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Chapter 8 [2]

8.1: Complex Function w(t) :

Let w = f(z) defined in terms of one real variable t : 

w(t) u(t) jv(t)= +
b b b

a a a
w (t)dt u(t)dt j v(t)dt= +∫ ∫ ∫

2 2

0
 Compute the integral (1 jtExa ) dtmple1: ?−• ∫

2 82
30

(1 t )dt 2− = −∫
2

0
j (2t)dt j4− = −∫

2 22
30

(1 jt) dt j4− = − −∫
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Chapter 8 [3]

8.2: Complex Line Integrals :
● Defined:

0
x

y z-plane

z1
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znzn-1
(C)ξ1

ξn

a

b

( )
nb

k k k 1a C
k 1

f (z)dz f (z)dz f ( ) z z −
=

= = ξ −∑∫ ∫
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Chapter 8 [4]

● Connection between real & complex line 
integrals:

( )( )
C C
f (z)dz u jv dx jdy= + +∫ ∫

( ) ( )
C C C
f (z)dz udx vdy j udy vdx= − + +∫ ∫ ∫

Sum of two second line integrals .
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Chapter 8 [5]

Example1: Complex Line Integral 
y

x
0 1 2

j

j4

a

b

y = x2

y = 3x – 2 

b 2

a
Compute I z dz  ?= ∫
a) Follow y = x2 ?
b) Follow y = 3x – 2 ?

b b b2 2 2 2 2

a a a
z dz [(x y )dx 2xydy] j [2xydx (x y )dy]= − − + + −∫ ∫ ∫

a) y = x2 → dy = 2xdx.
2 22 4 4 3 2 4

1 1
I [x x 4x ]dx j [2x (x x )2x]dx= − − + + −∫ ∫

3 62 2
x x5 4
3 31 1

I [ x ] j[x ] 28.67 j6= − + − = − −
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Chapter 8 [6]

Example1: Complex Line Integral 
y

x
0 1 2

j

j4

a

b

y = x2

y = 3x – 2 

b 2

a
Compute I z dz  ?= ∫
a) Follow y = x2 ?
b) Follow y = 3x – 2 ?

b b b2 2 2 2 2

a a a
z dz [(x y )dx 2xydy] j [2xydx (x y )dy]= − − + + −∫ ∫ ∫

b) y = 3x – 2 → dy = 3dx.
2 22 2 2 2

1 1
I [x (3x 2) 6x(3x 2)]dx j [2x(3x 2) (x (3x 2) )3]dx= − − − − + − + − −∫ ∫

3 2 226x 2 3 2
3 11

I [ 12x 4x] j[ 6x 16x 12x] 28.67 j6= − + − + − + − = − −

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Chapter 8 [7]

● Cauchy’s theorem : 

C
f (z)dz 0=∫

Let f(z) analytic in S and its boundary C , then :
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Chapter 8 [8]

8.3: Cauchy’s Integral Formula : 

j jLet  z a e dz j e dθ θ− = ε ⇒ = ε θ

j

j
1

2f (z) f (a e ) j
(z a) eC 00

dz lim j e d jf (a)2
θ

θ

π +ε θ
− εε→

= ε θ = π∫ ∫

Proof:
1

f (z) f (z)
(z a) (z a )C C

dz dz− −=∫ ∫

● Let f(z) analytic in S and its boundary C , a : any point inside 
C, then: 

(C: traversed in CCW)C

1 f (z)f (a) dz
2 j (z a)

=
π −∫

C

1 f (z)f (a) dz
2 j (z a)

=
π −∫
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Chapter 8 [9]

And the second formula : 

(n)
n 1C

n! f (z)f (a) dz
2 j (z a) +=
π −∫ (n = 1, 2, 3 … )

The nth derivative of f(z) at z = a :
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Chapter 8 [10]

8.4: Poisson’s Integral Formulae : 

2 22

2 20

1 R ru(r, ) u(R, )d
2 R 2R.rcos( ) r

π −
θ = ϕ ϕ

π − ϕ− θ +∫

● Let C = cycle wih radius of R, using Cauchy formulae we 
have : 
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