) = f(a) + == —

(x —a) — f(x).

Vii Hitu Nhy Bai giang Giai tich 1



(3) Dinh li 2. (Dinh li Lagrange).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

f'(c) = w hay f(b) —f(a) = f'(c)(b—a). (2)
Ching minh. Dat

h(x) = f(a) + W(x —a) — f(x).

Khi d6, h(x) lién tuc trén [a; b] va kha vi trong (a; b) va

H(x) = LZ - :(a) — F(x).
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(3) Dinh li 2. (Dinh li Lagrange).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

f'(c) = w hay f(b) —f(a) = f'(c)(b—a). (2)
Ching minh. Dat

h(x) = f(a) + W(x —a) — f(x).
Khi d6, h(x) lién tuc trén [a; b] va kha vi trong (a; b) va

H(x) = LZ - :(a) — F(x).

Hon nifa h(a) = h(b) = 0, nén theo dinh I Rolle, ton tai
¢ € (a; b) sao cho H'(c) = 0.
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(3) Dinh li 2. (Dinh li Lagrange).

Gia st ham sb f(x) lién tuc trén [a; b] va kha vi trong (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

f'(c) = w hay f(b) —f(a) = f'(c)(b—a). (2)
Ching minh. Dat

h(x) = f(a) + W(x —a) — f(x).
Khi d6, h(x) lién tuc trén [a; b] va kha vi trong (a; b) va

H(x) = w — F(x).
Hon nifa h(a) = h(b) = 0, nén theo dinh I Rolle, ton tai

¢ € (a; b) sao cho W(c) =0. Hay f'(c) = %.

Vii Hitu Nhy Bai giang Giai tich 1



e Cha y. T dinh Ii 2 suy ra
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e Cha y. T dinh Ii 2 suy ra

f(x+h) — f(x) = f'(x+ 0h)h, € (0;1). (3).
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e Cha y. T dinh Ii 2 suy ra
f(x+h)—f(x)=Ff'(x+6h)h, 6e(0;1). (3).

That vdy. Thay a=x,b=x+ hva ¢ = x+ 6h vao (2) ta cé:
c—a
b—a

f(x+ h)—f(x)="f(b)—f(a) =1f'(c)(b—a)=f"(x+60h)h.

0 —

€ (0;1),
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e Cha y. T dinh Ii 2 suy ra
f(x+h)—f(x)=Ff'(x+6h)h, 6e(0;1). (3).

That vdy. Thay a=x,b=x+ hva ¢ = x+ 6h vao (2) ta cé:

c—a
1
b—ae(o' )

f(x+ h)— f(x)=f(b)—f(a) =f'(c)(b—a) = f'(x+ 6h)h.

O =

Nhan xét. Céng thiic (3) cho ta tinh gid tri cla f tai diém
gan x khi biét gia tri f(x) va gia tri cda dao ham f’ tai nhiing
diém gan x.

Vii Hitu Nhy Bai giang Giai tich 1



Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.
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Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.

Ta c6 f(x) lién tuc trén [0; 1] va kha vi trong (0; 1).
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Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.

Ta c6 f(x) lién tuc trén [0; 1] va kha vi trong (0; 1).
f'(x) = 3x* 4+ 8x,f(0) = 0, f(1) = 5. Tir cdng thic Lagrange,
ton tai ¢ € (0;1) sao cho
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Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.

Ta c6 f(x) lién tuc trén [0; 1] va kha vi trong (0; 1).
f'(x) = 3x* 4+ 8x,f(0) = 0, f(1) = 5. Tir cdng thic Lagrange,
ton tai ¢ € (0;1) sao cho

f(1) - £(0)

2 _
10 < 3¢+ 8c=5

f'(c) =
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e Vidu 1.

Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.

Ta c6 f(x) lién tuc trén [0; 1] va kha vi trong (0; 1).
f'(x) = 3x* 4+ 8x,f(0) = 0, f(1) = 5. Tir cdng thic Lagrange,
ton tai ¢ € (0;1) sao cho

F(1) — £(0
f’(c)zi() O 31805
1-0
—4—31 —4++/31
€c=—F— (loai) hodc c=—7
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e Vidu 1.

Tim sb trung gian ¢ trong dinh Ii Lagrange biét

f(x)=x>+4x*,a=0b=1.

Ta c6 f(x) lién tuc trén [0; 1] va kha vi trong (0; 1).
f'(x) = 3x* 4+ 8x,f(0) = 0, f(1) = 5. Tir cdng thic Lagrange,
ton tai ¢ € (0;1) sao cho

F(1) — £(0
f’(c)zi() O 31805
1-0
—4—31 —4++/31
c=——— (loai) hodc c=—°7—.
3 3
Vé_‘yc:i_“”;‘/g‘_l.
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e Vi du 2.

Chitng minh ring:

1)|sinb—sina| < |b— a
2)| arctan b — arctana| < |b — a.
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e Vi du 2.

Chitng minh ring:

1)|sinb—sina| < |b— a
2)| arctan b — arctana| < |b — a.

1) Dat f(x) = sinx = f’(x) = cos x.
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Chitng minh ring:

1)|sinb—sina| < |b— a
2)| arctan b — arctana| < |b — a.

1) Dat f(x) = sinx —> f’(x) = cosx. ~ Theo cbng thic
Lagrange, ton tai ¢ n3m giita a v b sao cho

f(b)—f(a)=1f'(c)(b—a) <>sinb—sina=(b—a)cosc
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Chitng minh ring:

1)|sinb—sina| < |b— a
2)| arctan b — arctana| < |b — a.

1) Dat f(x) = sinx —> f’(x) = cosx. ~ Theo cbng thic
Lagrange, ton tai ¢ n3m giita a v b sao cho

f(b)—f(a)=1f'(c)(b—a) <>sinb—sina=(b—a)cosc

= |sinb —sina| = |cosc||b—a| < |b— a.
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Chitng minh ring:

1)|sinb—sina| < |b— a
2)| arctan b — arctana| < |b — a.

1) Dat f(x) = sinx —> f’(x) = cosx. ~ Theo cbng thic
Lagrange, ton tai ¢ n3m giita a v b sao cho

f(b)—f(a)=1f'(c)(b—a) <>sinb—sina=(b—a)cosc

= |sinb —sina| = |cosc||b—a| < |b— a.

2) Tuong tu f(x) = arctan x.

Vii Hitu Nhy Bai giang Giai tich 1



(4) Dinh li 3. (Dinh Ii Cauchy).

Cho ham sb f(x), g(x) lién tuc trén [a; b] va kha vi trong

(a; b). Gid st g(a) # g(b) va g'(x) # 0 véi moi x € (a; b).
Khi dé ton tai ¢ € (a; b) sao cho
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(4) Dinh li 3. (Dinh Ii Cauchy).

Cho ham sb f(x), g(x) lién tuc trén [a; b] va kha vi trong

(a; b). Gid st g(a) # g(b) va g'(x) # 0 véi moi x € (a; b).
Khi dé ton tai ¢ € (a; b) sao cho

Chd y. Khi g(x) = x thi Dinh Ii Cauchy trd thanh Dinh Ii
Lagrange.

Vii Hitu Nhy Bai giang Giai tich 1



2.2.3. Dao ham va vi phan cip cao. Quy tic tinh

dao ham cép cao. Khai trién Taylor.

(1) Dao ham va vi phan cap cao. Cho ham sb f(x) xac
dinh trén (a; b).
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2.2.3. Dao ham va vi phan cip cao. Quy tic tinh

dao ham cép cao. Khai trién Taylor.

(1) Dao ham va vi phan cap cao. Cho ham sb f(x) xac
dinh trén (a; b).

- DH c4p 1: f'(x) - VP chp 1: df = f/(x)dx



2.2.3. Dao ham va vi phan cip cao. Quy tic tinh

dao ham cép cao. Khai trién Taylor.

(1) Dao ham va vi phan cap cao. Cho ham sb f(x) xac
dinh trén (a; b).

- DH c4p 1: f'(x) - VP chp 1: df = f/(x)dx



2.2.3. Dao ham va vi phan cip cao. Quy tic tinh

dao ham cép cao. Khai trién Taylor.

(1) Dao ham va vi phan cap cao. Cho ham sb f(x) xac

dinh trén (a; b).

- DH c4p 1: f'(x) - VP chp 1: df = f/(x)dx
-DH chp 2: f"(x) = (f’(x))l - VP chp 2: d*f = f"(x)dx?
- DH chp n: F(x) = (F"D(x))" - VP chp n: d"f = F()(x)dx"
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2.2.3. Dao ham va vi phan cip cao. Quy tic tinh

dao ham cép cao. Khai trién Taylor.

(1) Dao ham va vi phan cap cao. Cho ham sb f(x) xac
dinh trén (a; b).

- DH c4p 1: f'(x) - VP chp 1: df = f/(x)dx
-DH chp 2: f"(x) = (f’(x))l - VP chp 2: d*f = f"(x)dx?
- DH chp n: F(x) = (F"D(x))" - VP chp n: d"f = F()(x)dx"

Chd y. Tir dinh nghia ta c6 cdng thic

f(”)(x) = Z f
Xn

Vii Hitu Nhy Bai giang Giai tich 1



e Vi du 1. Bing qui nap ta chiing minh dugc mét sb cong
thic sau:
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e Vi du 1. Bing qui nap ta chiing minh dugc mét sb cong
thic sau:

D () = k(k —1)...(k — n 4 1)xk=" néu n<k
0 neu n>k (kel
2) (eax)(n) — aneax7 n>1
. , nm
3) (sinx)” =sin(x+ —), n>1

4)  (cosx)™ = cos(x + n;), n>1
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e Vi du 2. Tinh dao ham clp n cla ham sb

6x — 1

y:3x—|—2‘
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e Vi du 2. Tinh dao ham clp n cla ham sb

_bx—1
T
Tacéd:y=2— (3+2) =2-5@Bx+2)71,

Vii Hitu Nhy Bai giang Giai tich 1



e Vi du 2. Tinh dao ham clp n cla ham sb

_6x—1
C 3x+2

y

-I_aCé:_y:2—(:,,)(5—_|_2):2—5(3X—i—2)_17

=y =-5(-1)3.3x+2)2 = —5(—1)(3xi2)2’

Vii Hitu Nhy Bai giang Giai tich 1



e Vi du 2. Tinh dao ham clp n cla ham sb

_6x—1
C 3x+2

y

Ta cé:yz2—ﬁz2_5(3x+2)_17
=y = -5(-1).3.(3x + 2)_2 = —5(—1)(3xi2)2’

y" = —5.(-1)(-2).3°(3x +2)% = —5(—1)(—2)ﬁ?
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e Vi du 2. Tinh dao ham clp n cla ham sb

_bx—1
T
Ta cé: y—2 =2-503x+2)1,

(3 =

y'=-5.(- 1)( 2) 32(3x +2)7 = —5(—-1)(—2) gy
y" = =5.(=1)(=2)(-3).3*(3x +2)* =
—5(=1)(=2)(-3)@rar

Vii Hitu Nhy Bai giang Giai tich 1



e Vi du 2. Tinh dao ham clp n cla ham sb

_6x—1
C 3x+2

y

Ta cé:y:2—ﬁ:2—5(3x+2)_17

= y' = —=5(=1).3.3x +2) 7 = —5(—1) z25p

y" = —5.(-1)(-2).3°(3x +2)% = —5(—1)(—2)ﬁ?
y" = =5.(=1)(-2)(-3)F(3x + 2)* =

—5(=1)(=2)(-3) gray

Téng quat (chiing minh b3ng qui nap) ta cé:

3" (=1)"1.5.3" pl

y = =5(-1)(=2)- (=n) (Bx +2)"  (3x + 2)
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(2) Quy téc tinh dao ham cip cao.
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(2) Quy téc tinh dao ham cip cao.

a) | (u+v)? =™ v T Aw)M = Au N eR
b) Cong thiic Leibnitz.
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(2) Quy téc tinh dao ham cip cao.

a) | (u+v)? =™ v T Aw)M = Au N eR
b) Cong thiic Leibnitz.

(wv) =d'v+
(w)" =d"v+ 20V + "

/i /

(w)” =u"v+3u"V + 3V +uw”

n n
k=0 k=0

véi Ck = Wlk),, u©® =y v =v.
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e Vi du. Tinh dao ham cip n(n > 3) ctia ham s
y = (x*+x+1)e>.
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e Vi du. Tinh dao ham cip n(n > 3) ctia ham s
y=(2+x+1)e>
Ditt u=x2+x+1, v=¢e*
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e Vi du. Tinh dao ham cip n(n > 3) ctia ham s
y=(2+x+1)e>
Ditt u=x>+x+1, v=e¥*  Tacs,

U =2x+1,u" =2, u% =0 véi moi k>3, va vk = 3ke3x,
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e Vi du. Tinh dao ham cip n(n > 3) ctia ham s
y=0*+x+1)é

Ditt u=x>+x+1, v=e¥*  Tacs,

v =2x+1,u" =2,u =0 véi moi k >3, va vk = 3ke?*.

Theo cong thiic Leibnitz, suy ra

Y = (uv)™ = ch (k) (n—K)

= C,?u(0 vin 4 C,}u(1 v 4 C,fu(z)v("_z) +0

Yy = [(x® + x +1)3" + n(2x + 1)3" + n(n — 1)3"?] €3

Vii Hitu Nhy Bai giang Giai tich 1



(3) Cong thirc khai trién Taylor.

Cho f(x) lién tuc trén [a; b] va kha vi trén (a; b). Xét
X0, X = Xo + h € (a; b).
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(3) Cong thirc khai trién Taylor.

Cho f(x) lién tuc trén [a; b] va kha vi trén (a; b). Xét

X0, X = Xo + h € (a; b).

- Ap dung dinh If Lagrange v8i a = xo, b = xo + h, ton tai
6 € (0;1) sao cho

f(X) = f(Xo + h) = f(Xo) + f,(Xo + Gh)h
f(x0) + f'(x0 + 0(x — x0))(x — xo)-
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(3) Cong thirc khai trién Taylor.

Cho f(x) lién tuc trén [a; b] va kha vi trén (a; b). Xét

X0, X = Xo + h € (a; b).

- Ap dung dinh If Lagrange v8i a = xo, b = xo + h, ton tai
6 € (0;1) sao cho

f(X) = f(Xo + h) = f(Xo) + f,(Xo + Gh)h
f(x0) + f'(x0 + 0(x — x0))(x — xo)-

- Téng quat ta c6 dinh Ii sau:

Vii Hitu Nhy Bai giang Giai tich 1



(1) Dinh Ii (Céng thirc khai trién Taylor)

Gia st f(x) kha vi lién tuc cip n trén [a; b] va kha vi cAp
(n+1) trén (a; b). Xét x,x € (a; b). Ta cé cbng thirc khai
trién sau
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(1) Dinh Ii (Céng thirc khai trién Taylor)

Gia st f(x) kha vi lién tuc cip n trén [a; b] va kha vi cAp
(n+1) trén (a; b). Xét x,x € (a; b). Ta cé cbng thirc khai

trién sau
F(x) = F(x0) + f/(1>!<o) (x — x0) + f//é)lm) (x — Xo)2 T
f("(xo) L M) (g 4+ 0(x — xg)) it -
Nl (x —x0)" + (n+ 1) (x — x0)"",0 € (0;1).(1)
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(1) Dinh Ii (Céng thirc khai trién Taylor)

Gia st f(x) kha vi lién tuc cip n trén [a; b] va kha vi cAp
(n+1) trén (a; b). Xét x,x € (a; b). Ta cé cbng thirc khai

trién sau
F(x) = F(x0) + f/(1>!<o) (x — x0) + f//é)lm) (x — Xo)2 T
f("(xo) L M) (g 4+ 0(x — xg)) 1 _
Nl (x —x0)" + (n+ 1) (x — x0)"",0 € (0;1).(1)
- Phan da thiic
'(xo (M (xo
Pa(x) = o)+ L0 — i) v D e
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(1) Dinh Ii (Céng thirc khai trién Taylor)

Gia st f(x) kha vi lién tuc cip n trén [a; b] va kha vi cAp
(n+1) trén (a; b). Xét x,x € (a; b). Ta cé cbng thirc khai

trién sau
F(x) = F(x0) + f/(1>!<o) (x — x0) + f//é)lm) (x — Xo)2 T
f("(xo) L M) (g 4+ 0(x — xg)) 1 .
Nl (x —x0)" + (n+ 1) (x — x0)"",0 € (0;1).(1)
- Phan da thiic
"(xo (M (xo
P.(x) = f(x0) + f (1! )(x—xo)+ + f n(! ) x—xo)".

- Phan du:
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Chi y 1. Cong thic khai trién Taylor (1) c6 dang khéc:
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Chi y 1. Cong thic khai trién Taylor (1) c6 dang khéc:

f(x) = f(xo) + f/(lf") (x — x0) + fﬁéf") (x — x0)?
(n) X0
o f n(! ) (x — x0)" + o((x — x0)"). (1)
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Chi y 1. Cong thic khai trién Taylor (1) c6 dang khéc:

f(x) = f(xo) + f/(lTO)(X —x) + fﬂé)!(O)(X ~ %)
(n) X0 /
ot ROy (- x)). (1)

Cha y 2. Khi ham sb f(x) la da thiic bac n, ta c6 khai trién
sau:
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Chi y 1. Cong thic khai trién Taylor (1) c6 dang khéc:

f(x) = f(xo) + f/(l)!%)(x —x) + fﬂé)!(O)(X ~ %)
(n) X0 /
ot ROy (- x)). (1)

Cha y 2. Khi ham sb f(x) la da thiic bac n, ta c6 khai trién
sau:

f(x) = Py(x) = f(x0) + f/(l)!(o)(x —Xp) + f//éfo)(x —X)?
(™ (x,
+ - f I‘I(! )( —Xo)n.
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Chi y 1. Cong thic khai trién Taylor (1) c6 dang khéc:

f(x) = f(xo) + f/(l)!%)(x —x) + fﬂé)!(O)(X ~ %)
(n) X0 /
ot ROy (- x)). (1)

Cha y 2. Khi ham sb f(x) la da thiic bac n, ta c6 khai trién
sau:

f(x) = Py(x) = f(x0) + f/(l)!(o)(x —Xp) + f//éfo)(x —X)?
+o f(nl(!xo)(x —x0)".

(2) Céng thirc khai trién Maclaurin. Khi xp = 0, ta c6
cdng thic khai trién Maclaurin
f! 2 £(n)

0, (0, ©

T 5 x—|—~-~—|—Tx +o(x"). (2)

f(x)=f(0)+
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Viét thanh da thifc clia 3n X = x — 1 ca da thiic
P(x) = x> —3x* — 1.
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Viét thanh da thifc clia 3n X = x — 1 ca da thiic
P(x) = x> —3x* — 1.

Ta cb. P'(x) = 5x* — 6x, P"(x) = 20x> — 6, P"'(x) =
60x2, P*)(x) = 120x, P®)(x) = 120.

Vii Hitu Nhy Bai giang Giai tich 1



Vi du 1.

Viét thanh da thifc clia 3n X = x — 1 ca da thiic
P(x) = x> —3x* — 1.

Ta cb. P'(x) = 5x* — 6x, P"(x) = 20x> — 6, P"'(x) =

60x2, P*)(x) = 120x, P®)(x) = 120.

Theo cong thic khai trién Taylor ta cé:

Pl/(l)
2!

) = Py + P W gy PW g PR gy
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X

Viét khai trién Maclaurin ctia ham sb f(x) = e*.

Vi Hitu Nhy



X

Viét khai trién Maclaurin ctia ham sb f(x) = e*.
Ta c6. f(V(x) = e*.
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Vi du 2.

Viét khai trién Maclaurin ctia ham sb f(x) = e*.

Ta c6. f(W(x) = e*.
Céng thic khai trién Maclaurin:

f! £ f(”)
e~ = f(O) + (O)X + (O)X2 R (O)Xn + O(Xn)
1! 2! n!
1 1 1
=1+ =x+—x>+-+—x"+o(x").

1! 2! n!
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Vi du 2.

Viét khai trién Maclaurin ctia ham sb f(x) = e*.

Ta c6. f(W(x) = e*.
Céng thic khai trién Maclaurin:

f! £ f(”)
e~ = f(O) + (O)X + (O)X2 R (O)Xn + O(Xn)
1! 2! n!
1 1, 1, N
:1+ﬁx+jx oot X + o(x").

e Dit biét ta c6 khai trién sau:
e =1+ x4+ o(x).
X2
e” :1—|—x—|—?+o(x2)
2 X3

eX:1+X+%+€+O(X3)

Vii Hitu Nhy Bai giang Giai tich 1



Vi du 3.

Viét khai trién Maclaurin dén cap 3 clia cdc ham s sau:

1L.f(x)=(1+x)%a#0, 2 f(x)=sinx, 3.f(x)=cosx
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Vi du 3.

Viét khai trién Maclaurin dén cap 3 clia cdc ham s sau:

1L.f(x)=(1+x)%a#0, 2 f(x)=sinx, 3.f(x)=cosx

Ta cé.
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Vi du 3.

Viét khai trién Maclaurin dén cap 3 clia cdc ham s sau:

1L.f(x)=(1+x)%a#0, 2 f(x)=sinx, 3.f(x)=cosx

Ta cé.
-1 -1 -2
1. (1 —l—X)a =14+ ax-+ %)g + Oé(Oé 3)|(a )X3 + O(X3).
, ! !
2. sinx = x — =x> + o(x%)
6
1 1
3. cosx=1-— §X2 +o(x*)=1- §X2 + o(x?)

Vii Hitu Nhy Bai giang Giai tich 1
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- Tinh gi6i han. Chay

1@3% =0, o(M(x))=Mo(f(x)),AeR
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- Tinh gi6i han. Chay

1@3% =0, o(M(x))=Mo(f(x)),AeR

- Tinh gan ding.
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- Tinh gi6i han. Chay

1@3% =0, o(M(x))=Mo(f(x)),AeR

- Tinh gan ding.
- Tim cuc tri,....

Vii Hitu Nhy Bai giang Giai tich 1



Duing khai trién Taylor d& tinh cac gidi han sau:

.oef—1—x
A=Im ——
x—0 X2

B — jim sin2x — 2x + x3

i
x=0 X — 1 — x — Ix2

2
_ X
C =lim

x=0cosx — 1+ 2x + x

Vi Hitu Nhy

Bai giang Giai tich 1



Tinh gan ding.

Vii Hitu Nhy Bai giang Giai tich 1



Tinh gan ding.

Cho ham sb f(x) kha vi tai x = xp. Khi Ax ~ 0, ta c6 cong
thic
f(xo + Ax) =~ f(x0) + '(x0)Ax.

Vii Hitu Nhy Bai giang Giai tich 1



Tinh gan ding.

Cho ham sb f(x) kha vi tai x = xp. Khi Ax ~ 0, ta c6 cong
thic
f(xo + Ax) =~ f(x0) + '(x0)Ax.

Example
Tinh gan ding:

L3001 feow
340,00 005 C = cos(0.00).

Vii Hitu Nhy Bai giang Giai tich 1



2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

Vii Hitu Nhy Bai giang Giai tich 1



2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

(1) Khir dang 2.
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2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

(1) Khir dang 2.
Dinh i 1. Gia sir

lim f(x) = lim g(x) =0 va g'(x)# 0 Vx gin x.

X—>X0 X—>X0
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2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

(1) Khir dang 2.
Dinh Ii 1. Gia st
lim f(x) = lim g(x) =0 va g'(x)# 0 Vx gin x.
X—>X0 X—>X0
Néu o
lim (x)

— L.
x=% g'(x)
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2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

(1) Khir dang 2.
Dinh i 1. Gia sir

lim f(x) = lim g(x) =0 va g'(x)# 0 Vx gin x.

X—>X0 X—>X0
Néu o
fim £ _
x=% g'(x)
thi ;
[im ﬁ L
=% g(x)
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2.2.4. Ung dung clia phép tinh vi phan: Quy tic

L'Hospital.

(1) Khir dang 2.
Dinh i 1. Gia sir

lim f(x) = lim g(x) =0 va g'(x)# 0 Vx gin x.

X—>X0 X—>X0
Néu o
fim £ _
x=% g'(x)
thi ;
[im ﬁ L
=% g(x)

Cha y: Dinh ly 1 vin ding khi xét
X—)Xd_, X — Xy, X— *Eoo.

Vii Hitu Nhy Bai giang Giai tich 1



Dung quy tic L'Hospital tinh cac gisi han sau

e —1-—
A= lim € - -=x
x—0 X2
sin2x — 2x + x3
B = lim +

i
x=0 X — 1 — x — Ix2

2
_ X
C =lim

x=0cosx — 1+ 2x + x

Vi Hitu Nhy

Bai giang Giai tich 1



(2) Khir dang .

Vii Hitu Nhy Bai giang Giai tich 1



(2) Khir dang .

Dinh Ii 2. Gia sit

lim f(x) = oo, lim g(x) =00 va g'(x)# 0 Vx gan x.

X—rX0 X—rX0

Vii Hitu Nhy Bai giang Giai tich 1



(2) Khir dang .

Dinh Ii 2. Gia sit

lim f(x) = oo, lim g(x) =00 va g'(x)# 0 Vx gan x.

X—rX0 X—rX0

Néu
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(2) Khir dang .

Dinh Ii 2. Gia sit

lim f(x) = oo, lim g(x) =00 va g'(x)# 0 Vx gan x.

X—rXQ X—>X0
Néu p
im £ )
x=x g'(x)
thi ;
lim & =L
X—rX0 g(X)
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(2) Khir dang .

Dinh Ii 2. Gia sit

lim f(x) = oo, lim g(x) =00 va g'(x)# 0 Vx gan x.

X—X0 X—rX0
Néu p
im £ )
x=x g'(x)
thi ;
lim & =L
X—rX0 g(X)

Cha y: Dinh ly 2 vin diing khi xét
X = x5, x—x5, x—+too.

Vii Hitu Nhy Bai giang Giai tich 1



Dung quy tic L'Hospital tinh cac gisi han sau

3
. X
A= |lm —
x—~o0 X
In? x
B = Iim

x—=+00 \/x + 1

Vii Hitu Nhy Bai giang Giai tich 1



Dung quy tic L'Hospital tinh cac gisi han sau

X3

A= |lm —

x—~o0 X

In® x

B= lm ——
x—=+00 \/x + 1

Chd y. Quy tic L'Hospital c6 thé 4p dung nhiéu Ian lién tiép.

Vii Hitu Nhy Bai giang Giai tich 1



(3) Khr dang 0.00; 0o — 00; 1°.
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(3) Khr dang 0.00; 0o — 00; 1°.

— Bién d6i vé dang % hodc 2. Ap dung quy tic L'Hospital.
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(3) Khr dang 0.00; 0o — 00; 1°.

— Bién d6i vé dang % hodc 2. Ap dung quy tic L'Hospital.
Cha y.

le — evlnu
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(3) Khr dang 0.00; 0o — 00; 1°.

— Bién d6i vé dang % hodc 2. Ap dung quy tic L'Hospital.
Cha y.

le — evlnu
Vi du. Tinh cac gidi han sau:

A= lim (,i -
x—0 *sIn X tan x

1
B = lim (14 2x?)~s

x—0

)

Vii Hitu Nhy Bai giang Giai tich 1



