
Chapter 1 1

Chapter 1:

Fourier Series

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Chapter 1 [2]

1.1: Periodic Function :

sinwave:

nonsin wave:

Two types :

Periodic Function :    f(t) = f(t + nT) 
( n = ±1, ±2 … ; T = const = period )
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Need to research Fourier Seies ?

DC analysis:

AC analysis:

Periodic signal analysis:
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1.2: Trigonometric Fourier Series :

Vôùi : n  = 1,2 …
ω0 = 2π/T = taàn soá cô baûn
a0 , an , bn = caùc heä soá khai trieån Fourier .

[ ]0 0 0
1

( ) cos( ) sin( ) (1)n n
n

f t a a n t b n tω ω
∞

=

= + +∑

1) Trigonometric series:

If f(t) = defined – singlevalued – periodic (Dirichlet 
Conditions) : can be presented by a Fourier series : 
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2) The Fourier Coefficients :
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3) Analytic Description of a periodic 
signal :

a) Between t = 0 and t = 4: f(t) = 3, i.e  f(t) = 3     0 < t < 4 .

b) Between t = 4 and t = 6: f(t) = 0, i.e  f(t) = 0     4 < t < 6 .

So we could define the function: 

3 0 4
f(t)

0 4 6
f(t) f(t 6)

 < <
=  < < 

 = +

t
t
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Example1: Find Fourier Series ?

a) Determine the Fourier Series ?
b) Checking by MATLAB ?
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Using MATLAB :

pi = 3.14159; N = 100; T = 3; a0 = 1;
w0 = 2*pi/T;
t = linspace(0,2*T,600);
for n=1:N

a(n)= (3/(n*pi))*sin(4*n*pi/3);
b(n)= (3/(n*pi))*(1 - cos(4*n*pi/3));

end
for i=1:length(t)

f(i) = a0;
for n=1:length(a)

f(i) = f(i) + a(n)*cos(n*w0*t(i)) +  
b(n)*sin(n*w0*t(i));

end
end
plot(t,f,'black');
xlabel('t(s)');
ylabel('f(t)');
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1.3: Symmetrycal Functions :

/ 2

0
0

2 ( )
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a f t d t
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= ∫
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4 ( )cos( )
T

na f t n t dt
T

ω= ∫

0nb =

a) Haøm chaün f(t) = f(-t) : 
Tín hieäu nhaän truïc tung 
laøm truïc ñoái xöùng.
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b) Odd Function :

0 0a =

0na =

/ 2

0
0

4 ( ) sin( )
T

nb f t n t dt
T

ω= ∫

Haøm leû f(t) = - f(-t) : Tín hieäu 
nhaän goác toïa ñoä laøm taâm ñoái 
xöùng.
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c) Half-wave Function :
Haøm ñoái xöùng nöûa soùng :

f(t) = - f(t ± T/2 ) :
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na f t n t dt
T
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0
0

4 ( ) sin( )
T

nb f t n t dt
T

ω= ∫

Khi leû : 

Khi n chaün : 0n na b= =

0 0a =TP DC : 

Examples of signals with half-wave symmetry
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d) Half-wave and even Function :

…,2,1,0 ==⇒ nbneven
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e) Half-wave and odd Function :
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f) With no symmetry :

f1) DC level Changing:
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f) With no symmetry :

f2) Time Shift:
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f) With no symmetry :

f3) Resolve into two components :

( ) ( )( )
2e

f t f tf t + −
=

( ) ( )( )
2o

f t f tf t − −
=

[Haøm f(-t) xaùc ñònh baèng ñoà thò ]

a0 = a0e an = ane bn = bno

Vaø ta coù :
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1.4: The Alternative Forms of Fourier 
Series:

0 0
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D a b
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ϕ


 =
 = +

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Vôùi : 
d0 = thaønh phaàn DC (trung bình).
D1cos(ω0t + ϕ1) = Tp haøi cô baûn.
Dkcos(kω0t + ϕk) = Tp haøi thöù k.
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1) Cosine Fourier Series:
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2) Exponential Fourier Series :
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Neáu söû duïng caùc coâng thöùc bieán ñoåi Euler vaøo phöông 
trình (1) , ta nhaän ñöôïc chuoãi Fourier daïng soá muõ (daïng soá
phöùc ) nhö sau :
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0 0 0
0

1 ( )
T
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Chuoãi daïng muõ vaø chuoãi löôïng giaùc:
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Chuoãi daïng muõ quan heä vôùi caùc daïng khaùc :
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Ví duï 1: Chuoãi Fourier muõ.
Determine the exponential Fourier series
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1.5: Applications of Fourier Series:

1) Frequency Spectra:

0 0
1

( ) cos( ) (2)n n
n

f t d D n tω ϕ
∞

=

= + +∑ Cosine expansion

Phoå bieân ñoä : bieåu dieãn Dn theo n .
Phoå pha : bieåu dieãn ϕn theo n .
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Example1: Frequency Spectra
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Determine and plot the first four terms
of the spectrum

Amplitude spectrum

nD

Phase spectrum

nϕ

1 1 2

40 20 7.5 122D jϕ
π π

∠ = − − = ∠− °

3 3 2

40 20 2.2 102
9 3

D jϕ
π π

∠ = − − = ∠− °

5 5D 1.3 97ϕ∠ = ∠− °

2n n n n nD C a jbϕ∠ = = −

7 7D 0.92 95ϕ∠ = ∠− °
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Example2: Frequency Spectra ?
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2) Response to Periodic Excitations:

a) Problem:

Circuitx(t) y(t)

Find the steady-state response y(t) if   x(t) = periodic signal ? 
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b) General Procedure:

0 0
1

( ) cos( )
∞

=

= + +∑ n n
n

v t V V n tω ϕ

i. Determine the Fourier Series of v(t):

ii. Superposition :

0 0
1

( ) cos( )
∞

=

= + +∑ n n
n

i t I I n tω ψ

DC Analysis (ω=0): Find I0.

AC Analysis (ω=nω0): Find In and ψn .
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Using Frequency Response for 
Harmonic Analysis (AC analysis) :

R RL C 0jn Lω
0

1
jn Cω

Circuit Elements:

Determine Frequency Response: H(jnω0) = I(jnω0)/V(jnω0) .

From Fourier Series → V(jnω0)  → I(jnω0)  .

0 0 0 0 nH(jnω ) M(nω ) (nω )  &  V(jnω ) V= ∠ = ∠ nθ ϕ

0 n 0 0 n nI(jnω ) V .M(nω ) (nω ) I  = ∠ + = ∠nϕ θ ψ
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Find Frequency Response H(jω) * :

i. Using the basic laws in the phasor domain .

Y(jω)H(j )
X(jω)

=ωH(jω)X(jω) Y(jω)

ii. Assuming Y(jω) = 1 → Find X(jω) → then calculate H(jω) .

iii. Determine the Transfer Function H(s) (See chapter 6) →
then replace s by jω .

(*): very important to Electronic Engineering .
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