Chwong 3. Quan hé

3.1. Quan hé hai ng6i trén mot tap hop va cac
tinh chat. Biéu dién quan hé hai ngoi.

3.2. Quan hé twong dwong. Lop twong dwong.
Sw phan hoach thanh cac Iép twong dwong.

3.3. Quan hé th tw. Thir tw toan phan va ban
phan. Biéu do Hasse. Phan tr min va max.
Céac phan tir toi tieu va toi dai.



Quan hé hai ng6i

1. Pinh nghia: Cho hai tap A, B. Ta goi tap R la mot quan
hé hai ngdi t* A dén B néu R — A x B.

Néu (a, b)eR thi ta néi a c6 quan hé R véi b va ky hiéu
a R b; nguoc lai néu (a, b)e¢ R thi ta ki hieu aR b.

Khi A =B, ta goi R la m0t quan hé hai ngdi trén A.

Vi du: A
: A B
al bl
a2 N b2
a3 b3

R ={(al, bl), (a1, b3), (a3, b3)}



Quan hé hai ngoi

1. Dinh nghia.

Vidu: Cho A={1, 2, 3, 4}, R la m6t quan hé (hai ngbi) trén A va
R ={(a, b)e A| ala wdc cua b}.

Khido R ={(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 4), (3, 3), (4,4)}

1 2 3 4
@ @ @
N- l
1 2 3 4

« VD:ChoA={1,2,3, ..., 20}. Rlaquan hé 2 ngbi trén Ava R
= {(a,b) thudc A x A| a.b Ia s chan}.

Téng s6 phan ti cia Ax A : 2072 = 400. Pé ab 1& thi a, b déu 1é
- a, b ¢6 10 cach chon nén co 1072 = 100 cach =2 |R| =
300.



Quan hé hai ngoi

2. Cac tinh chat cia quan hé.
Pinh nghia: Gia st R la mét quan hé hai ngdi trén tap A.

(a) Ta n6i quan hé R co tinh phan xa néu va chi néu
aRa, Vae A.

Vidu: Tréntap A={1, 2, 3, 4}, quan hé

R1={(1,1), (1,2), (2,1), (2, 2), (3, 4), (4, 1), (4, 4)}
khéng phan xa vi (3, 3)¢R1

R2 = {(1,1), (1,2), (1,4), (2, 2), (3, 3), (4, 1), (4, 4)}
ohan xa vi (1,1), (2, 2), (3, 3), (4, 4)eR2



Quan hé hai ngoi

2. Cac tinh chat cua quan hé
Vi du:
-Quanhé < trénZphanxavia < a, Vae Z
- Quan hé > trén Z khéng phan xa vi 1 khéng I&én hon 1.
- Quan hé “|” (“wdc sd”) trén Z* 1a phan xa vi moi s6
nguyén duwong a la wdc cua chinh nd.
2|6 2 2 la wéc cua 6.

Z+ = cac s6 nguyén duong {1,2,3,...}
- =cac s6 nguyén am {-1,-2,-3,...}
Z = gbp ca 2 tap trén lai va thém ca 0.

Hi quan hé chia hét cé phan xa trén Z khéng?



Quan hé hai ngoi

2. Cac tinh chat cia quan hé.
Pinh nghia: Gia st R la mét quan hé hai ngdi trén tap A.
(b) Ta n6i quan hé R c6 tinh déi xirng néu va chi néu
aRb= bRa, Va,beA.

(c) Ta noi quan hé R c6 tinh phan xirng néu va chi néu
(@RbA bRa)=a=b, Va,beA

Vi du:

-Quan hé R1 = {(1,1), (1,2), (2,1)} trén tap A= {1, 2, 3, 4}
la doi xirng.

- Quan hé < trén Z khéng ddi xirng, tuy nhién né phan
xrngvi(@s b)A (b £ a)= (a=Dh).

- Quan hé&“ | ” (“wdc s0”) trén Z+ khdng doi xtrng, tuy
nhién né cé tinh phan xirng vi (a| b) A (b |a) = (a=Db).



Quan hé hai ngoi

2. Cac tinh chat cua quan hé
Pinh nghia: Gia st R la mét quan hé hai ngdi trén tap A.

(d) Ta n6i quan hé R c6 tinh bac cau (truyén) néu va
chi néu
(@Rb A bRc)=aRc, Va,b,c €A.
Vi du:
- Quan hé R ={(1,1), (1,2), (2,1), (2, 2), (1, 3), (2, 3)}
tréntap A={1, 2, 3, 4} c6 tinh bac cau.
- Quan hé < va “|"trén Z co6 tinh bac cau vi

(@s<b)a(bsc)=(a<c)
(@lb)~(b|c)=(alc)



Quan hé hai ngoi

3. Biéu dién quan hé
Pinh nghia.

Cho R la quan hé tir A = {1,2,3,4} dén B = {u,v,w},
R={(1,u),(1,v),(2,w),(3,w),(4,u)}.

Khi d6 R c6 thé biéu dién nhuw sau

u vw

c © O =
o = = O

1
0
0
1

B O T O I

Pay la ma tran cap 4 x 3 biéu dién
cho quan hé R



Quan hé hai ng6i

3. Biéu dién Quan hé

binh nghia. Cho R la quan hé tv A ={a,, a,, ..

denB ={b,, b,, ..
tran M, = [m;] ., Xac dinh bai:

m..

Vidu: ChoRlaquan hétwy A={1,

if

_4

. ant

., b.}. Ma trén biéu dién cla R la ma

0 néu(a, b)ezR

1 néu (a,-, bj) c R

1

2,3}dénB={1,2};aRb<a>bh. 1

Khi d6 ma tran biéu dién cta R la:

D

_ = O

= Qo S|



Quan hé hai ngoi
3. Biéu dién quan hé

i

1 néu(a,b)eR

ir Mj
0 néu (a;,b)¢R

Vi du: Cho R |a quan hé tir A = {a,, a,, a;} dén B = {b,, b,
ba, b,, b} dwoc biéu dién b&i ma tran

mH: ¥,

b, b, bz b, bs

O 1 0 O O] a4
M_,=(1 0 1 1 O :2
T 0 1 0o 1 N

Khi d6 R gom cac cap:{(a,, b,), (a,, b,), (a,, bs), (a,, b,),
(as, by), (az, by), (as, bs)}-



Quan hé hai ngoi

3. Biéu dién quan hé
Cho R la quan hé trén tap A, khi dé My, la ma trén vudng.

+) R la phédn xa néu tat ca cac phan ti trén duong chéo
cua Mg déu bang1: m; = 1, Vi.

u v
1

-

W
O
v O 1

w | O
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Quan hé hai ngoi

3. Biéu dién quan hé
+) R la doi xtrng néu My, |a déi xirng

m;=m;, Vi j

ul 1 0 1
v|o o 1
w |l 1" 17 0

12



Quan hé hai ng6i

3. Biéu dién quan hé
+) R 1& phdn xtrng néu M, thoa:
m; = 0 hodcm; =0 néu i # ]
Ta thay khdng co xay ra mij = mji = 1 néu i khac j.

11 A" W
u| 1l 0 1
v 0*““;,9” 0
w0 17 1
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Quan hé twong dwong

1. Dinh nghia.

Vi du: Cho S = {sinh vién cua I&p}, goi R |a mét
quan hé trén S voi R = {(a,b): a co cung ho voi b}.

Hoi

R phan xa? -
R d6i xtng? -
R bac cau? -

14



Quan hé twong duong

1. Pinh nghia: Quan hé R trén tap A dwgc goi la
twro'ng dwong néu va chi néu no co tinh chat phan
xa, doi xrng va bac cau.

Vi du: Quan hé R trén tap cac chudi ky tw xac dinh
bdi aRb néu a va b cé cung d6 dai. Khi do R la
quan hé twong dwong.
Vi du: Cho R la quan hé trén tap R sao cho

aRb < a—-Dbez

Khi d6 R la quan hé twong dwong.

15



Quan hé twong duong

1. Dinh nghia.

Vi du: Cho m 1a s6 nguyén dwong va R |a quan hé trén Z :
aRb < (a — b) chia hét m (déng duw)

Khi d6 R la quan hé twong duong.

- R® rang quan hé nay co tinh phan xa va doi xing.

- Cho a, b, ¢ sao cho a — b va b — ¢ chia hét cho m, khi d6

a—c=a-b+b-cciing chia hét cho m. Suy ra R ¢6 tinh

chat bac cau.

- Quan hé nay duwoc goi 1a dong dw modulo m va ching

ta viét a = b (mod m) thay vi aRb.

Vi du: Cho | la quan hé trén Z dwgc xac dinh nhw sau:
alb < 3JkeZ: b=ka

Quan hé | cé la quan hé twong dwong?

16



Quan hé twong duong

2. Lop twong dwong

Pinh nghia. Cho R |la quan hé twong dwong trén
Avaa € A. Lop twong dwong chira a theo quan
hé R dwoc ky hiéu béi [a], hodc [a] la tap hop tat
cd nhirng phan t& cé quan hé R véi a.

[a]r ={b € A|bR a}
*Mbi phan tlr xe[a]r dwoc goi la mot phan tkr dai dién cla
lop twong dwong [a]k -

*Tap thwong cua Atheo quan hé R, ky hiéu la A/R, GU’Q’C‘
dinh nghia la tap tat ca cac lop twong dwong cua cac phan
ter thubéc A, nghia la

AIR = { [a], [VaeA}

17



Quan hé twong duong

2. Lo&p twong dwong
Vidu: Tim cac |&p twong dwong mod 8 chira O va 17
Gidi: Lop twong dwong modulo 8 chira 0 gom tat cd
cac s nguyén a chia hét cho 8. Do d6

[0];={...,— 16, - 8,0, 8, 16, ...}

Tuong tw

[1].={a|achia8dw1}={...,—15,-7,1,9, 17,
Y

Tong quat: mét mod m thi cé6 m 1&p twong dwong.

18



Quan hé twong duong

3. Sw phan hoach thanh cac I&p twong dwong

Nhan xét: Trong vi du cudi, cac I16p twong dwong [0]; va
[1]g la r&i nhau.

Ménh dé. Cho R la quan hé twong dwong trén tap A. VO
moi a,beA céac diéu kién sau day twong dwong véi nhau
(laR Db

(iD)[al = [l

(iii) [a]g N [blg # @

Chua y: Tl ménh dé trén ta thay rang cac I1&p twong dwong
cla cac phan tir cta tap A hoac trung nhau, hoac réi nhau.
Hon nira, hop cla tat ca cac 1op twong dwong nay tring véi
A, cho nén tap A la hop r&i rac cua cac lop twong dwong.Ta
cling noi rang tap A dwoc phan hoach thanh cac 1&p twong
dwong theo quan hé R.

19



Quan hé twong dwong

3. Sw phan hoach thanh cac lép twong dwong

Chay: Cho {A,, A, ... } la phan hoach A thanh cac tap con
Khong rong, roi nhau. Khi do c6 duy nhat quan hé twong
dwong trén A sao cho moi A 1a mot 1&dp twong dwong.

That vay véi mbi a, b € A, ta dat a R b néu co tap con A,
saochoa,b e A, .

Dé& dang chirng minh rang R 1a quan hé twong dwong trén
Avalalg=AnéuacA.
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Quan hé twong duong

3. Sw phan hoach thanh cac Iép twong dwong

Vi du: Cho m la s6 nguy@n dwong, khi d6 c6 m I&p dong dw

modulo m la [0],, [1]., .--, [M— 1], .

Chung lap thanh phan hoach cua Z thanh cac tap con r&i nhau.

Chu y réng:

0], = [m], = [2m];, = ...

], = [m + 1], = [2m +1],, = ...

[m-1],=[2m-1],=[Bm-1], = ... )

MOoi I&p twong dwong nay duwoc goi la s6 nguyén modulo m.

Tap hop cac s6 nguyén modulo m dwoc ky hiéu bédi Z. ,do

chinh 1a tap thwong cta Z theo quan hé déng dw modulo m.
Zp = ZIR={[0],, [y, .., [M = 1]}

21



Bai tap: Quan hé tuwong duwong
Cac quan hé dudi day cd tinh chat gi?

» R = {(a,b)|a < b}
» Ry = {(a,b)la > b}
» R = {(a,b)la=bVa=—b}

»+ "get married” trén tap con nguoi

10/5/2024 22



Quan hé thir tw

1. Dinh nghia

Vi du: Cho R Ia quan hé trén tap so thuc:
aRbnéuashb

Hoi:

= R phan xa khong? -
=R d6i xtmg khong?  Khong

® R phan xtirng khong? -
=R bac cau khong? -

23



Quan hé thir tw

1. Pinh nghia: Qu,an hé R tré,n tap A duworc gqi la
quan hé thir tw néu va Chi néu né co tinh chat
phan xa, phan x&rng va bac cau.

Ta thwdng ki hiéu quan hé th tw boi < (trdi hon)
Cép (A, <) dwoc goi la tap sap th tw (tap dwoc
sap) hay poset.

VD: A=SV cualop CTRR

< = diém thi gitra ky

24



Quan hé thir tw

1. Dinh nghia.
Vi du: Quan hé wéc so “ | "trén tap s6 nguyén
duwong la quan hé tho tw, nghta la (Z*, | ) l1a poset

Phan xa? Q Co,x|xvix=1-x )
Bic cau? ( Co? )

< a|bnghialab=ka,b|cnghialac=jb. >
Khi1do c¢=j(ka)=jka:a|c

25



Quan hé thir tw

Phan xirng? c6?

_— I —
a|bnghialab=ka,b|anghialaa=jb.
Khi do6 a = jka
Suyraj=k=1,nghialaa=5
—_— —

Vidu. (Z,|) la poset? Q: Khong phai j>

Phan xing?

3|-3, va -3|3,
C ‘ Khong | D nhung 3 # -3.

e— -




Quan hé thir tw

Vi du: (P(S), <), & day P(S) la tap hop cac con cua S, la mbt
poset?

Cé, 1 poset. [
Phan xa? Qé’ AcCA,VAe P(S)

Biccau? { (6 GB,B;C. Suyra@

> r e — __---‘---‘
Phan xng? (g gg B,BcA. SuyraA=B?
—_——

27



Quan hé thir tw

2. Thir tw toan phan va ban phan

Pinh nghia. Cac phan tl» a va b cla poset (S, <) goi la so
sanh dwoc néua <bhodcb < a.

Trai lai thi ta noi a va b khong so sanh duorc.

Cho (S, <). Néu hai phan ti tuy y cia S déu so sanh duwoc
v&i nhau thi ta goi (S, <) la tap sap thy tw toan phan.

Ta cling néi rang < la tht tw toan phan hay the tw tuyén
tinh trén S.

Trai lai thi ta ndi < 1a th& tw ban phan.

28



Quan hé thir tw

2. Thi tw toan phan va ban phan
Vi du:

- Quan hé “<” trén tap s Z* 1a th& tw toan phan.

- Quan hé wéce s6 “ | "trén tap hop s6 Z* khdng la thir tw
toan phan, vi cac s6 5 va 7 1a khéng so sanh duoc.

- V@i tap A cho trwde, tAp P(A) tat ca cac tap con clia A
v&i quan hé c 1a mét tap dwoc sap, nhwng khdng toan
phan khi A c6 nhiéu hon mét phan te.

6160 > 6 < 60

5, 7 khdng c¢6 mdi quan hé = khéng so sanh dwoc
a < b > th& tw toan phan

Quan hé tap con = th& tw ban phan: {1,2,3} va {4,5}

29



Quan hé thir tw

*Thir tw tr dién
Vi du: Trén tap cac chudi bit cd dé dai n ta cé thé dinh
nghia th ty nhw sau:
a,a,...a, < b,b,...b,
néua <b Vi

V&i thir tw nay thi cac chudi 0110 va 1000 la khong
so sanh dwoc v&i nhau. Chung ta khdng thé noi chudi
nao lon hon.

Trong tin hoc chung ta thwong st dung thi tw toan phan
trén cac chudi bit. Po la th tw tw dien.

30



Quan hé thir tw

*The tw tir dién
Cho (A, <) va (B, <) |1a hai tap sap th tw toan phan. Ta dinh
nghia thtr ty < trén A X B nhuw sau :

(a1, b1) < (a2, b2) néu

al <a2hay (a1l =a2va bl < b2)

Dé dang thay rang day la thi tw toan phan trén A x B. Ta
goi né 1a thir tw tir dién .

Chu y rang néu A va B duoc sap tot boi <va <’ twong
trng thi A X B cling dwoc sap tot boi thir tw <

Chung ta cling c6 thé mé rc’jng,dinh nghia trén c‘ho tich
Descartess cua hiru han tap sap thir tw toan phan.
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Quan hé thir tw

*The tw tir dién
Cho Y 1a mét tap hiru han (ta goi la bang chir cai).
Tap hop cac chuodi trén Y, ky hiéu 1a ¥* , trong do

A € ¥*, v&i A 1a chudi rong.

Néux e Y, vawe Y * thiwx e ¥ * trong d6 wx
la két no1 w vOl x.

Vi du. Chang han ¥ = {a, b, c}. Thé thi
Y*={1, a, b, c, aa, ab, ac, ba, bb, bc, ca, cb,
cc,aaa,aab,...}
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Quan hé thir tw

*Th tw tir dién
Gia str < la th tw toé]n phan trén ¥, khi do ta c6 thé dinh
nghia th tw toan phan trén ) * nhw sau.

Chos=a,a,...a,vat=b,b,... b, lahaichuditrény *
Khi d6 s < t néu
Hoédc a. = b, d6i v&i 1 < i< m ,tirc I3
t=aja, ... am by 41 by s - by
Hoac tén tai k < m sao cho
a=b;,voi1<i<kva
a,.; <b,.,,nghiala
S=aiay... 8,8,/ g --- A,
t=a;a,...a, b bris... b,
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Quan hé thir tw

*Th tw tie dién

Chung ta c6 thé kiém tra < |1a th&r tw toan phan trén ¥* Ta
goi no 1a tha tw tee dién trén Y*

Vi du. Néu ¥ 1a bang chi cai tiéng Anh véi ther tw: a < b
< ...<zthith ty nadi trén la tht ty thong thwdng gilra
cac tr trong T dién.

discreet

discreet < discrete l l l l l l l

: e< t
discrete

discreet

Discreet < discreetness $ l l l l l l l

jscreetness
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Quan hé thir tw
*Th tw tie dién
Vidu:Néu ¥ = {0, 1} véi 0 < 1, thi Ia they tw
toan phan trén tap tat ca cac chudi bit ¥ * .
Ta co

0110 < 10
0110 < 01100
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Quan hé thir tw

3. Biéu dé Hasse
M&i poset cé thé biéu dién bai do thi déc biét ta goi
la bieu do Hasse

Pé dinh nghia biéu dd Hasse ching ta can cac khai niém
phan t trbi va trdi truee tiép.

Pinh nghia. Phan t& b trong poset (S, ) dwoc goi la
phan ti tri cia phan tlr a trong Snéua < b

Chung ta ciing noi rang a la dwoc tréi béi b . Phan to b
dwoc goi la trdi trure tiép cda a néu b |a trdi cla a, va
khéng ton tai trdi ¢ sao cho

a<c<b,a#c#b
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Quan hé thir tw

3. Biéu dé Hasse ‘
Ta dinh nghia Biéu dé Hasse cua poset (S,< ) la do thi:

M6i phan t&r ciia S dwoc biéu dién b&i mot diém
trén mat phang .

Néu b |a trdi trwe tiép clha a thi vé mot cung di tr a
dén b .
b

a e a<b<d, a<c
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Quan hé thir tw

3. Biéu doé Hasse

Vi dy. Biéu do Hasse cla poset ({1,2,3,4}, <) c6
thé vé nhuw sau

3 Chung ta khong vé

miuii t€n vo1 qui uoc moi

cung deu di tr duoi 1én trén
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Quan hé thir tw

3. Bieu do Hasse ‘
Vi du: Biéu d6 Hasse cua P({a,b,c}) va biéu dd Hasse cua
cac chudi bit dd dai 3 vai thiy tw tir dién.

{a,b,c} 111
{a,b} fa,cl {b.c} 110 101 011
{a} 100
{b} {c} 010 001
o 000

Giong nhau khong!!!
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Quan hé thir tw

4. Phan tir nhé nhat va phan tir I&n nhat.
Pinh nghia: Mot phan ti a trong tap sap thi tw (S, <)
dwoc goi la:

Phan tir nhé nhéat néu Vx € Stacd a < x.

Phan tir I6n nhat néu Vx € Sta co x < a.

Nh&n xét. Phan tlr nhd nhat (I6n nhat) cia mét tap hop
(néu cod) la duy nhat. Ta ki hiéu phan tr cua tap hop S la
min(S), va ki hiéu phan t&r I&n nhat cua S 1a max(S).

Vi du: Trong tap co thi tv (S, <), S={meZ|m”"2 <100} co
min(S) = -9, max(S) = 9.
Trong tap co th ty (A, <), A={xeR|x"2 <100} khong
¢ phan t& nhd nhat va ciing khéng cé phan ti I&n nhat.
Cho tap B, ta biét (P(B),c) la tap co thi tw. V&i thl
tw nay thi min(P(B))= &, max(P(B)) = B.
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Quan hé thir tw

4. Phan ttr nhé nhat va phan tr I&n nhat.
Pinh nghia: (Thi tw tot)

Mot tap hop co thir tw dwoc goi la co the tw tot (hay
dwoc sap tot) néu moi tap con khac réng déu co phan to
nhd nhat.

Vi du:
- Tap hop cé the tw (N, <) [a mot tap hop dwoc sap tot.
- Tap hop cé thr tw (Z, <) khéng phai la mot tap hop
dwoc sap tot vi Z khéng cé phan tlr nhé nhat.
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Quan hé thir tw

5. Phan tir toi tiéu va phan tir toi dai.
Pinh nghia: Mot phan ti a trong tap sap the tw (S, <) dwoc
goi la:
Phan tir toi tiéu néu khong ton tai xeS sao cho x #a va x < a.
Phan tcr toi dai néu khong ton tai xeS sao cho x #ava a < x.

Nhan xet:
- Phan tt toi tiéu (tdi dai) cia mét tap co thi tw khdng
nhat thiét [a duy nhat.

Vidu: Xéttap S = {1, 2, 3} v&i quan hé R cho bd&i
R={(1,1), (2,2), (3,3), (1,2), (3,2)}. D& dang kiém chirng rang
(S,R) Ia tap c6 thir ty. Véi thir tw R nay, S c6 hai phan i téi
tieu la 1 va 3.

- Phan t& I&n nhat (nhé nhat) cta mét tap co th tw,
néu co, 1a phan t t6i dai (t6i tiéu) duy nhat cla tap hop do.
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Quan hé thir tw

5. Phan tir toi tieu va phan tir toi dai
Vi du: Xét poset co bieu do Hasse dwéi day:

O O

Mbi dinh mau dé 1a téi dai.

Mai dinh mau xanh 1a téi tiéu.

Khéng co cung nao xuat phat tlr diém toi dai.
Khéng c6 cung ndo két thic & diém tdi tiéu.

43



Quan hé thir tw

5. Phan tir toi tiéu va phan tir toi dai.

Chu y: Trong mdt poset S hiru han, phan tir toi tiéu va
phan t toi dai ludn luén ton tai. A,

That vay, ching ta xuat phat tir diém bat ky a, € S. Neu a,
khong la phan ter toi tiéu thi da, € S:a; < a. Tiép tuc nhw
vay cho dén khi tim dwoc phan ti toi tiéu.

Phan t& tdi dai cling tim dwoc bang phwong phap twong tuw.
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5. Phan tir toi tiéu va phan tir toi dai.
Vi du. Tim phan t& téi dai, toi tiéu cta poset ({2, 4, 5, 10, 12,
20, 25}, 1) ?

Giai: Tl biéu do Hasse, chiing ta thay rang 12, 20, 25 I3
cac phan tw toi dai, con 2, 5 la cac phan tw toi tieu
Nhw vay phan t& toi dai, toi tiéu cia poset co thé khdng

duy nhat.
12() ()20
£ 10 O 2
O O
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5. Phan tir toi tiéu va phan tir toi dai.

Vi du: Tim phan t& téi dai, toi tiéu cia poset cac chudi bit
dé dai 3?

Giai: T biéu d6 Hasse, chung ta thay rang 111 1a phan to
toi dai duy nhat va 000 |a phan ti toi tiéu duy nhat.

: , 111
111 la phan ti I&n nhat va M)
000 la phan t& nhé nhat ~
theo nghia: 110 101 011
000 < abc < 111
100 010
001

V&i moi chudi abe
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