boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

BAI GI ANG TOAN CAO CAP C1PAIHQC
(So dvhp: 2 — 9 tiet: 30)

Chwong 0. BS tac kién thirc oo ban

Chwong 1. Tich phan suy éng va chibi sb

Chwong 2. Ham $ nhiéu bién sb

Chwong 3. Mét sb bai toan kinh té

Chwong 4. Phrong trinh vi phan cip 1 va tich phan i hai co ban

Bién san: Poan Vuwong Nguyén
TAI LI EU THAM KH AO

1. Nguyn Phu Vinh- Gido trinh Toan caodp A1 — C1 -PH Céng nghip TP. HCM.

2. Nguyn Dinh Tri —Toan cao ép (Tap 2, 3) — NXB Gido dc.

3. L& Van Hét — Toan cao dp C2 —PH Kinh t¢ TP. HCM.

4. Lé Quang Hoang NhanToan cao dp — PH Kinh t - Tai chinh TP. HCM — NXB Téng ké.
5.D3 Cong Khanh -Toan cao ép (Tap 1, 3, 4) - NXBPHQG TP.HCM.

6. Nguyn Viét Bong —Toan cao dp (Tap 1, 2) — NXB Giéo dc.

7. James Stewal@alculus Early TranscendentalSixth Edition — Copyright © 2008,
2003 Thomson Brooks
8. Robert Wrede, Murray. R. Spieg€heory and Problems of Advanced Calculbecond Edition —
Copyright © 2002, 1963 by The McGraw-Hill Companibx

Chwong 0. BO TUC KI EN THUC CO BAN

0.1. B tic vé ham $
0.1.1.Pinh nghia

Xét hai 8p con khacdng D va Y cia R. Ham $ f la
mét quy tic (hayanh x) cho trongung nbi phan tir z € D | .

véi duy nhit mot phan tir y € Y, ky hiéu 1a f(z) a~ o)
f:ROD—-YCR - A
z—y= f(z) e d .9

« Tap D duoc i 1a mién xacdinh (MXD) caa ham 8 f, ky hiéu |1a D,.

* Tap f(D,) = {f(z)| « € D,} dugc goi lamién gia tri cia ham .

« D6 thi cia ham f c¢6 MXDP D la tap hop diém {(:z:, f(x))‘x € D} trén miit phing Ozy .
* Néu ham f thoa man f(—z) = f(x),Vz € D, thi f dugc goi la ham & chin.

* Néu ham f thoa manf(—z) = —f(x),Vz € D, thi f duoc goi laham & lé.

Pai hoc Cong nghép Tp. Hé Chi Minh (IUH) Page 1 01-09-2014



boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

« Ham f duoc goi 1a dong bién trén (a;b) néu f(z,) < f(z,) khi 2, <z, Véi z,,z, € (a;d); f duoc i
la nghich bién trén (a;0) néu f(z,) > f(z,) khi z, <z, V6i 2,2, € (a;b).

0.1.2. Ham $ hop

Gia s hai ham & f va g thoa manG, c D,. Khi d6, ham & h(x) = (f o g)(z) = f(g(x)) duoc goi 12

ham & hopcia f vag.

VD. Xét f(z) = 32° va g(z) = = — 1, ta co:
«Ham $ hop cia f va g la f(g(z)) = 3(g(x))* = 32* — 6z + 3.
eHam $ hop aia g va f la g(f(z)) = f(z)— 1= 32" —1.

0.1.3. Ham $ nguoc

«Ham $ f duogc goi lasong anméu =, = z, & f(z,) = f(x,).

« Xét ham song anlf c6 MXD D va mén gia ti G . Khi d6, ham é nguoc cia f, ky hiéu 1a f~', cé
MXD G vameén gidti D dugc dinh ngha

fiy)=z< fa)=y (xeDyeq).
VD. Néu f(z) = 2" thi f'(z) = log, = (z > 0).

= Chay

« MXP cia f~' = mién gia ti cua f, va / .
y=a',a>1}" -

mién gia ti cua f' = MXP cua f. A

« B thi cia hamy = f'(z) ddi xang Wi d6 thi cia ham | AT
y = f(z) quaduong thing y = z. "

0.1.4. Ham é Lwong giac naroc
0.1.4.1. Ham 8 y =arcsin x

arcsinz =y < siny =z, y €

T
272

2|5
~a

210 '_ > 1 /|0 1 x

o = Fi

W

y=sinx,—s<x<3 y=sin"'x=arcsin x

VD. Tinh arcsin [—% va cot

!
arcsin—|.
4
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Bai ging Toan Cao dp C1Pgi hoc

Giail.
, ) 1 T . . T 1 . T T
e TacOarcsin|——|=——, Visin|——|=——va——¢€|——; —
2 6 6 2 6 22
1 1 . T T
* Pat arcsin— = ¢, taduoC sinp =— vap € |——; —|.
' 4 7 v 4 v 2°2
, 1 V1 . 1
Vay, ta cOcosp = 4|1 —— = —5, va cot|arcsin—| = cotp = C?SQD =+/15
16 4 4 sin ¢

0.1.4.2. Ham 6 y = arccosx

} - \.

\
S \

y=cosxr,0=x=7w

1
VD. arccos0 = —; arccos(—1) =; arccos—3 =T arccos|——|=2.
2 2 6 2

T
272

0.1.4.3. Ham 8 y = arctan x

arctanr =y & tany =z, y €

y=c0s 'x=arccos x

y=tan 'x = arctan x

= Quy wéc

arctan(4o00) = %, arctan(—oo) = —%

VD. arctan(—1) = —%; arctan~/3 = g

0.1.4.4. Ham 8 y = arccotx

arccotr =y & coty =z, y € (0; 7r>
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boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc
y n

[P

oy o] =
5]

y=cotx, 0<z<m y = cot™ r = arccot T

= Quy wéc

arccot(+00) = 0, arccot(—o0) =7

VD. arccot(—1) = %; arccot/3 = %

0.2. Gi6i han ciia ham $
= Quy tic tinh giéi han

Gh sir k la hing $ va lim f(z), lim g(z) ton tai. Khi d6

r—a r—a

1) lim{k.f(z)] = k.lim f(z) 2) lim[f(z) + g(z)] = lim f(z) + lim g(z)
lim
3) lim[f(z)g(z)] = lim f(z).lim g(z) 4) lim fz) = L0 @) néu lim g(z) = 0
r—a r—a r—a r—a g(l‘) llm g(l‘) r—a

* Pinh ly

Néu f(z) < g(z) khi z tiéndén a (z = a) va lim f(z), lim g(z) ton tai thi lim f(z) < lim g(z).

» Pinh ly kep gitra

Néu f(z) < h(z) < g(z) khi z tiéndén a (z = a) va lim f(z) = lim g(z) = L thi limh(z) = L.

T—a r—a

= Chay

= Mt sb két qua giéi han can nhé

1) fim S00@ _ o, tanal)
a(z)—0 Oé(.']?) a(z)—0 Oé(x)

T—+00 z—0

2) lim [1+1]x = lim (1+ x)l —e
xr

3) /()] = [tim /(@) , n € 2"
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lim g(z)

4) lim {[ ()"} = [nm f(x)}m néu lim f(z) > 0

r—a r—a Tr—a

5) 1imQ/f(:z) = y/lim f(z), n € Z* (néu n ¢, ta gi Sir rang lim f(z) > 0)

Tr—a

«

6) lim — = lim —=0néua>104>1.

T—+00 T T—+00

Inz

0.3. Ham $ lién tuc
= Pinh nghia
«Ham $ f duoc goi lalién tuc tzi diém a néu lim f(z) = f(a).
« Ham $ f duogc goi la lién tuc bén trai ti Aiém o réu lim f(z) = f(a).

T—a

*Ham $ f duoc goi la lién tuc bén phi tgi diém a néu lim f(z) = f(a).

« Ham $ f duoc goi la lién tuc trén khang (a;b) néu f lién tuc tai moi diém thuc (a;b). (Néu f lién
tuc phai tai o valién tic trai &i b thi f lién tuc tréndoan [a;b]).
* Chay
* Moi da thirc déu lién tic trén R = (—o0; +00).

* Moi ham $ so cap déu lién tic trén mén xacdinh aia né.

0.4.Pao ham va vi phan
= Pinh nghia vi phan
Dai lugng dy = f'(z)dz dwoc goi la vi phan éa ham é y = f(z).
»Chay

dy = f(aMls & f'(a) = -

= C4c quy tic tinh dao ham
Gh s f, g vah la cac ham&kha vi, ta co:

D) [f(@) £ g(@)] = f'(z) £ g'(2);
2) [Cf(x)] = C.f(z) (CER);
3) [f(2)g(2)] = f'(2)g(z) + f(z)g'(2);

f@)| _ F2)g() — f(2)g(x) ) o
Nowl = Gwr 7Y
5) Neu y = f(u) V6i u = g(z) thi y'(z) = y'(u) ./ (2);

6) Ny = f(2) vaa = () th /() =
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/
ﬂh&yzj@)%O@hm:ﬂﬂVay:w®tmy@%:%8
T
= Pao ham aia cac ham 6 so cap
1) () = .z (u) = anu’ v
/ / /
2| =7 Ve =2
2\ 2
3) (sinz) = cosz (sinu) = u'.cosu
4) (cosz) = —sinz (cosu) = —u'.sinu
!/
5) (tanz) = =1+tan’x (tanu) = u2 = u/(1+ tan’® u)
cos” & cos” u
1 u'
6) (cotz)’ = ——— = —(1 4 cot” z) (cotu) = ———— = —u'(1 + cot” u)
sin” z sin”
7) (") =¢" (e") =u'e"
8) (a") =a.lna (") =u'a".Ina
!/
9)(ln|x|> == (1n|u|)/:—
10) (lo | x |)/ _ (10 | w \)/ _
S na S u.lna
11) (arcsinz)’ = L (arcsinu)’ = u
V1—2° V1—v
1 u’
12) (arccosz) = — (arccosu) = —
V1—2° V1 -
/
13) (arctanz)’ = ! (arctanu) = 4
1+ 2° 1+ u”
1 u'
14) (arccotz) = — (arccotu) = —
1+ 2° 1+ v’

0.5. Quy tic L’Hospital

Néu lim f(x)

va lim g(z)

0

ddng thyi bang 0 (hdic king v cung) th‘llimM

duoc i la dang vodinh

.1?*?1‘0 g(m‘)

0 /0 (hoic co / 00). Cac dng givi han naydugc giai quyét nho quy ic L'Hospital sau

Néu f(x) va g(z) kha vi trén (a,b) (c6 thé khong ki vi tai z,)vag'(z) = 0 voi z =z, thi

= Chay

lim /()

o g'(x)

f'(z)

lim ——=

Céc aing vodinh: 0.00, o, 0°, 1°, vA oo — oo déu co tté bién d6i dé &p ding quy fic L’Hospital.
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boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

0.6. Tich phan
= Cong thirc d6i bién sb
I\éuff )+ C vahamé z = o(t) kha vi thi
[ few)e it = Fle(t) + ¢

= Cong thikc tich phan tirng phan

fudv:uv—fvdu

= Céc dang tich phan tirng phan thwong gip

« i véi dang tich phan| P(z)e*” dz thi tadat w = P(z), dv = e™dx .

« Déi véi dang tich phan | P(z)In® z dz thi tadat v = In" z, dv = P(z)dz .

MOQT SO NGUYEN HAM C AN NHO

a+1
x
1) | adr=ax+C, a €R, 2) | z%dx =
) [ ) [ -
3)fﬁ:1n\x|+c; 4)fd$_2\/_+0
x
: a”
5 ‘de=e" +C; 6 ‘dr = +C,;
)fe r=e )fa T na
7) fcosxdx:sinx—i—C; 8)fsinxdx:—cosx—|—0;
9)f d =tanx + C; 10)f d = —cotz + C;
cos’ x sin® z
11)f de > :larctanz—l-C; 12)szarcsin£+C,a>O;
T +a a a o — a
dz 1 T —a dx
13 =—1In +C; 14 =Inltan—|+ C';
)fo—aQ 2a |r+a )fsinx
dx dz 2 )
15)f = In|tan|< + Z| + C; 16)f = 7 +a|l+C;
cosx Vit +a

+C;

17)f 2’ +a dx—2\/:n +a+§1nx+x/x +a
18)f\/a —x dx—— a’ — 2 —|—Earcsmi—|—0

o
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Chuong 1.TICH PHAN SUY RONG VA CHUOI SO

Bai 1. Tich phan suy Hng

Bai 2. Khai niém co ban vé chudi sb
Bai 3. Chubi s6 dwong

Bai 4. Chubi sb c6 diu tly y

Bai 1. TICH PHAN SUY RONG
= Khai niém mé dau

« Cho ham & f(z) > 0, Va € [a; b]. Khi d6, dién
tich hinh pling giéi han boi do thi ham $
y = f(z) va tmc hoanh la

S = jf(:n)dx.

« Cho ham & f(z) > 0, Vz € [a;+00) (b — 400).

Khi d6, dién tich S cé tré tinh duoc cing co tit
khéng tinhduoc. Trong toong hop tinhdugc hiru
han thi

S = +fmf(x)dfv = lim ]f(x)dx.

b—400

1.1. Tich phéan suy 6ng loai 1
1.1.1.Pinh nghia

b

Cho ham & f(z) xacdinh trén[a;+o0), kha tich trén noi doan [a;b]. Gii han (réu co) lim | f(z)dz
——+00

dugc goi la tich phan suydng logi 1 caa f(z) trénfa;+o0), ky hiéu 1a

Tf(x)dx =,

b

lim | f(z)dx

a

binh ngha trong tu:

[ fa)dz = Jim

b

ff(x)dac: lim | f(z)dx

a——00

j f(z)dz

= Chay

« Néu cac gbi han trén on tai hiru han, ta nditich phan Bi tu; ngroc lai 1a tich phan phank

« Nghién dru V& tich phan suyang lakhdo séat & hgi tu vatinh gia ti hgi tu (néu duoc).

a
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boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

+00
VD 1. Khio sat & hoi tu cia tich phanl = f df .
T
1
rdz b
*Truonghppa=1: 1 = lim | — = lim [lnx‘ ]: +oo (phan k).
b—+o00 . T b——+o0 1
. rde 1 b 1 ,a>1
« Truong hop a khécl: 1 = lim = lim |2 ]: lim (bH - 1) —la—-1
b—+00 x“ 1 — b=+ 1 1 — b=+
! too a<l.
Vay
a > 1:tich phdn hoi tu va I = 11
a J—

a <1:tich phdn phdn ky va I = +oco

dz
(1—2)

0
VD 2. Tinh tich phan/ = f

= Chay
+00

+00
« Néu t5n tai lim F(z) = F(+o0), ta dung cong trc f f(z)dz = F(z)

T—+00

a

b
« Néu ton tai lim F(z) = F(—o0), ta dung cong trc f f(z)dz = F(:c)‘b

+00
» Tuong . [ f(z)de = F(z)
. . " o odx
VD 3. Tinh tich phan/ = f :
Yo+ z’
1.1.2. Céc tiéu chén hdi tu
1.1.2.1. Tiéu chén 1
0 < f(z) < g(z),Vr €[a;+00)
R = z)dz hoi tu
f g(z)dz hoi tu [f( )

Céac trong hop khac trong tu.

+00
VD 4. Xét sr hoi tu cia tich phanl = f e da.
1
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1.1.2.2. Tiéu chén 2

T‘f <f‘f’)\d@“ hoi ty = +jsf(a:)da: héi tu

Cac trong hop khéac trong tu.

+00
VD 5. Xét ar hoi tu caa tich phan/ = f e "cos3xdr.
1
1.1.2.3. Tiéu chén 3
Gia sir f(x),g(z) lién twc, drong trén|a;+o00) va lim % =k.
r—-+00 g €T

+00 +00
e Néu 0 < k < +oo thi f f(z)dz va f g(z)dz cing i tu haic phan K.

+00 +oo
*Néu k=0 va fg(x)dx hoi tu thi ff(az)da; hdi tu.

k - +OO +00
. A 400 N A >
Neéu fg(:z;)da:phdn ky thi [f(:z:)d:z: phan k.

» Cac trong hop khac trong .

+o00

VD 6. Xét ar hoi tu cia tich phanl = f L —
14 2* +22°

+00 +00
Néu f(z) ~ g(z) khi z — +oo thi f f(x)dz va f g(z)dz c6 cing tinh cht.

400
VD 7. Xét ar hoi tu cia tich phanl = fd—x
l4+sinz+z

1
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+oo
VD 8.biéu kien cta o dé I = IL hoi tu 1a:

L zAIn" z +1

1

1.2. Tich phan suy 6ng loai 2
1.2.1.Pinh nghia

Gia srham $ f(z) xacdinh trén[a; b), lim f(z) = co va kha tich trén noi doan [a; b — €] (¢ > 0).

z—b"

b—e
Giéi han (réu co) lirrolff($)dlli duoc goi latich phan suydng logi 2 caa f(z) trénja; b), ky hiu 1a

b
f z)dx = hmff
binh ngha trong tu:
b b—e
ff )dz = hm{;[gf z)dx (}1&1 = ); L[f(x)dx = hirolif(x)dx (1115? = oo,}:ri} = 00

= Chuy
Néu cac gbi han trén 6n tai hitu han thi ta néitich phan i tu; ngroc lai 1a tich phan phanjk
VD 10. Khao séat & hoi tu cia tich phan/ = f— b>0.

b
*Truong hppa =1: I = lim dz = lim [lnx

e—0" €T e—0"
€

b]zlnb—limlnsz—l—oo.

e—0"
b ]
€
1

= lim (blﬂ — 617(1) =1{l—«

— e—0
1—-a + 00, a > 1.

b b
* Truong hyp o khacl: I = lim dz =lim [ 2 %z = 1 lim [ml‘”
e—0 r® e—0 1—q =0

€ €

1-a

,a <1

Pai hoc Cong nghép Tp. Hé Chi Minh (IUH) Page 11 01-09-2014
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Vay

blfnz

—

a < 1:tich phdn hoi tu va I =

a > 1:tich phdn phdn ky va I = +oco

1/3
3

VD 11.Tinh tich phan suyong [ = | ———dx .

J; V1 — 927

3 2 )
1 zANIn” x

2
VD 13.Tinh tich phan suyong I = [ o
1 r —T

1.1.2. Céc tiéu chén hdi tu
CA4c tiéu chan hoi tu nhe tich phan suyang laai 1.
= Chay

b b
Néu f(z) ~ g(z) khi z — b (véi b 1a cn suy bng) thi f f(@)dz va f g(z)dz c6 cung tinh cit.

1 «
VD 14.Tich phan suyong I = f L dx hoi tu khi va ch khi:
o oz +1)2 - 2)
1 1
A a< -1, B.a<—§; C.a>—§; D.aeR.
. A . r % 41 A o .
VD 15. Tich phan suyong I = dx phan K khi va ch khi:
0 AJ(z> +1)sinz
1 1
A a<-1 B.ag—g C.aZ—E D.aceR.
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» Chay
Gisr I =1 +1, véi I, I, I, lacac tich phan sugmg ta co:

1) I, vaT, hoitu = T hoi tu.

2)

I — —oo(phdn k} I — +oo(phdn k3
1 —oo(phan ky) hoac{l (PhAnkY) i 1 ohan k.

1,<0 1,>0
I — —oo(phdn ky I — +oo(phdn ky .
3) 1 (phanky) e B (PRAnRY) ! ta chea thé két luan I phan K.

I,>0 1,<0

ot
VD 16. Tich phan/ = | ———dx phan K khi va ch khi:
o Valsing
Aagi Bag—i C.ozg—l D.aaeR

+o00

+00 . +oo .
VD. Xéttich phanf = [ *=Zdz,taco:l = -+ + [Z==d
1 z z 1 1 z
+00
SET —  im 22T 4 cos1 = cosl (1).
T | aotoo
“rlsinz Fdr [ sinz
e[S [Hrakin @)
1 x 1 x 1 x

Tur (1) va (2) ta suy rd hdi tu.
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Poan Viwong Nguyén Bai ging Toan Cao ép C1Pgi hoc
Bai 2. KHAI NI EM CO BAN VE CHUOI SO
2.1.Pinh nghia

« Cho d&y 6 c6 v6 han cac 6 hang u,, u,,..., u_,.... Bieu thic
U U, AU A= iun
dugc goi la chwi so. "
«Cac $ u, uy,..., u_,... 12 cac 8 hang vau_ duoc goi 1a & hang ng quat aa chibi sb.
«Tong n s hangdautién S =wu, +u, +...+u_dugc goi latong riéng thr n cia chidi sb.

- Néu day{s,}  hoitudén s 5 hixu han thi ta n6i chéi s6 hdi tu va c6 éng 1a S , ta ghi la

Nguoc lai, ta n6i chidi sé phan k.

VD 1. Xét ar hdi tu cia chbi sb Z:aq"*1 (a=0).

n=1

*Truong tpp ¢ =1: S, = na — 400 = chuwi phan K.

1—qg" 1—qg"
q =a g .

*Truonghopg=1: S =u .
n 1_q 1_q

1

Néu |q|<1thi§ — —"— = chifihgity; néu|g|>1thi S — +oo= chudiphank.

1—g¢q
Vay
Z:aq“1 hoitu < |q| <1
n=1
VD 2. Xét gy hoi ty cia chibi s6 Z;.
n=1 n(” + 1)

VD 3. Xét gr hoi ty ciia chibi s6 > " In [1 + 1] .
n=1 n
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VD 4. Xét ar hdi tu cia chbi sb Z

n=1 V1N

2.2.Diéu kién can dé chudi sé hoi tu

Neu chubi Zu hoi tu thi hmu =0, ngroc lai néu hmu = 0 thi Zu phan K.

n=1 n=1

00 4

n

VD 5. Xét gr hoi tu cia chibi s6 > ———.
n=1 3” +n+2

VD 6. Xét ar hoi tu cia chbi sb E
n= ln +1

2.3. Tinh cHt

1) Néu iu”, ivn hoi tu thi Z u +v Zun —i—Zvn .

n=1 n=1 n=1 n=1 n=1
, 00 00 00
2) Neu g u_ hoi tu thi Zaun = az u .
n=1 n=1 n=1

3) Tinh chat hoi ty hay phan k cia chdi sé khéngddi néu ta thém hac bot di hitu han & hang.

Bai 3. CHUOI SO DUONG

3.1.Pinh nghia
Chii s6 > "u, duoc goi la chwi s6 dirongnéu u, >0, Vn.
n=1

Khiu,_ >0, Vn thi chii s6 Ia drong thrc ar.

3.2. Cacdinh ly so sanh
* Pinhly 1
Gia s hai ch@i sb Zun, Zvn thoa 0 <u <wv ,vn >n . Khido:

n=1 n=1

Pai hoc Cong nghép Tp. Hé Chi Minh (IUH) Page 15 01-09-2014



boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

« Néu Zvn hoi tu thi Zun hoi tu.

n=1 n=1
«Néu > "u_phankthi > v phanlk.
n=1 n=1

VD 1. Xét sy hoi tu cia chidi s6 3 12 .
n=1 n.

, . %o 4 N . , , L= 1
VD 2. Xét ar hoi tu cua chwi dieu hoa § 1 bang cach so sanhsv § In [1 +—].
n=1 n=1 n

= Pinh Iy 2

) H X: A = = 5 = X £ L X1 U
Gid st hai chbi sb Y u , > v théamanu >0 vav, >0 véi n dilén valim—= = k.

n=1 n=1 e Un
«k=0: > u phank =>"v phank.
n=1 n=1
e k= +o00: Zun hoi tu = Zvﬂ hoi tu.
n=1 n=1
c0<k<+oo: Y u va)y v clng tinh cht.
n=1 n=1
< 2" (n + 1)

VD 3. Xét ar hoi ty cia chidi > poen bang cach so sénhﬁ*i/Z[g] .
n=1 n. n=1

= Chay
Chi sb Zia hoi tu khi o > 1 va phan k khi a < 1.
n=1 n
VD 4. Xét a1 hoi tu cia chidi sb S — 1
n=1 2n5 + 3
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3.3. Céc tiéu chién hdi tu

3.3.1. Tiéu chdn D’Alembert

. %0 L .u ]
Cho chéi s6 dwong > "u_ va lim —* = D. Ta co:

n—00
n=1 'U/”

« Néu D < 1 thichwi sé hdi tu;
« Néu D > 1 thichuwi sé phan k;
« Néu D =1 thi ta chra thé két luan.

) L v 1 1)
VD 5. Xét ar hoi tu cua chwi so § —|1+—
n=1 n

, A N X X X 57](71')2
VD 6. Xét sr hoi tu cua chuwi so6 —_—
n=1 (2”)'

3.3.2. Tiéu chdn Cauchy

Cho chéi s6 dwong > "uvalim yju = C. Taco:
n=1

« Néu C <1 thichui s6 hdi tu:
« Néu C > 1 thichwi sé phan k;
« Néu C =1 thi ta chra thé két luan.

VD 7. Xét gy hoi ty cia chibi s6 Z[l] .

n=1

n

VD 8. Xét ar hoi tu cia chidi s S Z .
n=1
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3.3.3. Tiéu chdn Tich phan Maclaurin — Cauchy

Gi st ham $ f(z) lién tuc, f(z) > 0 vagiam trén[k;+o00),k € N. Ta co:

S f(n) hoi tu T f(2)dz héi tu

VD 9. Xét ar hoi tu cia chbi sb

VD 10. Xét gy hoi tu ciia chibi s6 > 13 .
S nin’n

Bai 4. CHUOI SO CO DAU TUY Y

4.1. Chubi sb dan diu
4.1.1.Pinh nghia

Chii s6 > " (—1)"u, duoc goi 1a chwi sé dan diunéu u, > 0,Vn.

n=1

vo. S s >y % la céc chii sb dan diu.

4.1.2.Dinh ly Leibnitz
Nu day{u },_, gidgmvalimu =0 thi chibisd Y (—1)"u, hoi tu.

n=1

Khido, ta @i chudi sb lachuwi Leibnitz

VD 1. Xét sr hoi ty cia chii 5 52
n

n=1

n=1
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VD 3. XetSIholtuCuaChuﬁISOZ (= 1)

712\/_+

4.2. Chubi s co dau tly y
4.2.1.Pinh nghia

* Chibiso Y u (u, € R) duoc goi la chusi c6 diu tly ¥

n=1

» Chibi s6 Y u_duoc goi 1a hgi ty tuyét i néu chibi sb > | u_ | hoi tu.

n=1 n=1

* Chibi s6 ) "u_ duoc goi 1a banhgi tu néu chibi > "u  hoity vachdi Y |u | phanK.

n=1 n=1 n=1

VD. Chii sb Z Dl la ban i ty vi (o Zl phan K.
n=1 n n=1 n=1 n n=1 n

4.2.2.Dinh Iy
Neu chubi s6 D | u, | héi tu thi chidi ¢ dhu tly ¥ " u_ hdi tu.

n=1 n=1

cos(n ) .

VD 4. Xét ar hoi tu cia chii sb Z
n=1 n

n
n=1 3
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Chwong 2. HAM SO NHIEU BIEN SO
Bai 1. Khai niém co ban
Bai 2. Pao ham riéng — Vi phan
Bai 3. Cuec tri ciia ham hai bién sb

Bai 1. CAC KHAI NI EM CO BAN

1.1. Tap hop trong R"
Xét khong gian Euclide chiéu R" (n >2)vatip hop D C R".
* Mot phan tir z € R" la mjt bo n O thuc (z,,1,,...,2 ). Diém M biéu dién phin tir z duoc goi la co

17772777 n

duoc ky hiéu vadinh ngha la
d(M7N) - \/($1 - y1>2 + ($2 - y2>2 + + (mn - yn)Z )

toa do (z,z,,...,z ), Ky hiéu la M(z,z,,...,z ). Khaang cach gia M(z,z,,...,z ), N(y,.¥,,--»Y,)

« Xétdiém M, € R" va $ thuc ¢ > 0 bé tly ¥, ta gi = —1an ain (goi tat Ia 1an @n) ciadiem M, 1a tp
hop tit ca cacdiém M € R" sao chod(M_, M) < .

07

*Diém M € D duoc gi la diém trongcia D néu tHn tai mot 1an din ciadiém M nam hoan toan trong
D . Tap hop D dugc goi la tdp nmo néu moi diem M € D déu ladiém trong @a D .

* Piém M € D duoc goi la diém biéncia D néu moi Ian &N piém trong

ciadiém M vira chradiém thuwe D vira chradiém khong \
thuoc D (diem bién @ia D c6 tke khong théc D). Tap hop Diém ngoai
tat ca cacdiém bién @ia D duoc goi la biéncaa D, ky hiéu

Ig oD (z<em’ H.1.1.1). 3p hop D dugc i la tap dong ky 8D/ " imbien
hiculaD,néu 0D C D. H.1.1.1

« Xétdiém M cb dinh va 6 thyc r > 0. Tap hop tit ca cacdiém M sao chod(M,, M) < r dugc goi 1a
qui cau mp tam M, , ban kinhr; tap hop cacdiem M thoa d(M,,M) < r dugc goi la qui ciu dong
tam M, ban kinhr; tap hop cacdiem M thoa d(M , M) = r duoc goi la mat cdu tdm M, , ban kinh
r. Tap hop D duoc goi 1a bi chin néu tn tai mot qua ciu déng chira D .

 Tap hop D duoc goi la tdp lién thdngnéu ta co tk ndi hai

diém bat ky thudc D boi mot duong cong liéndc nim hoan P

toan trongD (H.1.1.2). Bp lién thdngD duoc i la don

lién néu D c6 bién la mt mat cong kin (H.1.1.3):ap lién O ON
théng D ¢6 bién & bp aia nhéu mat cong kin & nhau

dugc i lada lién(H.1.1.4). H.1.1.2

H1.13 9D aD=0,Uc,UC, H.1.14

1 2
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1.2. Ham $ nhiéu bién

« TrongR" chotip D = ¢. Anhxa f: D — R xacdinh boi
D> (z,z,,....,70,) — u= f(z,7,,...,0,) €ER

dugc goi 1a ham & n bién . Tap D duoc goi la mién xacdinh aia ham 8 f, ky hiéu 1a D,. Céc bén

r,7,,...,z lacac bén doc lap. Néu M(z,,z,,...,z ) thitaco th viét u = f(M).

1999

Khi n = 3, tadugc ham $é ba bén $ va throng dugc viét 1a v = f(z,y,2).

* Khi n = 2, tadwoc ham § hai bén $ va throng dugc viét 1a % 2= fleq)
z = f(z,y). Gidti z = f(x,y) dugc @i la gia ti cia [ tai f(a.b)
(z,y) va mén gia ti cia hamf |a g
G={:eR|z= f(z.y),(z,y) €D,}. =
Do thi cia ham z = f(z,y) la Bp hop tit ca cac diém [0 — b 3
N(z,y,f(M)) trong khong gianOxyz, voi M(z,y) € D, a "u "
(H.1.1.5). T il
H.1.1.5
- Chay

« Trong twong hyp khi xét ham & (M) ma khéng noi gi thém thi tadhi mién xacdinh dia ham 8 la
tap tit ci cacdiém M € R" sao chof(M) c6 nghia. Mién xacdinh cia hamf thuong la &ip lién théng.

« Trong chrong trinh, cti yéu ta ch xét ham & f(z,y) va f(z,y,2).
VD 1. Ham $ f(z,y) = 32’y — coszy €O D, = R*.

VD 2. Ham $ z =+/4 — 2> —y” ¢6 mén xacdinh (MXD) Ia hinh trondéng tamO(0,0) , ban kinh
R =2 nam trong nit phing Ozy . Vi M(z,y) €D, & 4—2" —y* > 0= 2" +y° < 4.

VD3.HamM$ z = x—% c6 MXD la nra mit phing trongOzy , "am phia trénfuong thing
l—-z+y

y=z—1.ViM@yecD <l-z+y>0&y>z—1.

Bai 2.PAO HAM RIENG — VI PHAN

2.1.Pao ham riéng
2.1.1.Pao ham riéng dp 1
= Pinh nghia
Gid srham $ f(z,y) xacdinh trén mén my D C R* chradiém M, (z,,y,). Co dinh y = y,, néu ham
s6 mot bién f(z,y,) codao ham i z, thi ta @i dao hamdo ladgo ham riéng theo bn z ciia ham 6
f(z,y) tai (z,,y,), Ky hiu la:

f(x,.4,) hay gf (

_x x()?yo) ha‘y .f;;(x07y0) :
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Vay

f(xayo) - f(xoayo)

f;(xo,yo) = lim
0 ZE—ZEU

Tuong tr, dao ham riéng theo bn y tai (z,,y,) la

f;/,(xoayo) _ hm f(xovy) _ f(xovyg)
) Yy—19,

= Chay
« Cac quyic tinhdao ham @a ham 8 mot bién déu ding chodao ham riéng ¢a ham é nhiéu bién.
« Ham $ nhiéu hon hai bén co6dinh ngha trong tr, ching han
f(ma yoazo) - f(xoa Yos ZO)

, Y
]i(xoayovzo)_ }ljﬁ T —x, '

VD 1. Tinh caatao ham riéng &a ham 8 f(z,y) = z'y® — 42y — 32° + ¢° tai (1;,—1).

] , o oy z’ + 9y’
VD 2. Tinh caaiao ham riéngéa ham 6 z = ———.
r =y
r y2
VD 3. Tinh caatao ham riéng é¢a ham 8 z = arctan~.
X

VD 4. Tinh caatao ham riéngdi (1,—1,—2) cia ham 8 f(z,y,2) = In(zy® + 2%).

2.1.2.Pao ham riéng dp cao

» Cécdao ham riéng (bu c6) @ia cac hamé f(z,y), f/(x,y) duoc i la cdcdao ham riéng dp haicia
ham $ f(z,y), ky hi¢u la:

17 =(f)). hay

o _ oo
or?  Ox
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gy hay &L 2 [
Y ¥’y 83/2 ay dy

" _ (7 hay 2L a[af ] hay £, = (f),,

) vy, 1,

v v 8y8x oy |0z
0 oo
2=yt = S v, = ).

« Cac ham & nhiéu hon hai bén vadao ham riéng &p cao lon hai cédinh ngha trong tr, ching han:
FO ) = ()0 = (e, ) f<26:z (z,9,2) = ((£2(,9,2))))))"% -

Ty z

* Pinh ly Schwarz
Néu ham 8 f(z,y) c6 cacdao ham riéng ap hai f"(z,y) va f(z,y) lién tc trong mén my D C R’
thi f(z,y) = f/(z,9).

= Chuy

« Binh ly Schwarz coduoc phéat béu chodao ham ép n cia ham 8 n bién f(z T, T, T ). Ching han,

ham $ f(z,y,z) c6 cacdao ham riéng &p ba f””, f”j f/”’ f/”’ f”j va f’y” lién tuc trong mén mo

Yz
V c R? thi ching Bng nhau.

» Ung ding aia dinh ly 1a, khi ham nféu bién c6 caatao ham riéng liénc thi ta c6 th thaydoi thir tu
|4y dao ham theo céac & mot cach tly .

VD 7.Cho ham § z = ¢* . Tinh 2" (z,y).
2%y
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2.2. Vi phan

2.2.1. Viphan ép 1
Gid srham $ f(z,y) lién tuc trong lan én ciadiém M (z,,y,) . Choz mot b gia Az vay mot O gia
Ay, khid6 ham é f(z,y) c6 trongung $ gia la:
Af = f(z, + Az, y, + Ay) — f(z,,y,)
= [f(z, + Az, y, + Ay) — f(z, y, + Ay)] + [f(z,, y, + Ay) = f(z,, y)| = A f+ A f.
Gia srham é f(z,y) c6 cacdao ham riéngdi diém M, ap ding cong titrc s gia gisi noi cho ham &
mét bién ta co:
A f=Axfl(z, +0Az, y, +Ay) va Af= Ay.fy’(:no, y, + 0,Ay)

(trongdo 0 <6, <1va0 <6, <1).
Bay giv, néu gia sir thém f/ va f/ lién tuc tai diem M, thi:

lim fyg’(m0 + 0 Az, y, + Ay) = ﬁ/($oayo) Af= j;’(:no,yo)Am +¢eAx

(Az.Ag)—(0,0) N
0,0y = fla,) A, f = [, 5,8y + Ay
(trongdd ¢, — 0, ¢, — 0 khi Az — 0 vaAy — 0).
Suy ra
Af = fl(z,y,) Az + ]i/’(xo,yo)Ay + Az +e,Ay.

Mat khac,dit p = (Az) + (Ay) , ta co:
. g Ar +¢Ay
im
(Az,Ay)—(0,0) \/(A.’L’)Z + (Ay)Z

=0=¢cAz+e,Ay=0(p).

Af = (@, y,)Az + fl(@,,y,)8y +0(p)| (%)

= Pinh nghia

« Néu khi Az — 0 va Ay — 0 maAf co the viét dugc dudi dang () thi ta n6i ing ham 8 f(z,y) khd
vi tai diem (z,,y,) -
bai lugng

flayy) Az + fl@,,y,)Ay

ky hieu df(z,,y,) , duoc goi 1a vi phan toan phin (goi tit 1avi phan) cia ham 6 f(z,y) tai diem (z,,y,).

« Tuong tr nhr ham $ mét bién, rfu = va y 1a bién doc lap thi dz = Az vady = Ay.

Vay, ta c6 cong thc vi phan da f(z,y) tai (z,y) 1a
df(z,y) = f/(z,y)dz + f/(z,y)dy

« Vi phan @a ham & nhiéu hon hai bén $ cddinh ngha trong tr, ching han
df(z,y,2) = f(,y,2)dx + f(@,y,2)dy + f(z,y,2)dz

e Ham $ f duogc goi la kha vi trong mén V . R™ néu f kha vi tai moi diém thwe V.
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VD 8. Tinh df(z,y) cia ham 8 f(z,y) = sin(z%y).

2.2.2. Vi phan ép cao

2.2.2.1Pinh nghia
* Gia S f(z,y) la ham ki vi véi =, y 1a hai bén doc lap va
df(z,y) = f/(z,y)dz + f/(z,y)dy .

Gia st df(z,y) ciing khi vi, khi d6 vi phan éa df(z,y), ky hicu 1 & f(z,y) = d(df(z,y)), duoc goi A
vi phan toan phin aip hai(goi tat lavi phan @p haj) cia ham 8 f(z,y).

« Tiép tuc dinh ngha nhr trén, tadugc vi phan ép ba Ga ham 8 f(z,y) 1a
&’ f(z,y) = d(d*f(2,y)),

vi phan ép n cia ham 8 f(z,y) 1a d"f(z,y) = d(d" " f(z,y)) .

2.2.2.2. Cong tlic tinh
« Do z, y la hai bén doc 1ap nén cac&gia dz = Az, dy = Ay la hing $ dbi voi = vay .
Ky hi¢u (dz)" = dz" va (dy)" = dy", ta co:
d*f(z,y) = d(f/(z,y)dz + f/(z,y)dy)
= [f(z,y)dz + f(z,y)dy] dx + [f/(2,y)dz + f(z,y)dy] dy
=2 (@y)dz + [ (z,y)dyldz + [ (z,y)dz + [(2,y)dy)dy

= f1(2,y)(dx)” +2f))(z,y)dady + [/ (z,y)(dy)".

Vay ta c6 cbng the vi phan ép hai @ia f(z,y) 1a

d’ f(z,y) = f1(z,y)da’ + 21, (2, y)dzdy + f7(z,y)dy”

« Tuong tr, ta c6 cong tic vi phan p ba @a f(z,y) 1a

d’f = fde’ + 3f7 da*dy + 3" dzdy’ + f7dy’

= Chay
Néu z va y 1a cac ben trung gian ph thuoc vao bén s vat¢ thi d"z = dz", d"y = dy” nén cac cong
thire trén khdng coxdiing rira. Cac vi d sauday ta ch xét trong hyp cac bén 2 va y doc lap.
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VD 10.Cho ham & f(z,y) = ¢" . Tinh d>f(1,—1).

Bai 3. CUC TRI CUA HAM SO HAI BI EN

3.1. Guec tri dia phwong
= Pinh nghia

- Gia sr ham $ 2 = f(z,y) xacdinh trong mén D chira M (z,,y,). Néu véi moi diém M(z,y) thusc

lan céin cia M, nhung khacM, ma heu Af = f(M)— f(M,) c6 diu khongddi thi ta néi Eing ham &

z = f(z,y) dat cuc tri dia pheong (goi tat la cyc tri) tai M_.

0
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« Néu Af >0 thi ham & f(z,y) dat cuc tiéu tai M, . Diém M, duoc goi 1a diém arc tiéu va f(M,)
duoc goi la gia trj curc tiéu cua f(z,y), ky hiéu 1a £,
« Néu Af <0 thi ham 8 f(z,y) dat cuc dai tai M, . Diem M, duoc gpi ladiém arc dai va f(M,) dugc

goi la gia tri cuc dai cia f(z,y), ky higu la £, .
VD. Xétham 8 f(z,y) = z* + y* — zy xacdinh trénR?. Vi moi diém M(z,y) khac 0(0,0), ta co

F(M) = x—%] +3—y2>0:f(0).

4

Vay ham $ f(z,y) dat cuc tiéu tai 0(0,0).

3.2. Gyc tri tyr do
3.2.1.Pinh Iy

= Piéu kién can
Néu ham 8 z = f(z,y) dat cuc tri tai diém M (z,,y,) va i d6 ham 8 c6dao ham riéng thi
fl@yy,) = f(@,9,) =0

biém M, théa man f/(M,) = f(M,) = 0 duoc goi 1a diém ding (haydiém i hgn). Biém M, co the

Y

khéng phi la diém arc tri.

= Pidu kién dii
Gia st ham 8 z = f(z,y) codiém ding la M (z,,y,) va cddao ham riéng dp hai lién tc trong ngt [an
cgn ciadiém M, . Tadat

A=fI(M,), B=['(M,),C=fl(M)vaA=AC- B

Khi do, ta co:
1)réu A >0 vaA>0 thi f(z,y) dat cuc tidu tai diém M ;
2)réu A >0 vaA <0 thi f(z,y) dat cuc dai tai diem M, ;
3) réu A < 0 thi f(z,y) khdngdat cuc tri tai M ;

4) réu A = 0 thi tachuwra thé két lugn.

- Chi thich / \
. \ BN N . PN -2 Air R « R
Cuc tri loai nay duoc goi la cuc tri tir do vi khi di tim diém o L Biem cuec tieu
cuc tri, ta xét cadiém M(z,y) chay khap D, ma khdng cows H.1.3.1

rang bwc nao (H.1.3.1).

3.2.2. Phrong phép tim arc tri tw do

Gia stham $ f(x,y) codao ham riéng &p hai lién tic trén D C R*,
Pé tim ayc tri cua f(z,y), ta thrc hién cac e sau
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« Buge 1. Timdiém dirng bing céach gii hé pheong trinh

fla,y) =0
]i/'(x, )=20

* Busc 2. Gh sir (z,,9,) 1a mit nghiém cia rg¢ va M (z,,y,) € D, ta tinh:
A= JZ;(IEOJyo)’ B = Ji,g(%;y[)) ’ O == f;/g/(x()’ y[)) = A = AC — B2.

« Buge 3. Dra vaodiéu kién du caadinh ly dé két luan.

VD 1. Timdiém ding aia ham 8 f(z,y) = 2* +4* +3y* — 122 — 5.

1
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VD 5. Tim ayc tri cia ham 8 f(z,y) = 22° + 52* + x> + y° — 4.

3.3. Grc tri codidu kién

Giastham $ z = f(z,y) cOdd thi la S cit hinh t theo giao 2
tuyén la mbt duong congC' . Goi hinh chéu caa C' trén Ozy S z= f(z,y)

la duong cong(v) : ¢(z,y) = 0. Néu tai diém M, € (y) ham

SO f(z,y) dat cuc tri thi ta n6i M, ladiém arc tri codiéu kign
cua f(z,y) véi diéu kién rang bac o(z,y) = 0 (H.1.3.2).

= Cha thich ém

_Diém cuc dai

Y

« Cuc tri cddiéu kién khac ac tri tr dod chd khi di tim diém T M, —— Diém cuc tiéu
cuc tri, ta ch xét cacdiém M(z,y) chay trén duong cong 11139
(v)C D,.

« Bé tim arc tri cia ham & z = f(z,y) véi diéu kién o(z,y) = 0, ta dung phong phapkhir haic phrong
ph4pnhan i Lagrange

3.3.1. Phrong phéap khir
Gia S can tim arc tri cia ham 8 z = f(z,y) lién tuc trén mén D thoadiéu kign o(z,y) = 0 (@(z,y)
kha vi), ta thrc hién cac lxéc sau

« Buoc 1. Tir phuong trinh o(z,y) = 0, ta gii y theoz (hoic z theoy) va thé vao ham & 2 = f(z,y).

* Bugc 2. Ta tim @c tri cia ham bp mot bién z = f(z,y(x)).

VD 6. Tim arc tri cia hamz = z° + y* thoa mandiéu kién zy = 1.

3.3.2. Phrong phap nhéan tr Lagrange

Gia s can tim arc tri cia ham 8 z = f(z,y) lién tuc trén mén D thoadiéu kien o(z,y) = 0 (@(z,y)
kha vi), ta thrc hién cac lxéc sau

* Buoc 1. Lap ham pl (ham plu conduoc goi la ham Lagrangg
[L(z,y) = f(z,9) + Ap(,y)]
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« Buéc 2. Tim diém ding bing céach gii hé phrong trinh
L (z,y) = fl(z,y) + X (z,y) = 0

L(z,y) = [/(z,y) + Mg, (,y) = 0
p(z,y) =0

Gia srta con diém ding M, (z,,y,) tng Wi A (k =1,...,n).

* Bugc 3. Tinh cac vi phand”L(z, y) = L', (z,y)dz’ + 2L (z,y)dzdy + L;; (z,y)dy*, va
dp(z,y) = ¢! (2,y)dz + @) (v,y)dy .
« Bugc 4. Tai diém M, (z,,y,) tng Wi ), ta gai:
¢ (M,)dx + @;(Mk)dy = 0= dy theodz (haic ngroc lai).
Sad6, thay vaod’L(M,) (cha ydz® + dy* > 0).

Két luan:

1) réu d°L(M,) > 0 thi ham & f(x,y) dat cuc tiéu tai diém M, ;

2) réu d°L(M,) < 0 thi ham 8 f(z,y) dat cuc dai tai diem M, .

= Chay
Néu tir vi phandL(z,y) ma ta cé thkét luan dugc arc tri thi khdng én phii tinh dg(z,y) .

VD 7. Tim arc tri cia ham & f(z,y) = 2 + 2y théa mandiéu kien 2* + 4* = 1.

* Chay
Khi ta thay o(z,y) = 0 boi mot phuong trinh trong duong thi nhanit A st thaydoi nhung khéng lam
thaydoi két qua caa bai toan.
2 2
VD 8. Tim arc tri cia ham 8 z = zy thoadiéu kién ‘% +ZL=1.
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Chwong 3. MOT SO BAI TOAN KINH T E
Bai 1. Bai toan |ai kép -Panh thué doanh thu
Bai 2. Bai toan tim mic sin lwong dé doanh nghiép dat l¢i nhuén téi da
Bai 3. Bai toan naréi tiéu ding — Tim dau vao sao cho chi phian xuat nhé nhat

CAC KHAI NI EM — KY HI EU TRONG KINH T E

1. Trung binh cia ham
e Lz e . . _ .« H(V) -
Xét haidai lwgng kinh € H, V' c6 ndi quan & ham \6i nhau: H = H(V). Ti 0 T duoc goi la
ham trung bintcaa H , ky hiéu 1a AH(V).

VD. Mot doanh nghiip sin xut lugng hang@ va ban Bt véi don gid la P thi tng doanh thu&sla
R = PQ.Vay AR:%)ZP.

Trong kinh&, don gia 1a trung binhi@ doanh thu.

2. Bién ¢
Bién € cua hamH (V) theo bén V tai V ladai lugng
HV)-HV
V=V, V — I/U

ky hiéu 1a MH (V).
Ching han, bién € cua doanh thuR theo &n luong @ tai @, 1adai lugng mé & do ting aia doanh thu
khi @ tang thém Idon vi tai Q. Ta cOMR,(Q,) = R'(Q,).

VD. Gia sir chi phiC' cua 1 doanh nghp dé sin xuat ra Q san pham |a:

C = %Qf*’ —10Q* +1000Q + 70 (don vi tién ).

Sr dung bién &, tauéc luong chi phidé doanh nghip sin xuit ra sin phim tha 50 1a:
C’(50) = 2500 (don vi tién ).

aAg ky higu

Ky higu | Y nghia

bon gia Price)

S6 luong (Quantity)
Doanh thu Revenug
Loi nhuan (Profit)
Chi phi Cos)

Cau (Demand

Cung Supply

Thié (Tax)

NRnOQH DO
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BAI 1. BAl TOAN LAl KEP — PANH THU E DOANH THU

1.1. Bai toan lai kép

« Gid sir mot nguoi giri sb tién P, vao mdt ngan hang & i suit s(%) trong thvi gian ¢ .
Sau thi gian ¢ thi ngroi d6 cé Hng £ tién la

P=F +sB =F(+5)

« Néu chia khang thyi gian ¢ ra lamn khoang Bing nhau thi 13i sit méi khoang 1a = (%) .
n
Tong $ tién cudi khoang thyi gian thr nhit nguoi d6 coduoc |a

142

S
P=R+ZR =R+

n

« Nguoi d6 lai gui tiép $ tién coduoc vao ngan hang thi dikhoang thr hai $ tién coduoc la

2
+3%P+3};ap+%
n n n

p=prl1+2
n

Tiép tuc nhr vay chodén cwi ky thi ong $ tién ngroi d6 cdduoc la
P, [1 + 3]
n

« Néu ting $ lan rat va @i 1&n vo han lan thi sau khang thyi gian ¢, tong $ tién ngroi d6 cé,duoc tinh
theo cong thc lai kép lién tc la

s

s |3

n—oo n—oo 0

P%limPo[l—i—i] — lim PO[HET = Pe’
n n

VD 1. bau thang 1 am 2010, ndt nguoi giri 100 tréu dong ¢ 1 ngan hangai 1ai suat 8% trén not nam
va cwi nam 2010 &i nhan. Tinh tng $ tién c von lan |&i ngroi d6 nhan dugc trong cac irong hyp sau:

1)Pau ram giri dén cwi nam dén nhan; 2) Mbi thangdén rat tién va gii lai;
3) Moi ngayden rat tien va gri lai; 4) Lai kep liénic.
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1.2. Bai toandanh thué doanh thu

Gia sr mot doanh nghiip sin xuit dgc quyén 1 laai san phim. Goi Q 1a sin luong va P 1a gia ban Xon

vi sin phim. Biét ham éu aia th truong W loai san phim trén trong 1don vi thoi gian la
Q,(P) = D(P), tng chi phi IAC = C(Q) va bng $ thué 1a T = T(t) (voi ¢ 1 mic thué doanh thu
dinh trén nat don vi san pham).

Ta c6 3 bai toan salay

* Baitoan 1
Tim mic sin luong @ theot dé doanh nghip dat mac loi nhuan t6i da sau thé Mac sin lwong nay
duoc goi 1a san lwong hpp ly nhit caa doanh nglép.

» Bai toan 2
Tim ¢ dé khi doanh nghiip dat muc loi nhuan i da thi thé thuduoc tir doanh nghiip 1a kbn nhit.

* Bai toér] 3 , ) i )
Tim ¢ d€ san lwong hop ly nhit cia doanh nglép dat mot mirc t6i thiéu hay bi da.

» Cach gii
Bwéc 1. Tir ham éu ta tim P theo Q.

Bu’é:c 2. Lap cac ham:
* Tong thie doanh nghip phii déng IAT = @t , doanh thu&a doanh ngdp 1a R = R(Q) = PQ.
* Loi nhuan acia doanh nglép thuduoc la: ’
IT=R—C—T (doanh thu “=" chi phi “=" the).
Buwoc 3.
« Tim mic sin luong @, (¢) theot dé hamIl dat gia ti |6n nhit (Bai toan 1).
* Tir Q,(¢) timduoc, ta tim¢ dé hamT dat gia ti 16n nHit (Bai toan 2).

« Gidi Q,(t) > Q hayQ,(t) <@ véi Q la mic sin lugng ©i thiéu hay 6i da (Bai toan 3).

VD 2. Mét doanh nghip sin xuit doc quyén 1 loai san phim. Biét ham @u cia loai san phim nay va ham

tong chi phi én xut 1an luot 12 Q@ (P) = 800 — P va C = @* + 200Q + 100.

1) Néu biét mac thié doanh thudinh trén nét don vi sin phim la ¢ thi doanh ngl§p < 4n dinh sin
lwrong nhr thé naodeé lgi nhuan sau tha]é l6n ntﬁt ? ,

2) Khi doﬂanh»ngt@'p datrlqi nhuin sau thé lon nhat, hay tim nirc thie doanh thut ap trén nt don vi
san pham dé tong thie thuduoc tir doanh nghip nay la én nhat ? ’

3) Nhu @u xa i can co bi thieu 125don vi san ptam cia doanh ngiép nay. \ay mic thie doanh thu
chi dugc ap bi da la bao nhiéu ?
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Bai 2. BAI TOAN TIM M UC SAN LUQNG '
DPE DOANH NGHI EP PAT L QI NHU AN TOI PA
(Cuc dai hoa lpi nhudn theo gn lwong)

2.1. Sin xuit trong diéu kién canh tranh hoan hao
2.1.1. Doanh nghép san xuit mét loai san pham
Trongdiéu kién canh tranh hoan4o thi gia ban do ittruong quyét dinh va khéng pi thugc vao mirc sin

lwong aia doanh ngldp. Khido, tHing doanh thu I&R = PQ va haméi nhun lall = R — C.
Ta tim mirc sin luong Q dé hamII dat cuc dai.

VD 1. M6t doanh nghiip sin xuat mot loai san phim trongdiéu kién canh tranh hoando. Biét gia dia sin
pham trén th truong la P = 130 (don vi tien) va bng chi phidé san xuat ra @ (@ > 1) don vi san pham

laC = %Q?’ — Q% +10Q + 20 . Hay tim nirc sin luong dé loi nhuan doanh ngtéip dat cuc dai ?

2.1.2. Doanh nghp san xuét hai loai san pham
Gia st mot doanh nghiip sin xuét hai laai san pham trongdiéu kién canh tranh hoando. Biét gi4 ban da
cac &n pham 1a P, P,; ham 6ng chi phi pl thusc vao nirc sin luong Q,, @, 1a C = C(Q,,@,). Tim
mutc sin lrong trong tng aia trng gin plim ma doanh ngBp cin sin xuit dé co ki nhuan i da.

» Cach giii
Bwoc 1. Lap cac ham doanh thu vai hhuan cia doanh nglép:

R=PQ +PQ,vall=R—C.

Buéc 2. Tim hai mic sin lugng drong @, , @, dé ham bi nhuan II dat cuc dai.
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VD 2. Mot doanh nghip sin xuit hai laai san prim trongdiéu kién canh tranh hoandvo. Gia ban haim
pham nay trén thtruong 1A P, = 450, P, = 630 (don vi tién). Biét ham 6ng chi phi 1a:

C(Q,Q,) =@ +Q0, +Q +210Q, + 360Q, +100.

Hay tim mirc sin leong aia mdi san pkim ma doanh ngBp cn sin xuit dé c6 i nhuan i da ?

= Chay
Trong thrc €, néu bi han ché vé vén thi doanh nglép phai tu 4n dinh mirc phi bi da la C,. Khi do6, bai

toan c6 théndiéu kién rang bidc C < C, va ty thanh bai toanue dai trén mén déng, b chan co bién
gém nhiéu aanh.

2.2. Sin xuét trong diéu kién ddc quyen
2.2.1. Doanh nghgp san xuit mdt loai san pham

« Trongdiéu kién sin xuat doc quyén thi gia P cia sin ptim do doanh nghp (DN) quyét dinh. Lirong
cau @, do ngroi tiéu ding qugt dinh lai phu thuge vao P . Ta cé quanhham@, = Q,(P).

« Muén tiéu thr hét sin prim, ngha 12 @ = @, (P), thi DN phii 4ndinh mic gid P = Q,'(Q) = P(Q).
Ham bng doanh thu véi nhuan aia doanh nglép lic nay la:

R(Q) = P(@).Q vall = R(Q) - C(Q).

« Tu II = R(Q) — C(Q), ta timdugc mic sin lugng cén sin xuit va gia banté doanh nghiip coduoc loi
nhuin i da.

VD 3. Mot doanh nghip sin xuit doc quyén mot loai san pham. Biét ham éu Vé loai san phim nay la
@, = 1200 — P va haméng chi phidé dat mirc sin luong @ 1a

C = 0,25Q° — 30,625Q° + 1528,5Q + 20000.

Tim mac sin leong va gia baé doanh nghéip cé bi nhuan arc dai ?
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2.2.2. Doanh nghip san xuét hai loai san pham

Gia sr mot DN sin xudt doc quyén hai laai san phim véi san luong @, @, . Biét ham @u cia thi truong
vé hai laai san phim nay 1aQ, = D,(P,P,), @, = D,(P,P,) va haméng chi phi laC = C(Q,,Q,).

1772 1772
Tim muc sin leong aia hai lai san pram trén ma doanh ngdp cin sin xuit dé c6 ki nhuan t6i da ?

» Cach gii

Buwéc 1. Khi doanh nghip dinh gid banié ban gt san pham thi:
DI(PI’PQ) = Ql’ DQ(PI’PQ) = Q? *).

Gdi hé (*) ta duoc:
B =F(Q,Q,), F,=F(Q,0,).

Buwdc 2. Lap cac ham doanh thu vai hhuan cia doanh nglép:
R=P(Q,0Q,)Q +F(Q,Q,)Q,vall=R-C.

Buéc 3. Tk hamIl = R — O, ta tim cac gia trdwong @, va @, dé II dat cuc dai.

VD 4. M6t doanh nghip sin xuit doc quyén hai laai san phim. Biét ham @u \é hai laai san phim nay la:
Q, =1200—2P + P, vaQ, =1440+ P — P,

va ham éng chi phi én xut [a C = C(Q,,Q,) = 480Q, + 720Q), + 400. Tim mrc sin luong va gia ban
trong tng ma doanh ngp cin sin xuat dé cé li nhuan ti da ?

= Chay

Truong hyp DN sin xudt doc quyén 1 laai san ptim nhrng duoc tiéu thi & 2 thi truong tach bét. Biét
ham éu aia trng th treong 12Q, = D,(P), @, = D,(P,) thi ta\n gidi nhu trén Wi Q = Q, + Q, .
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VD 5. Mot doanh nghiip sin xuit doc quyén 1 loai san prim va cé 2 thtruong tiéu th tAch bét. Biét
ham @u \¢ loai san prim nay trén 2 thtruong lan luot 12 Q,, = 310 — P, @, = 350 — P,, va haméng

chi phi 1aC = C(Q) = 20 + 30Q + Q*. Tim mic sin luong va gia banuiong tng trén ndi thi truong dé
doanh nghip ¢6 bi nhuan ti da ?

BAI 3. BAl TOAN NG UOI TIEU DUNG

TIM PAU VAO SAO CHO CHI PHi SAN XUAT NHO NHAT
3.1. Bai toan ngrai ti€u dung
« Gia sr mot nguoi tiéu dung a dinh ding 8 tién 1a B dé mua ém 2 laai hang co gia 1aP, P, véi sb
lwong hang & mua in luot 1a = vay .

« Nguoi tiéu dung 8 nhan duoc loi ich tir sd hangdd mua. i ich nay la ot ham ph thusc vao lrong
hang ngoi d6 mua vaiugc goi la ham bi ich hay hru dung (utility function), ky hiéu la U = U(z,y).
 Tim $ luong céac lai hang trén ma ngyi tiéu dung 8 mua sao cho giaitsr dung l6n nhit 1a timdiém

cuc dai cia hamU (z,y) véi diéu kién Pz + Py = B.

VD 1. Mot nguai tiéu dung dingdtién la B = 178 dé mua dm 2 loai hang c6 gid 1P, = 4, P, = 6.
Ham ki ich cho 2 lai hang 1aU = (z 4+ 2)(y +1). Tim & luong z, y cia hai lai hang trén ma ngyi
tiéu ding 8 mua sao cho giaitsr dung 1a bn nhit ?
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3.2. Bai toan timdau vaodé chi phi sin xuat nhé nhat

» Gia sir mot DN san xuat mot loai san pham cin 2déau vao \6i don gia tronging la P, P, ¢b dinh.

 Bé c6 dugc mic sin luong @ thi DN din $ luong dau vao trongtng l1a z va y. Ta c6 ham & xuit
Q = Q(z,y) va chi phi 13C(x,y) = Pz + Py.

* Tim & lwong dau vao (z,y) dé DN sin xut Q san pham véi tong chi phi bé ndt 1a timdiém arc tiéu
ciia hamC(z,y) = Px + Py voi diéu kién Q(z,y) = Q..

VD 2. Mot DN sin xuat mot loai san phim cin luong dau vao (z,y) véi don gia la P =10, P, = 40.

Biét ham én xuat Q(z,y) = 10y/zy . Tim $ lugng diu vaodé doanh nghip sin xuat 200 én pHam Voi
téng chi phi bé nit ?

Chwong 4. PHUONG TRINH VI PHAN C AP | VA
TICH PHAN B QI HAI C O BAN

Bai 1. Khai niém co ban vé phwong trinh vi phan
Bai 2. Mt so phwong trinh vi phan cap 1
Bai 3. Tich phan kép o ban

Bai 1. KHAI NI EM CO BAN VE PHUONG TRINH VI PHAN
1.1.Pinh nghia phwong trinh vi phan

« Phrong trinh clradao ham hay vi phania 1 hac vai ham én timduoc goi 1a phurong trinh vi phan
Phrong trinh cliradao ham @a mbt bién doc 1ap duoc goi 1a pheong trinh vi phan thong (Differential
Equatior), phrong trinh clira dao ham riéngiuoc goi l1a phueong trinh vi phandgo ham riéng(Partial
Differential Equation.

« Cap cao nhit caadao ham trong phiong trinh vi phantuoc goi 1a cdp caa phrong trinh vi phanto.
« Dang ©Hng quét éa phrong trinh vi phandp n 1& F(z, y, 3/,..., y™) = 0 (%).
Néu tir () ta gii duoc theoy™ thi phrong trinh vi phan céahg v = f(z, y, v/,..., y" ).
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* Nghiém aia (x) trén kh@éng D naodo la hamy = ¢(z) xacdinh trén D sao cho khi thay vaox() ta
dugc dong nhit thae trén D . D6 thi nghigm y = ¢(z) ciia mdt phrong trinh vi phaniuoc goi la dirong
cong tich phan )

* Giai mot phaong trinh vi phan lai tim tat ca cac nghém aia phrong trinh vi phanid. Nghém cia mot
phuong trinh vi phan cé thduoc biéu dién duesi dang hamdn.

1.2. Phrong trinh vi phan cap 1

« Dang ©ng quét éa phrong trinh vi phanap 1 1a F(z,y,3') = 0 (¥).

* Nghiém cia () 1a ham é y = y(z) thoa (x).

« Nghiégm y = y(z) cia (x) c6 chira hing $ C duoc goi la nghiém tong quéat

* Khi thé dicu kign dau = =z, y = y, vao nghém tong quat taiuoc gia ti C; cu thé va nghém aia (x)
lGc nayduoc goi la nghiém riéng

« Nghiém thudugc tryc tiép tir (+ ) va khéng tha nghém tong quatdugc goi 1a nghiém k di.

= Chay

Trong chrong trinh, ta khong xét ngdm ky di va viéc giai phuong trinh vi phan theo cach khoddy du

(nghia la ta b qua cadiieu kién co nghia).

VD. Phrong trinh vi phany’ — zy = 0 ¢4 nghém tng quat lay = Ce* /.

)2 /2

TR =0 vay =2 vaoy = Ce" * taduoc nghém riéng lay = 2" /%,

Bai 2. MOT SO PHUONG TRINH VI PHAN C AP |

2.1. Phrong trinh véi bién phan ly
2.1.1. ang oo ban
Phrong trinh vi phan §i bién phan ly cé dng

f(y)dy = g(x)dz (1)]

* Phwong phap gii
Ta Ky tich phan hai & cia (1): f Fly)dy = f g(z)dz .

VD 1. Giai phuong trinh vi phany’y® — 2* = 0 véi diéu kién dau y(0) = 2.

VD 2. Giai phrrong trinh vi phany’ = 327y .
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2.1.2. ng phwong trinh dwa V@ bién phan ly (tham khio)

Phrong trinh vi phaniua & bién phan ly cé dng
ar + by + ¢ ] )

I _

a'z+b'y +¢

la b
trongdo J b

* Phwong phap gii

=0&ar+by=alr+by).

Buoc 1. Dit u = azx +by = u' =a +by'.

/
u —a

b

Buoéc 2. (1) = = g(u) (day la phrong trinh vi phan c6 bin phan ly).

2.2. Phrong trinh vi phan dang cip cap 1
2.2.1. ang oo ban
Phrong trinh vi phanting cip cip 1 c6 dng

* Phwong phap gii

Bu’é‘Cl.Baitu:géy':u-i-:w'.

X
Buéc2. (2) = u+ au' = f(u) = I C;“ _dr (day la phrong trinh vi phan cé bn phan ly).
Uu)—u X
VD. Giai phuong trinh vi phany’ = 2 + L1 ¥
X X X
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Giai. Pit u = 2, phrong trinh t thanh
T

du —@ifd(lnu):f@

d
u+xu':u+ulnu:>x—u:ulnu:>
d Inu z

T ulnu  z
=In|lhu|=h|z|+C=h|u|=n|Cr|=u=_Ce".

Vay nghiém tng quat éa phrong trinh lay = Cze® (cha y cac ing $ C' ).

VD 5. Giai phuong trinh vi phany’ = ¥ + 2
z Y
VD 6. Giai phuong trinh vi phanzy’ — y = 2 tan 2 véi didu kien dau y(1) = g
T

2.2.2. Phrong trinh vi phan dwa Vé dang cip
Phrong trinh vi phantua v dang éip c6 ding
y' = f(z,y) (2)
trongdo, f(z,y) 1a hamdang ép bac 0: f(kz,ky) = f(z,y),Vk € R\ {0}.

/ —_—

= Phwong phap giii. Ta béndéi (2) = ¢’ = o| 2|, rdi giai tiép nhr trén.
T

VD. Giai phuong trinh vi phany dz + (y — xz)dy = 0, y(2) = 1.
Giai. Phrong trinh ty thanh

@— Y sy =—L—su+ = ) u:g
dr  x—vy 1Y — U x
x
1-— d 1-— d
= udu:—x:>f QUdu: o
u x U x

1 T

ol T
:>—l—1n|u|+C':ln|:L“|:>1n|:L“u|:C'—l:>xu:6 = y="~Ce" ()
u u
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2y—x

Thay z = 2, y = 1 vao nghém t6ng quat §), taduoc C = €*. Vay nghiém riéng @a (x) lay =e ¥ .

VD 7. Giai phuong trinh vi phan(z® + 2zy)dz + ydy = 0.

4r° + a2y +o°
IQ

VD 8. Giai phuong trinhy’ = véi diéu kién dau y(1) = 2.

2.2.3. Phrong trinh vi phan khac dwa vé ding cip (tham khao)

v L ‘ a
Phrong trinh vi phaniua \€ dang ap c6 dng 3’ = f % (2"),trongd6 | , ,|=0.
a'vr+by+ec a b
* Phwong phap gii
] .. lax+by+c=0 ,

Buwdc 1. Giai hé {a,x by e =0 tadugc nghém (z,,y,).

Buéc 2. Poi bién z = X + 2, y =Y +y, taduoc:
Y

o oy | AR )b ) faX ey sl
(X )+ V(Y +y)+ X VY oy Y

X

Buéc 3. Pat u = % =Y’ = u + Xu' taduoc phrong trinh vi phantiang dp.

2.3. Phrong trinh vi phan toan phan
Néu hai hamP(z,y), Q(z,y) va cacdao ham riéng &a ching liénic trong mén mdy D, thoa diéu kién
Q(z,y) = Py’(a:, y),V(x,y) € D thi phrong trinh vi phan c6ahg

P(z,y)dz + Q(z,y)dy = 0 (3)

duoc goi la phrong trinhvi phan toan phn.
Néu ton tai ham u(z,y) sao chod[u(z,y)] = P(z,y)dz + Q(z,y)dy thi nghgm tong quét éa (3) 1a
u(z,y) =C

Pai hoc Cong nghép Tp. Hé Chi Minh (IUH) Page 42 01-09-2014



boan Viwong Nguyén Bai ging Toan Cao dp C1Pgi hoc

= Nhan xét

u:(x, y) = P<x7 y)v U;({E, y) = Q(Q?, y)

* Phwong phap gii

!

) ‘ Ju, =P (3a)
Buwodc 1. Tu (3) ta cod W = O (3h).

Y

Buwdc 2. Lay tich phan () theo bén z ta duoc u(z,y) = fP(:E, y)dz = p(z,y) + C(y) (3c), trongdo
C(y) 1a ham theo B y .

Buwdc 3. Pao ham () theo bén y taduoc v/ = ¢/ (z,y) + C'(y) ().

Buwdc 4. So sanh (B) va (3) ta timduoc C(y). Thay C(y) vao () tadugc u(z,y).

» Cac gii khac

Néu P(z,y) va Q(z,y) lién tuc tai M (z,.y,) thi

way) = [ P+ [ Qody = [ Playds+ [ Qo y)dy

VD. Giai phuong trinh vi phan(z* + 2ze’ — " )dx + (2’ — y*)dy = 0.

Giai. Taco
u =P =1"+2ze’ —¢" (a) .,
’L[,/:Q:;L‘Qey—yg (b):>Py:QL:2er
Y
x3
(a) = u(z,y) = deiU =3 + 2%’ —e" + C(y) = u; =z’ +C'(y) ().
i y4 xfﬂ y4
So sanhb) va (c) taduoc C'(y) = -y’ = C(y) = - w(z,y) = — + 2%’ —e" — T
5 $3 y4
Vay nghim tong quat Iag + 2’ —e" — i C.
Cach khac
T y
u(z,y) = f(x2 + 2z’ —€e")dx + f(xQe” —9*)dy =0
0 0
. ! 't Y . '
=|=—+z"—¢e"| +|z%" vy == +1% —¢ —Z—i—l.
3 . . 3

4

3
Vay nghém téng guat |a% + 2l —e" — yz =C.

VD 9. Cho phrong trinh vi phan(3y* + 2zy + 2x)dz + (z° + 6zy + 3)dy = 0 (*).
1) Ching © () 1a phrong trinh vi phan toan gh.
2) Gii phuong trinh («).
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VD 10. Giai phuong trinh vi phar(2:z:ye + Iny)dz + |e +Z dy =0, vai y(0) =1.

2.4. Phrong trinh vi phan tuyén tinh cap 1
Phrong trinh vi phan tu§n tinh ép 1 c6 dng
y' + p(@)y = q(z) (4)

trongdo p(z), ¢(x) la cac ham liényc.

Khi ¢(z) = 0 thi (4)duoc goi la phrong trinh vi phan tudn tinh ép 1thuan nhit.

« Xét phrong trinh thdn nhit 3’ + p(z)y = 0, ta co:

Zi —p(x)y = f = —fp(x)da; =In|y|= —fp(x)dx =y = eifp(m)dm.

Nhan hai ¢ cia (4) \6i e f " taduoc:

y,.efp z)dz n y.p(x).efp z)dz _ q(x).efp(m)dx N d;i[y'efp(m)dx] _ q(m) .efp(x)dm

oy e B fq ,)dardx n N y = e*fp(z)da: fq(:[) 'efp(ar)dzdx . C]

* Phwong phap gii
Buwdc 1. Tim biéu thic A(z) = JWW

q:E
!E

Buwdc 2. Tim biéu thrc B
Buwéc 3. Nghiém tong quét lay = A(m)[ () + C].

* Chay ‘ ,

 Khi tinh céac tI'C,h phan t(én, t{;\c_:thkﬁng lao0. q

* Phrong phap kin thién ling $ ladi tim nghém tong quat éa (4) drdi dang
y= e "™ 2 c(w).Alx)
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VD. Trong phrong phép bin thién ing $, tadi tim nghém tng quat éa v’ + 22 = 4z1n 2 duéi dang:
T

A-y:&f)? B-yzc@; C.y=0<x); D.y:—C(x)
X X X X
| [
Gidi. Tacory = C()e " = ce 1 = c@en = €0 4
X

VD. Giai phuong trinh vi phan4zy — 3)dz + (z° + 1)dy = 0 thoadiéu kign dau y(0) = 1.
4x 3 , 4x 3

Giai. Phrong trinh vi phan tv thanh% = —

Y+ =y + Y= :
dx | | 2’ +1 2’ 41
. 4x 3
Ta co: plz) = , q(r) = .
(z) o1 (z) e
- ‘41: da 9 d(1.:2+1)
A(:E) —e fzerl —e f P R 1

— Va
(ZE2 + 1)2

j((?) de = fs(;ﬁ +1)dz =2’ + 3z

B(x)= [
Nghiém tong quét éa phrong trinh lay = %(:ﬁ + 3z +C).
(" +1)
2’ + 3z +1

Thaydiéu kién dau, taduoc nghtm riéng lay = —————.
T +2x +1

VD. Giai phuong trinh vi phany/(z + y°) = v.

Giai. Bién doi y/($+y2):y:>@(x—|—y2):y:>£—|—y:@:>g;’_—x:y ()
dx Yy dy
Xem z 1a ham,y l1a bién taduoc: p(y) = —l, qy)=vy.
Y

Taco: A(y) = eij =y vaB(y) = f%dy =y.

Vay pheong trinh cé nglém la z = y(y + C) .

VD 11. Giai phuong trinh vi phany’ + 32%y = 62°.
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2.5. Phrong trinh vi phan Bernoulli
Phrong trinh vi phéan Bernoulli cOatig

y'+ p(x)y = q(z)y" (5)
trongdd 0 = a =1, p(z) £ 0 vag(z) £ 0.

* Phwong phap gii

/
Buwdc 1. Chia hai ¢ cua (5) cho y* taduoc: y—a + p(m)% =q(z) = 9y * + plx)y " = q).
Y vy

Buoc2. Dit z =y' * = 2/ =(1—a)y'y ", tadugc: (5) = 2’ + (1 —a)p(z)z = (1 — a)q(z)
(day la phrong trinh tugn tinh dp 1 Wi ham z(z)).

VD. Giai phuong trinh vi phamey’ —y = > Inz.

Giai. Chia 2 ¢ cho ¢, phrong trinh vi phan tr thanhy’.y 2 — lyf1 = ln—x
T T
= -1 / ) / 1 h’ll’
baitz=y =2 =—y'y ",tadugCc 2" + —2 = ——.
T T
Taco: p(z) = =, qla) = — 22
T T
[ I L5 q(z) 1
Alz)y=e" * :e”””:—vaB(x):f—dx:— Inzdr=z—lnz=z2=—(z—lnz+C).
T A(x) T
2 T
Vay nghiém tong quat lay = ———.
dy ngne gq Yy Tzt C
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VD. Giai phuong trinh vi phan(z®siny — z)y’ + 2y = 0.

Giai. Bién ddi: pt = 2’ siny + 2y@ =

dy
:>2yx'—x:—xgsiny:x’—iz_ﬁ%
2y 2y
= x/xf?) _i -2 _ _Siny.
2y 2y
bit z =22 = 2/ = 22273

1 1 i 1 i
pt:>__z/__z:_81ny NSNS siny

2 2y 2y Y Y

,f@ 1
Aly)=e " :—aB(f‘/):fSinydy:—cosy.
)

Vay phuong trinh cé nghéim % = l(— cosy +C).
z )

3

Y

=
X

VD 15. Giai phuong trinh vi phany’ + = =
X

/
VD 16. Giai phuong trinh%y _z el

&
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Bai doc thém ] ) X
UNG DUNG CUA PHUONG TRINH VI PHAN

1.Piém can hing gia
« Xét mot loai hang hoéa. Gisr ham éu @, va ham cung), cho i
Q, =a—bP VaQ, = —c+dP (a,b,c,d c Z*).

a—+c

b+d
« Trong thrc t thi gi4, lrong cung, tong ciu ludn thayddi va phu thuse vao thi gian ¢ :

P=P(t),Q,=0Q,(P(), @, = Q,(P(?)).
» Tai thoi diém khao satt = 0, mac gia P(0) = P.
Téc do ting hay gim gia P'(¢) ti 1& thuan voi @, — Q, .
Vay P'(t) = \(Q, — Q,) = —A(b +d)(P = P), A > 0.
Pit k = (b +d) > 0, ta c6 plrong trinh vi phan i bién phan lyP’ = —k(P — P).
Phrong trinh nay c6 nghin tong quat laP(t) = P + Ce ™.

Khi thi truong can Bing, nghia 12 @, = @, , thimic gid §1a P =

«Do k> 0, nén lim P(t) = P. Vay theo thi gian, th truong < ty diéu chinh gia & muc can ling P .

t—+o00

2. Cacvi d

VD 1. Cho ham cung v&a cia mot loai hang hoa:
Q, =—6+8P vaQ, =42—4P —4P' + P".
Tai thoi diém ¢ = 0, ta c6P(0) = 6 va P'(0) = 4.
Gia sir hang héatugc ban 1t tai moi thoi diém:
Q,=Q, = P"—4P'—12P = —48 (¥).
Giai (*), ta duwoc nghém tong quat:
P(t)=Ce™ +C,e”
va nghém riéng P(t) = e > + " + 4.

Do lim = 400, nén ta kt luan gia @ia mit hang nay khongn dinh theo thi gian.
t—+00
VD 2. Cho ham cung v&ia cia mot loai hang hoa:
Q, =—-5+3PvaQ, =40—-2P 2P — P".

Tai thoi diém ¢ = 0, ta c6P(0) = 12 va P'(0) = 1.
Gia sir hang héatugc ban Bt tai moi thoi diém:

Q, =Q, = P"+2P'+5P =45 (*¥).
Giai (**), ta duoc nghém tong quat:

P(t)=e"(C cos2t + C,sin2t)+9.

Va nghém riéng P(t) = e *(3cos 2t + 2sin 2t) + 9.

Do lim =9, nén ta Kt luan gia dia mit hang nay theo th gian $ ty diéu chinh V@ mac P = 9.

t—-4o00
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Bai 3. TICH PHAN BOI HAI C O BAN

3.1. Bai toan n# dau

« Xét ham 8 z = f(z,y) khong am, lién vc trén meén
D C R* va c6dd thi 1a S. Mot khdi try c6 cacduong sinh
song song &i truc Oz, day drdi la mien D vaday trén gbi
han boi mat S'.

« Pé tinh thé tich V' caa khbi try, ta chiaddy D thanhn phan
AS. (i=1,...,n) khéng dm I&n nhau. Oin tich @a noi

phan ding dugc ky hidu la AS .
Trong ndi AS. ta By diem M (z,y.) thy y. Khido, khi tru dugc chia thanhn khéi tru nho AV, coday
la AS, va chéu cao xp xi f(M.).
z = flz,y)

[‘ '\ AS.

Suy ra ti tich V' cia khbi tru xap xi ZA V.= zf(%f‘/i)ASi :

i=1 i=1

Goi d, = max{d(4,B)| A,B € AS, (i =1,...,n)} laduong kinhcia AS, vadat d = max{d,,d,,....d,} .

Néu ta chia mén D cang nin, ngha lad cang bé, thiZjAVi cang gn voi V. Vay ta c6

i=1

V= LIEI[};JC(%%)A&

3.2. Tich phan i hai

3.2.1.Pinh nghia

« Cho ham & f(z,y) xacdinh trén mén D d6ng va b chan trong nit phang Ozy . Ta chia mén D (con
dugc goi 1a phan hach mén D) mot cach tiy y thant phin AS, (i = 1,...,n) khdng dm I1&n nhau,
goi dién tich ndi phan la AS. véi duong kinh trong ung 1a d.. Trong mdi AS. ta chon diém tuy y
M (z,,y.) va oi

In = Zf(xt’yl)ASl
i=1
la tong tich phancia ham 8 f(z,y) trén mén D Gng Wi phan hach mén D va cach cbn diém M,
nhu trén.

*Dit d = max{d,,d,,....d }. Néu giéi han

I= l{}gg%f@wyi)ASi
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ton tai hiru han, khéng ph thugc vao cach phan hoh mén D va cach cbn diém M, thi  thuc I duoc
goi la tich phan bi hai (haytich phan képcaa ham & f(z,y) trén mén D, ky hi¢u 1a

I:f f(z,y)dS

« Xét phan haech mién D boi cacduong thing song songdi ¥yl Az p
Oz, Oy tadugc AS = Az.Ay. Khi d — 0 thi Ayl s
As—oval> 7L 48— e (= )
—OVAy o= S = dedy. o -

Vay ta co

1= [ f(,y)dady

« Néu tn tai tich phan f f F(z,y)dzdy thi ta néi hamf(z,y) kha tichtrén mén D.
D

3.2.2. Tinh chit cia tich phan i hai
Gia thiét rang céc tich phanuai daydéu tn tai. Tir dinh ngha, ta c6 céac tinh éhsau

1) ffdxdy — S(D) (dién tich cia mén D)

2)ffkfxydxdy—kfffxydxdy(k:eR)

3)ff (z,y) + g(z,v) dwdy-fffxydxdy—l—ffgmydxdy

4) Néu D duoc chia thanh hai dh D, va D, khéng dm nhau thi
fffxydmdy—fffmydmdy—i—fffmydxdy

5) Néu 0 < f(z,y) < g(z,y),V(z,y) € D thi fff:nydmdy<ffgmydmdy

6) Néu mgmxf(m,y):M VémDmf(x,y) m thi m.S(D <fffa:ydwdy<MS( ).

3.3. Phrong phép tinh tich phan i hai

3.3.1.Pinh ly Fubini
Gid st ham ¢ f(z,y) kha tich trong hinh thang cong
D={(y) €R |a<u<b () <y <y o)
Yy (2)
trongdo y, (), y,(x) lién tuc trén [a,b] va \bi mdi = € [a,b] ¢4 dinh, tich phan f F(z,y)dy t6n ti thi

Yy, ()

ton tgi tich phan &ip

b %(2)
[ f@y)dady = [ [ [ #@, y)dy] dz

D a y1<1")
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Tuwong tr, néu D = {(x, yeR |z(y) <z <z(y), c<y< d} voi z(y), z,(y) lién tuc trén[c,d] va
7,(y)

f f(z,y)dzx (y € [c,d]) ton tai thi

z(y)

z,(y)

'REAY)
[ fay)dzdy = [ [ [ . y)dx]dy

= Chay
1) Tich phandp boi hai throng duoc viét dudi dang

b [ (2) b

Yy (2)
f f(z,y)dy |dz = f f f(z,y)dydr = f dwy f f(z,y)dy
a |y () a () a oyl
d [ 2 ()

[1 ] f@y)da dy—fffxydxdy—fdyyffxy

c 11(1/) c x

2) Can tich phana <z <b haic ¢<y<d dugc gi la cin a1 thé, cin z(y) <z <z(y) haic
y,(z) <y <y, (x) la cn khéng a thé (can phi thusc). Trong tich phanip, tich phan céin khéng a

thé dugc dit ¢ giira (hdic phia sauji¢ tinh troc va tich phan céae ar thé duoc dua ra ngoai (hgc phia
trudc) dé tinh sau.

7, (y)
3) Khi tinh tich phan f
z,(y)
Y (2)
Khi tinh tich phénf f(z,y)dy , ta xemz 1a hing 9.
Y, (x)

f(z,y)dz, ta xemy |a hing $.

» C4c trwong hep riéng
1) Néu mién D la hinh chix nhat [a,b] x [c,d], ngha la

D:{(x,y)€R2|a§x§b,c§y§d},thi

[ #a.y)dady = fff(x y)dyde = f]f(x, y)dady

D

2) Néu D = [a,b] x [¢,d] V& f(z,y) = u(z).v(y) thi
[ F@y)dzdy = | [ u(sc)dw]x [ v(y)dy]

3)Néu D = { JeR’ [a<z<b, ylr)<y< yZ(x)} V6i y,(z), y,(x) lién tuc trénfa,b] va
f(@,y) = u(z)o(y) thi

b

Yy ()
[ f@.yydady = [ @)z [ o(y)dy
Yy, ()

D a
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4) Néu D = {(x, Yy eR |z,(y) <z <z,(y), c<y< d} V6i z,(y), z,(y) lién tuc trénfc,d] va
f(@,y) = u(z).v(y) thi

d z,(y)
[ f@y)dady = [o)dy [ u(w)da
D c 5, (y)

3.3.2. Phrong phap tinh

1) Trudng hyp mién D daduoc biéu dién nhr trongdinh Iy thi ta vét thanh tich phanip roi tinh.
2) Treong hop mién D chueadugc biéu dién, ta thre hién nhr sau

« Bwéc 1. Dya vao plrong trinh @¢ia bién D, ta \& va xacdinh mén D trén mit phang Ozy .

* Bugc 2. Chiéu mién D 1én tuc Oz haic Oy sao cho biénia D duoc chia thanh hatudng cong ton.

g
\,-\///bw

yl(m) a;l(y)

y y,(2)

y )

« Buwgc 3. Biéu dién D, viét tich phan thanh tich phaipl rdi tinh.

3) Néu khi chéu mién D lén @& hai tuc Oz va Oy ma bién éa D bj chia thanh hailuong cong ton
tirng khc thi ta pdi chia D ra thanh nting mén don gian hon.

Y
DQ‘"“ e
—p
D
Dl
N\
- 0

VD. Tinh tich phanl = f f 2z cosy dzdy , trongdé D = {(w, y) € R?
D

]

—1<e<2, T<y< il
4 2

™

2
X fcosydy = [:1:2

™

632

2

Giai. Taco: I =

]Qx dx

-1

2
1] sin y‘

I

VD. Tinh tich phanl = ff(Q:n-l—y)d:L“dy, trongdd D = {(z,9) e R* |y <z <1-y, —2<y<0}.
D

st ot

7, 3

0

Giai. Taco:l = f

1-y

f(2m+ydx

Y

VD. bual = f f f(z,y)dxdy vé dang tich phandp, biét mién D duogc gisi han bsi cacduong:

y=z+1lvay=2a2"—1.
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Giai. Hoanhdo giaodiémaiay =z +1 vay = 2> — 1 1&;

r=—-1,z2=2.
Suy ra §y=x+1
D={-1<z<2 2" -1<y<z+1}.
2 z+1 Q
Vay [ = f f f(z,y)dydz . \ .
212 y=a —1

VD. Tinh tich phan/ = ffyd:cdy, trongd6é mién D duogc gioi han boi cacduong:
D
y=x—4vay =2z.

Giai. Trong hinh @ bén phi ta thdy rang, réu ta chéu mién
D 1én Oz thi D bj chia thanh hai gn.

Do d6, ta chéu mién D 1én Oy va viét lai phuong trinh @a
cacduongda cho la:

2

y:x—4®x:y+4,véy2:2x@x:%.

2
SuyraD:{(:c,y)eR?‘%gxgy—i—zl,—2§y§4}.

4 y+4 4 2
VayI:fydyfdx:fy y+4—%]dy:18.
—2 P )
2

VD 1. Tinh tich phan/ = f f (z — 3y°) dzdy , véi mién D =0, 2] x[1, 2.
D
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