Phép tinh vi phian ham nhiéu bién

A. Ly thuyét.

e Dinh nghia ham hai (nhiéu) bién va MXD cua ham s6. Pinh nghia va cach tinh gi6i han diy diém, gidi
han ham sé. Pinh nghia tinh lién tuc ctia ham sd.

e Dinh nghia va cach tinh dao ham riéng cip 1. Biéu thirc va tmg dung cua vi phén cap 1. Cong thirc tinh
dao ham riéng ciia ham hop. Cach tinh dao ham riéng va vi phén cip 2 (cap cao).

¢ Dinh nghia cuc tri. Cac dinh ly diéu kién can, diéu kién du cua cuc tri (quy tac tim cuc tri). Cong thirc
tinh dao ham ham 4n. Pinh nghia cuc tri ¢ diéu kién. Cach tim cuc tri ¢6 diéu kién. Cach tim max va min cia
ham sé trén tap dong va gidi ndi.

B. Bai tap..
a) z=Inxy b) z= > 1. Tim mién x4c dinh cta cac ham sau day
y—X
2 2
Xy
C) 2= [A-——-=
2 bZ
d) z= t 1 e) z= arcsin Y =2 f) z=xIny
JX+Y  Jx-y X
Léi gidi.

a)Dz{(x,y)eDz:xy>0}.
b) Dz{(X,y)eDZZy?&XZ}

2 2
c) D=<(x, eDZ:X—+y—£1 .
e

d) Dz{(x,y)eDZ:—x<y<x}.

e) Ham sd xac dinh khi

LYl —yexl o {y£x+lv{y2x+l
Sy 1o X X - x>0 x<0
X y-1 ., y+x-1 {yk—x+1v{y£—x+l
X X x>0 x<0
f) Ham s6 xac dinh khi

x>0 x<0 x>0 [x<0
xlny>0< v & v
Iny>0 |Iny<0 y>1 |0<y<l1

2. Tinh cac gidi han sau day

. X
a) Iim(x2+y2)sini b) lim 2% ¢) lim (1+Xj
x—0 Xy x—>0 X X—>00 X
y—0 y—2 y—2
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2 2 1
X+ e) lim Xy f) Iim(1+x2y2)><2+y2

d) lim

2 2
X—0 X 4 x>0 [y2 2 x—0
Yo y yON/x+y+11 =0

Loi gidi.
1 . .
a) Tir 0< (x2 +y2)sm— <x*+y*va I|rr(1)(x2 +y?) =0, theo tiéu chuin kep, ta dugc
X
y Y0
- 2 2 - l
Ilm(x +y )sm—zo.
x—0 Xy
y—0
. sinxy 070 in x
b) I|mS y = lim >IN Xy =2.
x=>0 X x>0 XYy
y—2 y—2
X y
X1°0 —
0) |im(1+ij _ lim (1+X)y _e?,
X—>00 X X—® X
y—2 y—2
+ X 1 1 1 1 1 1 ”
d) T 0<|— yz < 2| | 5+ 2|y| 5 <—+—va lim = lim =+ lim — =0, theo tiéu
o I G R I I S AU W)
chuin kep, ta duoc
. X+
lim > y2=0.
Xy
. X’ +y 070 ;2 w2 2
e) lim = lim———Ilim{VJt*+1+1|=2,t =X+ y°.
’;j%«fx +y*+1-1 HO«/tZ —1+0
X2
f) Do lim— yz—llm =0 nén
x>0 X~ 4+ y° x>0 1 1
y—0 y=0 5t 5
y© X

1

Iim(1+ x2y2)><2+y2 = lim (1+ xzyz)x
x—0 x—0
y—0 y—0

212 X2+y2 0
y =e =1.

3. Chirng minh cac ham sau day khong co gi(’yi han khi (X,y)—(0,0)

X - w22
VT KA +§2 C)f(x’y):xzy2+(y><—y)2
Loi gidi.
a) Do khi k — o0, ta cé
(Xﬁ’y”:(%’%j*(o’o) f(xi’y&)zllklikl/k:%_)%
2 2 12 hume 2,2 -1/k '
(Xk’yk):(_E,Ej—)(o;O) f(xk,yk):m:_lﬁ_l
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b) Do khi k — o0, ta cé

1 a1y (11 1.1 _l/k2—1/k2_
(at)=(3) o000 Jelstat) TR0
2 1 e 41K2-1/k* 3 3

2 . 2\_[|¢ 1 _ 2 2\ _ — B
(Xk’yk)‘(k’kj*(”(’) )= =5 s

c) Do khi k — o0, ta cé
1/k?.1/k?

1 1) _(11 fxt,yi)= =11
(Xk’yk)_(k’kJ%(o’o) (4] K217k +(1/k -1/k)?

11 e 1/k2.1/K? 11
2 \2)_| = = - 2 .2 :
Xicr Yk _(—,—j—>(0,0) fAX, Ve )= ===
b)={5 (x5 VKA + Uk +1/k)2 5

4. Tinh cac dao ham ham riéng cap 1 va vi phan toan phan cta cac ham sau day
X2 — y2 sinY

c)z=e X
X2 +y?

d) z=x" e) z=yx’ f) z=\X?y —xy?
9) z=|n(x+«/x2+y2) h) z = arctg Y. i) z =arcsin—=%
X

X

a) z=x>+y3—3xy b) z=

i) u=e¥sin k)u:(xy+5] ) u=In(xy+z)
z y

Loi gidi.

8) z, =3x* ~3y,2, =3y* ~3x va dz = (3x2 —3y)o|x+(3y2 —3x)dy .

2 —4x? 4xy (xdx — yd
(Xz 2) ( 2 2 2 2
+y X4y X< +y
y y sin 1 y sinY 1 y sinY y
C) zy =——;C0s=e X,zy=—cos=e Xvadz=—cos=e *|—-=dx+dy
X X X X X X X

d)Taco z=e*""* vay

y ! y _ _ Yy
7, =z7=¢" '”X(xylnx) =x* (yxyllnx+xy l):xX Y (yInx+1),
X

y 1
7/ =¢¥ '”X(xy In x)

y y
! = x* (xylnx.lnx):xx Y n?x,

y
dz=x"""2(ylnx+1) dx+(xXy+y In? x)dy

6) = y*x' ™,z =x¥ + yx’ Inx=x’(1+ yInx) va dz = x’ [yzx‘ldx+(1+ yIn x)dy].
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g2 V' X2y 2xy — y2dx+(x* - 2xy ) dy
2«/xy Xy y Zalxy Xy 2\fX2y—Xy2 '
1+ ——

0 7 - «}x +y* 1 L NS +y2 ~ X

x+\fx2+y2 _\/x2+y2’ ! X+ /X% + y? _(x+\/x2+y2)\/x2+y2

dz = dx N xdy
_fx2+y2 (x+\/x2+ 2)\/2 2
y X" +Yy
;o —ylx® -y 1/x X —ydx+xdy
+(y/x) y 1+(y/x) y y?
N 1 " 1 1 —ydx + dy
X~ ey —
X\/l—[(y—x)/x]2 X\/l—[(y—x)/x]2 \/1 [(y- x/x]

j) u=e¥ sin
z

“)ug = yze*¥sin X,ug = xzeZsin Y + Lexv7gosY u%— xye* Y2 gin ¥ . lexyzcosx**)
z z z z 5 z
6o 0
du = *¥* gyzsm Y dx + gxz sin Y + cos y—dy + é ysm cos Yidz=
z 5
K) u=£xy+§]
y
® oz &1 & O &1 & & =
ug¢ = z§y+ l Xy + 55 ;ug = zgy- LE Xy + 5: ug = exy + 55 In&xy +
y yo V25 yo Yo
2 Flee o & ) % 6 U
du = gxy+ X5 %§y+ lde+ zgy- X gy + Inéxy+ XdzY
yeo ¢ Yo V25 yo y
) u=In(xy+2z)
y
ug = ug = ug =
& Xy + z § Xy + z = Xy + z
du = 1 (ydx + xdy + dz)
Xy + z
5. Chtng minh rang
Z z
a)Ham z = In(x2+xy+ y2) thoa phuong trinh X8—+ ya—:Z.
ox oy

5 0z 0z
b) Ham z = xy + xe¥’* thoa phuong trinh xa— +Y—=Xy+Z
Loi gidi.

a) Taco
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oz 2X+y oz 2y+X
X XE+xy+y? oy xP4xy+y?

Khi d6
82 oz 2X + 2y + X
+Yy_—=X Y 7 tY 3 ! 7 =2
ax oy x+xy+y XS+ Xy+Yy
b) Tacé
—:y+ey’x(1 y)/\——x+ey’X
x) oy
Khi do
X@er@:nyrxey’X(l yj+yx+yeylx 2xy +xe¥* = xy +1.
ox oy X

6. Dung biéu thirc vi phan cip 1 tinh gan ding tri cta cac biéu thirc

_ 1,995 _ 2 1,02
2) A=(1,003) b) B=9.(195)" +(81)° ¢ C= arcty o

Loi giai. Trong bai nay ta &p dung cong thirc

f (X + A% Yo +AY) = f (X, Yo)+ fx (X0 Yo ) AX+ fy (%o, Yo )AY .

a) bat
(%0, Yo) =(12),(Ax, Ay) = (0,003;-0,005),
f(xy)=x" =y f; =x'Inx,
f (% ¥0) =1 £ (%0, ¥o) =2, Ty (%9, ¥5) = 0.
Ta duoc
= f (X +AX, Yo +Ay) #1+2x 0,003+ 0x(—0,005) =1,006..
b) Dit
(%0, Yo) =(2:8),(Ax, Ay) =(-0,05;0,1),
9x y
F(Xy)=yol+y? fl=et =S
(%0 ¥0) =10, (%, ¥o) =18, £ (%5, ¥5) = 0.8
Khi d6
= f (X +AX, Yo +Ay) ~10+1,8%(-0,05)+0,8x0,1=9,99.
c) bat
(%0, Yo) = (L1);(Ax,Ay) =(0,02;-0,05),
y ’ —X
f(x, arct = =,
(xy) gy x = x+y2 Y X2 y?
f(%00Y0) = 2 6 (%00 Y0) =3 1 (%0 Y0) = -
Khi do

C=f(x +AX, yO+Ay)z%+%x0,02—%x0,05:§+0,035.
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7. Tinh dao ham ham riéng cua cadc ham hop sau day

a) Choz=x2siny,x=—,y=vJu.Tinh z.,2,.
Vv
b) Cho f(x, y):arctgﬁ,x:usinv,yzucosv. Tinh ], f,.
y
¢) Cho z:yarctgl,yzcoszx.Tinh z.
y

d) Cho f(x,y)=Insin——,x=3t%,y=+1+t2. Tinh f.

Jy
Loi gidi.
a) Taco

zy =2xsiny, z| = x° COSY; X,

<IH

f u. ! V !
I

Ap dung cong thtrc dao ham cua ham hop, ta dugc

cosv/u

2Ju

) .

2, = 7., + z;,.y\’, = —ZLSsinv\/J+ \/Vcosv\/a
Y

b) Cho f(x, y):arctgﬁ,x:usinv,yzucosv. Tinh ], f,.
y

2U .
1o ! ! ro_
2, = 23X, + 2.y, —V—Zsmv«/u +

L e , ucosv . usinv
fi=tx+ 1y, =—5— ———SINV——— ———Ccosv=0
usin“v+u-cos”v u“sin“v+u-cos-v
ucosv usinv .
fi=tX+1y, =——— 55— UCOSV + ——— ———usinv=1
usin®v+u‘cos”v u°sin“v+u‘cos”v
c) Tacd
2
X i
z;zzy— z! —arctg—— Y =, Y'(Xx)=—sin2x.
X“+y y x4y
Ap dung cong thic dao ham ctia ham hop, ta duoc
iz ., ., cos* x X XCosZX | .
—=2,+2,.y (X)= 55— —| arctlg———— — |sin2x.
X X“ +C0S" X COS“ X X“+4C0S" X

d) Cho f(x,y)=Insin——=,x=3t%,y=+1+t2. Tinh f .

N

cotg—= ——cot g

LN i Ay e

’ ! I _ 3t t
ftzfxxt+fyyt_</1+7cotg</1+_t[ mj

8. Tinh cac dao ham ham ri€ng va vi phan cap 2 cua cac ham sau day

a) z=In(x>+y) b) z= \[2xy+ y?
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X+Yy 1

¢) z=arct d) u= .
) gl— ) X2 +y*+7°
Léi gidi.
a) z, = 2x Z', = va 2" 2(y—x2) 7" = -1 " —2X
ey Xy " (x2+y)2, " (x2+y)2’ N (x2+y)2
' y ' X+Yy
A R S
" J2xy +y? g J2xy +y?
" —y? " _X2 " X
zxxz%,zyy:—s,zxy:—ys.
(2xy+ y2) (2xy+y2) (2xy+y2)
07 = 1+y° (1-xy)* _ 1+y? _ 1 - 1
X (1—xy)2 (1—xy)2+(x+ y)2 1+x2y2+x2+y2 1+ %%’ 1+y2’
" —2X " _Zy "
Zxxzﬁ,zwzﬁ,ZXyZO.
(1+x ) (l+y )
duz—— "

X2+ y2+ 7 X2+ y2 + 72 X2+ y2 + 72
2., 2 2., 2 2, 2
_ ye+z _ _ X<+ z B y< + X
ug - 1”% = - ug -
J(Xz ry2+ Z2) \/(X2 +y2+ Z2) \/(X2 +y2+ 22)
— - Xy . _ - yz : _ - ZX
u%— 3,Ug§/— 3,ug‘§(— -
feozez) T feee2) ey 2)
42y = 1 gyz + zz)dx2 + (x2 + zz)dy2 + (x2 + yz)dz2 - 2xydxdy{ﬂ
= X Y
3 & 2xzdxdz- 2yzdydz
\/(x2+y2+22) 8 yeey :
9. Tinh dao ham cuia cac ham an xéac dinh boi cac phuong trinh sau day
a) arctgu-zzo. Tinh y'(x) b) xe’ +ye*—e? =0. Tinh y'(x)
a a
X +y*-2°=0
¢) X’ +y®+2°-3xyz=0.Tinh z, 2/ d) .Tinhy'(x),z'(x
’ X +2y*+3z° =4 (%).2(x)
Loi gidi.
a) Taco

F(x)=xe’+ye* —e? F =e’ +ye* —ye¥ F =xe’ +e* —xe".

Ap dung cong thirc tinh dao ham ctia ham 4n, ta duoc
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y(x)=— FX: __ey+yez—ye:y
F,  xe’+e*—xeV
b)F(x)::xy—lny—a:y'(x):_':;:_ y _ y? _
F, x-(Uy) 1-xy
Fo_y " —y"Iny
_F_);_ xy*t—xYInx

c) F(X)=y*—x¥ = y'(x)=

10. Phuong trinh z° + 2 = «} y? — 2% xac dinh ham 4n z = z(x,y). Chimg minh rang
X

LR
ox yoy 1z
Giai
11. Tim cuc tri cua CAc ham sau day
Q) z=4(x—y)—x?—y? b) Zz=X?+xy+y2+x—y+1
c) z=x+y—xe¥ d) z=(x-1)%+2y?
e) z=2x*+yt—x?—2y? f) z=2xy—3x%>—-2y?+10
g) z=x>+3xy? —15x+12y h) z_xy+5—0+§
X Yy
) U=X+y*+2° —xy—x—2z D u=x*—y*-3x+4y+7°+2-8

Loi gidi.
a)  Tim diém t6i han

2, =4-2x=0 X =2 M. (2 2
Z,=—4-2y=0"|y=-2_ 0(2-2).

e Xac dinh diém cuc tri
z;X:—z;z;y:o;z;y:—z.
Tai M : A=-2<0,B=0,C=-2,B2—AC=-4<0
= My la diém cuc dai va Zoax =9 -
Z, =2X+y+1=0 X=—1
b).{,x Y { = My (-11).
z, =2y+x-1= 0" y=1
° Z;:X—ZZ” :LZN _

Tai My: A=2>0,B=1C= 252 AC =-3<0 = M, la diém cyc tiéu va z,;, =0.
Z;=1—6y=0 X:l
C) o o = Mg (1,0).
z,=1-xe’ =0 y=0
=0;zy, =—€”;2y, =—xe’.
Tai |\/|0 A=0,B=-1C=-1,B?— AC =1> 0= Ham sb khdng cé cuc tri.
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o 7" :2 Z” O er _

Tai My: A=2>0,B=0,C= 432 AC =-8<0 = M, ladiém cuc tiéu va 7., =0;

min

e) e Tim cac diém t&i han

Vay ham sb ¢6 9 diém t6i han
1 1 1
M;(0,0), M, 5(0,%1), M“'S(ii’o)’ |\/|6,7(§,J_rl), Mg (_E’ﬂj'

e Xac dinh diém cuc tri
yad _24x —2,z;y_0 z" —12y2—4.
* Tai My : A:—2<O,B:0,C:—4,BZ—AC:—8<O
= M, la diém cuc dai va Zoax =0.
*Tai Myy: A=-2<0,B=0,C=8B°-AC=16>0
= M, 3 khong phai la diém cuc tri.
*Tai Myg: A=4>0,B=0,C=-4,B°~AC=16>0
= M, 5 khong phai la diém cuc tri.
*Tai Mg : A=4>0B=0,C=8B?>-AC=-32<0

:>M6,7 1a diém cuec tiéu va Zein =—=
*Tai Mgg: A=4>0,B=0,C=8B*-AC=-32<0

= M8,9 la diém cuc tiéu va Zogin = — =

g
2, =2y—-6x=0 Xx=0
f) o{z, :2x—4y:0<:>{y:0:> M, (0,0).
. —6,z;y_2 z” =-4.

Tai M, : A=—6<O,B=2,C =—4,B°~AC=-20<0 = M, la diém cuc dai va z,,, =10.
g) e Tim diém toi han
{z; =3x% +3y? —15:0<:>{x=—2,y:1
2y =6xy+12=0 X=-1y=2
=M, (2,-1),M,(-12),M5(-2,1), M, (-2,1)

e Xac dinh diém cuc tri

w =0Xx,12

2y = 6Y, 2, =6X.
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*Tai M;: A=12>0,B=-6,C =12,B° — AC =-108<0
= M, la diém cuc tiéu va Zoin =—22.
*Tai M,:A=-6>0,B=12,C =-6,B° —~ AC =108 >0
= M, khong phai la diém cyc tri.
*Tai My:A=-12>0,B=6,C=-12,B> - AC=-108<0
= M, 1a diém cuc tiéu va z,;, =—22.

*Tai M, : A=6>0,B=-12,C =6,B2 ~ AC=108>0
= M, khong phai 1a diém cuc tri.

Z. = —@—0
h T X=S M. (5.2
). , 20 N y:2:> O(’ )
z, =x——=0
y
" _100 " _1 " _40
OZXX—?,ZX}/— ,ZW—F.

Tai My : A:g>O,B:l,C=5,BZ—AC:—3<O:>Mo 1a diém cuyc tiéu va z,.. =30.

min

12. Tim cyec tri ¢0 diéu kién cuia cac ham sau day

a) z=Xy v6i X+y=1 b)Z:COSZXJrCOSZyV(’yiy—X:%
) Z=X+2y véi X*+y? =5 d)z:1+lv(yii2+i2:i2
Xy X y° a
Loi gidi.
a) Do

X+y=lsy=1-X,
nén ta dua duoc bai toan vé bai toan tim cuc tri ham mot bién
z=2(x)=x-x*xell.

Taco

7'(x)=1-2x=0< x=% va z"(x)=-2, z”(%) =-2.

1 . 11
Vay ham Z(X) dat cuc dai tai X:E nén ham Z(X,y)dat cuc dai co6 dieéu kién tai (X, y):(i,zj va

1
Zmax = Z
b) Do

y—x—E<:>y—x+E
4 4

nén ta dua bai toan vé bai toan tim cuc trj ham mot bién
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T
Z=Z(X)ZCOSZX+0082(X+ZJ,X€D .
Taco

z'(x)=—sin2x—sin (2x+gj — —sin 2X—Cos 2X = —/2 sin (2X+§j

z'(x)=0<:>2x+g=k7c<:>x=—g+k—; va Z"(X):—ZﬁCOS(ZX—ng

242, k=2 1
z”(g+k—2nj=Zﬁcos(§+kn+§j=Zﬁcos(kn)z{ V2 m+ .mell

2J2, k=2m

Vay ham sé dat cuc tiéu c6 diéu kién tai
2m+1 2m+1
—E+( )n,£+( )™ Voi Zgin :1+icos(2m+1)n:1—
8 2 8 2 J2

va dat cuc dai c6 diéu kién tai

1

(—g+mn,g+mnj VO Zppoy :1+icos(2m7c):1+i

7z 7z

L(Xy,1)= x+2y+7»(x2 +y? —5)

c) Ham Lagrange

e Tim diém t6i han
L, =1+2x=0  [x=-1/2) M1(1,2),7»=—%
Ly=2+20y =0 y=-1/L < 1
X2 +y2 =5 22=1/4  |Ma(-1-2)i=7
e Xac dinh di€ém cuc tri

Lix = 2, L;y =0, Lgy =2 =d’L= Z}L(dxz +dy2)

@ = 2%, ¢\, =2y = do = 2(xdx + ydy)=0<:>dy=—§dx y

* Tqi M1(1,2),k:—%:

d 2L(1, 2, —%) = —(1+ %j dx? < 0,Vdx=0= M, la diém cuc dai co6 diéu kién.

*Tai M,(-1-2),A ==

N[+

d ZL[—l, -2, %) = (1+ %) dx? > 0,Vdx # 0= M, la diém cyc tidu co didu kién,

d) Ham Lagrange

Xy 2 2

L(x,y,k)=1+l+7{i+i—i}a>0.
X° y° a

e Tim diém téi han
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T S/
X~ 20 3

X=X X=Yy=-2\ Ml(—ﬁa,—ﬁa),X:i
Lo Lo . o J2
y ~ 2 3 _

y y A=t— a

> M, (v2a,42a), A =-—

1 1 1 V2 1 ) 2

e Xac dinh diém cuc tri

y 2 O6A y 2 ©6A 2 1 3\ 2 1 3A 2
LXXzF—FF’LXy:O’LW:F_FF:d L:2|:(F+Fjdx +£F+Fjdy :|
, 2 2 1 1 %
([)X:—?,(PyZ—Fid@:—Z(?dX'Fdej:O@dy:—?dx

T (P, a) =

1 3 dx? q g ‘
d?L=4|- + jdx2 =dx? = ——>0= M, la diém cuc tiéu co didu kién.
( 2332 4332 a2 !
a
*Tai M ﬁa,ﬁa A=——"
o(V2af2a) 2=
2
d2L=4( 31 - f’ jdx2=dx2=—2i<o:> M la diém cyc dai c6 diéu kién.
2a°\J2 4a \/5 a ﬁ

13. Trong tat ca cAc tam giac vudng cd dién tich bang 1, tim tam giac c6 canh huyén nho nhat.

Loi gigi. Goi X,¥,Z>0 1an luot 1 hai canh goc vudng va canh huyén cta tam gidc vudng c6 dién tich bang 1.

Khi do
xy:2<:>y:§va z:«/x2+y2 =2(xY).

Bai toan duoc dua vé bai toan tim cuc tri cua ham sé
f 4 x*+4
z=2(xy)=\X*+y* = x2+—2: =2(x),x(0,+)
X X

4
Z':—X 4 :OQX:\/E

QRN N

Lap bang xét ddu z) ta thiy X = x/i 13 diém cuc tiéu ciia ham s Z(X) nén ham Z(X, y)dat cuc tiéu tai

Tacd

(«E 2 ) Viy trong tam giac vudng c6 dién tich bang 1 thi tam giac vubng can 1a tamgiac c6 canh huyén nho

nhit va bang 2.

15. Tinh max va min ctia cac ham sau day trén tap dong va gidi ndi D tuong ing
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a) z=Xx"y(4—x~Yy) v6i D duogc gi6i han boi cac dudng X =0, y =0, X+y =6
b) z=sinx+siny+sin(x+y) véi D:{(X,y)eDZZOSXSg,OSySg}
c) z=x2—y? véi Dz{(x,y)eDZ:x2+y2£4}

d) z=e_(xz+y2)(2x2+3y2) véi D:{(x, y)el?:x*+y? 31}

Loi gidi.
a) Taco
D:{(X,y)eDZZOSXSG,OS ySG—x}.

0
OTimdiémtéihantrongD:{(X,y)eD2:0<X<6,0<y<6—x}:Tac()
2=x2y(4-x-y)=4x"y —x’y —x%y?.
Giai hé phuong trinh
{Z;=Xy(—3x—2y+8)=0 {3x+2y—8:0 {x:z
, o
y

2 = .
7 =X (_x_2y+4):0 X+2y—-4=0 y=1

Vay trong I?),hém s6 c6 mot diém tGi han Ml(Z,l) va Z(I\/ll)=4.
e Tim diém téi han trén oD

*Trén OA:x=0,y€(0,6):2=0

*Trén OB:y=0,x(0,6):2=0

*Trén AB:y=6—X,Xe(O,6).Tacéhémm@tbién

2=xy(4-x-y)=2x>-12x* = z(x)
Z, =6x° —24x=0<x=4¢(0,6)

Trén AB, ham s6 c6 mot diém t6i han M, (2,4) va z(M,) =—64.

* Taji cac diém O(0,0), A(O,G), B(6,0) : Z(A) = Z(B) = Z(B) =0
So sanh cac gia tri cua ham s tai cac diém t6i han, ta duoc

mgxz =4 dat tai My(2,1) va mDinz =—64 dattai M,(4,2).

y y

B n/2C M: B
6 2 Ml

L M;
2 M>
1 M A 0 TR 7cA X
Of 2 4 6 X E E
Hinh 1 Hinh 2

0
b) e Tim céc diém t6i han trong D={(x,y)eD2:0<x<g,O< y<g}:TaCé
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Zy =C0SX+Cos(x+y)=0  (cosx=cosy
0"
z, =C0sy+cos(x+y)=0 ~ |cOSX+COS(X+Yy)=0

0
@<x,y):( ,Ejeavaz[ﬂ,ﬂj:%.
3 3 3 2
e Tim céc diém t6i han trén 6D
*OA:y:O,Xe(O,gj: z=2sinX va z’(x)=2cosx:0<:>VN.

* OB:x:O,ye(O,g): z=2siny va z’(y):2cosy:0®VN.

wl|a

* BCZng,XE(O,ng z=1+sinx+sin(x+gj=1+sinx+cosx
va
z'(x)=cosx—sinx = 0<:>X—Z:>Z(Z —j 1++/2.
*OB:x:g,ye(O,gj: z:1+siny+sin(y+gj:1+siny+cosy
va
Z'(y)=cosy—siny = 0<:>y_zz>z(§ —j 1+4/2.
* Tai céc dinh 0(0,0),A[ =,0|,B| Z,= |,C| 0,= |:
2 2 2 2
2(0)=0,z(A)=z(B)=2(B)=2.
Két luan:
maxz=%,minz=0.
D 2 D

0
¢) e Tim diém t&i han trong D = {(x y)el?:x*+y* < 4} :Taco

z, =2x=0 x=0
, =N =2(0,0)=0
2, =-2y=0 y=0

e Tim diém t6i han trén oD : X° + y2

4
Céach 1. Ham Lagrange
L(x,y,A)=x*—y? +7L(x2 +y? —4).
Taco
L, =2x+2Ax=0 Xx=0vi=-1

i X:O,y:iz
Ly=—2y+2ky:0<:> y=0vi=1 =

x2+y2 =14 X +y* =4
Két luan
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maxz=4,minz=-4.
D D

Céch 2.
x*+y* =4 y*=4-x*xe[-2,2].
Xét
2=X*-y*=2x"-4=17(x)=4x=0<x=0.

So sanh cac gia tri

2(0)=—4,2(-2)=2(2)=4
ta duoc
maxz=4,minz=-4.
D D
/y ™ / ™
—ZQJZ X —1&/ 1 x
-2 -1
Hinh 3 Hinh 4

0
d) e Tim céac diém t6i han trong D = {(X, y) ell?:x%+ y2 <1}. Taco

X

7/ — e_(X2+y2) [—ZX(ZXZ —|—3y2)_|_ 4X} ~0 X(Z— %2 _3y2 ) ~0
=
z; :e(x2+y2)|:_2y(zx2 +3y2)+6y}=0 y(3_2X2 —3y2):0

& (%y)=(0,0)e D= 2(0,0)=0.

e Tim céc diém t6i han trén bién D : X° + y* =1<> y* =1-x*. Taco
2 2

z= e_(x b )(sz +3y2) =e " (3-x%)=z(x),xe[-11]

z'(x)=—§x=0<:>x=0.

So sanh céc gia tri

ta duogc
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