n \ - Ia

' h““ctl'"dh'
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= Natural number = positive integers. AR

7 m;mmnlnn 'Q\
- negatlve 1ntegers and Zero . \ \% W
o . Ratlonal number: 1/3,, 2/3,%... . (R
* Irrational number: © = 3.14159....

= Rational and irrational number = real number .

= Real number = represented by real axis .

Chapter 7 [2]
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The Ccmplex .

I 1| T
j | A4 II i\ ""-' A

* Imaginary number = root of negative real number

V=3 =3y = V3] Wﬂm e\

b A O R
- Complex number = real number + Imagmary number

z=a+]b

* The components:
Re(z) =a| |aps(z)=+a2+b*

Im(z) =b| |arg(z)=tan"'(b/a)
(—m<arg(z) < m)

Chapter 7 [3]
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The forms of Co

. l-.'
= Algebra form: |

= Exponential form 7 — 1. \l*‘ \ i RN N\
[l ) i AN
o Trlgonometrlc form Bz = I‘[COSO + JSln 9] \ RN
’ 7 rJ'},M fi

. ' RN A
= Stelnmetz form z=1/0 N \"‘

Chapter 7 (4]
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~ 'J
The Complex Con
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The Fundamental u |

1. Addition:

. .Hlllill 'u.'
o --.,.-'.I'a;- f]I“| ||| ||| ||1l |\ .
i Ji L
3. Multlphcatlon : '_»J Ji il
, /,f,em Cuu c’urms than ¢ r.m“

.!
o

I"

5. Powers: 6. The nth Roots:

Chapter 7 [6]
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o Functlon one of the most 1mp0rtant concepts in math

LN AT IR ¥ L T N N N e N o TR

X Functlon rule hat asmgns one element in set A to one/only
one element in set B.

*» Complex Function (or Function of a complex variable ) w = f{(z)
: input z and output w are complex.

= Example: w = f{z) = z? — (2+j)z defines a complex function.

** Domain S of a complex function = set of all complex numbers z
for which 1(z) defined.

e Types : —— Single-valued: f(z) = z2 . (default)

Chapter 7 \ Multi-valued: {(z) = sqrt(z) . 7
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Determine region represente
(c) /3 <arg(z) <m/2?

a) |z| <1 : Interior of a circle radius 1. = N

" A
—— — W R
N Lkt gl U AR A
¥ f = _...,.‘_?_- i £ .‘.'-"'I

RCERNRIRN R Ny,

b) 1 <|z+j2| £2 : exterior radius 1 but interior of a circle radius 2.

¢) /2 < arg(z) < ©/2 : infinite region, including the lines.

Chapter 7 [8]
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EveryzonS, we have w f(z) u +JV u(x,y) + Jv(x,y)

=

X Complex Functlon mapplng or transformatlon. Each point
(region) in z-plane is mapped onto another in w-plane.

y A Z-plane i A W_plane
---------------------- Mg — : ;
Y1 Zlé 17N 3 .
: e b )
X X1 X Az)
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L -",|| Lill.'\‘\.\\
ion comp

SRR G INNGRNNN

. Fu'nc"'f

I_r::;l"l. a0 .' i 1
/ [k

R/

- (@=x+jy+— 1y + 7 AN
X+ ]y X Ty .

X

u(x,y)=x+ : >
X" +y

V(X9Y):y_ zy 2
X Ty

Chapter 7 [10]



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

What are the real and imaginary parts of f(z)=z+—
zZ

f(z) =re!’ +

Chapter 7

.............
..............

LY L 1Y o
X A \
i b R AN )

re
u(r,0) =rcos0O + cost

r
sin 0

v(r,0) =1s1mn 0 —

I

—5 =1(cos0 + jsin0) + - (cos@ JSIHG)%

r

in polar representation ?

(1]
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i 5;"‘ ;.*_'-

o
i el
Ll %, i
~'.' r._,-‘. )
o = —
i K .-'..-"*H}W:'

(8 € : positive real number)

= Limit is written as : hm f(Z) = L

Z—>Z
= if Limit exists, it is unique.
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Propéﬁi-es.

| |||f||| ||1” 'H"_ NN
Limit of complex function has the same properties in the
real case.

7 AN mm\‘% MR
hm(f(z) + g(Z)) =limf(z) tlimg(z),

d 1@(f(z) 2(2)) = limf (2).limg(2) |
lim| 1) ;233“2)
> g(z) ) limg(z)

Z—a

Chapter 7 [13]
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Evaluate lim (z° 127+

zZ—>]2

-'.'.J-" Jil ,u"f'-u' i N AR L AN

(2 +2245)= -4+ j4+5.

R W
B T A

[ e i
D\ A
iy v S

5 ¥

om

— lim(zz+22+5):1+j4

z—]j2
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il L =f(zy).

And written by : lim f(Z) = f(ZO)

Z—Z

[15]
Chapter 7
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f(Z J) .hJ

!’::f‘.'- 3 .’ A
3 11) hmz

A j' z—>]

——=>f(z) =z’ is continuous at z = j

Chapter 7 "


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Derlva tiv

JIAITTAREANN
T RN\

= The derivative of a complex function f(z), ertten f’(z) ,

defmed

,. £ % x/ Az—0 AZ
s
S .

% Example: Given f(z) = 22, find £’(z) ?

f(z+Az)—f(2)=2" +2zAz + Az" —

2 2 )
lim 2T 2FAZYAZ T2 07+ A7) = 2z
Az—>0 A7 Az—0
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Prdpert'ies;;if

f + g i f ) f'g B fg'

2

(c.f)' =cf’ (f + g)

A Lk S \ DN N
If f(zo) g(zo) 0 and g'(z,) # 0 then: lim f(z) _ im 12)
Z—)ZO g(Z) Z—)ZO g (Z)

(L’Hopital’s rule)

Chapter 7 e
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PRl
r '-‘. N ]
.-"

7 rHM f};l-

Cauchyﬁm Rlﬁe__’

(i i | '.,'|'.',}| I'-- | I :'n 1\1
= Let {(z) = u(x,y) + Jv(x,y) differentiable at z=x + jy , u and \%
exist and satlfy the Cauchy Riemann equatlons

~ 7 R \w\\ RN
W A & . ';"I: f \ -.:ﬁ-‘-. Y ol :\ ::-1._ A : .
- y i / f o A au aV | i " A N xil ﬂ S
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T ‘--.:

= if f(z) = deflned and dlfferentlable in domaln S :
analytic in S .

O T T
. \.‘ _ " %

. Il
a) Analytic Functlon Vi

“* Example: Is the function f(z) = z*> analytic ?

== f(z) = analytic

Chapter 7 [20]
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f"".' .||'| Il."'| I\

] -.-" ! I|l|

= f (z) must be deﬁned "lx I r' |

ATEYET |

: ﬁrst-order partlal derlvatlves (ux,uy,vx,v ) must ex1st |
7 ey 87 AN :.\’5 h"h"'“"b.'

i - Cauchy-Rlemann equatlons must be satisfied.

Chapter 7 [21]
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" iff(z)=u+jv= analytlc, uand v : satlsfled Laplace euat10n°

Y 0 1 OO Y
o°u 8 u ol \

/ 62V 0°v
ox? oy* ox* 0y’ .-

|— +— =0 (u,v = harmonlc func )
* Let f(z),g(z) = analytic, f + g ; f.g ; f/g (g#0) = analytic .

= Polynomial function f(z) = a, + a;z + a,2> + .. + a, 2" (n =
nonnegative integer) : analytic.

= Rational function f(z) = P(z)/Q(z) analytic in any domain S that
contains no point z, for which Q(z,)) = 0.
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Elementary fun Cti 1

1) The Exponentlal Functlon. |

y '/3‘('41..-.-a.\-‘-:a\ \

fz)=¢ = =

TR ,r J, I, I
I'

a yt1c and — (e ) Bs

* Modulus, argument and conjugate:

le” |=¢e||arg(e”) =y + 2nm||(e”) = ¢’

* Periodic : ezﬂ'“ — e’
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" Arithiy

=lnz=

lnr + J[-I— 2kn]| (k
* In(z) =
g T T A i 4

The Complex Lo arithn
i |||I| I “llhh
f(z)
Wil |'1|I I. l.‘n "'-;,IHL W\ \
Multlvalued functlon \ L "f.-::;;r
* In(z) = Inr+ JO (—n < 6 < n) called pr1nc1pa1 Value
/ f_ _’ZJ / CUU quong NE L COmENE *\‘*“
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The Complex Po" _. .“" A\

T :-.l-.;;n.

 If o = complex number and z ;é 0 the complex power

function is deﬁned

=TTV

0 Calculate 7" =¢

, ,-_’-t”' .
» 7 = Multivalued function, k = 0:principal Value

Chapter 7 [25]


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

(e |
|||||}||||I '|1||| - :'u'.:-.,\."' '

'|

“re | 1

Trlgonometrlc,f ’ } " c 101

sin(z) = : , | COS(Z) - 7 A (sec(z) = COS(Z)

f Y TR T u\ s o srm—

1 B
tan(z) _ SIH(Z) CO ( ) _ COS(Z) CO SGC(Z) = — S\\ 3 \ :
cos(z) sin(z) sin(z) R

= Following real vaiables, complex functions have inverses,
written in terms of complex logarithm.

= Periodic with period =27 .
e SIN(X + Jy) =sinX.coshy + jcosx.sinhy

e COS(X + Jy)=cosXx.coshy— jsinx.sinhy
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Derivatives: il
, il [l -|'| ..'|!l I.

Derivatives of Complex Trigonomelric Functions

d . d )
—gingz = cosz — 08z = —8INz

dz dz

i d

— tan z = sec> 2 —colz = —csclz

dz dz

il il

—SeCcz =8ecztianz —08Cz = —csczecotz
dz dz
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.}' f I |I i | |
(T J il |
) II||||| ||1 i A

2

/wmmm (LR VR B LT ﬁn‘nT"“ﬁ: "W'i\ﬁ BRI R L R B SRS N
cosh(z) 1

cosech(z) =—

cosh(z) sinh(z) sinh(z) |

cosh(z _‘

sinh(z) = © 2 cosh(z) _gie sec h(z) =

tanh(z) = inh(z)

coth(z) =

”s'inh(x + Jy) =sinh x.cosy + jcosh.siny

cosh(x + jy) =cosh x.cosy + jsinh x.siny
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Derivatives:

d
= sinh z

Chapter 7

T T E T I'..
i -|-|' 1

Deriwvatives of Ee:t: H

cosh z
sech”z

—sech z tanh z

i) 1 ANHRTERN

*..-;f*.s."'f;.'l'
perbolic Functions

f
— cosh z = sinh z
dz

d
SE coth z

)
—eachz = —eschz ecoth 2
dz

=
—csch™ z

(29]


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

