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Chuongl

GIOI HAN VA LIEN TUC CUA HAM SO

11 GIAN YEU VE SO THUC

Tap hop gdm céc sb hiru ty va vo ty dugc goi la tap cac s6 thuc, dugce ky
hiéu la RR.

1.1.1 Tién dé vé sup, inf

DPinh nghia 1.1.1. Cho A 1a tdp con khac rong ctia R va « € R.
e o duoc 1a mot chin trén clia A néu a > x véi moi x € A. Khi A ¢c6 mot

chan trén, ta n6i A bi chin trén va khi d6, phan ti nho nhét cta tap tat
ca cac chan trén, néu co, duge ky hiéu la sup A.

e & dugc goi la phan tir I6n nhit cia Anéua € A vaa > x véi moi x € A.
Phan tir 16n nhat ctia A, néu 6, thi duy nhat va dugc ky hiéu la max A.

e « dugc goi la mot chan dudi cua A néua < x véimoi x € A. Khi A cé
mot chin dudi, ta ndi A bi chin dudi va khi d6, phan tir 16n nhét cta
tap tAt ca cac dudi, néu c6, dugc ky hiéu la inf A.

e & dugc goi la phan tir nhé nhit ctia Anéua € A vaa < x voi moi x € A.
Phan tr nho nhat ctia A, néu cé, thi duy nhat va dugce ky hiéu la min A.

Ménh dé 1.1.1. Cho A la tdp con khdc réng ciia R va a € R. Ta cé

1. « = sup A néu

11
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(a) Vxe A:x <u,vi
(b) Ve >0,q3x € A0 — € < x.
2. « = inf A néu

(a) Vxe A:x>uw,va

(b) Ve >0,3x e Ao +€ < x.
Chung minh. Dung phan ching, xem nhu bai tap. O
Dé thay rang: véi A la mot tap con khéac réng bat ky cta R, thi min A, max A,

sup A va inf A khong lu6n ludn ton tai. Tuy nhién, ta chip nhan

Tién dé ve sup. Moi tip con khong rong va bi chin trén ciia R déu cd chin
trén nho nhit.

Cho A la tap con ctia R. Ky hiéu —A = {—x|x € A}. C6 thé kiém tra rang
A la tap con khong rong va bi chén trén khi A 1a tdp khong rong va bi chin
dudi. Hon nita, néu sup(—A) ton tai thi inf A ton tai vainf A = —sup(—A).
Ta suy ra

Hé qua vé inf. Moi tdp con khong rong va bi chin dudi ciia R déu co chin
dudi lon nhat.

Vidu1.1.1. Cho A =[1;3),B= (3;%),C = {:[ne N}. Tac

inf A =1,sup A = 3,inf B = 3, khong ton tai sup B.

Tap céc s6 nguyén tu nhién IN dugc coi 1a tap con nhd nhat ctia R thoéa
ba tinh chat:

1. 1eN;
2. VnelN,n+1€N;

3. Moi tap con khac réng ctia N déu c6 phan tir nho nhat.
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1.1.2 Tinh chat Archiméde
Dinh ly 1.1.1. Cho s6 thuc b > 0. Ta cé

VaeR,dn € N, nb > a.

Ching minh. Ta ching minh bang phan chiing. Gia st ngugc lai, tic 1a
daeR,YneN,nb<a

bat S = {nbjn € N}. Vi S la tap khong rong va bi chin trén ctia R nén ta c6 thé dat
a=supS. T (n+1)b<a,VneNtasuyranb <a—>b,¥ne N. Vay a — b 1la mot chan trén
cua Svadodd6, a —b > a, voly. O

Dacbiét, véia = xe R,b =1vaa =1,b = € > 0, ta nhan dugc hé qua
thuong dung;:

Héqualll 1. VxeR,dneN,n > x.

2. Ve>0,3ne]N,% <e€.

1.1.3 Pang thirc va bat dang thirc thuong dung
Véi x € IR, gid tri tuyét ddi ctia x, ky hiéu 1a |x|, duge xac dinh nhu sau

x| = X khi x > 0;
| —x Kkhix<0O.

Ménh dé1.1.2. 1. VxeR,|x|>00i(|x| =0< x =0);
2. Vx,y e R, |xy| = [x[lyl;

3. Vxy e R |x+yl < |x[+]yl;
Ching minh. Xem nhu bai tap. O

Tiép theo, ta nhac lai hai dang thitc dang nhé
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Ménh dé 1.1.3. Vi moi sb tu nhién n,

1. (a+b)" = Yi_oCra" bk, trong do Cj = k!(:ik)!;

2. a" —b" = (a—Db) Y} a" ko1,

Cubi cung, ta nhic lai cac bat dang thitc da gép trong chuong trinh phd
thong
Ménh dé 1.1.4. Bit dang thirc Cauchy : V5i hai s6 thuc a, b bit ki, ta c6

2 12
a-+b
> ab.
> a

Bt dfmg thie Schwartz : Vi bon sé thuec a, b, ¢ va d bat ky, ta co

(ab + cd)? < (a® + ) (b* + d?).
Bit dang thitc Bernoulli: Véia > —1, ta c6

(14a)" 21+ na,¥neN.

Ching minh. Xem nhu bai tap. O
1.1.4 Tap so6 thuc mé rong
Trong nhiéu trudong hop, dé thuan loi trong khao sat, ngudi ta b sung vao
R hai phan ttt, ky hiéu 1a —oo va oo, dé nhan dugc tip so thuc md rong R =

R U {—00, +o0}. Cac phép toan va quan hé thi tu trén R duge mo rong qua
R nhu sau :

-0 < X < 400,

o, x>0
o, x<0,
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voi x € R.

Do khéong ndi rong khoang cach gitta hai s6 thuc qua khodng cach gitra
mot s6 thuc véi cac phan tir +oo hay gitta —oo0 va +o0, ngudi ta dua ra khai
niém lan cadn nhu sau :

e V4i x € R khoang (x — d;x + ) v6i § > 0 dugc goi la § — lan cdn cta
X.

e Cac tap (J; +o0) va (—oo;6) 1an lugt dugc goi 1a § — 1an can cta +oo va
—o0.

1.2 BO TUC VE HAM SO
1.2.1 Khai niém ham s6

Dinh nghia 1.2.1. Cho D la tap con khdac réng cta R. Quy tac f lam tuong
ttng mbi phan tir x € D v6i mot va chi mot phan tir y € R duoc goi la ham
s6 v6i mot bién so6 thuc.

Ham s6 f nhu vay thuong dugc viét 1a

f:D—R,
X ——> y

Trong do,

e D dugc goi la mién xac dinh ctia ham f, va dé ro rang hon trong mot

vai ngir canh, ta viét D¢ thay cho D;
e y dugc goi la gia tri cua ham f tai x, ky hiéuy = f(x);
e mién gia tri clia ham f duoc ky hiéu la R £r

Ry ={f(x)|x e D};

e tap hop {(x;y)|x € D,y = f(x)} duogc goi 1a d6 thi ctia ham f.
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1.2.2 Mot s6 tinh chat ctia ham s6
Ham1 -1

Néu véi mbi y € Ry ma ton tai duy nhat phan tir x € D sao cho y = f(x) thi
tanoi flaham1—1.

Ham don diéu

Dinh nghia 1.2.2. Cho ham s6 f(x) va I 1a mot khoang chita trong mién xéc
dinh caa f.

e Ham s6 y = f(x) dugc goi 1a ham ting trén I néu
Vxy,x0 € 1,x1 < xp = f(x1) < f(x2).
e Ham sdy = f(x) duogc goi 1a ham gidm trén I néu
Vxi,xp € I,x1 < xp = f(x1) > f(x2).
e Ham tang va ham giam trén I dugc goi chung la ham don diéu trén 1.

Ham chan, ham 1é

Dinh nghia 1.2.3. Xét ham f(x) c6 mién xac dinh D dbi xtiing qua goc toa
do O, nghia 1a néu x thudc D thi —x cling thudc D. Khi do,

e Ham sb f(x) dugc goi la ham chan néu
Vxe D, f(—x) = f(x);
e Ham f(x) dugc goi 1a ham 1é néu

Vxe D, f(—x) = —f(x).
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Ham tuan hoan

Dinh nghia 1.2.4. Ham s6 f(x) dugc goi la ham s6 tuan hoan néu ton tai s6
duong T sao cho

VxeD,(xtTeDvaf(x+T)=f(x)).

S6 duong T nhé nhat néu c¢6 duoc goi la chu ky tuan toan cia f(x).

1.2.3 Ham s6 ngugc

Néuham s6 y = f(x) laham 1 —1 thi v6i mbi y € Ry, ton tai duy nhat x € D
sao cho f(x) = y. Do d6, ta c6

Dinh nghia 1.2.5. Cho ham s6 y = f(x) 1a ham 1 — 1. Quy tac lam tuong
g mbi y € Ry véi x € D sao cho f(x) = y l1a mot ham s6, va ta goi d6 la
ham nguoc cta ham y = f(x), ky hiéula x = f~1(y).

Theo théi quen, ta dung chit x dé chi bién s6 va chir y dé chi gia tri cta
ham tai x nén ham nguoc cta y = f(x) duge viétlay = f~1(x). Khi &y, néu
diém (x;y) thudc do thi ctia ham s6 y = f(x) thi diém (y; x) thudc do thi
ham nguge y = f~'(x). Vi hai diém (x;y) va (y; x) ddi xiing v6i nhau qua
duong thang y = x nén suy ra do thi ham s6 ngugc y = f~!(x) déi xtiing
v6i do6 thi ham s6 y = f(x) qua duong y = x.

1.2.4 Ham s6 hop
Dinh nghia 1.2.6. Cho hai ham s6

fZDf—>Rf,
x—y = f(x)

va
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trong do, Ry 1a tdp con ctia Dg. M6i x € A, qua f sé c6 mot va chi mot y € Ry
sao cho f(x) = y; va véi y nay, qua g, sé c6 mot va chi mot z € Rq sao cho
¢(y) = z. Quy tac lam tuong ing mdi x € A v6i mot va chi mot z € Ry nhu
trén dugc goi 1a ham s6 hop cta g va f, duge ky hiéu g o f. Vay

(80 f)(x) = glf(x)],Vx € Dy.
1.2.5 Ham s6 so cap co ban
Céc ham s6 sau day dugc goi 1a ham so cap co ban:
Ham luy thwvay = x*, 0 e R
Mién xéac dinh ctia ham lty thtra phu thudc vao a. Cu thé:

e Néu « € N thi mién xdc dinh ctia ham s6 1a R.

e Néu & 1a s6 nguyén am hodc a = 0 thi mién xac dinh cta ham s6 la
R\{0}.

e Néu a khong nguyén thi mién xac dinh ctia ham s6 1a (0; +0).

Hammuy =4%0<a #1

S6 a dugc goi 1a co s6 ciia ham s6 mia. Ham y = a* ¢6 mién xac dinh 1a R,
tang khia > 1, va giam khia < 1.

Ham logarit y = log, x,0 <a # 1

La ham ngugc ctia ham y = a*. S6 a dugc goi la co s6 ctia ham sb logarit
y = log, x. Ham s0 logarit y = log, x c6 mién xdc dinh 1a (0; +0), tang khi
a>1,vagiamkhia <1.

Cac ham lugng giac

Céc ham luong gidc y = sinx, cos x, tan x, cot x dugc dinh nghia nhu sau,
xem hinh 1.1:

cos x = OM;sinx = ON;tanx = AP;cotx = BQ.
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Hinh 1.2: D6 thi cac ham lugng giac

Ham y = sinx c6 mién xac dinh 1a R va mién gia tri la [-1;1]. D6 la
mot ham 1€, tuan hoan véi chu ky 27t. D6 thi ctia ham y = sin x trén
[—7t; 7] duge cho bdi hinh 1.2.a.

Ham y = cos x ¢6 mién xéac dinh 1a R va mién gia tri la [-1;1]. D6 la
mot ham chan, tuan hoan véi chu ky 271 DO thi cia ham y = cos x trén
[—7t; t] duge cho bdi hinh 1.2.b

Ham y = tan x xac dinh taimoi x # (2k+1)7,ke Z, va mién gid tri 1a
R. D6 1a mot ham 16, tuan hoan véi chu ky 7. D6 thi cia ham y = tan x
trén (—%; %) dugc cho bdi hinh 1.2.c.

Ham y = cot x xac dinh tai moi x # krmr,k € Z, va mién gia tri la R. Do
1a mo6t ham 1é, tudn hoan véi chu ky 7. D6 thi ctia ham y = cot x trén
(0; 71) dugc cho bdi hinh 1.2.d.
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Hinh 1.3: D6 thi cac ham lugng gidc ngugce

Cac ham lugng giac nguoc

1. Ham arcsin. Ham s6 sin : R — [~1;1] khong 1a ham 1 - 1 nhung khi
ta han ché mién xdc dinh thanh [—%; Z] thisin: [-F; %] — [-1;1] 1a
ham 1 - 1. Khi d6, ton tai ham s6 ngugc ctia ham sin, ky hiéu arcsin,

T
in: |[—1,1] — [——;—] .
arcsin : | ] 25

Ta co
{ y =arcsinx, { siny = x,

-1<x<1 -7 <y<73

Tinh chat: V&i moi x € [—1;1] ta 6
(a) sin(arcsinx) = x
(b) arcsin(—x) = — arcsin x
D6 thi: Ham y = arcsin x c6 d6 thi 1a dudng lién nét trong hinh 1.3.a.
2. Ham arccos. Tuong ty, ham s6 cos : [0; 1] — [~1;1] la ham 1 - 1 nén
c6 ham ngugc, ky hiéu la arccos,

cos : [—1;1] — [0; 7).

Ta co

y = arccosx, _ [ cosy=rx,
-1<x<1 O<ys<sm

Tinh chat: V&i moi x € [—1;1] ta 6
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(a) cos(arccos x) = x,
(b) arccos(—x) = 7t — arccos x,
(c) arcsinx + arccosx = 7.
D6 thi: Ham y = arccos x ¢6 d9 thi 1a dudng lién nét trong hinh 1.3.b.
3. Ham arctan. Ham s6 tan : (—%;%) — (—o0;00) laham 1 - 1 nén ¢6
ham nguoc, ky hiéu la arctan,

arctan : (—o0; 00) — <—§'E) :

Ta co

{ y = arctanx, { tany = x,

7T 7T

Tinh chat: V&i moi x € R ta ¢6

(a) tan(arctanx) = x,

(b) arctan(—x) = — arctan x.
D6 thi: Ham y = arctan x ¢6 d9 thi 1a dudng lién nét trong hinh 1.3.c.

4. Ham arccot. Ham sb cot : (0;71) — (—o0;0) 1a hAm 1 - 1 nén c6 ham
nguoc, ky hiéu la arccot,

arccot : (—o0; 00) — (0; 7).

Ta co

Yy = arccot x, - coty = x,
—00 < X < 00 O<y<m.

Tinh chat: Vi moi x € R ta ¢

(a) cot(arccotx) = x,
(b) arccot(—x) = 7t — arccot x,

(c) arctan x + arccotx = 7.

D6 thi: Ham y = arccot x c6 d6 thij la duong lién nét trong hinh 1.3.d.
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1.2.6 Ham s6 so cap

Dinh nghia 1.2.7. Cho hai ham £, ¢ c6 mién xac dinh lan lugt 1a D rvaDgta
dinh nghia cac ham t6ng, hiéy, tich va thuong ctia f va ¢ nhu sau:

e Tong cua f va g, ky hiéu la f + ¢, 1a ham s6 c6 mién xac dinh 1a D =
Df M Dg va
(f+g)(x) = f(x)+g(x),YxeD.

e Hiéu ctia f va g, ky hiéu la f — ¢, la ham s ¢6 mién xac dinh la D =
Df M Dg va
(f —8)(x) = f(x) —g(x),Vx e D.

e Tich cua f va g, ky hiéu 1a f.g, 1a ham s6 c6 mién xéac dinh la D =
Df M Dg va
(f:8)(x) = f(x).g(x),Vx € D.

f

e Thuong cua f va g, ky hiéu la 7 1a ham s6 ¢6 mién xac dinh 1a D =

{xeDfnDg| g(x)#0}va
AT
(g> %) g(X)’vx b

Dinh nghia 1.2.8. Ham s6 duoc tao thanh tir cic ham so cap co ban bdi cac
phép toan cong, trir, nhan, chia va phép hgp nbi ham s dugc goi la ham s6
SO cap.

1.3 DAY SO

1.3.1 Cac khai niém co ban

Dinh nghia 1.3.1. Ham s6 x : N — R dugc goi 1a day s6. Ta viét x,, thay cho
x(n) va day s6 x : N — R duoc ky hiéu la (x,),en hay ngan gon 1a (x;,). V6i
day (x,) thi x,, dugc goi 1a s6 hang tong quat hay s6 hang thi n ctia day.

Vidul3.1. 1. (n?+1)1amot day sb;
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n+1 -
2. la mé O;
(n +2) a moét day so;

n
3. <1 + %) 1a mot day so;

1 )
4. —,véia € R 1a mot day so.
na

Dinh nghia 1.3.2. Cho day s6 (x,).

e Day (x,) dugc goi 1a bi chin trén néu ton tai s6 M € R sao cho

X, < M,Vn e IN.

e Day (x,) dugc goi la bi chin dudi néu ton tai s6 m € R sao cho

X, =m,Vn € IN.

e Day (x,) vira bi chan trén vira bi chan dudi goi la day bi chan.
e Day ma tat ca cac s6 hang bang nhau dugc goi 1a day s6 hang.

n+1
n—+2

Vidul3.2. 1. ( ) bi chan trén bdi 1 va bi chan duéi bdi 0 nén bi

chan;
2. (n? +1)lamot day s6 bi chan dudi béi 0 va khong bi chan trén;
1.3.2 Day s6 héi tu
Dinh nghia 1.3.3. Day s (x,) dugc goi la hdi tu néu ton tai s6 a € R sao cho
Ve > 0,3ng e N,Vn = ny, |x, —a| <e. (1.1)
Khi ay,

e tandi day (x,) hoi tu vé a va a dugce goi 1a gi6i han cua day (x,);
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e va ta viet

a= lim x,
n—00

hay

X, = akhin — oo.
Vi du 1.3.3. Xét day <%> . Cho € > 0, tuy y. Theo tinh chat Archimede, ton
tai ng € IN sao cho ng.€ > 1. Suy ra véi moi n € IN, n > ng thi n.e > 1, hay

1
— <e.
n

Nghia la

Ve > 0,3np € IN, Vn = ny,

1

- — O‘ <e.

n

Vay limy 0 £ =0

Tinh chét ctia giéi han day s6

Dinh 1y 1.3.1. Néu day (x,) hoi tu thi gidi han ciia nd la duy nhat.

Chirng minh. Gia stt x, — x va x, — y khi n — o0. Ta chiing t6 x = y. Néu nguoc lai,

nghiala x # y, thivéie = @ > 0 tOn tai 111, 1y € N sao cho

€ . €
VYn =mny, |xn —x| < Eva\fn = ny, |xn —y| < 5
bat n3 = max(ny, np). V4i moi n > n3 ta c6

€
|x_y|<|xﬂ_x|+|x”_y|<—+—:€:—

Suyra'x—;y| <0,voly Vay x = y. O

Dinh 1y 1.3.2. Néu day (x,) héi tu thi né bi chin.

Chirng minh. Gid st x, — x khin — 0. Vi € = 1 t6n tai g € IN sao cho
|xn — x| < 1,Yn = ny,

suy ra
lxn| < |xn — x|+ |x| <1+ |x|,Vn = ng.

Do dé néu ta dat M = max(|x1], |x2|, ..., [¥n,|, 1 + |x|) thi |x,| < M,Vn € N. Vay (x,) bi

chan. O

Hé qua 1.3.1. Néu (x,) khong bi chin thi né khong hoi tu.
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Quy tic tinh gigi han day sb

Dinh 1y 1.3.3. Néu x, — x va y, — y khi n — oo thi
1. ]111_1)1(}O(xn+yn)=x+y;

2. lim ax,;, = ax, 0 € R;
n—00

3. nh—I»Iolo XnYn = XY;

. . X X
4. Khiy #0, lim =% = =,
n—o0 yn y
Chung minh. 1. Vilimyeoxy, = xvalimy oy, =ynénvéie >0 ton tai ny,np, € N
sao cho . .
|xn — x| < E,Vn >mvaly,—y| < E,Vn > 1.
Suy ra

€ €
|Xn +yn— (x+y)| < |xn— x|+ |yn —y| < 5t5= €,Yn = max(ny, ny).

2. Vilim,_ 0 X; = xnén véi e > 0 ton tai 1y € IN sao cho

|xn — x| Vn = ng.

<<
o] +17
Suy ra

loexy, —ax| = |a||x, — x| < |a] < €,VYn = ng.

_€
|| +1

3. Theo gia thiét (x,) hoi tu nén ton tai M > 0 sao cho |x,| < M, ¥n € N. Hon nita, véi
€ > 0 ton tai n11, 15 € N sao cho

|[xn — x| < ¢ Vn = nqva | | < ¢ Ynzn
n M—|—|x|' = Ny Yn—Y M—|—|x|' = Ny,
Suy ra véi moi n > max(ny, np),
[y — 2y| < [yl ln — x| + [xllyn = y| < Mo 4 x| o =€
nYn Y| < |Yn||Xn Yn—Y M—|—|x| M—|—|x|

4. Viy, — ykhin — oonén ton tai ng € N sao cho

lyn —y| < %,Vn = nyp.
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Suy ra
al =yl > 2 v > g
hay
[yn| > %,Vﬂ = 1. (1.2)

Mt khac, do x,, — x va y, — y khi n — o0 nén véi e > 0 ton tai n1, 1, € N sao cho

2

Y
Xn—Xx| <€—7———,Vn2=2n (1.3)
o =X < T D) !
va

v (1.4)
—y| < e.—/———,Vn = ny. .
n =9 < T D

Tir (1.2), (1.3) va (1.4), v6i n = max(ng, 1y, n2), ta cd

Xn x| _ (= X)y —x(yn—y)
Yn Y YnY
< G =)yl + [x(yn — )|
|yl
2
< 7 (1Gen =)yl + [x(yn — ¥)1)
2 y2
< —€.———(|x| + = €.
SRR R
O
So sanh gidi han day s6
Dinh 1y 1.3.4. Néu (x,,) héi tu va x, > 0,Yn € N thi linc}o x, = 0.
n—
Suy ra, néu (xy), (yn) hoi tu va x, =y, ¥n € N thi linc}o Xy = linc}o Yn.
n— n—
Chung minh. Patx = limy,— 0 X. Néu x < 0thivdie = —% > 0 tdn tai 1y € IN sao cho

X
[t =2l < =3,

suy ra
X X
xn0<x—§:§<0,

vo ly.
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Ta co
XnZYn,meN s x, —y, 20,VnelN.
Ma
iy = Jimy = fim (3= )
nén suy ra

lim x, > lim y,.
n—aoo n—oo

Pinh ly 1.3.5 (Tinh chat kep). Néu ba day s6 (x,,), (yu) va (z,) théa

1. xp <yn <zp,VnelN,va

2. lim x, =a = lim z,
n—o0 n—0o0

thi ;}%yn =a

27

Ching minh. Vi lim x, = a = lim z, nén vdi e > 0 ton tai ng sao cho véi moi n > ng ta
n—0o0 n—00

co
|x a|<€ alz a|<€
- —V - =.
! 2 2

Do d6, véi moi n = ny,
€ €
lyn —a| <|xp—al+|zn—al <+ =e

2 2

Vidu 1.3.4. V6imoin e N ta co

1 sinn 1
-=< < -
n n n
Ma—1—0val - 0khin— conén
sinn

=0.

n—0o0 n
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Mé rong khai niém hoi tu ctia day s6
Dinh nghia 1.3.4. Day (x,) dugc goi 1a hoi tu vé +oo khi n — oo, ky hiéu
limy, o X = +00, néu
VM > 0,3dng € N, Vn = ng, x,, > M.
Tuong tu, day (x,) dugc goi la hdi tu vé —oo khin — oo, ky hiéu lim, e x, =

—o0, néu
VM > 0,3ng e N,Vn = ng, x, < —M.

Chu y 1.3.1. V&i sy md rong nay thi dinh ly 1.3.3 van con diing mién la cac

gidi han khong c6 dang oo — o0, 0.00, %, =.

Mot s6 gidi han thuong gip
Dinh 1y 1.3.6. Ta cd mot s gidi han thuong gip:

1. VpeR,p>0: limi:O,

n—o NP

2.VpeR,p>0: lingo\"/?:L
n—

3. lim /n=1,

n—0o0

4. VpeR,p>0,Va e R: lim ——— =0,
5. Vxe R, |x| <1: lim x" =0,
n—00
Chung minh. 1. Véie > 0, chon ng = [ﬂ ! + 1 thi véi moi n > ng ta co nip —0‘ <

1
- < €.
nP

0
2. Chia hai truong hop.
(@) Truong hop p > 1. Datx, = yp—1,Vn e IN. Véimoin € IN, ta c6 x, = 0 va
p=>04x)" > C,lzxn = nxy.

Suy ra
0<x, <

S I

,VYn e N.

Do d6, theo tiéu chuan kep, x, — 0 khi n — 0.
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(b) Néu p =1 thi hién nhién. Xét 0 < p < 1. Néu datq = J thiq > 1. Theo trudng

hgp trén thi /g — 1, do do6 {/p = =N - 1.

/q
3. Vix, = n—12=0,VneNnén
-1
n=(1+x,)" > Cox3 = %x%,\m > 2.
Suy ra
2
0< xy <Ll,\m>2.
(n—1)2

Do tiéu chuin kep vagidihan &1, x, — 0khin — oo. Vay linc}O Un =1.
n—

[
4 Tacdxy, = ————
()
ta co

k
A+p)"=Cph=Enm—1)...(n—k+1).

K
Suy ra, véi moi n > k ta c6

0<x, <

k1 1 1 1

=

Theo gidi han &1 thi

ko1 1 1 1

!
kl—

— — 0.

1-—

I
BN
—_
|
T
_
3
T
=2

=

Ap dung tinh chat kep, x,, — 0.

5. Néu x = 0 thi hién nhién x" — 0. Khi x # 0, ton tai p > 0 sao cho |x| =

gidi han &4, ta c6

"= 0] = " = o = 0

khi n — oo.

1.3.3 Day don diéu

|
k 1 2 0 k—1 ,k—a«
1-11-2"""1_Ely

— > 0,Vn e N. Mét khac, néu chon k > [a] + 1 thi v6i moi n > k

1
—,vado
+p

Dinh nghia 1.3.5. Day s6 (x,;) dugc goi la day s6 don diéu ting néu véi moi

nelN,
x;/l < x;/l+1.
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Day s6 (x,,) duoc goi la day s6 don di¢u gidm néu véi moin € N,

Xn 2 Xpt1-
Day s6 don diéu tang hoac don diéu giam dugc goi tat 1a day sé don diéu.

Nhan xét 1.3.1. Néu (x,) 1a day s6 don diéu tang thi (x,) bi chin khi va chi
khi (x,) bi chan trén. Tuwong ty, néu (x,) 1a day s6 don diéu gidm thi (x,) bi
chan khi va chi khi (x;,) bi chan dudi.

Dinh ly 1.3.7. Moi day s6 don diéu va bi chin déu la day so héi tu.

Chung minh. Xétday (x,) tang va bi chan trén. Bat x = sup x,,. Vdie > 0ta cd 1y € IN sao
cho x — € < xp, < x. Khi &y, vi (x,,) ting nén v6i moi n > Ziﬂ\ia co
X—€<Xp <Xp <X <X+E,
suy ra |x, — x| <e.
Khi (x,) giam va bi chan dudi thi (—x,) tang va bi chan trén nén la day héi tu. Do d6,

(x,) cing la day hoi tu va gidi han ctia day chinh la inﬂ{I Xp. O
ne

) e oA s . 1\"
Vi du 1.3.5. Xét tinh hoi tu ctua day (x,) véi x, = (1 + E) :

1)

Al (i)
} n+2
d

Giai. Ro rang x, > 0,Vn € IN. Ma

Xn+1 _ 7’l+1 (1 I

"{

+
(n+2)
(n+1)
1-

[ n+12 n+1
n—+42
2 _
n—{—l n+1
n +3n2+3n+2

>
n+3n2+3n+1 =

nén (x,) la day sb tang.
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Tiép theo, ta ching t6 (x,,) bi chin trén va do d6 day hoi tu. That vay, voi
moi 7 € N ta co

(e3)

Zl

>
(e}

nn—l( —-2)...(n—k+1)

I
M

N £ 1\"
Vay ton tai gi6i han ctia day so (1 + E) .

1 n
e = lim (1 + —) .
n—0o0 n

Nguoi ta tinh dugc e ~ 2,718281828.. . ..

Dinh nghia 1.3.6.

1.3.4 Day con

Cho ham tang f : N — IN. Néu dat n;, = f(k) thi (n;) 1a day tang cac sb
nguyeén tu nhién.

Dinh nghia 1.3.7. Cho day s (x,,). Day (yx) xac dinh nhu sau
Yk = Xn,, Vke N
duoc goi la day con ctia day (x,;) va duogc ky hiéu la (x,, ).

Nhan xét 1.3.2. Day (x,) 1a day con cta chinh né. Hon ntra, tir dinh nghia,
ta suy ra moi day con ctia mét day bi chan thi bi chan cting nhu moi day con
ctia mot day don diéu ciing la day don diéu.
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Dinh ly 1.3.8. Day (x,,) héi tu khi va chi khi moi day con ctia né déu la day hoi tu
va co chung mot gidi han.

Chirng minh. Chiéu dao cta dinh ly 1a hién nhién vi (x,) la ddy con ctia chinh né. Ta
chiing minh chiéu thuén cta dinh ly. Gid st lim, 0 X, = x. Xét day con (x,) cta (x).
Bang quy nap, ta ¢6 ny > k, Yk € N. V6i e > 0, ton tai ng € N sao cho

|xn — x| < €,Yn = ny.
Suy ra v6i moi k > ng ta c6
|xn, — x| <,
nghia la limy_, 4 xp, = x. O
Vi du 1.3.6. Day sb (x,) v6i x, = (—1)" ¢6 hai day con (xo;) va (xp41)- Vi
Xor =1 — 1vaxg; = —1— —1nén (x,) khong hoi tu.

Dinh 1y 1.3.9. Moi day déu cé it nhit mét diy con don digu.

Ching minh. Véi day (x,), xét tap
A={nelN |Vm>nxy = x,}.

Ta c6 hai truong hop :

1. A c6 v s6 phan tir: ta dinh nghia day (1) nhu sau
{ 7] = min A,
Ngy1 = min A\{Tl], np,..., nk},

thi (n;) tang ngat va x,, < xy,,, k€ N.

2. A = @ hodc A c6 hitu han phan ti: khi d6 ton tai n; € N sao cho
Vn = nq,3dm > n,xy, < Xp.
Pit
fgr1 = min{m € N | m > ng va xp, < x, },k € N.

Ta ¢6 (ni) tang ngat va xp,, > xp,,,, Yk € N.

O

Béy gio xét day (x,) bi chan. Theo dinh ly 1.3.9, (x,) c6 day con (xy, )
don diéu. Vi (x,,) cing la day bi chan nén la day hdi tu theo dinh 1y 1.3.7.
Va ta c6 dinh ly:

Dinh ly 1.3.10 (Bolzano - Weierstrass). Moi ddy bi chin déu cd it nhat mét diy
con hoi tu.
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14 GIOI HAN HAM SO
1.4.1 Khai niém giéi han ham s6

DPinh nghia 1.4.1 (diém tu). Cho D la tap con khac réng cia R vaa € R. Ta
néi a 1a diém tu ctia D néu trong moi € —1an can ctia & déu c6 phan tir khac
a cua D, nghia la,

Ve >0, (a —€;a+€) n(D\{a}) # &.

Ta n6i a la diém c6 1ap ctia D néu ton tai 6 —1an can cta « sao cho moi diém
thudc lan can nay khong thudc D, ngoai trir a, nghia la

16 >0, (e —%,a+06)nD = {a}.

Ménh dé 1.4.1. S6 thuc « € R la diém tu ciia D néu va chi néu cé6 mot day
(x,) < D\{a} sao cho x, — a.

Chirng minh. Chiéu thuan. Lay day (e,) duong va gidm vé 0. Trong €; — lan can ctia a ton
tai x; € D\{a}. Trong €, — lan can cta a ton tai x, € D\{a, x1}. Rdi trong €3 — lan can cda &
ton tai x3 € D\{&, x1, x3}. Tiép tuc nhu vay ta c6 day (x,) < D sao cho |x, —a| < €, — 0,
nghia la x,; — a.

Chiéu dao. Gia st c6 day (x,) < (D\{a}), x, — a. Vdi e > 0, ton tai ng € IN sao cho
0<|xp—a| <€ Vn=ng,

suy ra
(x—€ea+e€)n(D\{a}) # .
Vay « 1a diém tu cta D. O

Dinh nghia 1.4.2. Cho f : D — R va « 1a diém tu ctia D. Ta néi s6 thuce B 1a
gidi han ctia f khi x tién t6i a néu

Ve >0,30 >0,Vxe D, (0 < |x—a| <d=|f(x) — B| <e€).
Khi d6 ta viét limy_, f(x) = B.

Dinh 1y 1.4.1. Cho f : D — R va a la diém tu ciia D. So thic B la gidi han ciia
f(x) khi x tién tdi « néu va chi néu

V(xn) < (D\{a}), (xn — & = f(xn) = B).
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Ching minh. Gié st ta c6 lim, ., f(x) = B, nghia la
Ve >0,36>0,Yxe D, (0 < |x —a| < = |f(x) — B| <e).
Xét day (x,) © (D\{a}), x, — a. V6i 6 > 0 ton tai ng € N sao cho
|xn —a] <6,Yn = ny

va do dé
|f(xﬂ) _,B| <e€,Vn = ng.

Vay f(x;) — Bkhin — oo.

Nguoc lai, gia st ta ¢6

V(xn) © (D\{a}), (xn = a = f(xu) — B)

nhung
Je>0,¥6>0,3xe D, (0 < |x —a| < d) va |f(x) — B] = €.

V&i mdin € N ta chon § = % khi d6 ton tai x, € (D\{a}) sao cho

1 .
|xn —a] < o va |f(xn) — Bl = €.
Nhu vay ta ¢6 (x,) < (D\{a}), x, — a nhung f(x,) - B. Vo ly. O

Vidu 1.4.1. Xétham f(x) = x> +2x 4 3. Mién xac dinh ctia f(x) 1a Dy = R.
Ro rang & = 01a mét diém tu ctia Dy. V6i day (x,) < (Df\{0}),x, — 0,tacé

flxn) =22 4+2x, +3—>0*420+3 =3.
Vay lim,_, x24+2x+3=3

Viduy1.4.2. Xétham f(x) = sin 1. Mién xac dinh ctia f (x) la Dy = R\{0}. RS
rang &« = 0la mot diém tu ctia Dy. Trong Dy ta c6 day (xXn), xn = ﬁ -0
2

va (x,),x, = L — 0 nhung khi n — +oo thi

.1 . (T
f(xn) = sin = sin (E—{—an{) =1-1

va ,
f(x,) = sinx—, =sinnmt =0 — 0.
n

Vay khong ton tai gi¢i han cta f(x) tai 0.



1.4. GIOI HAN HAM SO 35
1.4.2 Tinh chat gi6i han ham s6
Tir dinh nghia 1.4.3 va tinh chat ctia day s6 hoi tu ta c6 cac tinh chat sau:
Dinh ly 1.4.2. Néu ham f(x) c6 gidi han tai « thi gidi han dé la duy nhdt.
Dinh ly 1.4.3. Néu lim,_,, f(x) = a va limy_,, g(x) = b thi

1. limy, k.f(x) =kakeR;

2. limyo[f(x) + g(x)] =a+b;

3. limy_,, f(x)g(x) = ab;

flx a

—

D6i v6i ham hop, ta co
Dinh 1y 1.4.4. Cho Dy, D la hai tdp con khic réng ciia R va « la diém tu ciia
Dy. Xét ham s6 f : D1 — Dy va g : Dy — R. Néu limy_, f(x) = B va
lim,_,gg(y) = 7 thilimy, go f(x) = 7.
Chung minh. Xétday tuy y (x,) < (D1\{a}), xy — a. Vilimy_,, f(x) = Bnén f(x,) — B.
Vado lim,_,5¢(y) = 7 nén

go flxn) = glf(xn)] = 7.

Vay limy_,, go f(x) = 7. O
Vidu143. Vi

{ lim,0x24+1=1,
lim,_,; y*® +2 =3
nén

lim (¥ 4+ 1)%% 42 = 3

x—1

Tir dinh 1y 1.3.4 va 1.3.5, ta c6
Dinh 1y 1.4.5. 1. Cho f, g xdc dinh trén (a;b)\{a} va « € [a;b]. Néu
{ f(x) <g(x),Vx e (a;b)\{a},
limy_,, f(X) = ,B, limy g(x) =
thi B < 1.
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2. Cho f(x),g(x) va h(x) xdc dinh trén (a;b)\{a} va « € [a; b]. Néu

{ f(x) < g(x) < h(x),Vx e (a;0)\{a},
limy_,y f(x) = B = limy_,q h(x)

thi limy_,, g(x) = B.

Vi du 1.4.4. Tim lim x sin 1

x—0 X
Giai. Ta ¢6 .
xsin;‘ < |x|, Vx € R\{0},
suy ra
1
— x| < xsin; < |x|,Vx € R\{0},
ma
lim(—|x]) =0 = lim |x
lim(— [x]) = 0 = lim |x
nén 1
lim x sin — = 0.
x—0 X
Vidu 1.4.5. Tim lirr(l] sin x.
X—
Giai. Ta ¢6
|sinx| < |x|,Vx € <—E'E)
~ 7 2/ 2 4
suy ra
—|x| <sinx < |x|,Vx e <—E'E)
~ ~ 7 2/ 2 4
ma

lim (= |x|) = 0 = li
xlg(l)( |x]) xlg(l)|X|

nén lim,_,gsinx = 0.

Vidu 1.4.6. Chung t6 lim sinx = sin x(, lim cos x = cos x, Vxg € R.
X—X0 X—X0

Giai. Ta co
+ Xp
2

X — X0

X
| sin x — sin x| = 2. |cos

. X—X0 .
‘sm ‘ < 2. ‘sm ‘ -0
khi x — xo, ta suy ra limy_,, sin x = sin xj.

Tuong tu ta cting c6 duoc limy_,y, cos x = cos xo.
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1.4.3 M6 rong khai niém gidi han ham s6
Trong muc nay ta mo rong khdi niém gidi han ham so: gidi han la vo cung,
gidi han & vo cung.
Dinh nghia 1.4.3. Cho f : D — R va a € R la diém tu ctia D. Ta néi ham f
c6 gidi han 1a B € R khi x tién tdi & néu

V(xn) = (D\{a}), (xn — & = f(xn) = B).
Khi d6 ta viét limy_,, f(x) = B.

Chi y 1.4.1. « va B ¢6 thé la +oo, do d6 ta da dinh nghia cac gidi han:
limy o f(x) = B, limy_, f(x) = to0, limy400 f(x) = B, limy_10 f(x) =
Foo.

Vidu 1.4.7. Ly (x,) = R, x;, — +c0. Ta c6

2 1
lim <x§+2xn+1> — lim 22 (1+—+—2) = +o0(1+2.0+0) = +o

n—+0 n—+o0 n Xy
Vay
lim (x®> +2x+1) = 4o0.

X——+00

Chu y 1.4.2. Cac tinh chét gi6i han da trinh bay trong 1.4.2 hoan toan c6 thé
mo rong cho gidi han duge dinh nghia trong 1.4.3.

1.4.4 Gioi han mét phia

Dinh nghia 1.4.4. Cho f : D — R va a l1a diém tu cta D. Ta néi s6 thuc B la
gidi han bén trdi cta f(x) khi x tién t&i & néu

Ve >0,30 >0,Yxe D, (0 <a—x<d=|f(x)—B| <e).
Khi d6 ta viét lim,_,,- f(x) = Bhay f(a~) = B.

Tuong tu, ta c6 gidi han bén phdi cta f(x) khi x tién t6i a, lim,_,,+ f(x) =
B néu

Ve >0,30 >0,VxeD,(0<x—a <d=|f(x)—B| <e).
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Dinh ly 1.4.6. Ham f c6 gidi han tai a khi va chi khi ton tai gidi han bén trdi, gidi
han bén phdi tai « va hai gidi han nay bing nhau. Khi do

lim f(x) = lim f(x) = lim f(x).

X—a— x—at x—u

Chirng minh. Chiéu thuan la hién nhién. Ta chiing minh chiéu déo. Gid st ton tai f(a™), f(a ™)
va f(at) = f(a=) = B. Voie > 0 ton tai 61,6, > 0 dé cho véi moi x € Dnéu 0 < x —a < &;
hodc 0 < a — x < J thi |f(x) — B| < €. Do d6, néu dit § = min{dy, 5, } thi ta c6

VxeD,(0<|x—a|<d=|f(x)—B| <e).
Vay ton tai gidi han cda f tai a va limy_,, f(x) = B. O

Dinh ly 1.4.7. Cho ham f don di¢u trong (a;b), vdia,b € R. Ta cd:

1. Néu f bi chin trén thi ton tai gidi han bén trdi tai b;

2. Néu f bi chin dudi thi ton tai gidi han bén phdi a.
Chung minh. Ta ching minh cho truong hop f tang va bi chan trén, cac truong hop con
lai dugc chiing minh tuong tu. Do f bi chan trén trong (a; b) nén tap

A={f(x)|xe (a;b)}

khac rdng va bi chin trén. Néu ta dat « = sup A thi véi € > 0, nhd tuy y, ton tai xo € (a;b)
sao cho
a—e < f(x) <a.

Vi f tang trong (a; b) nén suy ra

a—e < f(xg) < f(x) <a,Vxe (xo;b).
Do d6, néu xem 6 = b — x( ta c6

If(x)—a| <€ Vxe (a;h),0<b—x <9,

nghiala lim f(x) = a. O

x—b~
1.4.5 Hai gioi han quan trong
Dinh ly 1.4.8. Ta co

sinx __ 1
7
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X

Ching minh. Gidihan linb SH; T -1da dugc chiing minh trong sach gido khoa phd thong.
X—>

Ta ching minh gidi han thit hai.

Truong hop x — 4-co. Tir dinh nghia 1.3.6, ta suy ra
1 n 1 n+1
lim (1+ > =e= lim (1+—> .
n——+00 n+1 n——+00 n
Do d6 véi e > 0, ton tai ng € N sao cho
1 m+1
(1 + —) —e

m

1 m
14— —
()

Xét day tuy v (x,), x, — -+00, khi d6 ton tai n; € IN dé cho x, > ng + 1,¥n > ny. Voi mbi
Xy, = nq ta tim dugc m > ngsaochom < x, <m+1,vado do,

1 m 1 Xn 1 m+1

Két hop (1.5) va (1.6) ta suy ra

<eva <€, Vm = nyg. (1.5)

1 X
Vay lim (1+;) —e.

X—>+00

Truong hop x — —oco. Dat x = —t, ta c6
1\* 1\ ! t -t t\!
Iim (14— = lim (1—-- = lim | — = lim (——
X——00 X t—+00 t t—+00 t—+oo \ t—1

-1
t
. 1 t—1 1
—tE‘I‘w<1+t_—1) (1+t——1> -

Hé qua 1.4.1. Ta co

tan x
=1,

1. lim
x—0 X

1
X

2. lim(1+x)* =e.
x—0
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1.5 HAM SO LIEN TUC

1.5.1 Dinh nghia va tinh chat

Dinh nghia 1.5.1. Choham s6 f : D — R. Ham s6 f dugc goi la lién tuc tai
a € D néu

Ve >0,30 >0,Vxe D, (Jx—a| <d=|f(x) — f(a)] <€.)

Chii thich 1.5.1. Néu a khong 1a diém tu ctia D, nghia 13, ton tai 6 > 0 sao
cho (0 — ;0 + ) nD = {a}, thivivéi moi x € D, |x — a| <  kéo theo x = «
nén |f(x) — f(a)] = 0 < €. Vay ham f lién tuc tai cac diém co 14p thudc mién
xéac dinh ctia né. Do d6, trong phan tiép theo ta chi khao sat tinh lién tuc ctia
ham f tai cdc diém tu ctia D.

Dic trung tinh lién tuc tai diém tu bé“mg gidi han:

Dinh 1y 1.5.1. Cho ham s6 f : D — R va a la diém tu ciia D. Ham f lién tuc tai
o khi va chi khi chml}éf(x) = f(a).

Bang ngon ngir day, ta co

Dinh 1y 1.5.2. Cho ham s6 f : D — R va a la diém tu ciia D. Ham f lién tuc tai
o khi va chi khi
V(xp) < D, (x; > a= f(x,) > f(a)).

Chirng minh. Néu f lién tuc tai #, nghia 13,
Ve >0,30 >0,Vxe D, (|x —a| <= |f(x) - f(a)| <e),
thi véi moi day (x,) < D, x, — & ton tai ny € N sao cho
|xn —a| <6,Yn = ng

va do dé
|f(xn) — f(&)] <€ ¥n = ny.

Vay f(x,) — f(a) khin — oo.
Nguoc lai, néu f khong lién tuc tai a, nghia 13,

e >0,Y6 > 0,3x5€ D, (x5 —a| < dva |f(xs) — f(a)| =€),
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thi b{ing cach chon 6 = %, n e N, ta cé day x, € D sao cho

oo —a] < - va [ () — fla)| > €

Suy ra x, — ava f(x,) - f(«). O

Tuong ty nhu trong phan gidi han ham s, dinh 1y 1.5.2 két hop véi cac
tinh chat ctia day hoi tu sé cho ta tinh lién tuc ctia cdc ham tdng, hiéu, tich,
thuong va ham hop.

Dinh 1y 1.5.3. Xét hai ham f,g : D — R. Néu f va g lién tuc tai « € D thi cdc
ham f + g, f.g ciing lién tuc tai o. Ngoai ra, khi g(«) # 0 thi ham {é cung lién tuc

tai «.
Suy ra néu f va g lién tuc trén D thi cdc ham f + g, f.g ciing lién tuc trén D

vd g lién tuc trén {x € D|g(x) # 0}.

Chi thich 1.5.2. Vi ham hang f(x) = a va ham f(x) = x lién tuc trén R
nén theo dinh Iy 1.5.3 ta suy ra ham da thic f(x) = ayx" +a,_1x" 1 +... +
p(x)

a1x + ag lién tuc tai moi diém thudc R va ham htru ty f(x) = 1)’ Vi p(x)

va g(x) la hai da thuc, la ham lién tuc tai moi diém thuoc {x € R| g(x) # 0}.
Dinh 1y 1.5.4. Xét hamsé f : Dy — Dyva g : Dy — R. Néu f lién tuc tai w € Dy
va g lién tuc tai B = f(a) thi g o f lién tuc tai a.

1.5.2 Lién tuc mét phia. Phan loai diém gian doan

Dinh nghia 1.5.2. Cho hams6 f : D — R vaa € D. Ham f dugc goi la lién
tuc trdi tai x néu lim f(x) = f(a).
X—>n—
Tuong ty, f dugc goi la lién tuc phdi tai « néu lim f(x) = f(a).

x—at

Két hgp dinh ly 1.4.6 va dinh Iy 1.5.1 ta c6

Dinh ly 1.5.5. Cho ham s6 f : D — R va a € R la diém tu ciia D. Ham f lién tuc
tai o khi va chi khi f lién tuc trdi va lién tuc phdi tai «.
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Vi du 1.5.1. Dinh a,b dé ham s6

—2sinx, x<-7%;
f(x) =4 asinx+b, —F<x<7%;
COS X, x=7

lién tuc tai —75 va 7.
Giai. Ham f(x) lién tuc tai —% va J khi va chi khi

limx_)_%+ flx) = limxﬁ_%* flx) = (‘%) - { —a+b =2
limx_)%+ flx) = limx_%ff(x) =f(%) =
Suyraa=-1vab=1.

Dinh nghia 1.5.3. Choham s f : D — R va a € D. Néu ham f khéng lién
tuc tai a thi & dugc goi la diém gian doan ctia ham f. Piém gian doan dugc
phén loai nhu sau:

1. Diém gian doan loai 1: Néu ton tai f(a™), f(«~) nhung ba s6 f(a™),
f(a™) va f(a) khong dong thoi bang nhau thi & dugc goi la diém gian
doan loai 1. Diém gian doan loai 1 dugc chia thanh 2 loai:

e Diém kh&r dugcnéu f(a™) = f(a™) # f(a),
e Diém nhay néu f(a®) # f(a™). Khido h = f(at) — f(a™) dugc
goi la budc nhay cua f tai a.

2. Piém gian doan loai 2: Néu khoéng ton tai gidi han htru han mot phia
cda f tai o thi « duoc goi la diém gian doan loai 2.

Vi du 1.5.2. Xét ham sb f(x) xac dinh trén R,

11
ot x e R\{-1,0;1};
2, x € {-1,0;1}.

Ta co
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x—1
li = li =-1
xlir(l)f(x) xlir(l) x+1
x—1
li = li =0
xlir}f(x) xlir} x+1
nén x = —1 1a diém gian doan loai 2. Hai diém x = 0 va x = 1 la diém gian

doan khtr duoc.

1.5.3 Ham lién tuc trén mot doan

Xét ham f xac dinh trén [a;b] v6ia, b e R.

Dinh nghia 1.5.4. Ham f duoc goi 1a lién tuc trén doan [a; b] néu no lién tuc
tai moi diém thudc khoang (a; b) va lién tuc phai tai a, lién tuc trai tai b.

Tinh chéat caa ham f lién tuc trén [a; b].

Dinh ly 1.5.6. Cho f lién tuc trén [a; b]. Thé thi:

1. f la ham bi chin trén [a; b], nghia la f([a; b)) la tdp con bi chin ciia R.

2. f dat gid tri nhé nhat va [on nhat trén [a; b], nghia la ton tai xo, x1 € [a; b]
sao cho

f(xo) = inf f(x)va f(x1) = sup f(x).

Q<X$b agxgb

Ching minh. 1. Gia st f([a; b]) khong bi chan, nghia la
YM > 0,3xp € [a; 1], |f(xpm)] > M.

Liay M = n,n € N, ta nhan duoc day (x,) < [a;b] théa f(x,) > n,¥n € N. Do dinh ly
Bolzano - Weierstrass, day (x,) c6 day con (x,, ), X, — x € [a;b] khi k — 0. Va vi f 1a ham
lién tuc tai x nén f(x,,) — f(x), suy ra [f(xs)| — |f(x)| € R khi k — oo. Diéu nay mau
thuan véi

f(xnk) > ny =k, Vk e IN.
2.Datm = inf f(x).Vi

a<x<b
Ve > 0,3xc € [a;b],m < f(xe) <m+e,

nén vdi € = %,n € N, ta nhan duoc day (x,) < [4;b] thoa m < f(x,) < m+ %,Vn e IN.

Suy ra lim, .« f(x,) = m. Mat khac, do dinh ly Bolzano - Weierstrass, day (x,) c6 day con
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(xn,), Xn, — xg € [a;b] khi k — oo va vi tinh lién tuc ctia f, ta suy ra f(x,,) — f(xo). Vay
flxo) =m= inf f(x).

Bang cach chitng minh tuong ty, ta suy ra f dat gid tri 16n nhat trén [a; b). O
Dinh 1y 1.5.7. Néu f lién tuc trén [a; b] va f(a).f(b) < O thi ton tgi c € (a;b) sao
cho f(c) = 0.

Suy ra néu f lién tuc trén [a; b] thi f([a; b)) = [m; M] vdim = infbf(x) v

asx<
M = sup f(x).
a<x<b

Chung minh. Giad st f(a) <0 < f(b). Ta dinh nghia hai day (a,), (bx) < [4;b] nhu sau:

a1 =1,by = b;

a11;bn, néu f a11‘5h11 < 0/
Ap+1 =

an, néu f (2fb) > o,

va

) by, néu f —“”;b” <0,
L % au+b
112 n, neuf 112 n > 0

Ta ¢6 (a,) la day tang, (by) la day giam thoa

b—a

F,Vl’l e IN.

flan) <0< f(by) va |by —an| <
Tir d6, suy ra limy, o0 a4, = limy o0 by = ¢ € [a;b]. Do tinh lién tuc cda f ta suy ra

lim f(a,) = f(c) <0va nlglgof(an) = f(c) = 0.

Vay f(c) =0vavi f(a) <0< f(b) nénc ¢ {a, b}.

Hién nhién f([a;b]) < [m; M]. Ta ching t6 f([a;b]) > [m; M]. Theo Dinh 1y 1.5.6, c6
X0, X1 € [4;b], f(x9) = m, f(x1) = M, nghiala m,M € f([a;b]). Gid st x9 < x1. Vi y €
(m; M), viham ¢(x) = f(x) — ylién tuc trong [xp; x1] va ¢(xg).¢(x1) = (m—y)(M—y) <0
nén ton tai x € (xp;x1) sao cho ¢(x) = 0, tic la f(x) = y vado déy € f([a;1]). Vay
F(la;b]) > [ M) 0

Pinh 1y 1.5.8. Cho f : [a;b] —» R lién tuc, m = inf f(x)va M = sup f(x).

Q<X$b Q<X$b

Néu f Ia ham 1 — 1 thi ham nguoc =1 : [m; M] — [a; b] la ham lién tuc.
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Chiing minh. Gia stt f~! khong lién tuc tai y € [m; M], nghia 13, ton tai day (y,) < [m; M]
sa0 cho y, =y va fH(yn) = f7H(y). Datxy = f 1 (ya), x = f7H(y) thiyn = f(xa) >y =
f(x) va x, - x. Khong mat tinh tong quat, ta c6 thé gia su

Ie>0,|x, —x| =€, VneN.

Do d¢, va theo dinh ly Bolzano - Weierstrass, day (x,) c6 day con (xy, ), xy, — x" # x. Vi f
lién tuc nén f (x4, ) — f(x'). Ma f(x,) — f(x) nén f(x) = f(x’). Diéu nay mau thuan véi
tinh 1 —1caa f. O

Bay gi0, cho D la mot khoang (ntra khoang, doan, nira doan) trong R va
ham s f : D — R. Néu f lién tuc trén D va la ham 1 — 1 thi f sé 1a ham don
diéu trén D. Bata = infD,b = sup D,c = inf f(D) vad = sup f(D), ta c6

Dinh 1y 1.5.9. Cho D la m¢t khodng trong Rva f : D — R lién tuc, 1 — 1 va la
ham ting. Khi d6 ham ngugc f~1 : (D) — R1a ham lién tuc va lim, . f 1 (y) =
a,limy_,; f~'(y) = b.

1.6 GIOI HAN VA LIEN TUC CUA HAM SO CAP

1.6.1 Ham luy thua, can thuc

Ham f(x) = x" la ham lién tuc trén R; limy o f(x) = 400, limy—,_o f(x) = 400 khi
n chan va limy_, o f(x) = —oo khi n 1&. Tir d6, va theo dinh ly 1.5.9, ta suy ra khi n chan
thi ham f~!(x) = {/x lién tuc trén [0; +00) va limy— 1o f~1(x) = +o0; khi n 1 thi ham
F1(x) = ¢/xlién tuc trén R va limy— 1o f1(x) = 0.

Tom lai ta co

Pinhly 1.6.1. 1. lim x" = xj,Vxp € R, lim x" = +oowa
X—X X—-+00

+o0, néun chin
—o0, néunlé.

lim x" = {

X——00

2. Vi n chan, thi
lim \"/}: \”/%,VXO >0

X—X0
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va
lim ¢x = +oo.

xX—-+00
Voin le thi
lim /x = ¥/xg,Vxp € R
X—X0
va
lim /x = 4+
x—+00

1.6.2 Ham mu va ham logarit

Pinhly 1.6.2. 1. Ham f(x) = e* la ham lién tuc trén R, va

lim e¥ = 400, lim e* = 0.
X—-+00 X——00

2. Ham f(x) = Inx la ham lién tuc trén (0; +0), va

Iim Inx = 400, lim Inx = —o0.
X——+00 x—0t

Chung minh. Nguoi ta chiing minh dugc,

1
1+x<e' < 1—,Vxe (=1;1).

1 A I .
Vilim(1+ x) = lim —— = 1 nén, theo tiéu chuan gidi han kep, ta suy ra lim e* = 0. Hon
x—0 x—0 1—x x—0
nita, bang cach viet e —e¥0 = e*0(e* %0 —1) vavi lim e* "0 =1 tasuyra lim e* = ™.

X—>X0 X—>Xq

Ngoai ra, tur bat déng thace* > x,Vx € R ta suy ra limy_, ;o €* = +00 va limy_, o €*
1
=0. O

= limy_s o €F
Tir tinh lién tuc va gidi han ctia ham f(x) = e* va f(x) = Inx ta suy ra
tinh lién tuc va gidi han ctia cac ham
f(x) =x*= e v e R, x>0,

f(x)=a"=e"M"0<a#1,xeR,

f(x) =log,x = ﬁll—z,0<a #1,x>0.

Ngoai ra, ta c6 cac gidi han sau cho ham mu va ham logarit co so e,
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Dinh 1}’7 1.6.3.
X _
limM = 1,'lime 1
x—0 X x—0 X

=1

Chung minh. Sinh vién tu ching minh béng cach dung dinh ly 1.4.8 va tinh lién tuc cua
ham In. O

1.6.3 Ham lugng giac, lugng giac ngugc
Pinhly 1.6.4. 1. f(x) =sinx va f(x) = cos x la cic ham lién tuc trén R.
2. f(x) = tanx la ham lién tuc trén D = R\ {5 + krt | k€ Z} va

lim tanx = Foo, lim tanx = +oo.

nk nE

3. f(x) = cotx la ham lién tuc trén D = R\ {k7t | k € Z} va

lim cotx = +oo, lim cotx = +oo.
x—0t x—mt

Chung minh. 1. Xem vidu 1.4.6.
2. Vitanx = MM yy » Z 4k, k € Z nén tanx lién tuc trén R\{Z +kr | ke Z}, va

cosx’
limx_)f_r tanx = Foo, limx_)_f_r tanx = Foo0 la do tir dinh nghia ham tan.
2 2

3. Vicotx = 53, Vx # ki, k € Z nén lién tuc trén R\ {k7t | k € Z},valim,_,q+ cotx = oo,

lim,_, ;+ cotx = #o0 la do tir dinh nghia ham cot. O
Két hgp dinh ly 1.5.9 va dinh ly 1.6.4 ta thu dugc tinh lién tuc ctia ham
luong giac nguoc,

Dinh ly 1.6.5. Ta co

1. f(x) = arcsinx va f(x) = arccos x la cdc ham lién tuc trén [—1;1].

2. f(x) = arctanx va f(x) = arccot x la cdc ham lién tuc trén R,

. 7T, < 1.
lim arctanx = +—, lim arccotx =0, va lim arccotx = 7.
x—=+00 2" x>+ X——00
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1.7 VO CUNG BE, VO CUNG LON

1.7.1 Ham tuong duong

Khai niém ham tuong duong

Dinh nghia 1.7.1. Cho hai ham f(x), ¢(x) xac dinh trong 1an c4n ctiaa € R.
Ta néi ham f(x) va g(x) tuong duong khi x — a néu

Khi 4y, ta ky hiéu f(x) ~ g(x) khi x — a.

Chi thich 1.7.1. Trong dinh nghia 1.7.1, khi @ htru han, ta c6 thé thay x — a
bdi x —»at hay x —a~.

Tinh chéit

Dinh ly 1.7.1. Xét qud trinh x — a € R. Ta ¢6:
1. Néu f(x) ~ g(x) va g(x) — LeRthi f(x) — L.

2. Néu f(x) ~ fu(x) v g(x) ~ $1(x) i FRg(x) ~ filx)ga(x) va £ ~
fx)
g1(x)"

3. Néu f(x) ~ g(x) thi {/f(x) ~ {/g(x), gid st cic cin thirc cé nghia.

Chung minh. 1. Gidst f(x) ~ g(x) vag(x) » L e Rkhix —a.Taco

f(x) = ;%gm L1L-1,

khix — a.

2. Giasu f(x) ~ fi(x) va g(x) ~ g1(x) khi x — a. Ta c6

fgx) _ fx) gx) 44
fA(x)gi(x)  filx) gi1(x) ' ’
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khix — a,va
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khi x — a.

3. Giasu f(x) ~ g(x) khix — a. Ta c

VI _ L fe)
V/g(x) gkx) 7
khi x — a.
O
Cac tuong duong co ban
Khi x — 0 ta ¢6 cac tuong duong co ban sau day:
1. sinx ~ x; 2. tanx ~ x;
3 arcsinx ~ Xx; 4. arctanx ~ x;
1
5. 1—cosx ~ Exz; 6. In(1+x)~x;
X
7. loga(1+x)~m; 8. a*—1~xlna;
9. e —1~x; 10. (1+x)*—1 ~ ax.

Pac biét, ta co

11. apx" +a, (x" T+, + apxP ~ apxP khix —0,n > p,a, #0;
=

12. apx* +a, X" 1.+ apxP ~ apx" khix — oo,n = p,a, # 0.
1.7.2 Vo cung bé (VCB)
Khai niém VCB

Dinh nghia 1.7.2. Choa € R va ham f(x) xac dinh trong 1an can ctia a. Ham
s6 f(x) duoc goi 1a vo cting bé khi x — a néu lim,_,, f(x) = 0.
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Chd thich 1.7.2. Trong dinh nghia 1.7.2, khi a httu han, ta c6 thé thay x — a
bdi x —»at hay x —a~.

Vidul7.1. 1. sinx, tanx,1— cosx la nhing VCB khi x — 0.

7T

2. cos x, cot x la nhitng VCB khi x — 7.

3. X1 1 VOB Khix — oo,
x2+3

So sanh hai VCB

Pinh nghia 1.7.3. Cho f(x), g(x) 1a hai VCB khi x — a. Tandi f(x) va g(x)
1a hai VCB so sanh dugc néu ton tai gioi han (htru han hoac v6 han)

Khi 4y :
1. Néu K = 0 thi ta néi f(x) 1a VCB cap cao hon g(x), va ky hiéu f(x) =
0(g(x)) khi x — a.

2. Néu K = oo thi ta néi g(x) 1a VCB cip cao hon f(x), va ky hiéu g(x) =
0(f(x)) khix — a.

3. Néu K ¢ {0, 0} thi ta néi f(x) va g(x) cing cap.
Vidu1.7.2. 1. Khix — 0, x?> va 1 — cos x la hai VCB so sanh dugc vi

li 1—cosx 1
m-— = —
x—0 x2 2’

va do do6, x? ciing cap v6i 1 — cos x.
2. Khi x — 0, x3 va 2 sin® x 1a hai VCB so sanh duoc vi
x3

lim —
x—0 2 sin

=0,

2 x

va do d6, x® cap cao hon 2sin® x.
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Quy tic ngat boé VCB cap cao

B6 dé 1.7.1. Cho f(x), g(x) la hai VCB khi x — a. Khi dé:
1. Néu cdp ciia f(x) nhd hon cdp ciia g(x) thi
f(x) +8(x) ~ f(x), x —a.

2. Gidsit f(x) ~ f1(x) va g(x) ~ g1(x) khi x — a. Néu f(x) va g(x) ciing

clp nhung khong tuong duong, nghia la, lim,_,, é% =b¢{0,1,00} thi

flx) —g(x) ~ filx) - g1(x),x > a.

Chung minh. 1. Taco

2. Tacd

O

(
f) +Ax) _ . Alx)
(x) +81(x)  x>agi(x)

Chitng minh. Ap dung bé dé 1.7.1 va dinh 1y 1.7.1 (tinh chat 1). O

.2
Vi du 1.7.3. Tinh lim ~ 35X
: x—0 Bx—+x3

Giai. Khi x — 0, ta c6 3sin? x ~ 3x2 = 0(x) va ¥ = 0(x), do do,

x + 3sin? x .X 1
m-————=1lim— = —.
x—0 bx+ x3 x—0 5x 5
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Vi dy 1.7.4. Tinh lim N1 f20)

=0 x+4sindx
Giai. Khi x — 0, ta c6 In(1 + tanx) ~ tanx ~ x vasin®x ~ x3 = 0(x), do
do,

. In(l4+tanx) . «x
x—0 x4 sin” x x—0 X

1.7.3 V6 cung 1on (VCL)
Khai niém VCL

Dinh nghia 1.7.4. Choa € R va ham f(x) xac dinh trong 1an can ctia 2. Ham
s6 f(x) dugc goi la VCL khi x — a néu limy_,, |f(x)| = +o0

Chd thich 1.7.3. Trong dinh nghia 1.7.4, khi a httu han, ta c6 thé thay x — a
bdi x —»at hay x —a~.

Vidu1l.7.5. 1. Khix —0, %, Shllx va cot x la cac VCL.

2. tanxla VCLkhix — 7,x — —7.

3. x2 4 2x,x3+11a VCL khi x — o0.

So sanh hai VCL dong thoi

Pinh nghia 1.7.5. Cho f(x), g(x) 1a hai VCL khi x — a. Tanéi f(x) va g(x)
1a hai VCL so sanh dugc néu ton tai gioi han (htru han hoac v6 han)

Khi éy:

1. Néu K = 0 thi tanéi f(x) la VCL cap thap hon g(x).
2. Néu K = oo thi ta néi ¢(x) 1a VCL cap cao hon f(x).

3. Néu K ¢ {0, 0} thi ta néi f(x) va g(x) cing cap.
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Vidu1.7.6. 1. Khix — +o0, x* +1va /x 1a hai VCL so sanh duoc vi

ox2 41 ) 1
A —m =LA ("ﬁ + ﬁ) =+

va do d6, x? + 11a VCL cap cao hon /x.

2. Khix — +00, vx0 + 3x2 + 1 va v/2x® + 3x + 2x 1a hai VCL cting cap vi

31
Vab +3x2 +1 VA e i e S |
= llm _— = ——

lim = .
x>+ /2x8 + 3x4 +2x x>+ 4/2+%+% 2

Quy tac ngat bé VCL cap thap

Bo6 dé 1.7.2. Cho f(x), g(x) la hai VCL khi x — a. Khi do:

1. Néu cp ciia f(x) nhd hon cdp ciia g(x) thi
f(x) +g(x) ~ g(x), x —a.

2. Gidsir f(x) ~ f1(x) va g(x) ~ g1(x) khi x — a. Néu f(x) va g(x) cing
cdp nhung khong tuong duong, nghia la, lim,_,, % =b¢{0,1,00} thi

flx) —g(x) ~ filx) = 81(x),x > a.

Chirng minh. Tuong tu chiing minh bé dé 1.7.1. a

Dinh 1y 1.7.3. Gid sit f(x), g(x), f1(x) va g1(x) la cdc VCL khi x — a. Néu f(x)
cép cao hon f1(x) va g(x) cdp cao hon g1(x) thi

f) +Ailx) _ . f(x)

lim =—4—2—~% = lim

x—ag(x) +g1(x)  x=ag(x)

Ching minh. Ap dung b6 dé 1.7.2 va dinh 1y 1.7.1 (tinh chat 1). a
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T Py 2
Vidu177. Tinh lim Y25 T 2¥ 1= Voxd
X—+00 Vad +x+ Va3

Giai. Khi x —» +ootacod

V3x24+2x+1—bx+2 ~/3x2+2x +1 ~ /3x2

va
Va4 x4+ Va3 ~ V/x3 + x ~ Va3,
Do do,
lim V3x2+2x+1—+5x+2 lim V3 +2x+1
x>+ Va3 x4+ Va3 ot 3+ x
. V3x?
= lim Ry
X—>—+00 x3
= /3.
BAI TAP

Bai 1.1. Tinh gi&i han day s6

SO et WO SO T DO O e I §
oS 2nd344n oo 2m34+4n T nSo 2n? 4-4n

, . mnsinn _oontl g gntd
LofmGerlovay S limo T & I Ty

3
7. lim Y27 + 37447 8. lim nsin 9. lim V1TV1

n—o n—o n n—oo 14+ \6/ﬁ

Bai 1.2. Tinh giéi han ham s6

\/ _ 5% _
1. limM; 2. Hm@;
x—4 \/7—2 x—1 x —1
2
X
3. 1 X+A/x+Vx—+x|; 4. li ;
x—l>I4I—100< \/7 \/—> xl—>né51+5x—(1+x)
. v/1+sinx —+/1—sinx sin 5x
5. lim ; 6. lim———;
x—0 X x—0 tan 8x

*

. 1
Iim | — —cotx |;
x—0 \ sin x

7.  lim (\/(x+1)(x+2) —x);

X——+00
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1 1 — \/cos x
9. lim xsin—; 10. lim ﬁ;
X——+00 X x—=0 X
3 _
1 lim In cos x; 1 lim V/cos x — 4/cos x;
x—0 x2 x—0 x2
X _Ax x
13 lm> L, 14, lim~ 1,
x—0 X%+ x x—0 xInx
Bai 1.3. Tinh gi¢i han dang 1%
1. lim (x + ) ; 2. lim(cosx);
x—+mo \ x —3 x—0
3. lim(cos x)si%; 4. lim(1+sin x)%;
x—0 x—0
5. lim(cosx + sin x)%; 6. lim (sm x) T
x—0 x—0 X
Bai 1.4. Dung v6 cung bé tuong duong tinh cac gigi han sau:
: 2
L lim In(1 + 2x sin x); o lim S 3x ;
x—0 tan? x x—0 lnz(l —2x)
: x—1 1 _ _
3 lim M/_ T cos(1 — cos x)/_
x—1 Inx x—0 x4
— M) (1 —
5 lim (1—¢*)(1—cos x); 6 lim In cos x .
x—0 x3 + sin® x—0 ln(l + XZ)

Bai 1.5. Xét tinh lién tuc cua cac ham so sau:

1 sinx -y 2,
L f(x)zm} 2. f(x):{lx ¥ =0
SiInX -y 20, xZcost, x#0,

Bai 1.6. Xac dinh a,b sao cho cac ham so sau lién tuc trén mién xac dinh
cua ching:

cosx—1
—_ = <
sinx ’ x <0,
1. f(x) =1 acosx+b, 0<x<m,
%, X > 7T
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sin 2x, X<—%,
2. f(x)=1{ acos?x+b, —Z<x<0,

tan xx—35mx’ x> 0.

PAP SO - HUONG DAN

Bai 1.1. 1. §;2.0;3. +00;4.0;5.0;6.3;7.4;8. 71; 9. 1.

) 4.5 4. 1. 1. .
Bai 1.2. 1. 37 2. 5/ 3. ol 4. —73s 5. 1 6.

ml(ﬂ

3 1. 1.
7.3;8.0;9.1;10. 1;11. - 1;12. 1;13.In 3, 14. 1.
Bai 1.3. 1.¢1%; 2. e*%; 3.1;4.¢;5.¢;6. 71

3 .9 9. . 1. 1. 1
Bai1.4. 1. 2, 2. 1’ 3. 1, 4. 3/ 5. —3 6. —5-

Bai 1.5. 1. f(x) lién tuc trén R; 2. f(x) lién tuc trén R; 3. f(x) ién tuc trén R\{0}; 4. f(x) lién
tuc trén R.

:—% a
Bai 1.6. 1. T2
. {b—%; {b

O N
. ~



Chuong?2

PAO HAM VA VI PHAN

21 DPAO HAM
2.1.1 Khai niém dao ham

Pinh nghia 2.1.1. Cho ham f xac dinh trén (a;b). Ta ndi f ¢6 dao ham tai

x € (a;b) néu ty s6 flx+ AAxi —f(%) c6 gi6i han hiru han khi Ax — 0. Khi
ay, gid tri ctia gi6i han nay dugc goi la dao ham cta f tai x, ky hiéu la f'(x),

nghia la

£(x) = lim f(x+ Ax) —f(x). 2.1)

Ax—0 Ax

Vidu2ll. 1. f(x) =c,Vx e R cédaoham tai moi x € R va

LA f() L e-c
Ax—0 Ax Ax—0 Ax

2. f(x) = x,Vx € R c6 dao ham tai moi x € R va

L fatA) —f(x) A
A Ax _AlgchBoAx_l_f(x)'

57
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3. f(x) =sinx, Vx € R c6 dao ham tai moi x € R va

lim f(x+ Ax) — f(x) ~ lim sin(x + Ax) —sinx

Ax—0 Ax Ax—0 Ax
. 2cos(x + &) sin &F
= lim
Ax—0 Ax
Ax Ax
= lim 2 cos(x + —
AX—0 AT ( 2 )

4. f(x) = €%, Vx € R c6 dao ham tai moi x € R va

_ x+Ax . x
lim ST = f(x) et e
Ax—0 Ax Ax—0 Ax
edx —1
= lim €*
AachBOe Ax
=" = f'(x).
Chay21.1. 1. Néudats = x + Ax — x khi Ax — 0 thi (4.1) tr& thanh
oy i £ (8) = f(x)
filx) = lim == (2.2)
2. Néu dath = Ax — 0 khi Ax — 0 thi (4.1) tré thanh

2.1.2 Y nghia cda dao ham

Trong mat phang toa do6 Oxy xét duong cong (C) c6 phuong trinh y = f(x).
Véi diém My (xo, f(x0)) € (C) va diém M(xp + Ax, f(xg + Ax)) € (C) thi ty

) Ax) — ) :
sO flxo+ Axi f(xo) 1a hé so goc cua duong thang MyM. Khi Ax — 0 thi

M tién vé My trén (C), vi tri gidi han Moyt, néu ¢6, ctia cat tuyén MM dugc
goi la tiép tuyén tai My ctia (C) (hinh 2.1). Do d6,
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YA
f(x[) + ACE) M
/
M
f(mo) """""" U:
H >x
Zy T, + Az

Hinh 2.1: Y nghia hinh hoc ctia dao ham

cho ta hé s6 goc cua tiép tuyén Mot.

Trong co hoc, vdi mot chat diém chuyén dong trén mot truc x’'Ox sao cho
tai thoi diém x, f(xo) chi khodng cach (dai s6) OM. Tai thai diém xg + Ax,
chat diém di chuyén dén vi tri M’ va OM’ = f(x¢ + Ax). Trong khoang
thoi gian Ax, chat diém di chuyén dugc quang dudng c6 do dai (dai sd) 1a

MM = f(xo+ Ax) — f(xo) va do d6 ta goi L0 T A% ZF130) 1y e
& Ax

trung binh ctia chat diém trong khoang thdi gian tir xo dén x + Ax. Khi ay,
gia tri

f(x0 + Ax) — f(x0)

Ax—0 Ax

cho ta van toc tic thoi cia chat diém tai thoi diém x,.
2.1.3 Diéu kién can d€ c6 dao ham
Dinh ly 2.1.1. Néu f xdc dinh trén (a;b) va cé dao ham tai x € (a;b) thi f lién

tuc tai x.

Chirng minh. Date(s —x) = w — f'(x). Tacé e(s — x) — 0 khis — x vadodé

f(s) = f(x) = f'(x)-(s = x) + (s = x).€(s —x) >0,

khi s — x. Vay f lién tuc tai x. O



60 Chuong 2. DAO HAM VA VI PHAN

Chiéu ngugc lai ctia dinh ly khong ding. Chang han, ham f(x) = |x|
lién tuc tai x = 0 ma vi

Ax—0+ Ax Ax—0+ Ax
va 0+ A 0 A
fim QA0 —fO) _ 1A

Ax—0— Ax Ax—0— Ax

nén f(x) khong c6 dao ham tai x = 0.
214 Cac quy tic tinh dao ham
Dinh 1y 2.1.2. Néu f, g xdc dinh trén (a; b) va c6 dao ham tai x € (a;b) thi cdc
ham f+ g, af (0 € R) va f.g c6 dao ham tai x va
L (f+8)(x) = f(x) +8'(x),
2. (af)'(x) = af'(x),
- (f:8)'(x) = f(x)g(x) + f(x)g' (x).

SV

f

4. Hon nita, néu g(x) # 0 trong mot lan cdn cia x thi ham = c6 dao ham tai x

V01

(J:)’ () = [ ()8() — f(x)g'(x)

8 g2 (x)

Ching minh. Do dinh ly 4.4.1 nén f va g 1a hai ham lién tuc tai x va khi Ax — 0 ta c6
(f+8) e+ ax) — (f+g)(x) _ flx+ax)—flx) | glx+Ax) —g(x)

Ax Ax Ax
— fl(x) +¢'(x),
(af)(x +Ax) = (af)(x) _ flx+Ax) — f(x)

Ax Ax
—af'(x),
(f-8)(x+Ax) — (fg)(x) _ flx+Ax)g(x+ Ax) — f(x)g(x)
Ax Ax
_ f(x—i_AAxJz_f(x)g(x—’—AxH—

f(x)g(x + Ax) _g(x)

+ Ax



2.1. PAO HAM 61
— f(x)g(x) + f(x)g (x).

Vay céac dang thiic 1, 2, 3 dugc ching minh.

Khi g(x) # 0, thi vi g lién tuc tai x nén g khdc khong trén mot lan can cua x va do dé

ham = xac dinh trén lan can nay. Khi d¢6, ta c6

Pt a0) () flet Ag(x) - f(x)g(x + Ax)

Ax Axg(x + Ax)g(x)
B 1 f(x+ Ax) — f(x)
T e

g(x+ Av) —g(x)
=S p()|

khi Ax — 0. Vay dang thtc trong 4 dugc chiing minh. O

Vi du 2.1.2. Chiing minh rang (")’ = nx"~1,vn e N.
Giai. Tacé ¥’ = 1 = 1.x' 1 nén ding thitc ding véin = 1. Gid st (x")" = nx"~1,
ta co

(" = (x"x) = (x")'x + 2"«

=nx" Lx+x"1 = (n+1)x"

2.1.5 Pao ham caa ham hgp

Dinh ly 2.1.3. Néu f cd dao ham tai x, g xdc dinh trong mét lan cin ciiay = f(x)
va co dao ham tai y thi g o f co dao ham tai x va

(gof)(x) =& () f (x) = g'(f(x))f (x).

Chung minh. Do f ¢6 dao ham tai x va ¢ c6 dao ham tai y nén ta c6

f(s) = f(x) = fl(x) (s —x) + (s —x)er (s — x)
gt —g(y) =g' W) (t—y)+ (t—yea(t —y)
trong do, %135 e1(h) =0va 1113}) ex(k) =0.
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Bay gio, voit = f(s) —» f(x) =y khis — x, taco
(8°f)(s) = (g0 f)(x) =" W) f'(x)(s —x) + (s = x)e(s —x),

trong do

e(s—x) = ¢ ()ei(s —x) + f (x)eat — y) + ext — y)er(s —x) — 0

khi s — x. Suy ra
lim 8°5)(8) = (g0 f)(x)

5—x sS—x

=g (y)f (x).

Dinh ly dugc chitng minh xong. O

2.1.6 DPao ham cua ham ngugc

Dinh 1y 2.1.4. Cho f : D — R la ham 1 — 1. Néu f c6 dao ham tai x va f'(x) # 0
thi f~1: f(D) — D c6 dao ham tai y = f(x) va

Chung minh. Do fla ham 1 — 1 nén cé ham ngugc f—l . f(D) - D. Véi s = f_l (1), x =
f U y)eDtacés #xkhit#yvas—x <t —ynén

Oy () 1 1
t—y fe)=f)  f(x)

khit—»y. O

2.1.7 Pao ham cac ham so cap co ban

Dinh ly 2.1.5. Dao ham cdc ham so cap duoc cho & bang sau:
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f(x), mién cé dao ham f'(x)
1 |ef,xeR e*
2 |Inx, x>0 1
3 |x%x>0aeR axtl
4 |a*,0<a#1 a*lna
5 |log,x,0<a+#1,x>0 £+
6 |sinx,xelR COS X
7 | cosx,x e R —sinx
1 2
8 |tanx,x # T +kmkeZ <oy = 1 +tan®x
9 |cotx,x #km,keZ — L= —(1+cot?x)
— SN~ Xx
10 | arcsinx, -1 <x < 1 1
1—x2
11 | arccosx, -1 <x <1 S—
1—x2
1
12 | arctanx, x € R e
1
13 | arccotx, x € R T

Ching minh. Xét ham f(x) = e*, theo vi du 2.1.1, f’(x) = e*. Ap dung dinh ly 2.1.4 véi
fl(x) =Inx, taco
(1n2)' = (7 (9) = 57— = o =

fl(Inx) — elnx — x’

Dung cong thic 1 va 2, cac cong thic 3, 4, va 5 dugc suy ra tur dinh 1y 4.4.2, 4.4.3 va cac
dang thic

N Inx
X = erxlnxlax _ ex.lna va logax _ )

Theo vi du 2.1.1, ta ¢6 (sinx)’ = cosx. Tir d6, cic cong thic 7, 8, va 9 dugc suy ra ti
dinh Iy 4.4.2, 4.4.3 véi chd y

. T sinx
COS X = sin x—i—E ,tanx = —— va cotx =
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Xét f(x) = sinx ta co f'(x) = cosx # 0 khi —g <x< g, suy ra, theo dinh ly 2.1.4,
f1(x) = arcsin x c6 dao ham tai moi —1 < x < 1,va
1 1 1

(arcsinx)’ = - = = .
cos(arcsin x) \/ 1 — sin?(arcsin x) Vi-a?

Tuong tu, ta cing c6

1 1 1
!
arccosx)’ = — =— =- ,
( V== sin(arccos x) /1 — cos? (arccos x) V1—x?
1 1 1
arctanx)’ = = =
( ) —> 1 1+tan’(arctanx) 1422
cos? (arctan x)
va 1 1 1
(arccotx) = = =

1 " 14cot?(arccotx)  1+a2
sin~(arccot x)

2.1.8 Pao ham mot phia, dao ham v6 cung

Pinh nghia 2.1.2. Cho ham f xac dinh trong lan cdn phai cta x, (x;x +

s ) Ax) —
0),0 > 0. Tandi f c6 dao ham bén phai tai x néu ty so flx+ Axyi f(x) co
gioi han khi Ax — 0. Khi 4y, gia tri cia gi6i han nay duoc goi 1a dao ham

bén phdi cta f tai x, ky hiéu la f! (x), nghia la

fi(x) = lim f(x + Ax) _f(x). (2.4)

Ax—0+ Ax

Tuong tu, dao ham bén trdi cta f tai x, néu c6, duge ky hiéu 1a f’ (x),

fI_(X) — lim f(x+Ax) _f(x).

Ax—0— Ax

(2.5)

Vidu 2.1.3. Chof(x) = |x|. Tinh £’ (0), " (0).
Giai. Ta ¢6

Ax—0* Ax Axir(l)+ Ax f+(0)

va
. f0+Ax)—f(0) A
A}ffé— Ax B A}fi%— ax - 17/ -(0).
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Do dao ham tai x ctia f dugc dinh nghia bf?mg gi6i han ham s6 theo bién
la Ax nén ta co

Pinh ly 2.1.6. Ham f c6 dao ham tai x khi va chi khi f c6 dao ham bén trdi va bén
phdi tai x bing nhau.

Chung minh. Sinh vién tu ching minh. O
Dinh nghia 2.1.3. Cho ham f xac dinh trén (a;b) va x € (a;b). Néu

o FEHAY) —F()
Ax—0 Ax

tanoi f c6 dao ham vo cung tai x.

Vé mat hinh hoc thi néu f c6 dao ham vo6 cung tai x thi tiép tuyén véi dd
thi ham y = f(x) tai diém c6 hoanh do x song song véi truc tung.

Tuong ty, ta cling c6 khai niém dao ham bén trai, bén phai bang vo ciing.

Vi du 2.1.4. Chof(x) = x3. Tinh £} (0), f" (0).

Giai. Ta c6 ,
f(O+Ax)—f(0) (Ax)3 1
Ax A (Ax)3
nén suy ra
fim QPRI SOy 1)
Ax—0t+ Ax Ax—0t+ (Ax)g
ve 0+A 0 1
lim fO+4x) = f(0) _ lim - = —o = f'(0).
Ax—0~ Ax Ax—0~ (Ax)3

Vi du 2.1.5. Cho

Tinh f'(x).
«7 . s . 2 s 1 ~
Giai. Tai x # 0, ta ¢ f(x) = x*sin ¢ nén
1 1
'(x) = 2xsin ~ — cos —.
f(x) xsin — —cos
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Taix =0, ta co

}l%f(OJrh})l—f(O) :}lii%hsin% =0 = f'(0).
Vay
2xsin 1 —cos%, x#0

x

fl(x):{O, x=0.

2.2 VIPHAN
2.2.1 Khavi, vi phan
Pinh nghia 2.2.1. Cho ham f xac dinh trén (a;b) va x € (a;b). Ham f duoc
goi 1a khd vi tai x néu
f(x+ Ax) — f(x) = A.Ax + 0(Ax),

trong do6, A 1a hang s chi phu thudc x va 0(Ax) 1a vo ciing bé cap cao so véi
Ax khi Ax — 0. Khi 4y, biéu thitc A.Ax dugc goi la vi phan cta f tai x, ky
hiéu la

df (x) = A.Ax. (2.6)

2.2.2 Dieéu kién can va ¢t d€ ham kha vi tai mét diém
Ta c6 mbi lién hé gitra tinh kha vi va c6 dao ham nhu sau
Dinh ly 2.2.1. Ham f khd i tai x khi va chi khi f c6 dao ham tai x. Khi dy ta cd

df(x) = f'(x).Ax. (2.7)

Chung minh. Gia st f kha vi tai x. Ta c6
f(x+Ax) — f(x) = A.Ax +0(Ax),

suy ra
fx+Ax) — f(x) _As 0(Ax) R

Ax Ax ’
khi Ax — 0. Vay f c6 dao ham tai x va f'(x) = A
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Nguac lai, néu f c6 dao ham tai x ta c6

e(Ax) — f(x'i_AAxJz_f(x) —f’(x) =0

khi Ax — 0. Do d6,
f(x+Ax) — f(x) = f'(x).Ax + Axe(Ax) = f'(x).Ax + 0(Ax)

W Axe(Ax)
Ax

= e(Ax) — 0khi Ax — 0. Vay f kha vi tai x. O
Cha thich 2.2.1. V&i ham f(x) = x kha vi moi diém x € R ta c6
dx =df(x) = f'(x).Ax = 1.Ax = Ax.
Do d¢, (4.6) duoc viét duéi dang
df(x) = f'(x)dx. (2.8)
2.2.3 Tinh chat vi phan

Do dinh 1y 2.2.1, 4.4.2, va cong thic (4.7), ta co

Dinh 1y 2.2.2. Néu f, g xic dinh trén (a;b) va khd tai x € (a;b) thi cdc ham
f+g af(xeR)vaf.gkhd tai x,

Ld(f+g)(x) =df(x) +dg(x),
2. d(af)(x) = adf(x),
3. d(f.g)(x) = g(x)df(x) + f(x)dg(x).

4. Hon nita, néu g(x) # 0 trong mét lan cdn ciia x thi ham ! khd vi tai x v6i

£ (p) = 8W)f(x) — f(x)dg(x)
i (g) ) g(x) '
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2.2.4 Vi phan ctia ham hop, tinh bat bién cta dang vi phan cap mot

Trudc hét, cho ham y = f(x), v6i x 1a bién doc lap, kha vi tai x. Ta c6 (4.7).

Bay gio, xét x = ¢(t) 1a ham kha vi. Ta cd ham f(x) = f(¢(t)) = F(t) la
ham kha vi theo bién (ddc lap) ¢ va
df(x) = dF(t) = F'(t)dt = f'((t)) ¢ (t)dt = f'((t))de(t) = f'(x)dx.
Vay ta cung co
df(x) = f'(x)dx. (2.9)
So sanh (4.7) va (4.8) ta thay vi phan ctia ham f khong thay déi vé dang
cho dui x 1a bién doc lap hay 1a mot ham s6. Ta néi vi phan cap mot c6 tinh

bat bién vé dang.

Nhu vay, véi ham f kha vi, x 1a bién déc 1ap hay phu thudc, ta luén cé

fl(x) = d];(;)- (2.10)

2.2.5 Tinh gan ding bang vi phan

Cho ham f kha vi tai x, ta c6
f(xo+ Ax) — f(x0) = f'(x0).Ax + 0(Ax).
Do d6, khi Ax ~ 0 ta c6 thé xem
f(xo+Ax) ~ f(x0) + f'(x0).Ax
Vi sai s6 rat bé so véi Ax, 1a 0(Ax).

Vi du 2.2.1. Tinh gan ddng In(1,001).
Giai. Dt f(x) = Inx,xp = 1 va Ax = 0,001. Ta ¢6 f'(x) = 1, f'(xo) =
f'(1)=1va

In(1,001) = In(1+40,001) ~ In1+ 1.0,001 = 0,001.
Vi du 2.2.2. Tinh gan ding sin 29°.

Giai. Ta c6 29° = 7 — 1g5- Dat f(x) = sinx,xg = Z va Ax = —1g5. Ta 6
f/(x) = cosx, f'(x0) = f'(§) = va
e . (T o V3o
sin29” = sin <€ — ﬁ) e smg + > <_1—80> ~ 0,484.
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2.3 DAO HAM VA VI PHAN CAP CAO

2.3.1 Dao ham cap cao

Dinh nghia 2.3.1. Cho ham f xéc dinh trén (a;b). Néu f c6 dao ham trén
(a;b), nghia la f ¢6 dao ham tai moi x € (4;b), thi f’ cing la m6t ham xac
dinh trén (a;b). Khi d6, néu f’ c6 dao ham trén (a;b) thi ta goi (f')’ 1a dao
ham cép hai ctia ham f va ky hiéu 1a f”. Téng quat, dao ham cap n > 2 cta
f, ky hiéu la f(”), 1a dao ham, néu c6, ctia f(”_l) trén (a;b). Vay

f) = ("), n=2

Bang quy nap, ta c6 dao ham cap cao cua mét so ham so cap sau day:

—

. Véi f(x) = e¥ thi f(") (x) = e¥;

N

. Véi f(x) = sinx thi

f = |

(=1)fsinx, néun = 2k _
(=1) cosx, néun =2k+1. '

3. V6i f(x) = cos x thi

k A
(1) () — (=1)*cosx, néun =2k .
fU(x) { (_1)k+1 sinx, néun=2k+1. "’

4. Véi f(x) = (1 4+ x)7! thi
F(x) = (=1)"nt(1 4+ 2)~0FY;
5. Véi f(x) = (1 —x)~! thi
F(x) = n(1—x)~0FY;
6. Véi f(x) = (1+ x)* thi
M) =a(le—1)(a—2)...(a —=n+1)(1+x)¥7";
7. Vé6i f(x) = (1 —x)7! thi
F(x) = ()" =111+ 2) 7"
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2.3.2 Cong thuc Leibnitz

Dinh ly 2.3.1. Cho f va g c6 dao ham dén cip n trén (a; b). Khi dy, ta c6

Zcﬁf o(n=h), cﬁ:k!(nniik)! (2.11)

Chung minh. Ro rang (2.11) véi n = 1. Giad st (2.11) dung. Ta ching minh

)(r+D) & (k) g(n+1-k)
(f-8) ZC Wf

Ta co
(F) "V = ((f0)")
" !
—(yc f<k>_g<n—k>>
k=0
n
= 37 Chl W gy
k=0
n
_ Z Clri [f(kH).g("_k) +f(k>-g("_k+1>]
k=0
n n
_ Z Cﬁf(k+l>.g(n_k> + Z C,’if(k).g(”_kH)
k=0 k=0
n+1
_ k 1f(k) n—k+1) + Z Ck g(n k+1)
k=1 k=0
— Cr}’zlf(n-‘rl)g(()) 4 Zn: (Cf/(l_l 4 Cﬁ)f(k)'g(n_k+l) 4 Cgf(0>g(n+l)
k=1
n+1

= ) Chaaf®glrt1=h),
k=0

Cn _ Cn+1 va CO CO

k—1 k — k
vicklch=c 0 .

n+1’ n+1’
2.3.3 Vi phan cap cao

Khai niém vi phan cap cao

Dinh nghia 2.3.2. Cho ham f xac dinh trén (a;b). Néu f kha vi trén (a;b),
nghia la f kha vi tai moi x € (a;b), thi df cing la mét ham xac dinh trén
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(a;b). Khi d6, néu df kha vi trén (a;b) thi ta goi d(df) 1a vi phan cap hai cta
ham f va ky hiéu la d?f. Tong quat, vi phan cAp n > 2 cda f, ky hiéu 1a d" f,
1a vi phan, néu c6, cia d" ' f trén (a;b).

Vay
d'f(x) =d(d" ' f(x)), n=2.
Vi phan cap cao khong bat bién vé dang
Néu x 1a bién doc lap thi dx 1a hang sb, do dé, ta c6
d*f(x) = d(df (x)) = d(f' (x)dx) = dx.d(f'(x)) = f"(x)(dx)? = f"(x)dx’.

Tuong tu, ta cing co
d"f(x) = U (x)dx" (2.12)

Néu x = ¢(t) thi dx khong 1a hang s6, ma 1a ham theo t. Do d6, d?x =
d(dx) # 0. Khi y, ta c6

PF(x) = d(f'(x)dx)
— dvd(F(x)) + F (x)d(dx)
= f"(x)dx* + f'(x)d*x
# f"(x)dx>.

Vay d?f khong bat bién vé dang. Do do, ta két luan vi phan cap cao cling
khong bat bién ve dang.

2.4 CACPINH LY GIA TRI TRUNG BINH
2.4.1 Khai niém cuc tri

Dinh nghia 2.4.1. Cho ham f x4c dinh trén D.

1. Biém x¢ € D dugce goi la diém cuc tiéu ciia ham f néu ton tai § > 0 sao
cho
f(xo) < f(x),Vx € (xg—6;x0+ ) nD.
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Khi d6, ta néi f dat cuc tiéu tai xo, f(xo) dugc goi la gid tri cuc tiéu cua
f tai xg va diém (xo; f(x0)) dugc goi la diém cuc tiéu ctia do thi ham s

y = f(x).

. Diém xq € D dugc goi la diém cuc dai ca ham f néu ton tai § > 0 sao

cho

f(xo) > f(x),¥x € (xg— ;%0 + ) nD.
Khi d¢, ta néi f dat cuc dai tai xo, f(xo) dugc goi la gid tri cuc dai cta
f tai xo va diém (xo; f(x0)) duoc goi 1a diém cuc dai cua do6 thi ham s

y = f(x).

. Cac diém cuc tiéu va cyc dai dugc goi chung la diém cuc tri. Gia tri cta

ham sb tai diém cuc tri duoc goi la cuc tri cia ham sb.

2.4.2 Dinh ly Fermat

Dinh ly 2.4.1. Cho f xdc dinh trén D. Néu f c6 dao ham tai xo € D va dat cuc tri
tai xo thi f'(xy) = 0.

Chirng minh. Gia stt x( 1a diém cyc dai. Khi |Ax| du bé, ta c6

f(xo+ Ax) = f(xg) < 0.

Do d6, va vi f ¢6 dao ham tai xp nén

f(xo + Ax) — f(x0) <0

f'(x0) = fi(x0) = lim

Ax—0+ Ax
v / o . f(xo+ Ax) — f(x0)
Fx0) = £ () = Jim LISV 2005
Vay f'(xo) = 0. O

2.4.3 Dinh ly Rolle

Dinh 1y 2.4.2. Cho ham f théa cdc diéu kién sau:

1. Lién tuc trén [a; b|;

2. Co dao ham trén (a; b);
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3. f(a) = f(b).
Khi dy, ton tai c € (a;b) sao cho f'(c) = 0.

Chung minh. Theo dinh ly 1.5.6, ton tai xg, x1 € [a; b] sao cho

m=f(xo) = inf f(x) <f(x) < sup f(x)=f(x1) =M.

asx<b a<x<b

Néum = M thi f(x) = m,¥x € [g;b] nén f'(c) = 0,VYc € (a;b). Nguoc lai, khi m < M
thim # f(a) hoac M # f(a). Suy ra f dat cuc tri dia phuong tai ¢ = xo € (a;b) hoac tai
¢ =x1 € (a;b),vado f c6 dao ham trén (a; b) nén theo dinh ly 2.4.1, f'(c) = 0. O

2.4.4 PDinh ly Cauchy

Dinh ly 2.4.3. Cho hai ham f va g théa cdc diéu kién sau:

1. Lién tuc trén [a; b);

2. Co dao ham trén (a; b).

Khi dy, ton tai c € (a;b) sao cho

[8(b) —g(a)]f'(c) = [f(b) - f(a)l§' (c). (2.13)
va khi ¢'(x) # 0 vdi moi x € (a;b), ta cd
Fb)~ fl@) _ Fle) o1

Chung minh. Dat ¢(x) = [g(b) — ( ) f(x) = [f(b) — f(a)]g(x). Ham ¢ thoa man cac gia
thiét cia dinh ly Rolle trén [a; b] nén ton tai c € (a;b) sao cho ¢/(c) = 0, nghia 13, ta c6 (5.14).

Khi ¢/(x) # 0 v6i moi x € (a;b) thi ¢(b) — g(a) # 0 vi néu ngugc lai thi, theo dinh ly
Rolle, ton tai xq € (a; b) sao cho g’ (x¢) = 0. Do do, tir (5.14) suy ra (5.15). O

Truong hgp dac biét véi ham g(x) = x, x € [a; b], ta thu dugc
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2.4.5 Dinh ly Lagrange

Dinh ly 2.4.4. Cho ham f théa cdc diéu kién sau:
1. Lién tuc trén [a; 1),

2. Co dao ham trén (a; b).

Khi dy, ton tai c € (a;b) sao cho

f(b) = f(a) = f'(c)(b—a). (2.15)

25 QUY TAC HOSPITAL
2.5.1 Khir dang vé dinh J

Pinh ly 2.5.1. Cho hai ham f, g ¢6 dao ham trén (a;b), —o0 < b < +o00 va

1. lim f(x) = lim g(x) =0,
x—b~ x—b~
2. ¢'(x) #0,Vx e (a;b),

!
3 lim L% _ L —o0 < L < 4.
x—b= g (x)

Khi dy

Chung minh. Dat

va
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Ham f; va ham g; thoa gia thiét dinh ly Cauchy trén [x; ] va ¢} (&) = ¢'(&) # 0, v6i moi
& e (x;b),nén ton tai x < ¢ < bsao cho

Chox - b tacdc— b nén
lim @ = lim
—b- g(x)  x>b- g'(c)

O

Cha thich 2.5.1. 1. DPinh ly 2.5.1 cing dung khi thay x — b~ boi x — a™,
viéc ching minh hoan toan tuong tu.

2. Dinh 1y 2.5.1 cting ding khi b = +o0.
That vay, coia > 0. Dat

| =

() = f(x) vaG(t) = g(x).

X =

Tac60 < t < a~! va hai ham F, G thda cac diéu kién cta gia thiét dinh 1y 2.5.1 trén
(0;a71), cu thé, F va G kha vi trén (0;a~ 1) va

(a) tlir(r)1+ F(t) = tlir(r]1+ G(t) =0,
(b) G'(t) = —t72¢/(t71) # 0 trén (0;a™ 1)

() Lt f(x)
© Hm & = A Sy T o

Vay theo dinh ly 2.5.1, ta thu duoc

. F(t) _
Am em =L
suy ra
tim L&) g O

Vi dy 25.1. Tinh lim %) (9) .
) x—0 X 0

Giai. Ta ¢6

—sinx 1

1
—€OSX — |im =2,
X0 X2 X0 2x x—0 2X CosXx 2
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2 a2
, , . X“—sin“Xx 0
Vidu 2.5.2. Tinh lim ————, — .
x—0 x2sin” x 0
Giai. Ta c6
. x?—sinx . x?—sin’x . 2 2
llm_72 = hm74, (sin®x ~ x,x — 0)
x—0 x2sin”x x—0 X
. 2x —sin2x . 2—2cos2x
= lim —— = lim —
x—0 4x x—0 12x

1
x—0 24x 3 '

3 ) _ x%sin
Vi du 2.5.3. Tinh lim

1
= (9
x>0 sinx ’ 0/

/
2.1 )
<x sm;) 2xsm%—cos%

(sinx) oS x

Giai. Ta c6

Khi x — 0, vi 2xsin i

2x sin% — cos L

¥ khong ton tai gidi han. Do do, ta khong dung dugc quy

— 0,cosx — 1 va cos% khong c6 gidi han nén

, _cosx
tac L'hospital cho gioi han da cho. Ta tinh giGi han nay nhu sau

= lim xsin% =1.0=0.

x—0 sinx x—0sinx’
2.5.2 Khir dang vo dinh &
Dinh ly 2.5.2. Cho hai ham f, g c6 dao ham trén (a;b), —o0 < b < +o0 va

1. lim f(x) = lim g(x) = oo,

x—b~ x—b~
2. ¢'(x) #0,Vx e (a;b),

L f )
5 x1—>b* g’(x)

=L,—0 <L <+ow.

Khi dy
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!
Chung minh. Truong hgp —o < L < +00. Choe > 0,bétuyy. Vi li " ;Ei; = L nén ton
X—0~
tai ¢ € (a;b) sao cho véi moi x € (¢; b) ta cd
f'(x) €
—Ll<Z 2.1
g 1T 210

Ap dung dinh ly Cauchy cho hai ham f va g trén [c; x], x € (c;b), ton tai 6 € (c; x) sao
cho
_ !
fx) =) _ £(8) o)

g(x)—g(c) g'(0)

Két hgp (2.16) va (2.17) ta thu dugce

FO)=FO) 1| o€ vre (e
g(x) —g(c) L‘<4'V € (c;b). (2.18)
T w010 ()] [£(x) = £(©)
xX) _; _Jle)= L&l _gle x)=fle)
s " g(x) +{1 g(x)} {g(x)—g(c) L}- (2.19)
Vi g(x) — oo khi x — b~ nén ton tai c; € (c;b) sao cho
flo-Lg(e)) € |y _ sl .
‘ 8(x) 2! g(x)‘<2’vxe(cl'b)' (2.20)

Két hop (2.18), (2.19) va (2.20), véi moi x € (cq;b) ta c6

f(x) ‘ fle) — Lg(e) ‘ 8(c) ‘f(X) —f(c) ‘
UAS.VAN S [P PAGY oy A28 D ~L
‘g(x) g(x) gx) | g(x) —g(c)
€ €
Vay
tim L)
b= 8(x)
! /
Truong hop L = =o0. Ta c6 xlir?f ;Eg = F00, suy ra xhj{,‘f ?Ei; =0%. Ap dung
truong hop —oo < L < +00 & trén ta thu duge lim fx) = 0%, do d6, lim f(x) = +oo.
r—b— g(x) x—b= g(X)

O

Chd thich 2.5.2. 1. Dinh ly van dung khi b = +o0, cdch ching minh
hoan toan tuong tu.
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2. Pinh ly van con ding khi thay x — b~ bdi x — a™ vdi —o0 < a < +o0.

Vidu 254, Tinh lim —2F =4 (f)

x—at ln(ex — e“)' o0
Giai. Ta co
1
. In(x—a . —a . e* —e’ .e
hm¥:hm 7 — lim ——— = lim — =1.

x—at ln(e" — e”) x—at

eX — el

. ) . tan(Z%F) 0
Vi dl:‘l 2.5.5. Tinh xli)r{lﬁ m, < > .

Giai. Ta co
tan (%) coszj(ﬂ) 7T x—1 7T -1
il In(1— x) il L 2 vol- cos? (%) 2 il sin(7tx)
In2
Vidu256. Timh lim —, (f)
x—>40w X o0
Giai. Ta co
In? 12Inx 21 2
lim nx lim < = lim nro_ Iim £ =0.
x>+ X x—+0m 1 x—+0 X x—+o 1

Vidu 2.5.7. Tinh lim Hﬂ, <;>

X—00 X
Giai. Ta ¢6
(x+cosx) 1—sinx
) 1

. .. . Lo . l—sinx _ . L
Khi x — o, vi sin x khong ¢6 gidi han nén —1 cing khong c6 gidi han.

Do dé, ta khong dung dugc quy tac I'hospital cho gidi han da cho. Ta tinh
gidi han nay nhu sau
lim *5 — lim (14

X—00 X X—00

=1+0=1

COS X)
X

2.5.3 Khu dang cac dang vo dinh khac

Trong muc nay ta dua ra cach kha cho cac dang v6 dinh sau day: 0.c0,
o0 —0,1%, 0 va 0°.
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Khu dang 0.00

Xét gidi han lim f(x)g(x) trong d6 f(x) — 0va g(x) — oo khix — a.

X—a

Ta co6 hai cach khir nhu sau:

f(x)

Cach 1: Bang cach viét lim f(x)g(x) = lim ~~-%, ta thu dugc dang v6 dinh

X—a X—a L
0 8(x)
(6) , da biét cach khu.
Cach 2: Bang cach viét chln; flx)g(x) = chmz &, ta thu dugc dang vo dinh
- f@x)
(=), da biét cach kh.
o0
Vi du 2.5.8. Tinh h%l+ xInx, (0.00).
X—>
Giai. Ta ¢6
: . Inx . ; :
lim xInx = lim —— = lim —% = lim (—x) =0,
x—0t x—0*t T x—0t —= x—0t
X
, e X
Vi du 2.5.9. Tinh hrr} sin(x — 1) tan o (0.00).
X—
Giai. Ta ¢6
i -1 -1 2
lim sin(x — 1) tan % _ lim % = lim % =——.
x—1 2 x>1 cos(&F) x—1 =% sin(5) T

Khu dang oo — «©

Xét gi6i han lim[f(x) — ¢(x)] via € R, f(x) — +oo va, tuong ung, ¢(x) —

xX—a
+o0 khi x — 4.

Cach khtr. Ta viét

lim /() - ()] = lim £x) |1~ $7).

X—a X—a f(x)

Xét gidi han lim @, c6 dang ~,
x—a f(x) 0
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e Néu lim 8(x) _ =L # 1 thi gigi han lim f(x) { — M} la dang xac

x—a f(x) X f(x)
dinh;
e Néu lim gx) _ 1 thi gidi han lim f(x) |1 — 8(x) la dang v6 dinh
) o Fly| 1@ done Vo i
00.0.
e Néu khong ton tai lim 8(x) thi gidi han lim f(x) |1 — 8(x) cting khong
x=a f(x) x> f(x)
ton tai.
Vidu 2.5.10. Tinh lim (x —In®x), (0 — o).
X—+400
Giai. Vi
2Inx.1 21
lim ln_x: lim —X — Jim 2Inx _ lim —*=0
x>+ X x—+00 x—>40w X x—+0w 1
nén
lim (x —In’x) = lim x (1 — ln_x> = +000.1 = +oo.
X—+00 X——+00 X

1
Vi du 2.5.11. Tinh lim (cotx — ;) , (00— 00).

x—0

Giai. Vi lim,_,g -2~ oy = limy 0

m (cotx =)
lim | cotx — —
x—0 X

thi gidi han c6 dang 20.0. Do do, ta c6

1
lim cot x (1 — tazx) = lim

tan X

x—0

tan x

— 1 nén khi ta viét

= lim cot x (1 — tanx)

X

—tanx i x —tanx

= = m 5
x—0 x—0 tanx x—>0 xtanx x—0 X
o 1—(1+tan?x oox?
= lim ( ) =lim—=0
x—0 2x x—0 2x

1
Vay lim <cotx — ;) =0.

x—0
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Khir cac dang 1%, oo°, 0°

Xét gidi han lim[f(x)]8™) véia € R va khi x — a thi

X—a

L o s {3 o7 e {0 2o

Cach khu. Do e lién tuc, ta ¢

lim[f(x)]3®) = lim e™(F@EY)

X—a X—a

_ elimxﬁag(x) In f(x) )
Gi6i han d mg, lim ¢(x) In f(x), c6 dang 0.00. Néu lim ¢(x) In f(x) = a thi
X—a X—a

lim[f(x)]8() = e,

X—a

Néu khong ton tai gidi han lim g(x) In f(x) thi giéi han lim[f(x)]8®¥) ciing
X—a

X—a

khong ton tai.

Vi du 2.5.12. Tinh lin} XTE, (1%).
X—
Giai. Ta c6
1

: !

ln(xﬂ> . 1 . 1 .
im xT=% = lime _ ehmxﬁl =y Inx _ ehmxﬁl = _ ehmxal - e—l )
x—1 x—1

R

Vidu2.5.13. Tinh lim (x 42%)%, (?).

X——400
Giai. Ta c6

lim (x+ 2")% — eliMyo+o 1n(x+2%) .
X—+00
Tinh gi6i han ¢ ma.
X 14+2%In2 X
lim 11r1(x+2") = lim M — lim -2 — Jim w
X——+00 X X——00 X x—-+00 1 x>t x4+ 2x
2¥In” 2 _2%In%2
- ——— =1In2.

x>t 1425102 xobo 2% In22

Vay

R=

lim (x+2%)x =2.

X——+00
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Vidu 2.5.14. Tinh lim x*™%, (0°).

x—0t
Giai. Ta co

lim xsinx — elimx o+ sinxInx

x—07t

= eliMeor XY (in y ~ x,x — 0)

=¢e’=1, (theovidu2.5.8)

2.6 KHAO SAT PUONG CONG y = f(x)
2.6.1 Su bién thién ctia ham so6

Pinh nghia 2.6.1. Cho ham f xac dinh trén (a; b).
e Ham f dugc goi 1a ting chit trén [4; b] néu
Vx1,x3 € [a; 0], x1 < xp = f(x1) < f(x2)
e Ham f dugc goi 1a gidm chat trén [g; b] néu
Vx1, X0 € [@;b],x1 < xp = f(x1) > f(x2)
Piéu kién can va di dé ham tang

Pinh 1y 2.6.1. Cho ham f xdc dinh trén [a; b] va khad vi trén (a;b). Ham f tang
trén [a; b] khiva chi khi f'(x) = 0,Yx € (a;b).

Chung minh. Cho f 1a ham tang trén [4; b]. Khi d6, ta c6

f(x) = filx) = lim flrt Asz —S&) 5 0,vx e (arb).

Ngugc lai, néu f/(x) > 0,Y¥x € (a;b) thi véi x1,x, € [a;b] va x; < x5, do dinh Iy
Lagrange, ta c6

f(x2) = f(x1) = f'(0)(x2 = x1) 2 0.
Vay f la ham tang trén [a; b]. O
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Piéu kién can va di dé ham tang chat
Pinh ly 2.6.2. Cho ham f xdc dinh trén [a; b] va khad vi trén (a;b). Ham f tang
chat trén [a; b] khi va chi khi

1. f'(x) =0,Yx € (a;b)

2. va khong ton tai khodng (a; B) < [a; b] sao cho f'(x) = 0,Vx € («; B).

Ching minh. Cho f la ham tang chat trén [4; b]. Khi d6, theo dinh 1y 4.5.1, ta ¢ f'(x) >
0,Vx € (a;b). Néu ton tai khodng («; ) < [a;b] sao cho f'(x) = 0,Vx € (;B) thi sé c6
x1,X € (a; B) < [a;b] va x1 < xp ma

f(x2) = f(x1) = f'(c)(x2—x1) =0,

vdi c € (x1;%2) © (a; B). Diéu nay vo ly vi f ting chat trén [a; b].

Nguoc lai, gia st 1. va 2. dugc thoa. Khi &y, véi moi x1, x5 € [a; 5], x1 < xo, ta 6

fx2) = f(x1) = f'(c) (x2—x1) =0,

vdi c € (x1;x2) < [a;b]. Néu c6 x1, x5 € [a;b], x1 < xp, sao cho

flx2) = f(x1) = f(e) (x2—21) = 0

thi do

f(x1) < fx) < fx2),Vx € (x15%2),
tasuyra f(x) = f(x1),VYx € (x1;x2),dan dén f'(x) = 0,Vx € (x1;x2). VO ly. Vay f tang chat
trén [a; b]. O

Chd thich 2.6.1. Dinh ly 4.5.1 va 4.5.2 dugc phat biéu tuong tu cho ham
giam va giam chat.

Vi du 2.6.1. Chiing minh rang véi moi x > 0 ta co

1 1
T n(x+1)

Giai. Vdi x > 0, xét ham
t

f() =In(t+1) —
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trén [0; x|, ta co

, 1 1
FO = Gy = (t—l—t1)2 = 0,Vte (0;x).

Suy ra, f(0) < f(x), nghia la,

X
0<1 1) — .
<In(x+1) x+1
Vay voi moi x > 0 ta co
x+1<ln(x—|—1)

2.6.2 Diéu kién ctia cuc tri

2.6.3 Dieéu kién can ctia cuc tri

Da xét trong dinh ly Fermat, trang 72.
Piéu kién du thi nhit cta cuc tri

Dinh 1y 2.6.3. Cho ham f xdc dinh tai c va khd vi trén (a;b) > c, cd thé khong kha
vi tai c.

1. Néu f'(x) < 0 trén (a;c) va f'(x) > 0 trén (c; b) thi f dat cuc tiéu tai c.
2. Néu f'(x) > 0 trén (a;c) va f'(x) < 0 trén (c;b) thi f dat cuc dai tgi c.

3. Néu f'(x) khong doi dau trén (a; b)\{c} thi f khong dat cuc tri tai c.

Chung minh. Ta ching minh truong hop thu nhét, hai truong hop con lai lap luan tuong
tu.

Véix e (a;c),tacod f'(t) <0,Vt e (x;c), do d6, theo dinh 1y 4.5.2, f gidm chat trén [x;c],
suy ra, f(x) > f(c). Tuong tu, vdi x € (¢;b), ta cing c6 f(x) > f(c). Vay f(x) > f(c), véi
moi x € (a;b)\{c}, nghia la, f dat cuc tiéu tai c. O
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Diéu kién du thu hai cia cuc tri

Dinh ly 2.6.4. Cho ham f c¢6 dao ham dén cép 2 trén (a;b) 3 xo va f'(xo) = 0.

1. Néu f"(xo) < O thi f dat cuc dai tai xo.

2. Néu f"(xq) > 0 thi f dat cuc tiéu tai x.

Chirng minh. Cong thitc Taylor cAp hai v6i phan du Peano trong lan can diém x:
! X " X
£x) = £x) + 80 (2 ) 1 L0 2 (002

Suy ra

" i 2
) o) = x? [0 O

Vi 0(((5%;0))22) — 0 khi x — x nén khi x gan x( thi f(x) — f(xq) cung dau véi f”(xp), tir d6,

suy ra diéu phai chitng minh. O

Piéu kién da tong quat caa cuc tri
Dinh ly 2.6.5. Cho ham f ¢6 dao ham dén cdp n — 1 trén (a;b) > xo va thda hai
diéu kién:

1. Ton tai f"(xq) # 0.

2. f5(x0) =0,Vk=1,n—1.
Khi dy:

1. Néu n chan thi f dat cuc tri tai xo, cu theé,

(a) néu f"(xo) > O thi f dat cuc tiéu tai xo;

(b) néu f™(xo) < O thi f dat cuc dai tai xo.

2. Néu n Ié thi f khong dat cuc tri tai xg



86 Chuong 2. DAO HAM VA VI PHAN
Chirng minh. Cong thitc Taylor cAp 1 v6i phan du Peano trong lan can diém xy:

£ (xo)

n!

f(x) = f(x0) + (x = x0)" +0((x —x0)")-

Suy ra

)n f(n)(x0)+0((x_x0)n) )

n! (x —xp)"

f(x) = flx0) = (x —xo

Vi 0=, 0 khi x — x nén khi x gan xg thi f(x) — f(xo) ciing dau véi (x — x0)". F) (xp),

(x—xo)"
tir d6, suy ra diéu phai chiing minh. O

2.6.4 Loi, lom, diém uon
Khai niém ham 16i, ham lom

Pinh nghia 2.6.2. Ham f xac dinh va lién tuc trén (a; b) dugc goi la 1om trén
(a;b) néu Vxq, xp € (a;b),Vt € (0;1) ta cb

fltxr 4+ (1 =t)xz) < tf(x1) + (1 —1)f(x2). (2.21)

Y nghia hinh hoc. Xét phan d6 thi ctia ham £ 13i trén (a; b). V6i xq, x2 € (a;b),
gia st x1 < xp, hai diém Aq(x1; f(x1)), A2(x2; f(x2)) thudc vé phan do thi
dang xét. Khi 4y, vi moi t € (0;1), ta c6 x; < tx; + (1 —H)xp, < xp va
diém M(tx; + (1 — #)xo; f(tx; + (1 — t)x2)) ndm trén phan do thi gidi han
boi A va Ay, ta goi la cung A1 Ay; con diém N (txq 4 (1 — £)xa, tf(x1) + (1 —
t)f(x2)) thi nam trén doan thang A; A,, ta goi la day truong cung. Bat dang
thitc (4.10) chiing t6 M ndm dudi N. Vay A3 A, ndm dudi A1 A,.

Tuong tu, ta co

Dinh nghia 2.6.3. Ham f xac dinh va lién tuc trén (a; b) duoc goi 1a 16i trén
(a;b) néu Vxq, x3 € (a;b), vt € [0;1] ta co

ftxr + (1 =t)x2) > tf(x1) + (1 — 1) f(x2). (2.22)

Nhan xét 2.6.1. Trén (a;b), ham f 15i khi va chi khi —f 16m.
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Diéu kién can va ¢t d€ ham 16m

Dinh 1y 2.6.6. Ham f c6 dao ham dén cép 2 trén (a;b). Khi dy, ham f 1om trén
(a;b) khi va chi khi f"(x) = 0,Vx € (a; ).

Chirng minh. Véi x1, x5 € (a;b),x1 < xp, dat x = tx; + (1 —#)x,0 < t < 1. Khi &y, ta c6

F— x_x2/1_t:ﬂ,
X1 — X2 X1 — X2
Do d6
X
(410) & f(x) S L= 2 f (1) + L= f(x2)

(x
— X2
© fx )(xl—Xz) (x - )f() (21 —x)f(x2)
(%1
(x

< (¥ —x2)[f(x) = f(x1)] < (31 —0)[f(x2) = f ()]
o f@ = fn) _ f) ~ fx) 023
X —Xq X — X2

Gia st ¢6 (4.12). Ta chiing minh f”(x) > 0,Vx € (a;b). Trong (4.12), cho x — x; ta thu
duoc

o) < L) =) (2.24)

xp—x3
va cho x — x; ta duoc

02 210 ¢ (s, (225)

Két hop (4.13) va (4.14) ta sé c6 f'(x1) < f'(x2). Vay ham f’ tang trén (a;b) nén, theo dinh
ly4.5.1, f"(x) = 0,Yx € (a;b).

Nguoc lai, gia stt f(x) = 0,Vx € (a;b). VGi x € (x1; x2), theo dinh ly Lagrange, ta c6
x) — f(x Cf(x) = f(x
F0) = F0) g SO = S2)

X — X1 X —Xp

VvOixg < ¢ <x<cp<xp.Vif’(x)=0,Vx € (a;b) nén f’ tang trén (a;b), do d6 f'(c1) <
f'(c2). Vay (4.12) ding, nghia la (4.10) ding. O
<

Nhan xét 2.6.2. Do nhan xét 2.6.1, ham f 16i trén (a; b) khi va chi khi f”(x)
0,Vx e (a;b).
Piém ubn

Dinh nghia 2.6.4. Diém M(xy; f(xp)) phan cach cung 16m va cung 16i ctia
do thi ham f dugce goi 1a diém udn cta do thi.



88 Chuong 2. DAO HAM VA VI PHAN
Tir dinh 1y 2.6.6, ta c6

Dinh 1y 2.6.7. Ham f ¢6 dao ham dén cap 2 trong lan cdn xo. Khi dy, néu khi qua

xo, f" déi dau thi diém (xo; f(xo)) la diém uén.

2.6.5 Duong thang tiém can

Cho ham f : D — R ¢6 d6 thi 1a (C). Ta néi (C) ¢6 nhanh vd cuc néu c6

« € R sao cho
lim 4/x2 4+ f2(x) = +o0.
X—n

Gia st (C) c6 nhanh vé cuc. Ta c6

Pinh nghia 2.6.5. Duong thang A duoc goi la tiém can cta (C) néu khoang
cach tir diém M e (C) dén A tién t6i 0 khi M di ra vo cyc doc theo dudng
cong.

Ta c6 mét so ket qua sau:

1. Néu lim f(x) = o0, hitu han, thi x = a la dudng tiém can song song
X—a
vOi truc tung, dugc goi la tiém can dung.
2. Néu lim f(x) = a hiru han, thi y = a 1a duong tiém can song song vdi
X—00

truc hoanh, dugc goi la tiém can ngang.

3. Néu lim f(x) = oo thi diéu kién can va dua dé duong thang A, c6
X—

phuong trinh y = ax + b, la mot tiém can caa (C) la

lim [f(x)— (ax +b)] =0hodc lim [f(x)— (ax +b)] = 0.

X——+00 X——00

Khi éy cac hé s6 a, b duoc xac dinh nhu sau:

a= lim @,b = lim [f(x) — ax] (2.26)

X—00 X X—00

Ngugc lai, néu hai giéi han trong (4.15) cting ton tai hiru han thiy =
ax + b la tiém can xién cua (C).
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Chii y 2.6.1. Néu thay x — o0 bdi x — +oo(—00) thi duong thang
y = ax + b duoc goi la tiém cin xién bén phdi (bén trdi).
Vi du 2.6.2. Tim cdc duong tiém can ctia duong cong y = /x(x —1)2
Giai. Ham xéac dinh v6i moi x nén do thi khong c6 tiém can dung. Vi linolo Y=
x—

nén do thi khong c6 tiém can ngang, c6 thé c6 tiém can xién. Ta co

3 —1)2
lim ¥ = jim VDT
X—0 X X—00 X

va

. _ — . 3 _ 2_
xh_r)rolo(y X) xh—I»Iolo( x(x—1) x)
. —2x2 4+ x
= lim

= (Ya PP + a1 2

nén duong cong co tiém can xién haibénlay = x — 2.

Vi du 2.6.3. Khao sat va vé do thi cia ham sd y = {/x(x —1)2.
Giai. Ta thuc hién nhu sau

-2

1. Mién xac dinh. D = R.

2. Su bién thién va cuc tri. Ta ¢6

1

/ X—3
=—>= x¢{0;1}.
y 1) ¢ {0;1}
Tai x = 0 thi
- y(x)—y(0) o A/x(x-1)2
alcli% x—0 —}1611)1(1) X ==y 0),

vataix = 1thi

Loy -y R 1P

!
=w=1y(1).
x—0 x—1 x—0 x—1 » y()

1 . A 1in
Tacoy =0 x = 3 Vay ta c6 bang bien thién nhu sau:
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1 +00
- +

\0/+OO

w‘§| o |ei—

" _ —gX

773 Bx-1)¥

Ta co
V'>0e0<x#1

Do d6, khi x < 0 dd thi 1om; khi 0 < x # 1 d6 thi 16i. Vay diém O(0;0)
1a diém udn ctia do thi.

. S rea A N e oAb e A A A 1s 2
4. Gioi han va tiém can. D6 thi c6 moét tiém can xiénlay = x — 3
5. Do thi. Hinh 2.2

BAI TAP
Pao ham

Bai 2.1. Tinh dao ham cac ham so sau :

_ tanx . 2 (. X\ o ] .
1. y= ok 2. y=cos <sm§>, 3. y=4/sinVx;
4. y:arcsinﬁ; 5. y:2ﬁ; 6. y:2VSir‘2x;
7. y=23%; 8. y= (lnx)%; 9. y=x%;

x (ln.X)x
10. y=«x%; 11. y=x*; 12. y= n
Bai 2.2. Tinh dao ham y/(x) cta cac ham cho theo tham s6:
_ 2 _ oyt X = 3at
1.{ * =In(1+#) 2.{ x =2 3. L2 (a>0)
y =t —arctant; y =27 y =1ip
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Y

Hinh 2.2: D6 thi ham y = {/x(x — 1)2

Bai 2.3. Cho f(x) = |x — 1|+ |x + 1]. Tinh f’, (x0), " (x0) tai xo = £1.
Bai 2.4. Cho f(x) = V/sin? x. Tinh f’, (0), f”(0).

Vi phan

Bai 2.5. Tinh vi phan cac ham sau:

1
; 3. Yy = arccos —.

1. y:;—karctang; 2. yzln‘x+\/x2+a 7

Bai 2.6. Cho f(x) = x® —2x + 1. Tinh Af(1),df(1).
Bai 2.7. Choy = 3=;. Tai xo = a — b, tim Ax dé Ay(xo) = L.
Bai 2.8. Tim 4, b sao cho ham sb

) = {

x2+2x, x<0
ax+b, x>0

kha vi tai moi x € R.
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Bai 2.9. Tim 4, b sao cho ham sb

f(x)z{ =

ax’>+b, |x| <1
kha vi tai moi x € R.

Bai 2.10. Dung vi phan cap mét tinh gan ding cac gia tri sau:

1. V17 2. tan46’; 3. arctan0,97; 4. 5 :
0,983

Cac dinh ly gia tri trung binh

Bai 2.11. Chung t6 phuong trinh 16x? — 64x + 31 = 0 khong thé c6 hai
nghiém phan biét nam trong khoang (0;1).

Bai 2.12. Cho f(x) = x(x+1)(x +2)(x + 3). Chung té phuong trinh f'(x) =
0 c6 ba nghiém thuc phan biét.

Bai 2.13. Chitng minh cac bat dang thirc:
1. |arctanx —arctany| < |[x —y|,Vx,y e R;
2. Wx=yl< %|x —ylvx,y e [ +o0);
3.

<In(x+1) <x,Vx > 0.
X+

Pao ham va vi phan cap cao

Bai 2.14. Tinh dao ham cap hai cta cic ham sau:

arcsin x
1. V= A 2. y=aV¥ 3. y=q/x(x—1)2

Bai 2.15. Tinh dao ham cap hai ctia cic ham cho b&i phuong trinh tham
s6:

, x = a(t —sint); ) x = el cost; 3 x = In(1+ t?);
' y =a(1l—cost). ' y =elsint. ' y =t
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Bai 2.16. Tinh dao ham cip cao ctia cic ham sau bang cach dung cong thic
Leibnitz:

X
1. y= (x®>+1)sinx, tinh y19; 2. y= %’ tinh 4(19);
3.y = x2e™, tinh 4™ (0); 4 y= 1%2 tinh (")

Bai 2.17. Tinh gan ding cac gia tri sau véi sai s6 € = 0,001:
1. e 2. 29; 3. cos41°.

Bai 2.18. Néu tinh gan dung ! bang cong thic e¥ = >, ’,ﬁ—],{ Vi sai s6
€ = 0,001 thi phai 14y dén bac may?

Bai 2.19. Danh gia sai s cac cong thirc xap xi sau:

1 1 1 . X
1. ezZ—i—i—i—a—l—E; 2. smxzx—€,|x|<0,5.

Tinh giéi han bang quy tac L'Hospital

Bai 2.20. Khir cac dang vo dinh J, 2:

.oe¥—e Tt 2x . Incos2x o oeWx 1
1. Iim——m——; 2. lim—; 3. lim - ;
x—0 X—SsInx x—0 sInx x—0t +/sin bx
X
. 7T — 2 arctan x . xez . Inx
4. Iim ——M————; 5. Iim ———; 6. lim ——.
x—+w X + e¥ r—0+ 1+ 2Insinx

Bai 2.21. Khtr cac dang v6 dinh 0.00, o0 — oo:

1. lim 2’Inx; 2. lim InxIn(x—1);
x—0F x—1+
3. limx <e% —1) ; 4. lim(e*+e " —2)cotx;
X—00 x—0
1 1 1 1
. i - = ; R b ——;
> . (x ex—l)’ 6 X0 <xsinx x2)

1 1
7. lim [ = —cot?x ) ; 8. Iim (— — o .
x>0 \ x2 -1+ \Inx Inx
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Bai 2.22. Khir cac dang vo dinh 1%, 0%, 0%

1
t 2 tan &%
1. Lm (1+x)™% 2. lim ( anx) .3 lim (tanﬂ ay
x—07F x—0 X x—1 4
4. lim (x+ 2")%; 5 lim x¥; 6. lim (cot x)ﬁ;
x—=+00 x——+00 x—0t
7. lim x*n%; 8. lim (arcsinx)™¥; 9. lim (7t —2x)5*,

x—0F x—0F x—Z"

Khao sat ham so

Bai 2.23. Tim cdc khoang tang giam ctia cac ham sau

X

1. y=x(1+Vx); 2. V= 3. y=x"

Bai 2.24. Tima,b déhamsdy = aln x + bx? + x datcuctritaix; = 1,xp = 2.
Khi d6, ching minh y dat cuc ti€u tai x; va cyc dai tai x;.

Bai 2.25. Tim cac khoang 16i, I6m va diém udn ctia cic dudng cong sau:
1
1. y=In(1+x?); 2. y=ex; 3. y = edctan2x,
Bai 2.26. Tim tiém can ctia cdc duong cong sau:

In(x+1
,_ )

1
" . 2 + 2x; 3. y=xIn (e—{—;) .

Bai 2.27. Khao sat va vé do thi cac ham sb sau:

X

1. y=4/x(x—1)% 2. y=e7"; 3. y=xe .

PAP SO - HUONG DAN

Bai 2.1.
3x —sin2x 1 X X
p_ O T el et | /: - A P A
1. ¥y = 3chosle 2.y 3Cos 3 sin (251113) ;
3. y,:7cos\/§ ; 4. y,:_#'
44/xsin/x Va2 —1'
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x Inx—1 /
1

V sm X
In2; 6. y — 2 sin 2x

In” x 24/sin” x I
I _ 2% x / 1 1—Inx.In(Inx)
7. ¥y =3 In32"In2; 8. ¥y =(Inx)y —————=;

7

x2lnx

9. ¥ =x¥2" (%Hf‘ﬂ“x); 10. y' =x"(Inx+1);

(Inx)* 1 2Inx
nx x )

1. ¢y = XX ¥ <% + (Inx +1) lnx> ; 12. v = Jnx (ln(lnx) + nx

3_
Bai2.2. 1.y = 2, 2.y = _3t+1. 3. Y = tétﬂj)-

Bai23. fL(1)=2 fL(1)=0; fL(-1)=0; f.(1)=
Bai24. fL(0)=1 f.(0)=—

Bai 2.5. 1.dy = —%,2 dy = \/7 ;3. dy = x\/%'

Bai 2.6. df(1) = Ax, Af(1) = Ax® +3Ax? + Ax.
Bai2.7. Ax =a+b.
Bai2.8. a=2vab=0.

Bai2.9. a=—Jvab=

NI

Bai 2.10. 1.2,033;2.1,035; 3.0,770; 4. 1,004.

Bai 2.11. Gia st phuong trinh da cho ¢6 hai nghiém phan biét, x; < x, trong khoang (0;1).
Ap dung dinh ly Rolle cho ham f trén doan [xy; x2]. Suy ra diéu vo ly.

Bai 2.12. Chiiy f(x) la da thiic bac ba nén s6 nghiém nhiéu nhét la ba. Ap dung dinh ly
Rolle cho ham f trén cac doan : [-3; 2], [-2; —1] va [-1;0]

Bai 2.13. Ap dung dinh ly Lagrange.

33 " (14-2x2) arcsin x | n 1 1 2 1 _
Bai2.14. 1.y~ = - xz)z + T ;2.9 = Zx\/;‘ (ln x+4lnx+4— \r}’f) 3.y"
2

NG

Bai2.15. 1.y = 2e ' .3yl =142,

(1+smt) ;2. ]/ = (cost— smt)3’
Bai 2.16. 1. y1% = 90sinx + 20xcosx — (x2 + 1) sinx; 2. y(10) = e* 37 (- 1kck, x,’f'“, 3.
y(n)<0) = Cp2a" % 4. ]/(n) = (=1)"n! ((x+})11+1 + (x_}>n+1) .

Bai2.17. 6 +7(x —1) +6(x —1)2 + (x — 1)3.
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Bai2.18. 1.5 — Jx+ 422 — P+ Pat +0(x); 2. 14+ 2x + 22 — 323+ 0(x3); 3. x + $2° +
ZX0+0(x%); 4. x+ 323+ 2% +0(x5);5.2In2 + Jx2 — hxt + 520+ 0(x0); 6.2+ {5x% —
saxt 4+ 0(x°)
288 :

Bai 2.19. 20 — ohex®® + 117+ 0(x18). Suy ra £17)(0) = 174

o=

1.5
X—Ex +

NN

Bai 2.20. 5 — gn5 (X —4) + zopes (x — 4)% — 225 (x — 4)3 + 0((x — 4)3).

Bai 2.21. 1.1,396; 2. 3,072; 3. 0,755.

Bai 2.22. n = 4.
Bai2.23. 1. |Ry| < 3;2.|Rs| = %xS‘ <41
Bai2.24. 1.2;2.0;3. 4.2;5.0;6. .

Bai 2.25. 1.0;2.0;3.1;4.0;5.3;6. £;7. 3;8. —1.

Bai2.26. 1.1:2.e3:3. e 1.4.2:5.1:6.¢ 1:7.1;8.1;9. 1.



Chuong3

TICH PHAN

3.1 TICH PHAN BAT DINH
3.1.1 Nguyén ham

Pinh nghia 3.1.1. Cho ham f(x) xac dinh trén (4;b). Ham F(x) xdc dinh
trén (a; b) dugc goi 1a nguyén ham ctia ham f(x) trén (a;b) néu

F'(x) = f(x),Vx € (a;b).
Chu y 3.1.1. a c6 thé 1a —co, va b c6 thé 1a +oo.

Vidu3.1.1. 1. sinxlanguyén ham cta cos x trén (—o0; +0),

2. arcsin x la nguyén ham cta trén (—1;1).

1
V1 —x2

Dinh 1y 3.1.1. Néu F(x) la nguyén ham ciia ham f(x) trén (a; b) thi moi nguyén
ham ciia f(x) trén (a;b) déu cé dang F(x) + C, vdi C la hiang so.

Ching minh. Sinh vién tu chirng minh. O

3.1.2 Tich phan bat dinh

Pinh nghia 3.1.2. Cho F(x) la nguyén ham cta ham f(x) trén (a;b). Tap
hop tht ca cac nguyén ham ctia f(x) trén (a;b) duoc goi la tich phan bat

dinh cua f(x) trén (a;b), ky hiéu la jf(x)dx.

97
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Vay, theo dinh 1y 3.1.1, ta ¢6

Jf(x)dx = F(x) + C, véi C la hang s6 tuy v.

Trong ky hiéu J f(x)dx thi J duoc goi 1a ddu tich phan, x 1a bién lay tich
phdn, f(x) 1a ham dudi ddu tich phan va f(x)dx 1 biéu thitc dudi dau tich phin.

Vidu 3.1.2. Theovidu3.1.1, ta c6

1. Jcos xdx = sinx + C trén (—o0; +0),

1
2. dx = arcsinx + C trén (—1;1).
J\/l—x2 ( )

Chu y 3.1.2. Trong mot vai truong hop, ta st dung khai niém nguyén ham
trén [a;b] nhu sau: F(x) dugc goi la nguyén ham cta ham f(x) trén [a; D]
néu F(x) 1a nguyén ham ctia ham f(x) trén (a;b) va

F (a) = f(a),FL(b) = f(D).

Tinh chit co ban

Dinh 1y 3.1.2. Tich phdn bt dinh c6 hai tinh chét co bdn:
1. Néu f(x) cé nguyén ham trén (a;b) va k la mot hiang so thuc thi
Jk.f(x)dx = k. Jf(x)dx.

2. Néu f(x) va g(x) cé nguyén ham trén (a; b) thi

[170 + oz = [ feodx + [ gax
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Bang cac tich phan bat dinh co ban

99

Tir bang cac dao ham co ban ta suy ra cac tich phan bat dinh co ban.

r xtx+1

1. | x*dx = 7 +C,a #—1;
r

3. | edx = e+ C;

r

cosxdx = sinx + C;

1

7. | ——dx = —cotx+C;
sin” x
1

e

U1
[ S S S SN S

dx = arctanx + C;

1+ x2

r

r

r

r

dx =Inlx|+C;
x
ax
a'dx=—+4+C,0<a#1;
Ina

sinxdx = —cosx + C;

dx = tanx + C;

cos? x

10. J 1 dx = arcsinx + C.

3.1.3 Phuong phap tinh tich phan bat dinh

Phuong phap phan tich

V1 —x?

Phan tich ham can lay tich phan thanh téng cac ham da biét nguyén ham ro6i

duing tinh chat co ban thu 2.

Vi du 3.1.3. Tinh cac tich phan bat dinh sau:

r

1. J (Vx+1)(x — vx+ 1)dx;

r x4

2. J 211

r

3. J tan" xdx,ne Z,n > 0.

dx;

Giai.
1. Ta co

J(ﬁﬂ)(x—\/}ﬂ)dx:J(x\/}+1)dx:f(x%+1)dx:§x§+x+c
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2. Taco

4
1 1
Jx2x+ 1dx - J ((xz -1+ xzi—i—l) dx = §x3 —x +arctanx + C.

3.bat I, = Jtan” xdx. Ta co

Iozjdx:x—l—C

L = jtanxdx = J Smxdx

oS X
B _Jd(cosx)

sin x

= —In|cosx|+C

Véin =2,
.
(tan” x +tan" 2 x — tan" 2 x) dx

o
I
[

r

tan" "2 x <tar12 x -+ 1) dx — J’can”_2 xdx

I
[ S

r

tan" 2 xd(tanx) — I, _»

I
[ S

1
] tan" 'x+C—1, 5

Phuong phap d6i bién
Phuong phéap d6i bién dya vao dinh ly sau

Dinh 1y 3.1.3. Néu

thi

v0i ¢(t) la ham khd vi.

Chiung minh.
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Phuong phap déi bién thuong duge st dung & hai dang sau day

Dang 1: Phuong phéap d6i bién duéi dau tich phan. Can tinh tich phan J f(x)dx.

Gia st c6 thé tim dugc ham u = ¢(x) kha vi va ham g(u) sao cho

f(x)dx = glg ()] (x)dx = g(u)d.
Khi do ta co

| e = [ slotg = [swan. 61

Néu tinh dugc
thi

Dang 2: Phuong phap thé. Gia st ta 6 thé dat x = ¢(u) véi ¢(u) la ham
kha vi va c6 ham ngugc 1a u = ¢~ (x). Khi ay

| #xrax = [ Flptug! (win = | gt

Gia su tim duoc

Suy ra

Vi du 3.1.4. Tinh J \/(2x +1)2dx.
Giai. Ta ¢ P
Jf/ (2x +1)2dx = j{’/ (2x + 1)2%.

Détu:2x+1tacc’)du:2dx,d7”:dx.Vay

du 1 2 13 s 3 5
3 2 — J 2—:— 3 — ——13 [ 3
JQ/(Zx—Fl) dx—JVu 5 szdu 25u3+C 10(2x—1—1)3—{—C
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1
Vi du 3.1.5. Tinh J ﬁdx,a > 0.
’ xc+a

Giai. Ta ¢
1 1 1 X
| arati= | (3.
24 52 2
xXc+a a (g) 41 <a>

Datu = g, suy ra dx = adu. Vay

J 1 dx—ljdiu—larctanu#—C—larctanE—i—C
24+a2"  a)ut+1 a a a ’

Vi du 3.1.6. Tinh J\/ 1—x2dx,-1<x<1.
7

k&) 2 . 7T 7z N
Giai. Dat x = smt,—z <t< > Ta c6 dx = cos tdt va

J\/l — x2dx = J\/l — sin?tcos tdt = jcosztdt = 171+C052tdt

2
1 1 . 1 ) 1
= EH_ZSanH—CZ Earcs1nx—i—§xv1—x2+C,

visin2t = 2sintcost = 2xv'1 — x2.

1
Vidu 3.1.7. Tinh J ——dx.
| VBT 4
Giai. Ditx =tant,—=~ <t < =. Tacé dx = ——dt va
2 2 cos- t

j—i—%x—f L ! m—f_i__i_m
VaZ+1 ) ran2t 1082t 1 _cos?t

cos? t

_J dt _jcostdt_f d(sin t)
~ Jcost ) cos?t ) 1—sin?t

) 1+ tant
zlln 1+ sint zlln \/14tan? t LC
2 |1—sint 27 |1 — fant
V/ 1+tan? ¢
1 v/1+tan?t + tant ce- L V1+x24x L
2 |4/1+tan?t—tant 2 1+x2—x

=In(v/1+x2+x) + C.
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dt 1. |[1+sint
Chu y 3.1.3. Trong vi du 3.1.7, ta tinh dugc ——lan,m#—C.
cost 2 |1—sint
Bién ddi tiép tuc ta thu dugc
dt t
—— =Init —+ — C.
cost n an(2—1—4)‘—1—
Tuong tu, ta cing tinh dugc
dt t
—— =Injtan-|+C
s =t
Vidu 3.1.8 T’hj ! dx,x < —-1vx>1
1du3.1.8. Tinh | ——dx, —1v .
i ) VaZz -1
Gidi. Patx = ——, — 2% <t < 25t 0. Taco dx = —<Btdt va
sint” 2 2 sin® t
1 i 1 —cost cost
dx = dt = J\/
vz —1 J 1 \2 sin? t smt
() 1
i t dt
= | tan t| ——dt = — | ——
sin” t | sin t|
Truong hop x < —1ung voisint < 0 nén
1 dt sin ¢
———dx = =In|t C=In|l——
J«/x2_1 x jsin n anz‘—l— n1+cost
1
~In sinf =1In L |+C
1—sin’t 14 1_<%)
1
=In|——— +C:In‘x+\/x2—1‘+C.
x—\/xz—l‘
Truong hgp x > 1 ing vdi sint > 0 nén
1 dt sin ¢
dx=—| — = —In|t C=—-In|l——
Vx2 —1 * sint n anz‘—i— n‘l—i—cost
sint %
= +C=—-In +C

1+m 1+ 1_<%>2
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_ 1 _ 2
— _In H—m‘—i—C—In‘x—l—\/x —1‘+C.
Tom lai
J\/de—ln‘x—kv ‘—FC

Phuong phép tich phan tirng phan

Pinh 1y 3.1.4. Cho cic ham u(x), v(x) khd vi va v(x)u'(x) co nguyén ham trén
(a;b). Khi dy ham u(x)v' (x) ciing c6 nguyén ham trén (a;b) va

Ju(x)v'(x)dx = u(x)v(x) — Jv(x)u’(x)dx (3.2)

suy ra

u' (x)v(x) = [u(x)o(x)]) —u(x)ov'(x),Vx € (a; b)

nén ' (x)v(x) c6 nguyén ham trén (a;b) va

Ju’(x)v(x)dx = J ([u(x)o(x)] —u(x)o'(x)) dx = u(x)v(x) — Ju(x)v’(x)dx.

O
Vi (x)dx = du,?'(x)dx = dv nén (3.2) c6 thé dugc viét & dang
Judv = uv — jvdu (3.3)
Vi du 3.1.9. Tinh J x? In xdx.
Giai. Ta ¢6
szlnxdx = Jlnxd (%3) = glnx — Jx;d (Inx)
= glnx—f%zdx: glnx—x;—{—(l
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Vi du 3.1.10. Tinh Jarcsin xdx.

Giai. Ta ¢o
X
arcsin xdx = x arcsin x — | xd(arcsin x) = x arcsin x — J —dx
j j ( ) V1 —x?
— xarcsinx + d(l _ x2)
2v/1 — x?
= xarcsinx ++v1—x2+C.
, ) dx .
Vidu3.1.11. Tinh [, = | ———,n e IN".
: (x2 + a2)n

Giai. Véimoin > 1ta cod

J dx B X _Jx —2nxdx
(x2+a2)n _ (x2+a2)n '(x2+a2)n+1

B x ) x? p
T 2 ad) +2n (2 1+ a2yt

2, 2 2
X X*t+a —a
T2y +2”J(x2+a2)n+1dx

B X 4 on J dx _azf dx
X

Suy ra

X 2n—1

Lip1 = —
ntl Znaz(x2+a2)”+ 2na?

I,,Yn e N*.

Voin =1taco

dx 1 X
I1=Jx2_|_a2 zaarctana#—C.

3.1.4 Tich phan ham htru ty
Ham hiru ty

Pinh nghia 3.1.3. Ham htru ty R(x) la ham c6 dang

P(x)

R =50y
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trong do: P(x) la da thuac bac m va Q(x) 1a da thuc bac n.

e Néum < n thi R(x) dugc goi 1a phdn thiic thic sy;

e Néum > n thi R(x) dugc goi 1a phdn thiic khong thuc s.

Néu R(x) 1a phan thirc khong thuc sy thi bang cach chia da thire P(x)
cho Q(x) ta dugc P(x) = Q(x).S(x) + D(x), vdi S(x), D(x) la hai da thuc
va bac ctia D(x) nhé hon bac ctia Q(x). Khi 4y

D(x) D(x)
JR(x)dx = j (S(x) + Q(x)) dx = JS(x)dx + j 00 dax.
Vi S(x) la da thirc nén tich phan {S(x)dx duge tinh dé dang. Va nhu vay,
viéc tinh tich phan {R(x)dx dugc dua vé viéc tinh tich phan cia mot phan
thue thuce sy, § %dx.

Tich phan cua phan thuc thuc su
Dinh ly 3.1.5. Moi da thitc Q(x) bdc n déu cé thé phan tich thanh tich cdc nhi
thitc bic nhat va tam thitc bac hai khéng cé nghiém thiee, nghia la

Qx) =an(x—a)*...(x =b)P(x2+px+ )" ... (x> +rx +5),

trongdd,a,...,b,p,q,...,r,s€ R;p?> —4q <0,...,r* —4s <Qvaa+pB+...+
2(u+...4v)=mn

Dé dé dinh i, ta gid sir
Qx) = ay(x —a)*(x —=b)P(x® + px + q)" (x®> +rx +5).

Khi 4y, phén thitc thuc su gég duoc phan tich mot cdch duy nhat dudi dang
D(x) A4 Ay Ay
Q(x) x—a (x —a)? et (x —a)*
By B, Bg
LT Ay Py

Mix + Ny Morx 4+ Np My x + Ny

2 2 7 T 2

X24+px+q  (¥2+px+q) (x2 + px +q)F

Eix+ F Erxx+F E,x+ F,

x24+rx+s  (¥24rx+s)? (x2+rx +5s)v
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tT’OTZg dé, Al, e ,Aa, Bl, .. -/Bﬁr Ml,Nl, .. "MV’NP” va El,Fl, .. .,EV,FV la cdc
hing s6 duoc xdc dinh biang phuong phdp hé 6 bit dinh.

Nho phan tich (3.4), ma viéc tinh tich phan ctia moét phan thuc thuc su
dugc dua vé viéc tinh tich phan ctia cac phan thic sau, duge goi 1a phin thiic
don gidn,

A A 3 Mx+ N Mx+ N

2.

Yior Paon Y aprtg S @aprtr

& do, p> —4q < 0.

dx vi viéc

Ta chi cin tinh tich phan [ 22N g v: J ( Mx + N

————dx va
x2+px+q x2 + px +q)"
tinh tich phan cta phan thic thi nhat va tha hai la don gian. Ta c6

@ rperg= (e L) a2

2
Détu:x+gvéa2:q—%dop2—4q<O.Khiéy,
Mx+N MJ 2udu _ Mp J du
px+q Zyat 2 u? 4 a2
_ Mp\ 1 u
= 21 n(u? +a)+( —T)Earctang—i—c
va
J Mx + N MJ 2udu N_Mp J du
(x2 + px +g)" u? + a?)r 2 (u? + a2)n

——m(u +a%)- +( —?)qu

véi I, dugc tinh & vi du 3.1.11.

4
Vidu3.1.12. Tinh I = J i dx.
: x3—x2+x-1
Giai. Ta ¢o
x4

1
—_= 1 — 1 .
x3—x2+x-1 e +x3—x2+x—1 e +(x—1)(x2+1)
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Suy ra

1 dx
I==x% .
2x +x+C1+J(X—1)(X2+1)

Ta phan tich thanh t6ng nhiing phan thuc don gian,

1
(x—1)(x*+1)
1 A Bx+C
= 1
G FD) x-1 2xl
s1=A?+1)+(Bx+C)(x —1),Vx # 1

s1=(A+B)x*+(C-B)x+A-CVx#1

A+B =0 A =
= C—-B =0 < B =

N|—

A-C =1 C

NN =

Suy ra
J dx _lj dx —lfx+1dx
(x—1)(x2+1) 2)x—1 2)x2+1
_lj dx _lf 2x dx—lf dx
2 ) x—1 4) x2+41 2 ) x2+1

1 1 1
= §1n|x—1| —L—Lln(xz#—l) —Earctanx—l—Cz

1 1 1 1
VéyI:§x2+x+iln|x—1|—4—11n(x2+1)—Earctanx—kC

Vidy3.1.13. Tinh [ = J -
X =X

Giai. Véi moi x ¢ {0;1} ta c6
1 1 A B C Dx+E

B2 2x-DE2+x+1) =zt et x2+x+1

Quy dong mau ta dugc

1=Ax(x—1)(x®*+x+1)+B(x—1)(x* +x+1)
+Cx?(x*> +x+1) + (Dx + E)x*(x — 1), Vx ¢ {0;1},

hay
1=(A+C+D)x*+(B+C—-D+E)x®+(C—E)x?>— Ax — B,Vx ¢ {0;1}
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Dong nhat cac hé so, ta co

( A+C+D =0
B+C—-—D+E =
C-E =
_A =
| —B =1
a1 A 1 1 . 1 i
G1a1he_taduqe:A:O,B:—1,C:§,D:—§vaE:§.Dodo,
111 xed
xX>—x2  x2 3(x—1) 3(x2+x+1)

1+ 1 1 2x+1 +1
2 R 9 2
X 3(x 1) 6xc+x+1 2(3(—}—%) +%

Suy ra

1 1 1 1 2x
I==-+-Inlx—1]->In(x*+x4+1)+ —arctan —— + C
x 3 | | 6 ( ) V3 V3

3.1.5 Tich phan ham luong giac
R(u,v) dugc goi la biéu thirc hiru ty dbi véi u, v néu R(u,v) dugc tao thanh

tur u, v thong qua cac phép toan cong, trir, nhan va chia. Trong muc nay ta
xét tich phan

1= J R(sin x, cos x)dx.

Phuong phap chung

X
Détt:tanz,—n<x<7t.Tacc’>

2dt . 2t 1—#2

va do dé tich phan I dugc dua vé tich phan ham httu ty theo bién ¢,

_ 42
I:jR 2t /1 t Zdt/
1+2"1+12) 14142

da biét cach tinh & 3.1.4.
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cos xdx

Vidu3.1.14. Tinh [ = Ji
: 2+ cos x

24t

H—tz.Ta co

Giai. batt = tan ;, —7T < x < 71, suy radx =
2
I_J T 2dt _Jl—tz 2dt _j 2 4,
B 2+%1+t2_ 3+121+12  J\1+# 34+

4 t 4 1
— 2 arctan t — — arctan (—) + C = x — ——= arctan (— tan f) +C.

v V3 V3 V352
Vi du 3.1.15. Tinh I = J 2 —sinx
' 2+ cosx

24t

1+—1!2' Ta co

cre s X
Giai. Dat t = tan E,—rc <x <7, suyradx =
2t

I_JZ—H—tz 2dt _41 2—t+1 "
B 2+%§1+t2_ (12 +3) (2 +1)

:4j(t213_ (t2+3)t(f2+1))dt
:4J<t2:—3_ t2+3)t(f2+1))dt

_4J Lo 120 12t
B 24+3  4(2+3) 4(+1)

~—~

s |

4 t
=7 arctan 7 In(t?43) +In(? +1)+C
4 L x)+ tan2§+3+c
= ——arctan | —= tan = —
VR OV ) tan? % + 1
4 1 X
:%arctan %tani +In(2 + cos x) + C.

Mot s6 truong hop dic biét

Trong mot vai truong hop, phuong phap chung dan dén moét tich phan hiru
ty rat phc tap. Sau day, ta trinh bay mot s6 trudng hop dac biét, & d6 la cac
phép déi bién thich hgp tly theo dang dac biét ctia R(sin x, cos x) :

1. Néu R(—sin x,cos x) = —R(sin x, cos x) thi dat t = cos x.
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2. Néu R(sin x, — cos x) = —R(sin x, cos x) thi dat t = sin x.

3. Néu R(—sin x, — cos x) = R(sin x, cos x) thi dat t = tan x.

3

Vi du 3.1.16. Tinh | = J L
’ 2+ cosx
. sin® x y
Giai. Xem R(sin x, cos x) = ————, ta nhan thay
2+ cosx
R(—sinx, cos x) 7sin3x R(sin x, cos x)
—sin = — = — mn .
sin x, cos 7+ cosx sin x, cos
batt = cosx,= dt = —sinxdx. Ta c6
L2 2 2
-1 —4
szism i sinxdx:ftL dtzfit +3clt
2+ cosx 2+t 2+t
3 1
= | (t-2+—)dt=-t*-2t+3In(2+t
J( +2+t) 5 +3In(2+t)+C
1
= Ecos2x—2cosx+31n(2+cosx) +C.
, . cos xdx
Vidu 3.1.17. Tinh [ = J 5 .
i cos4x—4%ionsggc+4
Giai. Xem R(sin x,cos x) = — , ta nhan thay
cos*x —4sin“x+4
R(sinx, —cosx) = — o8t = —R(sinx, cos x).

costx —4sin®x +4

batt = sinx, = dt = cos xdx. Ta co

I_J dt _J dt

(1 —12)2 — 442 -4 t*—6t2+5

-ty = [ (s )
(2 —1)(t2 —5) 4\2-5 2-1

1 _ _
85 |t++56| 8 |t+1

_ 1 n sllnx—\@_lnsllnx—l‘+c.
85 |sinx++5| 8 |sinx+1
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sin xdx

cos? x(cos x —sinx)’
sin x

Vidu3.1.18. Tinh [ = J

Giai. Xem R(sin x,cos x) = , ta nhan théy

cos? x(cos x — sin x)

sin x

R(—sinx, —cosx) = = R(sin x, cos x).

cos? x(cos x — sin x)

Dit t = tanx, = dt = (1 + tan® x)dx. Ta ¢6

_J 1 sin x jtanx(l—ktan2 x)dx

Y=
cos? x cos x(1 — tan x) 1—tanx

t t—1+1 1

=—t—Int—1/+C=—tanx —In|tanx — 1|+ C.

Chi y 3.1.4. Ddi vdi tich phan Jsinzm x cos® xdx thay vi dat t = tanx ta

nén dung cac cong thic ha bac.

Vidu3.1.19. Tinh I = jsin4 x cos? xdx.

Giai. Ta ¢6

2
. . . 1—cos2x (1 .
sin* x cos? x = sin? x(sin x cos x)? = —5 | 3sin 2x
1 .

1
= 3 sinZ2x — 3 sinZ 2x cos 2x

1-— 4 1
= iizsx ~3 sinZ 2x cos 2x

Suy ra

1- 4 1
I = j (% — gsinZZxCOSZx) dx
1 .

1 1 .3
_1—6x—6—45m4x—4—85m 2x + C

Nhu vay tich phan ctia mot ham hiru ty theo sin x, cos x dugc tinh bang
cach dua vé tich phan ciia mot ham hitu ty theo bién lay tich phan. Déi khi,
ta thyc hién theo chiéu ngugc lai dé tinh tich phan ctia ham hiru ty.
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dx
Giai. Thay vi dung cong thitc truy hoi nhu & vi du 3.1.11, ta dat x = tant,
suy ra dx = (1 + tan? t)dt. Khi ay

dt 1
1= | s = | ottt = [+ cos207a
1

== j(l + 2 cos 2t + cos? 2t)dt

Vidu3.1.20. Tinh [ = J

4
1 1 1 5
= ZJdH— EJCOStht—{— ZJCOS 2tdt

1 1 1
= —t+ —sin2t + 3 J(l + cos 4t)dt

4 4
3 1 . 1 .
_§t+18m2t+3_28m4t+c’
vOi
. 2tant 2x
t = arctan x, sin 2t = = ,
1+tan?t 142
2 2
sindt = 2sin2tcos2t = 2 2tant 1-tan t:4x(1 x).
1+tan?t1+tan?t (14 x2)2
Vay
3 1 x 1x(1—x%)
I = = arct — - C.
8arcanx—|—21+x2+8(1+x2)2+

3.1.6 Tich phan mét s6 ham vo ty

Tich phan I = JR (x, \Vax? + bx + C) dx

Ty thudc vao dau cta a ta bién ddi tam thitc ax? + bx + ¢ thanh téng hay
hiéu hai binh phuong. Khi 4y, tich phan I trd thanh mot trong trong ba dang
sau:

1. I:JR(x,\/((xx—l—,B)Z—l—'yZ) dx. Datax +p = ytant, -7 <t < 7,

va t = arctan @
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A

2. I:jR(x,\/(ocan,B)z—’yz) dx. Détax+p =L, 0<t<mt#7%,

i
ax+p°

va t = arccos

3. 1= jR (x,\/'y2—(ocx—|—/3)2) dx. Dat ax + B = ysint, -7 <t < 7,

va t = arcsin M;—Jrﬁ

dx
Vidu3.1.21. Tinh [ = j :
i x2(x + V1 + x2)
Giai. Datx = tant,—Z <t < Z,t = arctan x. Ta c6 dx = (1 + tan® t)dt va
I — J (1+ tan? t)dt B J cos tdt
tan® t(tan t + /1 + tan? t) sin t(sint + 1)

Dat u = sint, suy ra du = cos tdt. Khi ay

I_j du _Jl 1_ 1 du—f i—l 1 du
S Jut(u+1) Ju\u u+1 B uz uu+1

1 1 1 1
—j(ﬁ—;+u+1)du——;—ln|u|—|—ln|u+1|—l—C

1 1 1 i 1
— I im|tE ‘+C:—.—+1n sinf + ‘+C.
u sin t sin t
N ol _ _ tant _ X A
Masint = costtant = Vit VIR nén
V1 2 V1 2
R P e o e )
X X
Vidu3122 Tinh[ = [ —XF3dx
3+ 4x — 4x?
Giai. Ta co
(x +3)dx

Sl

7T 7T -1
bat2x — 1= ZSint,—E <t< E’t = arcsin . Ta c6 dx = cos tdt va
sint + 2 sint + 5
= | ———2_costdt = Jizcostdt
V4 —4sin’t 2cost
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1 1 7
—zj(smt—i— )dt 2(—cost+§t)—|—C.

_1\2 A2
coszt‘zl—sinzt‘zl—(Zx2 1) :3+4z dx

vado —F <t < Znéncost = 3v/3+4x —4x2 Suy ra
1
)+c

2
== (__ 3+4x—4x2+—arcsm -

Vi du 3.1.23. TmhI—J

\/x2+2x
Giai. Ta ¢
_J xdx
(x4+1)2-1
Datx+1=_5,0<t<mt+#%t=arccos 1. Tacédx = Scigstzdtt va

1 1 in t 1 t
1:J<——1) = dt=f<——1)@dt
cost /.1 _ qcos t cost cos-t
cos? t
Xét hai truong hop.

Truonghop1: x+1>0< cost >0« 0<t< Z. Khiay

1 1 I
I = ——— )Jdt=tant+In|t —— = .
J(coszt cost) anf+1n an(4 2)‘+C

=\ == =4/(x+1)2—-1=1+/x2+2x,
cost

( ) 1—tan2 cosi—sm2
tan| — — = =
4 2 1—|—tan2 cos§+smz

Ma

B (cos & —sm§)2 _ 1-—sint

2t qin2 E
COs” 5 sin 5 cost

1
= — —tant =x+1—x2+2x,

cost

I:\/x2+2x+ln‘x+1—\/x2+2x‘+C.

nén
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Truonghop2: x+1 <0< cost <0< F <t <. Khidy

1 1 Tt
I=— ——— |dt=—tant—1Int — — = .
J(coszt cost) an n an(4 2)‘+C

tant = —/ ——5- —A/(x+1)2 =1 =—/x2+2x,
cost

t
tan (E——) ———tant—x+1+\/x2+2x

4 2 cost

Ma

nén
I:\/x2+2x—ln‘x+1+\/x2+2x‘—{—C
2 (2
/P4 2r—1In (x +1)% — (x* +2x)
x+1—+vx242x
:\/x2+2x+ln‘x—|—1—\/x2+2x‘+C.

+C

Vay

J\/%:\/x2+2x+ln‘x+1—\/x2+2x‘+C.
X X

Tich phénI:JR , 7{/‘”” \/“Hb dx v&i R(1,0,w) 13 ham hitu
cx+d Vex+d

ty theo 1, v va w.

Ta dung phép déi bién

ax+b
:t
cx+d

véi k 1a boi s6 chung nho6 nhat ctia 1, 7. Sau mot sé phép bién déi ta dua tich
phan vé dang

I = J Ry (£)dt,

vGi Rq(t) la ham hitu ty theo ¢.
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Vidu3.1.24. Tinh [ =

X
J\/zx—l—é/zx—l'
Giai. Dit2x — 1 = #*. Ta c6 dx = 2£3dt va

2134t 2t 1
I_ 2 _ = -
Jtz_t — 2J(t+1+t_1)dt
= (t+1)+In(t—1)>+C= (V2x—1+1)*+In(v2x —1-1)>+C.
Vay

dx
V2x —1—+2x—1

= (V2xr—1+1)?+In(v2x -1-1)?+C

Vi du 3.1.25. TmhI—J

[1-x —4t
Dit = dt va
Giai. Da T« 1+t (1+t2)2 va

14+t 12
[=—4 =4
Jtl—tz (1+t2)2dt J(l—tz)(1+t2)dt

1 1 t+1
:—ZJ(l_tz—1+t2)dt:2arctant+ln ;‘—l—c
= 2 arctan —x+1n‘\/1—x—\/1—|—x

1+x VI—x++/1+x

Vay

1—xdx V1—x—+vV1+x
— 2 arct C
J\F wrtan 7 T+ vita

3.2 TICH PHAN XAC PINH

3.2.1 Dinh nghia va tinh chét
Bai toan dién tich hinh thang cong
Cho ham y = f(x) lién tuc va khong am trén [a; b]. Mién phang gi6i han

bdi cac duong x = a,x = b,y = 0vay = f(x) dugc goi la hinh thang cong
(hinh 3.2.1). Hay tinh dién tich cua hinh thang cong nay
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O a 7 oz, o T bog, - b

Hinh 3.1: Hinh thang cong

e Chia doan [a; b] thanh n doan con bdi cac diém chia:
=X <X] <X <...<Xp1] <Xp<...<Xp_1<2x,=">.

Cac duong thang x = xx(k = 1,1 — 1), chia hinh thang cong thanh n
hinh thang cong nhé. Hinh thang cong nho tht k(k = 1,n—1) ung
vdi hai diém chia lién tiép x;_; va xy.

e Vi f(x) lién tuc trén [a; b] nén véi n du 16n sao max{xy — x;_1} da nho
thi gia tri cia ham sb f(x) trén [x;_y; x;] thay ddi khong déang ké. Do
d6, dién tich ctia hinh thang nho thit k duge xem 1a bang dién tich cta
hinh ch nhat c6 d6 dai hai canh 1a Ax; = x; — x;_1 va f(t;), voi ty tuy
y thudc [x;_1; x]. Vay dién tich ctia hinh thang cong dugc xap xi bang

n

Z f(tk)Axk =S,.

k=1

e Khin — o0 sao cho maxj¢r<, Axy — 0ma S, — S, khong phu thudc
vao cach chia [a; b] va cach chon céc f thi S dugce goi 1a dién tich cta
hinh thang cong.
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Khai niém tich phan xac dinh

Dinh nghia 3.2.1. Cho ham s6 f(x) xac dinh va bi chan trén [a; b]. Chia [a; b]
thanh nhitng doan nho bang cac diém chia:

A=X)<X] <X <...<Xp] <X<...<Xp_1<2x,=0,

va lap tong
n
ITL == Z f(tk)AXk,

k=1
trong do6 t; ty y thuoc [x;_1; xx], k = 1,n — 1. Tong I, dugc goi la tong tich
phéan Riemann.

Néu khi n — o0 sao cho maxj <k<y Axx — 0ma I, — I, khong phu thudc
vao cach chia [a;b] va cach chon céc t, thi ta n6i ham s6 f(x) kha tich trén
[a; b] va I dugc goi la tich phan xéac dinh ctia ham sb f(x) trén [a; b], dugc ky
hiéu Ia

b
I= j f(x)dx.
a
Trong ky hiéu SZ f(x)dx, ta goi [a;b] 1a khoang 14y tich phan, a 1a can
dudi, b 1a can trén ctia tich phan, x 1a bién s 1y tich phan, f(x) la ham s
lay tich phan va f(x)dx 1a biéu thic dudi dau tich phan.
Piéu kién dt dé ham kha tich
Dinh 1y 3.2.1. Néu ham so f(x) lién tuc trén [a; b] thi nd khd tich trén [a; b).
Dinh nghia 3.2.2. Ham s6 f(x) dugc goi lién tuc tirng khuc trén [a; b] néu
f(x) chi c6 httu han diém gian doan loai mdt va khong c6 diém gian doan
loai hai trén [g; b].
Ta thira nhan dinh ly sau

Dinh 1y 3.2.2. Néu ham s6 f(x) lién tuc ting khiic trén [a; b] thi nd khd tich trén
a; b].
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Dinh ly 3.2.1 va dinh Iy 3.2.2 cho ta 16p kha nhiéu cac ham kha tich. Tat
ca cac ham so cap déu kha tich.

1
Vidu 3.2.1. Tinh J xdx.

0
Giai. Vi f(x) = x lién tuc trén [0; 1] nén kha tich trén d6. Chia [0; 1] bdi cac
diém x; = K Jk=1,n:

1 2
0<-<Z<.<-<..<Z=1
non n n
Tacé Axy = 1,k =T1,n Trén [==1; K] talay t; = £ Khi &y
n n
k11 nn+1) 1
I, = h)Axg = Y ——=— > k= =
" ;;f(k) T Honn nzlgl 2n2 2

Vay

Vidu3.2.2. Tinh | a%dx,0 <a # 1.

0
Giai. Vi f(x) = a* lién tuc trén [0; 1] nén kha tich trén d6. Chia [0; 1] bédi cac
diém x; = K Jk=1,n:

1 2
O<—<—x< .<k< <E:1
non n n
Tacé Axy = 1,k =T1,n Trén =1, K] talay t; = £ Khi &y
« Lol 14, 111-a a-1
I, = Zf(tk)Axk— aﬁ—Z—Z(aﬁ)k: —an T
k=1 k=1 " o 1—an Ina
Vay
1 g
Jaxdx——0<a7é1
0 11’1

Chuy3.21. 1. Do dinh nghia tich phan xac dinh va qua vi du 3.2.1, vi
du 3.2.2 ta c6 thé két luan tich phan J f(x)dx néu ton tai thi khong
phu thudc vao bién lay tich phan, nghia la,

Lf(x)dx:Lf(t)dt:...:Lbf(u)du_
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2. Khi dinh nghia tich phan xac dinh ctia ham s6 f(x) trén [a,b] ta gia
thiét a < b. Bay gio, néu a > b ta dinh nghia

b a
J f(x)dx = —J f(x)dx,
a b
vanéu a = b thi ta dinh nghia
a
J f(x)dx = 0.
a
Tinh chét caa tich phan xac dinh
Dinh ly 3.2.3. Cho f(x),g(x) la hai ham s6 khd tich trén [a; b). Ta cd
1. f(x)+g(x),c.f(x), vdice R, lacic ham kha tich trén [a; b] va
b b b
| e+ gonax = | feoax+ | gl
a a a
b b
J k.f(x)dx = k.J f(x)dx.
a a

b
2. Néu f(x) =0,Yx e [a;b], thif f(x)dx = 0. Suy ranéu f(x) = g(x),Vx €

a; b], thi
b b
L f(x)dx > f 2(x)dx.
3. Ham |f(x)| kha tich trén [a; b] va
b b
[ s < [ i

4. Voimgic € (a;b), f(x) khd tich trén [a; c], trén [c; b] thi

L " )z = f " flx)dx + f " oy
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Chirng minh. Chia [a;b] b&i cac diém xy, k = 1,1, sao cho khi n — oo thi max Ax; — 0. Goi
Sn(f) 1a téng tich phan Riemann cta f(x) Ung vdi cach chia dang xét.

1. Do f(x), g(x) 1a hai ham s6 kha tich trén [a;b], ta c6

n b
Sulf) = 3 Flt)Axe — j f(x)dx,
k=1 a

b
Su(g) = 3 g(t)Ax — f g(x)dx.
k=1 a

Do do,

n

n b
Su(c.f) = Z cf (tp)Axy = ¢ Z f(te) Axy — cj f(x)dx,
k=1 a

k=1

va
n

Su(f +8) = D [f () + g (k)] Ax

k=1
= >0 ft)Axe + D g(t) Axy
k=1 =1

b b
=Su(f)+ Su(g) = L f(x)dx+L g(x)dx.

2. Vi f(x) > 0,VYx € [a;b] nén
n

b
0<5u(f) = X F)an — | fl)d,

k=1

Suy ranéu f(x) > g(x),Vx € [a;b] thi
b b b
0< [ 1760 —goldx = | fl)dx— | gl
Ta cong nhan 3 va 4.

Két hgp dinh 1y 3.2.3 va dinh Iy 1.5.7 ta c6
Dinh 1y 3.2.4. Cho f(x) la ham s khd tich trén [a; b]. Ta c6

1. Néu f(x) dat gid tri nhé nhdt, m, va gid tri I6n nhat, M, trén [a; b] thi

b
m(b—a) < J f(x)dx < M(b—a).
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2. Néu f(x) lién tuc trén [a; b] thi ton tai c € [a; b] sao cho
b
| #xiax =)o -a)
a

3.2.2 Cong thuc Newton - Leibnitz
Tich phan véi can trén thay doi

Cho ham s6 f(x) kha tich trén [a; b]. V&i méi x € [a; ], dat

X
F(x) = J F(b)dt.
a
Ta co
Dinh ly 3.2.5. F(x) la ham lién tuc trén [a;b]. Hon nita, néu f(x) lién tuc tai

x € (a; b) thi F(x) co dao ham tai x va F'(x) = f(x).

Ching minh. Dat M = sup |f(t)]. Véia <x <x’ <b, tacd

a<t<b

F) —F@) = [ st < [ 1501 < Mz ).

Suy ra F(x) lién tuc trén [a; b].

Hon ntra, voi h di nho, ta cé

‘Hx+m—Fu

x+h
V=B | = |1 [ 0 - e

x+h
<3| o=

Khi f(x) lién tuc tai x € (a;b), nghia 1a, tng véi moi € > 0, ton tai § > 0 sao cho |f(t) —
f(x)] <evoéimoit, |t —x| <, thivdi|h| <, tacod

w —fx)| < %LXM edt = ¢,
nghia 13,
_ F(x+h)—F(x) _
%13(1) 7 = f(x)
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Chu y 3.2.2. Trong chiing minh trén, néu x = a thi dé thay F/ (a) = f(a);
tuong tu ta ctiing ¢6 F”(b) = f(b).

Tir d6, do dinh 1y 3.2.5, ta c6

Hé qua 3.2.1. Néu f(x) lién tuc trén [a; b] thi nd cé nguyén ham trén [a; b], chang
X

han la F(x) = J f(t)dt.

a
Cong thirc Newton - Leibnitz

Dinh 1y 3.2.6. Néu f(x) lién tuc trén [a; b] va G(x) la mot nguyén ham cia f(x)
trén do thi

f ! Fx)dx = G(b) — G(a). (3.5)

X
Ching minh. Vi G(x) va F(x) = J f(t)dt cing 1a nguyén ham cta f(x) trén [a; b] nén
a

ﬁ%mw:qm+cw€@w (3.6)
Trong (3.6), cho x = a ta duoc
o:ﬁ}mwzc@+c@cz—qn
Thay C = —G(a) vao trong (3.6) va cho x = b, ta thu dugc
ﬁf@ﬂ—cw—GW)
O

Chu y 3.2.3. Cong thuc (3.5) dugc goi la Cong thic Newton - Leibnitz. Ta
ky hiéu

Khi do, (3.5) c6 dang
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3.2.3 Phuong phap tinh tich phan xac dinh
Phuong phap d6i bién
Dinh 1y 3.2.7. Néu

1. f(x) lién tuc trén [a; b],

2. u(t) vau'(t) lién tuc trén |«; B],

3. u([a; B]) € [a;b] vau(a) =a,u(B) =b,

thi

b 5
L Flx)dx = J Flu(O)]u (£)dt (3.7)

Chirng minh. Trudc hét, cac tich phéan trong (3.7) 1a ton tai vi f(x) lién tuc trén [a; b] va
Flu(#)]u'(¢) lién tuc trén [«; B]. Goi F(x) 1a nguyén ham cua f(x) trén [4; b]. Suy ra G(t) =
Flu(t)] 1a nguyén ham cua f[u(t)]u'(t) trén [a; B]. Theo cdng thitc Newton - Leibnitz ta c6

be(x)dx — F(b) — F(a). (3.8)

Mat khdc, theo cong thitc Newton - Leibnitz ta cting c6

P
L flu())] (t)dt = G(B) — G(a) = F[u(p)] = Flu(a)] = F(b) — F(a). (39)
Tir (3.8) va (3.9) suy ra
b P
| seods = [ o yae.
Dinh ly dugc chitng minh xong. O

1
Vi du 3.2.3. Tinh J x*4/1 — x2dx,.

0
Giai.Datx =sint, Z <t < Z.Suyradx = costdt vax =0 =t = arcsin0 =
0;x =1=t = arcsinl = . Céc gia thiét ctia dinh ly 3.2.7 dugc thoa man,
ta co

1 z 1
J x2/1 — x2dx = J sin? #\/1 — sin? t cos tdt = J sin? t cos? tdt
0 0

0
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7T

1 T 1 s
== Jz sin? 2tdt = — jz (1 — cos 4t)dt
4 Jo 8 Jo
1 1 7 7
= _(t—Zsin4dt]| =—.
8( i )0 16
, ) 2 cos xdx
Vidu 3.2.4. Tinh —
0 1+sin“x

Giai. Datt = sinx.Suyradt = cosxdxvax =0=ft=sin0=0,x = 5 =
t = sin Z = 1. Céc gia thiét ctia dinh ly 3.2.7 dugc théa man, ta 6

2 cosxdx Lodr 1T
— 5 = 5 = ar(:’canﬂ0 = —
0o 1+sin“x o 1+t 4

Vi du 3.2.5. Chiing minh rang néu f(x) lién tuc trén [—a;a],a > 0 thi

a 0, néu f(x) 1&;
Laf(x)dx - { ZL f(x)dx, néu f(x) chan. (3-10)

Giai. Ta ¢6

a 0 a
fdx= | JO F(x)dx.

J_Oa f(x)dx = — Lof(—t)dt = J: f(=t)dt = J: f(—x)dx

A

nen

faf (x)dx = f_ [f(x) + F(~x))dx.

Dung dinh nghia ham chan, ham 1é va dinh ly 3.2.3 ta suy ra (3.10).

Phuong phap tich phan tirng phan

Dinh 1y 3.2.8. Cho u(x),v(x) la hai ham s6 cé dao ham lién tuc trén [a; b]. Ta cé

b b
j u(x)v' (x)dx = [u(x)v(x)]\z —L v(x)u'(x)dx (3.11)

a



3.2. TICH PHAN XAC PINH 127

Chung minh. Tacé
b

o)), = | o)

7T

Vidu 3.2.6. Tinh J x sin xdx.
0
Giai. bat

Uu=x N du = dx
dv = sin xdx U = — COS X.

Céac gia thiét cua dinh ly 3.2.8 dugc thda man, ta c6

7T 7T
. 7T . 7T
J xsinxdx = (—xcos x)|, ~|—J xcos xdx = 7T +sinx|;, = 7.
0 0

1

Vidu 3.2.7. Tinh J arctan xdx.
0

Giai. bat
_ _ dx
u = arctan x N du = e
dv - dx 0= X.
ta co
7T 1 d
j arctan xdx = (x arctan x)‘(l] —J xfxz
0 o 1+x
= arctan 1 1 In(1+ xz)‘1 _r_1 In2
B 2 0= 3 7'~

(S]

Vidu 3.2.8. Tinh J In xdx.
1
Giai. bat
u=Inx du = ‘i—x
=
dv = dx U= X.

€ e
j Inxdx = (xlnx)\;3 —J dx=e—(e—1) =1.
1 1

Ta co
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7
Vidu 3.2.9. Tinh J e’ cos xdx.
0

Giai. bat
u=e" du = e* dx
= .
dv = cos xdx v = sinx.
Ta co
s s
2 X X L3 z 2 X L2
e’ cosxdx = (e*sinx)|? — [ e"sinxdx
0 0
s
n 2
=e2 +J e* d(cos x)
0
s
us X 3 2 x
=e? 4(e"cosx)|] —J e" cos xdx
0
s
g 2
:ez—e—f e* cos xdx
0
Suy ra
s
2 X 1 n
e‘cosxdx = = <e2 —e)
0 2

3.3 TICH PHAN SUY RONG
4 b X
Doi véi tich phan xdc dinh J f(x)dx thi hai dieu kién budc phai c6 1a
a
1. Mién lay tich phan la [4; b] bi chan,
2. Ham lay tich phan, f(x), phaila ham bi chén trén [a; b].

Trong muc nay, ching ta m& rong khai niém tich phan khi mét trong hai diéu kién trén bi
vi pham. Cu thé, ta sé khao sat hai loai tich phan sau:

Loai 1: Mién léy tich phan la mién khoéng bi chan, gém:

+00 b +00
; f(x)dx,f_oof(x)dxvé i f(x)dx.

Loai 2: Ham lay tich phan khong bi chan tai mot diém trong mién lay tich phan [4; b], tic 13,

b
J f(x)dx v6i lim f(x) = cohay lim f(x) = o0, hoac lim f(x) = wovéia <c <b.
4 x—at x—b— xX—c¢
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3.3.1 Tich phan suy rong loai mot
Cac dinh nghia

Dinh nghia 3.3.1. Cho ham s6 f(x) xdc dinh trén [a; +0) va f(x) kha tich
trén moi doan [a; ], b € [a; +o0). Dat

b
= L f(x)dx,b € [a; +0).

Néu blim F(b) = a € R thi ta néi a 1a tich phan suy rong ctiia ham s
-+

f(x) trén [a; +00) va ky hiéu 1a
+ao

f(x)dx =

a
+o0
Khi d¢, ta ciing n6i f(x)dx hoi tu.

a

Nguoc lai, khi F(b) khong c6 gidi han hittu han khi b — 400, ta ndi
0
f(x)dx phan ky.

+oo
Nhu vay khi f(x)dx hoi tu ta co

a

+o0
x)dx = li
a f = b—lgloo j f
1
Vi du 3.3.1. Khdo sat tinh hdi tu ctia tich phan j ——dx.
) 0o 1+x?
Giai. Ham f(x) =

[0;b],Vb = a. Ta ¢

T2 xac dinh trén [0; +0), va lién tuc nén kha tich trén
X

b
1 b
F(b) = | ———dx = arct = arctan b
(b) L1+x2x arctan x|, = arctan

va

lim F(b) = lim arctanb = r
b—+w b—+w 2

(T 1 .. (T 1 T
Vay L mdx hOl tu va L mdx = E
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400

. s N - . 1
Vi du 3.3.2. Xét tinh hoi tu cua tich phan J ﬁdx, a > 0.
1

1
Giai. Ham f(x) = o xac dinh trén [1; +o0), va lién tuc nén kha tich trén
[1;b],¥b > 1.Tacé
b q Inb, néua =1;
F(b) = J —adx = pl—a _1q .

1 X . néuw # 1,
-

1
nén khi0 < a < 1thi F(b) — 400 vakhia > 1 thi F(b) Hmvay

+00 1
J —dxhoitu < a > 1.
1 Xt

Tuong tu, ta c6 cac dinh nghia cho cac dang tich phan con lai
Dinh nghia 3.3.2. Cho ham s6 f(x) xac dinh trén (—oo;a] va kha tich trén
moi doan [b;a],b € (—0;a]. Néu F(b) = Jaf(x)dx 6 gidi han httu han la B
khi b — —oo thi ta néi B la tich phéan suy rbcf)ng cia ham sb f(x) trén (—o0; a]

va ky hiéu la
a
|| fx =
—00
a
Khi d6, ta cting néi J f(x)dx hoi tu.
—0

Nguoc lai, khi F(b) khong ¢6 gi6i han hitu han khi b — —oo, ta néi
a
J f(x)dx phan ky.
-0

Nhu vay khi J f(x)dx hoi tu ta co

ra

J f(x)dx = hmj f(x)dx.

b

Dinh nghia 3.3.3. Cho ham s6 f(x) xac dinh trén (—oo; +00) va kha tich trén
r0 400

moi doan [a;b], —0 < a < b < +o0. Néu J f(x)dx va f(x)dx cing

0

—00
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+oo
hoi tu va c6 gia tri lan lugt 1a B va a thi ta néi f(x)dx = B hoi tu va c6
0

gid tri la B + a.

1

——d
w1+ x2 *

0
Vi du 3.3.3. Khao sat tinh héi tu cta tich phan J

Giai. Ham f(x) =
[6;0],Vb < a. Ta cd

1 L4 . C1ea . 2 s .
T2 xac dinh trén (—o0; 0], va lién tuc nén kha tich trén

0
1 0
F(b) = dx = arct = —arctan b
(b) L1+x2 x = arctan x|, arctan

va

lim F(b) = lim —arctanb = T
b——0 b——0 2

0 0
. 1 N .
Vay J_Oo 7 +xzdx hoi tu va J_OO 7 +x2dx =7

Vi du 3.3.4. Khao sat tinh hdi tu ctia tich phan J —
: o 142

+00 1
dx

Giai. Ham f(x) = T2 xac dinh trén (—oo; +00), va lién tuc nén kha tich

+
trén [a;b],V — o0 < a <

* 0 +00 1
b < 4. Taco J_oo1+x2dxvéf(] 1+x2dx cung

+00

hoi tu nén j dx hoi tu va

o 1+ 22

~+00 1 0 1 400 1 T T
S dx=| ——d =4
J_oo1+x2x f_w1+x2x+fo T2 = ="

Su dung cong thirc Newton - Leibnitz

+oo
Gia st tich phan f(x)dx hoi tu va F(x) la nguyén ham cta f(x) trén
[a; +00). Khi d6 ’

+o0 b
J f(x)dx = lim | f(x)dx

a b—>+00 a
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— lim [F(5) — F(a)

= lim F(b)—F
b—1>r—&l:loo ( ) (a)
bat lim,_, |, F(b) = F(+o0). M6t cach hinh thuc, ta viét

+00
P

+oo f(x)dx = F(40) — F(a) = F(x)|

a

400
Tuwong ty, néu J f(x)dx hoéi tu va F(x) la nguyén ham cua f(x) trén
a
(—o0;al, ta cd

[ st = @)~ F(—e) = F)[,.

Cac dinh ly so sanh

Trong muc nay ta xét ham s6 f(x) xac dinh, khong am trén [a; +o0) va f(x)
kha tich trén moi doan [a; ], b € [a; +0o0). Khi d6

b
Hm:Lﬂmw

la ham khong am, tang trén [a; 4+-00) vivdimoia < b < b’ ta co

E(W') — E(b) = ;fumx>o

Do d6, F(b) ton tai gi¢i han hitu han khi b — +oo khi va chi khi
IM e R,F(b) < M, Vb > a.
Ta co

Dinh 1y 3.3.1.

+00 b
J f(x)dx hoi ty < IM > 0,j f(x)dx < M, Vb = a.
a

a
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Dinh ly 3.3.2 (Tiéu chudn so sanh 1). Cho ham sé f(x), g(x) xdc dinh, khong
dm va khd tich trén moi doan [a; b], b € [a; +o0) sao cho f(x) < g(x),VYx = a. Néu

+00 +00
g(x)dx hgi tu thi f(x)dx hoi tu va khi do

a a

+oo +ao
J fx)dx < g(x)dx.

a a

Chung minh. Vi
b b
J f(x)dx < J g(x)dx, Vb= a
a a

+00
nén khi J ¢(x)dx hoi ty thi ton tai M > 0 sao cho

a

b b
J f(x)dx < J g(x)dx < M, Vb > a.
a a

+00
Vay f(x)dx hoi tu va trong bat dang thic

a

Lbf(x)dx < Lb g(x)dx, Vb= a

cho b — +oo ta dugc

+a0 +00
J f(x)dx < g(x)dx.

a a .
O cos? x
Vi du 3.3.5. Khao sat tinh héi tu cta tich phan Jo mdx
Giai. Vi ,
COSs” X 1 Vx>0,

< < ,
1+x2 14 x2

+o0 1 +o0 Cosz X
ma J s>dx hoi tu nén J ~dx hoi tu.
0 1 + x 0 1 + x

Chu y 3.3.1. Trong dinh ly 3.3.2, néu ta thay diéu kién f(x) < ¢(x),Vx > a
bai diéu kién f(x) < g(x),Vx > M, v6ia < M kha 16n thi két luan vé tinh

400
hoi tu cta j f(x)dx van con dung.
a
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Dinh ly 3.3.3 (Tiéu chun so sanh 2). Cho ham sé f(x), g(x) xdc dinh, khong
dm va khd tich trén moi doan [a; b],b € [a; +00). Gid sik ton tai gidi han (hitu han
hodc v6 han)

) o

xl—l>r—&]zloo g(x)

) +oo +oo
1. NeuK=0wa g(x)dx hdi tu thi f(x)dx hoi tu.
a a

) +00 +o0

2. Neu 0 < K < oo thi g(x)dx va f(x)dx cung hoi tu hodc cung
phan ky. ’ ’

) +00 +o0

3. Neu K = +oova g (x)dx phin ky thi f(x)dx phin ky.

a a
Chitng minh. 1. K =0, véi € > 0, ton tai M > a sao cho

M<€,Vx>M,

8(x)
hay
f(x) <e.g(x),Vx = M.
[t +o0 +o0
Do d6, néu J g(x)dx hoi tu thi J €.¢(x)dx hoi tu nén theo chu y 3.3.1, f(x)dx
a a a
hoi tu.

2.0 <K < +m,v6i0 < e < K ton tai M > a sao cho

K—e<@<K+e,Vx>M,

8(x)
hay
(K—e)g(x) < f(x) < (K +€)g(x), ¥x > M.
o +o0 +o0
Do d6, theo chﬁy3.3.1,néuf f(x)dxhoi tu thij (K —€)g(x)dxhdi tu, suy raj g(x)dx

[t 400 +00

hoi tu; nguoc lai, néu J g(x)dx hoi tu thi J (K +€)g(x)dx hoi tu, suy ra f(x)dx
héi tu. ! ’ ’

3.K=+40w < lim & =0. Ap dung truong hop 1. O

x>+ f(x)
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+00 dx
Vi du 3.3.6. Khao sat tinh hoi tu caa tich phan j S
: e L N
Giai. Khi x — 400 ta co
1 1
xV1+a2  x?
+o0 dx +o0 dx
ma — hoi tu nén ————— hdi tu.
L xz 0 i L x /1 + x2 0 "
+00
, N . . R t
Vi du 3.3.7. Khao sat tinh hoi tu cua tich phan J wdx.
1 V1423
Giai. Khi x — 400 ta co
x arctan x X X 7T 1
= arctanx ~ —— = —(——
V1+ 3 V14 x3 Vx32  WJx2
TO dx T% y arctan x
ma —— phan ky nén — —— dx phan ky.
L \/E p y 1 /1 + x3 p y

Hoi tu tuyét do6i

Dinh ly 3.3.4. Cho ham s6 f(x) xdc dinh va khd tich trén moi doan [a;b],b €
+o o
[a; +00). Néu J |f (x)|dx hi tu thi f(x)dx hoi tu.

a a

Chung minh. V6i moi x > g, dat

1 < 1
fr(x)= 5 W+ f()] vaf(x) = S [If (%) = f(x)]
ta co
0 < f*(x), f~(x) < |f(x)], ¥x > a.
Do d6, néu J F)ldxhoituthi [ F(x)dxva J £~ (x)dx héi tu. Khi d6, vi f(x) =
a 1o a a
fT(x)— f (x) nénsuy ra f(x)dx hoi tu. O
+00 d
Vi du 3.3.8. Khao sat tinh héi tu cta tich phan J cosx#
1
, 1 +0o0 d +00 d
Gidi. Vi| 57| < 5, va > 1vaj = hoi tunénj o hoitu,
X X 1 X 1 X
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Vi du 3.3.9. Khao sat tinh héi tu caa hai tich phan sau:

+00 : 400 | o

sin x sin x

1. dx; 2. udx.
1 X 1 X

Giai.

1.V6imoi b > 1 ta co

b ; b 1 b
F(b) :f Smxdxzf (-~ cosx) = -2 b+f O Lix
1 1

1 X x 1 x2
b b
=cos1— 27 +J O ix.
b 1 x2
Suy ra
400
lim F(b) =1 +J L dx < +oo.
b—+w 1 X
400 o3
Vay tich phan J SH; L dx hoi tu.
1

2. Vi |sinx| > sin® x,Vx > 1 nén

sin?

X

X sin x
0< < | |

S Vx = 1.
b in2
, . [~ sin“x
Ta chung toJ
1

dx phan ky. V6imoi b > 1, ta c6

E(b) _Jb sinzxdx_f’l—costdx_ bd_x_fb cos 2xdx
B 1 X B 1 ve B 1 X 1 ve '
o +0 2xd
D& thay, tich phan J w hoi tu, do do,
1
b b cos2xd
lim F(b) = lim | 2~ lLim J cosrax
b—+o0 b—»+ow J1 X b—+o0 J1 X
b
2xd
— lim Inb— lim f cossxax
b—+o0 b—+w0 J1 X
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f“’o cos 2xdx
= +CD — _— = +OO.
1 X

400 | o
Vay J | sinx| dx phan ky.

1 X
3.3.2 Tich phan suy rong loai hai
Cac dinh nghia
Dinh nghia 3.3.4. Cho ham s f(x) xac dinh trén (a;b], kha tich trén moi
doan [t;b],a <t < bva lim f(x) = oo. Dat

X—a

b
F(t) = Jt f(x)dx,a <t <b.

Néu F(t) c6 gidi han hitu han la a khi t — a™ thi ta ndi « la tich phan suy
rong ctia ham s6 f(x) trén [g; b], va ky hiéu la

Lbf(x)dx = .

b
Khi d¢, ta cing néi J f(x)dx hoi tu.
a

b
Ngugc lai, khi F(t) khong 6 gidi han httu han khi t — a7, ta n6i J f(x)dx
a

phan ky.

b
Nhu vay khi j f(x)dx hoi tu ta cd
a

t—at

Lbf(x)dx = lim Lbf(x)dx.
0

Vi du 3.3.10. Khdo sat tinh hoi tu tich phan J : ad -

Giai. Ham f(x) =

xac dinh trén (—1;0] va lim,_, 1+ f(x) = +co.

—

| —
=

N

Vi f(x) lién tuc trén moi doan [t;0], —1 < t < 1, nén kha tich trén d¢, ta c6

0 d
F(t) = J Y — arcsin x‘? = —arcsint.
t

V1 —x2
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Suy ra
T
lim F(t) = — lim arcsint = —.
t——1* ( ) t——1* 2
0 dx 0 dx 7T
Vay tich hénf — hoi tuvéf _ = —.
i P aV1=x2 7 aV1—x2 2

Lg
Vi du 3.3.11. Khao sat tinh hdi tu tich phan j x—ic, a > 0.
0

Giai. Ham f(x) = % xac dinh trén (0; 1] va lim,_,o f(x) = +o0. Vi f(x) lién

tuc trén moi doan [£;1],0 < t < 1, nén kha tich trén d¢, ta c6

14y —Int, a=1
F(t) = tF: 1— -« Xzl
1—a ’ '

voi0 <t < 1.

1
e v =1,vi lim F(t) = — lim Int = —|—oonénf Z—fph&nky
0

t—0t t—0t

1

_ 4l—a d
e au>1vi tl_igll-’(t) = tl_i)rg1+ T = —{—oonénjo x—zphénky
- 1t
.“<1'V1tl—l>%l+P(t)_tl—l>r(?+ 1-a 1-a
Vay

Ly
J — héitu < a <1.
o x*

Khi do,
1d_x_ 1
0 X% 1—a’

Tuong tu ta cting co

Dinh nghia 3.3.5. Cho ham s f(x) xac dinh trén [a;b), kha tich trén moi
doan [a;t],a <t <bva liril f(x) = c0. Dat
X—b—

E(t) = f fdxa<t<b
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Néu F(t) c6 gidi han htru han 1a g khi t — b~ thi ta néi f la tich phan suy
rong ctia ham s6 f(x) trén [g; b], va ky hiéu la

Lbf(x)dx = B.

b
Khi d6, ta cting néi J f(x)dx hoi tu.
a

b
Nguoc lai, khi F(t) khong 6 gidi han htu han khit — b~, tandi j f(x)dx
a

phan ky.

b
Nhu vay khi j f(x)dx hoi tu ta ¢6
a

Lbf(x)dx = tl_i)rgl_ Ltf(x)dx.
1

dx
Vi du 3.3.12. Khao sat tinh hoi tu tich phan j .

2 T 1 Lo . <1
Giai. Ham f(x) = i xac dinh trén [0;1) va lim,_,;- f(x) = 4. Vi
f(x) lién tuc trén moi doan [0;¢],0 < t < 1, nén kha tich trén do, ta c6
0 4
F(t) = J Y — arcsin x‘? = —arcsin f.
t V1—x2
Suy ra
T
lim F(t) = — lim arcsint = —.
t1- ®) t—1- 2
! Udx s
Vay tich hénf — héituvéj —_— = .
Y P 0o vV1l—x2 = 0o V1I—x2 2

Dinh nghia 3.3.6. Cho ham s6 f(x) xac dinh trén [a;b]\{c},a < ¢ < b, kha
tich trén cac doan [a; t],Vt € [a;c) va [m; b],Vm € (c; b], va chln}f(x) = . Néu

c b b
J f(x)dx va j f(x)dx cung hoi tu, ta néi j f(x)dx hoi tu va dat
a c a

L " )z = f " flx)dx + f " oy
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2
Vi du 3.3.13. Khéo sét tinh hoi tu tich phan J _dx
' o (x—1)*

1 2
Giai. Khao sat hai tich phan: J LS J _dx
o (x=1)% ")y (x—1)*

Lo > 0.

L dx
XétJ — . V6i0<b<1,taco
0 (x—1)%

b dx
P = |,

Injb—-1|, n=1;
— _ 1—a _ 2—u
(b=1) 7 —+tx( D , a#1

1

Suy ra F(b) c6 gidi han hitu han, nghia la, J (xdixl)a hoi tu khi va chi khi
o (x—

0 <a <1vakhido

Jl dx (—1)2

0 (x—1) 1—a

2
V6il <b<2,taco

Tuong tu xétf dx
g ol 4 1 (x_]-)a'

2 dx
FO) = || o

—In|b—1|, a=1;
={ 1-(b—1)'™
(1_? , o #1.

2
Suy ra J dx hoi tu khi va chi khi 0 < & < 1 va khi d6

1 (x—1)®
jz dx 1
1 (x—=1r  1—a

Nhu vay

2y
J M hity e a <1
0 (x—1)«
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Khi éy,

o (x—1)*  1-ua T d T T 1-«

JZ dx  (=1)** 1 (—1)2—“+1.

Su dung cong thirc Newton - Leibnitz

b
Gia su J f(x)dx la tich phan suy rong tai x = a4, hoi tu va F(x) la nguyén
a

ham cta f(x) trén (a; b]. Khi &y ta c6

Lbf(x)dx = lim Lbf(x)dx
[E(b

t—at
= lim [F(5) ~ F(t)
= F(b) ~ lim F(t).

bét F(a) = lim F(t) ta thu dugc

b
L F(x)dx = E(b) — E(a).

b
Tuwong ty dbi véi tich phan J f(x)dx suy rong tai x = b, hoi tu va F(x)

la nguyén ham caa f(x) trén [a; g), ta cing co
b
|| riax = ) - Fia),
a

Vi F(b) = lim F(t).
t—b—

Cac dinh ly so sanh
R b
Trong phan nay ta khao sét tich phan j f(x)dx suy rong tai x = a, va
a

f(x) = 0trén (a;b].
Dinh Iy 3.3.5.

b b
J f(x)dx hoi ty < IM > 0,j f(x)dx < M,Vt e (a; ).
a t
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Chung minh. Ham
b
F(t) = | fxjax
t
giam trén (a;b] vivoimoia <t <t <btacd

t/

F(t)—F(t)=—| f(x)dx<0,

va do F(t) bi chan trén bsi M trén (a; b] nén, theo chu thich ??, ton tai gi6i han hiru han cta
F(t) khit —a™. O

Dinh 1y 3.3.6 (Tiéu chuan so sanh 1). Cho hai ham s6 f(x), g(x) khong dm trén

b b
(a; b] sao cho f(x) < g(x),Vx € (a;b]. Néu j Q(x)dx hoi tu thi j f(x)dx hgi
tu vt khi d6, ! !

L ! Foydx < f o).

Chung minh. Vi
b b
J f(x)dx < J g(x)dx,Vte (a;b]
t t

b
nén khi J ¢(x)dx hoi tu thi ton tai M > 0 sao cho
a

b b
f f(x)dx <J g(x)dx < M, Vt e (a; D).
t t

b
Vay J f(x)dx hoi tu va trong bat dang thic
a

b b
J f(x)dx < J g(x)dx,Vte (a;b]
t t

chot — a™ ta duoc
b b
J f(x)dx SJ g(x)dx.
a a
O

Chu y 3.3.2. Trong dinh ly 3.3.6, néu ta thay diéu kién f(x) < g(x),Vx €
(a; b] béi diéu kién f(x) < g(x),Vx € (a;a +6), v6i 6 > 0 bé thi két luan vé

b
tinh hoi tu ctia j f(x)dx van con ding.
a
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L
Vi du 3.3.14. Khao sét tinh hoi tu tich phan f _
’ 0 VX + x2

1 1
0< m < ﬁfvxe (0}1]/

C(tdx . (Y dx N
ma [ —=héitunén | ——— hoitu.
0 VX 0 Vx+x

Dinh ly 3.3.7 (Tiéu chudn so sanh 2). Cho ham sé f(x), g(x) xdc dinh, khong
am va khd tich trén moi doan (t;b],Vt € (a;b]. Gid sit ton tai gidi han (hitu han
hodc v6 han)

Giai. Ta co

b b
1. Néu K = 0va J ¢(x)dx hoi tu thi J f(x)dx hoi tu.
a a

b b
2. Néu0 < K < +oo thi j g(x)dx va j f(x)dx ciing hdi tu hodc ciing phin
a a
kyy.

b b
3. Néu K = +oo v J ¢(x)dx phan ki thi J f(x)dx phan ky.
a a

Chitng minh. 1. K = 0, véi e > 0, ton tai § > 0 sao cho

f(x)

— - <eVxe (aa+9),
5(x) (@:2+9)

hay
f(x) <e.g(x),Vxe (a;a+9).
. b b b
Do d6, néu J g(x)dx hoi tu thi J €.¢(x)dx hoi tu nén, theo dinh ly 3.3.6, J f(x)dx hoi tu.
a a a

2.0<K < +m,v6i0 < e < Ktdn tai § > 0 sao cho

K—e<% <K+e€VVxe (aa+9),

hay
(K—e)g(x) < f(x) < (K+e€)g(x),Vxe (a;a+59).
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b b
Do d6, theo dinh ly 3.3.6, néu J f(x)dx hoi tu thi J
a

a

b
(K —€)g(x)dx hoi ty, suy ra J g(x)dx
a

b b b
hoi ty; nguoc lai, néu J <(x)dx hoi tu thi J (K + €)g(x)dx hdi tu, suy ra J f(x)dx héi tu.
a a

a

g(x)

3.K=+w0 < xhﬂr?+ m =0. Ap dung truong hop 1. O
1 X
Vi du 3.3.15. Khao sat tinh hdi tu tich phan dx.
. 0 esmx 1

Giai. Khi x — 0, ta co

VEWE YR

esin¥ 1 sinx  x  4/x

T dx 1 X
méj — hoi tu nénj 7\/7 dx hoi tu.
0 VX o esnr—1

Hoéi tu tuyét d6i
Dinh 1y 3.3.8. Cho ham s f(x) xdc dinh va khd tich trén moi doan [t;b], t € (a; b).

b b
Néu J |f (x)|dx hoi tu thi j f(x)dx hoi tu.
a a

Chung minh. V6i moi x €

frx) =

b], dat

1f )+ f(x)] va £~ (x) =

(o
1
: 1F ()] = £(x)]

Nl'—‘

ta co

0<fH(x), f~(x) < |f(x)| ¥x € (a;b].
b b b
Do d6, néu J If(x)|dx hoi ty thi J £ (x)dx va J £~ (x)dx hoi tu. Khi d6, vi f(x) =
a b a a
ft(x) — f~(x) nén suy ra L f(x)dx hoi tu. O
1ain 1

sin
Vi du 3.3.16. Khao sat tinh hoi tu tich phan j ﬁx dx.
0

Giai. Ta co

R=

sin
VX

\jl dx héi fy jl sin
ma | — hdi tu nén
0 VX 0| VX

< %,Vx € (0;1]

1
x

dx hoéi tu. Vay J x dx hoi tu.
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3.4 UNG DUNG TICH PHAN XAC DPINH
3.4.1 Tinh dién tich hinh phang

Descartes Ta da biét dién tich ctia hinh thang cong gi¢i han bdi cac duong
y=0,x=a,x=>bvay = f(x) khong am, lién tuc trén [4; D], la

b
S = L f(x)dx. (3.12)

Néuy = f(x) am, lién tuc trén [a; b], thi

S=-— be(x)dx. (3.13)

Tix (3.12) va (3.13) suy ra, trong truong hop y = f(x) lién tuc va c6 dau thay
déi trén [a; b] ta co

b
S = L |f(x)|dx. (3.14)

Truong hop hinh phang gidi han béi cic duong x = a,x = b,y =
fi1(x),y = fa(x) véi f1(x), fo(x) lién tuc trén [a; b] thi dién tich S dugc cho
boi

b
S = L |f1(x) — fa(x)|dx. (3.15)

Tuong tu, néu hinh phang dugc gidi han béi cac duongy = ¢,y = d, x =
0vax = ¢(y) khong am, lién tuc trén [c; d], la

d
5 = f 9(y)ldy. (3.16)

3.4.2 Tinh thé tich vat thé
Truong hop tong quat

Cho mot vat thé gigi han béi mot mat cong va hai mat phang x = a,x =
b(a < b). Gia st mat phang vuong goc véi Ox tai diém c6 hoanh do x cat vat
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thé theo thiét dién c6 dién tich la ham lién tuc S(x) trén [a; b]. Tinh thé tich
ctia vat thé.

Chia [a; b] thanh 1 doan nho béi cac diém chia:

=X <X] <X <...<Xp1] <Xp<...<2Xp_1<2x,=0>0.

Qua méi diém chia xi, k = 0,7, ta dung mat phang vuong goc véi Ox.
Cac mat phang nay chia vat thé thanh n vat thé nhd (xem hinh 3.2).

Hinh 3.2: Vat thé dugc chia nhé béi cac mat phang vudng géc véi Ox.

| Ly

Trén mdi doan [xx_q; xi], k = 1,7, léy t, tuy y, dung hinh tru dung gidi
han boi cac mat x = x;_1,x = x; va mat tru c6 duong sinh song song voi
Ox, di qua bién ctia thiét dién vat thé da cho bdi mat phéng x = t. Thé tich
hinh tru vira dung la S(#; ) Axg, Axg = x; — x,_1. Do S(x) lién tuc trén [a; ]
nén thé tich cta vat thé dugc xap xi béi

n

Vi =) S(t)Ax.
k=1

Ma V,, 1a tong tich phan ctia ham S(x) trén [4; b] nén khi cho n — +o0 sao

cho max Axy — 0 thi gidi han d6 1a thé tich V cta vat thé. Vay ta c6
1<k<n

b
V= J S(x)dx. (3.17)

a
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Vi du 3.4.1. Tinh thé tich hinh cau
x2+y2+22 <a?,a>0.

Giai. Mt phang vudng goc véi truc Ox tai diém c6 hoanh do x € [—a; a] cat
hinh cau theo thiét dién 1a hinh tron

P2t <a? -2

co6 dién tich la
S(x) = m(a® — x?).

Ap dung cong thitc (3.17), thé tich V ctia hinh cau la

V= Laa S(x)dx = fﬂ m(a® —x¥)dx = 7 (azx — %3)

a

Hinh tron xoay quanh Ox

Hinh 3.3: a) Hinh tron xoay quanh Ox; b) Hinh tron xoay quanh Oy.

Hinh thang cong gidi han boi cac duong x = a,x = b,y = 0vay =
f(x) = 0, lién tuc trén [g;b], quay quanh Ox tao thanh vat thé tron xoay
(xem hinh 3.3.a). Tinh thé tich vat thé tron xoay.
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Dé thay moi thiét dién vuong goc vdi truc Ox, tai diém c6 hoanh do 1a x,
déu 1a hinh tron c6 tdim ndm trén Ox va ¢6 ban kinh la y = f(x) nén c6 dién
tich S(x) la

S(x) = ny* = wlf(x)]*.

Do do, tir (3.17), thé tich vat thé tron xoay la

V= nfb[f(x)]zdx. (3.18)

Vi du 3.4.2. Tinh thé tich vat thé tron xoay tao bdi hinh phang gi6i han béi
duong cong y = sin x(0 < x < 77) va Ox khi quay quanh Ox.
Giai. Goi V 1a thé tich ctia vat thé. Ap dung cong thiic (3.18) ta 6

T T1— 2
V:nf sin2xdx:7rj ﬂdx:n—.
0 0 2 2

Hinh tron xoay quanh Oy

Tuong tu, hinh thang cong gidi han bdi cac duongy = ¢,y = d,x = 0 va
x = ¢(y) = 0, lién tuc trén [c;d|, quay quanh Oy tao nén vat thé tron xoay
(xem hinh 3.3.b) c6 thé tich 1a

d
V= ﬂf [g(y)]*dy. (3.19)

[

Truong hop hinh thang cong 0 < y < f(x),0 < a < x < b quay quanh
Oy thi ngudi ta chiing minh dugc vat thé tron xoay c6 thé tich 1a

b
V= 27IJ xf(x)dx. (3.20)

a

Vi du 3.4.3. Tinh thé tich vat thé tron xoay tao bdi hinh phang gi6i han béi
duong cong y = sin x(0 < x < 7r) va Ox khi quay quanh Oy.
Giai. Goi V 1a thé tich ctia vat thé. Ap dung cong thiic (3.20) ta 6

7T
V= 27IJ xsin xdx = 271(—x cos x + sinx)|) = 27
0
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Y
MA
/\\44
n—1
M,=4 M, Y5
Ml
a X
O Ty Ty Ty Ly Ty, xz, =b

Hinh 3.4: Cung AB dugc chia thanh 1 cung nho.

3.4.3 Tinh d6 dai cung phang
Cho ham sb y = f(x) lién tuc va c6 dao ham lién tuc trén [a; b], cung AB B la
do thi ctay = f(x), x € [a; b]. Ta sé dinh nghia va tinh d6 dai ! cia cung AB.
Chia [a; b] thanh 1 doan nhd béi cac diém chia:
A=X0<X] <Xy <...<Xj_1] <Xp<...<Xp_1<x,=0>0.
Léy trén cung AB cac diém (xem hinh 3.4)

Mo(xo; f(x0)), Ma(x1; f(x1)), - -, Mi (o £ (%)), - -+, Min (X f (%))

Lap tong
n
i =) Mg_1 M.
k=1
Ta co
My 1My = o (e — 11+ (F () — f(x1))2 (3:21)

Theo dinh ly Lagrange ta co

fx) = floxe—r) = f/(be) (0 — Xe—1), X1 < b < X (3.22)
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Thay (3.22) vao (3.21) ta dugc

Mk_le = 1+ [f’(tk)]z(xk — xk_l) = A/ 1+ [f’(tk)]ZAxk.
Do do,
= Z 1/ f’ i’k ZAxk

Vi f/(x) lién tuc trén [a;b] nén 4/1 + [f’(x)]? lién tuc, va do d6 kha tich
trén [a;b]. Ma [,, 1a tng tich phan ctia ham 4/1 + [f'(x)]? trén [a; b] nén c6

gidi han httu han, /, khi n — +00 sao cho max Ax, — 0. Ta goi I 1a d6 dai
sksn

cda cung AB vanhu vay theo dinh nghia tich phan xac dinh ta thu dugc

= me +[F(x)]2dx (3.23)

2
Vi du 3.4.4. Tinh d¢ dai ctia cung y = %,0 <x<1.

Giai. Goi / la d6 dai cung. Ap dung cong thuc (3.23) ta co

Z—J \/1+x2dx—— [x\/1+x2+1n (x + 1+x2)” (\/—+ln\/—)

3.4.4 Tinh dién tich mat tron xoay
Mat tron xoay quanh Ox

Cho ham s6 y = f(x) = 0 lién tuc va c6 dao ham lién tuc trén [a;b], cung
ABlado thictiay = f(x), x € [a;b]. Khi cung AB quay quanh Ox ta c6 dugc
mat tron xoay. Ta sé dinh nghia va tinh dién tich ctia mat tron xoay nay nhu
sau.

Chia [a; b] thanh 1 doan nhd béi cac diém chia:
A=X)<X] <Xp<...<Xp_1] <Xp<...<Xp_1<xp,=0>0.
Lay trén cung AB cac diém

Mo (x0; f(x0)), M1(x1; f(x1)), -+ -, Mi(x; f(xk)), - - -, M (305 f(x0))-
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Hinh 3.5: Mat tron xoay dugc chia thanh n mat tron xoay nho.

Khi quay quanh Ox, day cung My_1 My tao nén mot mat non cut cé dién
tich xung quanh 1a

Myt Mic[f (xk—1) + f ()] = 704/ 1+ [ (802 Ax [ f (1) + £ ()],

VOi xx_1 < t; < xg (xem hinh 3.5). Do d6, dién tich cia mat tron xoay sinh ra
bdi duong gap khic MyM; ... M, quay quanh Ox bang

Sn= D A/ 1+ [ () PAx[f (x1) + £ (x)]-
k=1

Vi f(x) lién tuc trén [a; b] nén véi n kha 16n sao cho maxj<r<, Axy du nho
thi f(xx_1) + f(xx) = 2f(t;). Do d96, ta ¢

Su~ Sy =D 2mf (B T+ [ (b)]2 A%
k=1

Ma S/, 1a tong tich phan ctia ham 2f(x)4/1 + [f'(x)]? lién tuc trén [a; b] nén
c6 gidi han httu han 1a S. Nguoi ta chitng minh dugc S, cting ¢6 giéi han la
S. Ta goi S 1a dién tich cia mat tron xoay dang xét. Vay

S=2m be(x) 1+ [f'(x)]?dx. (3.24)
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Néu f(x) c6 dau bat ky thi

b
S—2n J F0) /1 + [F ()2, (3.25)

Mat tron xoay quanh Oy

Truong hop cung AB ¢6 phuong trinh 1a x = f(y) lién tuc va 6 dao ham
lién tuc trén [c; d] thi dién tich mat tron xoay sinh béi cung AB quay quanh
Oy la

d
5 =o2m f )1+ [ (y)]2dy. (3.26)

BAI TAP
Tich phan bat dinh

Bai 3.1. Dung phuong phap déi bién tinh cac tich phan sau day:

[ xdx [ xdx Ax

A C dx . [ sinxdx ‘ 3x2dx

J xIn? x ") VA + cos?x Va1
7 [ dx 3 [ xdx 9 evdx

) 4ax2 4+ 7 J 4x2 +7 ) ve2xr —1

dx dx dx

10. 1. | —mm— ) .

OJZ"—Fl Jsinxcosx 1zjx~|—\/§

Bai 3.2. Dung phuong phép tich phan tirng phan tinh cac tich phan sau day:

r

1.J X cos xdx 2. jxg' In xdx 3. jarctan xdx
r X
4. J x? arctan xdx 5. J % 6. J(xz +1) 2% gy
r arctan x arcsin x
7. J e 2* cos 3xdx . u 9. j u
A/ (14 x2)3 V1—x2
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10. Jx(arctan x)2dx

V1 —x?
3 dx

Bai 3.3. Tinh cdc tich phan ham htru ty sau day:

i dx

1.
J (x+1)(x2+1)
i xdx
4'J x2 —5x+4
F x—1

7. | ——d
sz—{—x—#l *

i dx

153

12. Jsin(ln x)dx.

i x+2

5. d
(x2 4+ 2x + 3)2 *

8. | —4————d
J4x5—1—4x3—1—x *

Z'J x(x+1)(x2+x+1)

dx

> J x(x—1)2
1—x*

6. J i x4dx

9 J x*dx
") xt+5x24+4°

Bai 3.4. Tinh cdc tich phan ham luong gidc sau day:

1 [ sin® xdx

cos® x
i dx
4|
sin” x cos® x
( sin xdx
1+ sinx
dx

3cosx+2

7.

J cos” xdx
sin? x + 4 sin x cos x

5j dx
") cosx —2sinx+3

SJ dx
") 3cosx +5sinx +3

j dx
") 4sin®x —9cos? x

Bai 3.5. Tinh cdc tich phan ham vo ty sau day:

i 1
(O [ S

J Vx4 x+1

4 ”1—1—[
T AE™
r 3dx
J1+\3/x4+1

xdx

7.

1o J (1—x)V1—a2

Tich phan xac dinh

Z.J yll_xdx
x3
[ /1 —xdx
1+xx
3 i dx
RACERGRYE:

11. Jq [(x2 —1)3dx

Bai 3.6. Tinh cdc tich phan sau day:

I

2
1.J
0

dx
2+ cos x

vevdx

ex + e_x

1
2|
0

3. | sin® x cos® xdx

o)

9.

J
J

sin?x +3sinx — 4
sin 2xdx

12. | ———
jl +4cos?x

dx
3.
j x —1)vV3+2x — x2
j xv/x + 2
x—{—\/x—i—

9J dx

") x(142y/x+ /x)

12.JL.
xvVx?+x+1
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In2 1 2
1
4. ver —1dx S.J tx dx
0 _1 14t
0 V3-1 dx
7. Ta/1 —e2xd S.J _
J—ane erar 1 x24+2x+2

(S
10. J In? xdx
1

1
11. J x2/1 — x2dx
0

1 : e
13. J arcsin xdx 14, J 2 1n2 xdx
1

1 x2

Nl

Bai 3.7. Cho ham sb

) = {

2—x,

Tinh sz(x)dx
0

x2, 0<x<1
l<x<2’

Chuong 3. TICH PHAN

6. j‘[\/1~|—x
jarcsmxdx
o V1+x

V3
12. j x arctan xdx
0

IS

15. J x% cos xdx

NI

Bai 3.8. Chiing minh rang néu ham s6 f(x) lién tuc trén [0; 1] thi:

Lg f(sinx)dx = Jog f(cos x)dx va Jon xf(sin x)dx =

Ap dung tinh hai tich phan sau:

7T .
L[,
o 14 cos*x

Bai 3.9. Tinh dao ham ctia cac ham sé sau:

© g
= | V1+t2dt 2. y= J
JO 4 2 V14 t4
Bai 3.10. Tinh cac gidi han sau

Slnx
Jian Ht
1. lim an! 2.

x—0+ Stanx v/sin tdt

Sg cos tdt
m e —
x—0 X

g Lﬂf(sin x)dx.

T -3
2 [y,
o 14 cos®x

COS X
3. y= J cos(t?)dt.

sinx

x 42
e’ dt
3. lim 372.
X——+00 SO e2t” ¢
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Tich phan suy rong

Bai 3.11. Tinh cac tich phan suy rong sau:

100 dx
s x24x-2
~+

—_

© arctan xdx

i
[ S

0 (1+x2)2
r+00 dx

7},

xv/14 x> 4 x10

0
2. j xe¥dx
-0

+00
5. j e *cos xdx
0

+00
8.j e V¥ dx
0

Bai 3.12. Tinh céc tich phan suy rdng sau:

) r2 x—2
VAT
Niias:
'Jo 2—x

1 arcsin x

7.JO ” dx

dx

dx

o1
ol

5.J_3

5 ), inx

In xdx

Bai 3.13. Xét tinh hdi tu cta cdc tich phan sau:

o0

1.JO

x—2

—d
x2—-2x+3 x

1 X

; [+ 3 + arcsin %d
) - *dx
Jl 14 xy/x

r~—+00 +0
4.J (1—cosl) dx 5.j M
1

+oo
2. j e " dx

—00

X

400
S.J sin(x?)dx
0

Bai 3.14. Xét tinh hdi tu cta cdc tich phan sau:

L r2 x5dx
0 V4 —x2
rl 1
4. n7x2dx
0 1 — X
o
sin 2x
7. —dx
Jo V1 —x?

rl 2dx

2. | ——=d
Jo /(1 —x2)5 *
1

5[

o e¥—cosx
~1 d
X

8. | ———

JO tanx — x

155

3. —
J, T2

r+00 dx

e X In3 x

r+00 dx

o 1+x3

3 [t xdx
' JO x3+2x+1
(T2 1 —4sin3x
6. ——d
Jl X3+ Jx *
9 J"JFOO xsin? x + 1dx.
0 X + 1
3, f vadx
0 eSlnx _1
1
6.J _dx
0 Vx—x2
1
9 de.
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+0 +00 o
Bai 3.15. Cho biét j e_"2 dx = @ va J Smxdx = g Tinh cac tich

0 2 0 X
phén sau:
+00 ) ~+00 e ¥
1. j e dx,a>0 2. j dx
0 RVE
+00 2 2 —+00
3. j SINZY v 4, j x2e= dx
0 X 0
Ung dung tich phan

Bai 3.16. Tinh dién tich hinh phéng gidi han bdi cac duong:

y=x>,x+y=2
y=2x*-5y=3—x
y:x3,y:x,y:2x

Ll

y=e *sinx,y=0x=0vax=rm

Bai 3.17. Tinh thé tich vat thé tron xoay tao ra khi quay cac hinh phang gi6i
han bdi cac duong quanh truc tuong ung;:

1. y=xsinx,y =0,0<x <, truc Ox;
2. y=xsinx,y =0,0 <x <7, truc Oy;
3. y=x%y=4, trucx =2;

4 y—e_xm,0<x<n, truc Ox.

Bai 3.18. Tinh d9 dai cic cung phang:

1
1. y:§(3—x)\/§,0<x<3;
1, 1
S Yy=Tx" - <Sx<eg
2.y 1 2lnx,l x<e

Bai 3.19. Tinh dién tich mat tron xoay tao ra khi quay phan duong cong
quanh truc tuong tung: 3y = x>,0 < x < a,Ox.
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DAP SO - HUONG DAN

Bai 3.1. 1. JIn(4 + x ) . }arcsin(x2); 3. 431:63, 4. —L; 5. —In(cosx + V4 + cos?x); 6
In(x3 + Vx0 +1); 7. ¥/ V7 arctan 2; 8. $In(4x% +7); 9. In(e* ++e2* —1); 10. %HZ(ZYH);

L
11. In(tan x); 12. 2In(+/x + 1).

Bai 3.2. 1.cosx+xsinx.2 116(41nx 1);3. xarctanx——ln(1+x );4. 1x3arctanx——x n
s In(1+x%);5 6. —1(2x* +2x+3) e72%;7. 5 (3sin3x —2 cos 3x) e72*; 8. w

5T Wi
Tx—V1- xZ)earcsmx 10. § In(x?+ 1) + 4 (x? + 1) (arctan? x — 1) — xarctan x; 11. — ;;2"2—
TIn 1+ V|3}\ 2121 1x(sin(Inx) — cos(Inx)).
Bai 3.3. 1. —1 In(x? +1)+2arctanx+ In|x+1]; 2. In|Z5| - 2‘[a1“ctan2’\‘/+_1,3 =+

g1 —4 -1 V2 +1. V2 1 ((PExV241) 4 A2
ln 1 ln i 1 m+TarCtan%,6. —x+—ln(xz i\/—+1)+ arCtan( \/i"_
1)+ %arctan(x\/—— 1);7. $In(x? + x + 1) — /3 arctan 2?1,8 —In(2x%+1) + 4(2x2+1) +
2In|x[;9. x — § arctan § + 1 arctanx.
Bai3.4. 1. 557cos’x. ——ln|tanx+4|—|—lln|tanx|—lln|tan3x+1|—i‘3 A (3cos? x —
"35cos” x| 4 17 1779 24

4)cos® x; 4. — 9% _ L cost x — cos? x — 2In|sinx|; 5. arctan (tank —1); 6. -1 tan3x' 7.

2sin” x 2 2

2\/_ 4tan 41 2 . 1 1+\[tan2

tanx+1 + x; 8. ln arctan /15 + 5(an§ 1)’ 10. 5 In 1—7tan2

11. 1 In|

2tanx+3 ’ _}Iln(1+4COS x)_

Ni 2 1 2x+1 . 2 /42 . 1 2++/3+2x—x2
Bai 3.5. 1.\/m—i-zlr1(\/g —l—\/g\/x +x—|—1),2.2arctanq/ 24/ X3, ln‘2 el

1+ V 1+Y

4. 563+ 21 — 4t + 4arctant — 2In(1 4 £2),t = /x; 5. 2arctan |/ % — In e ;6. 3t —
+x
2t2—|— In(? +t+2) — 4\/—arctan2f/+—1 t=xx+27. ———t+Zln|t+1| t=~x4+1;8.

_ﬁ + W; 9. —3In(22 —t+1) - ‘[arctanT —3In(t+1)+6Int,t = Yx;10.
Vll_x —arcsinx; 11. 1 (xz—l)\/xz—1—§x\/x2—1+gln|x+\/x2— ;12. 11n2”‘2+x+1 x—2

2Vt 4xt2
Bai3.6. 1. 5y3; ;2. In e/l 31,4275 52,6 /2-In(1+2) - 22 —In(2 —\F3);
75— %5859 V2 - 410, ~2 11 {512 41 - Y513, — % 4 JIn 233,14 522,15,
71,2

4

2 1 2
Bai 3.7. Jo f(x)dx = Jo f(x)dx +L f(x)dx = g

T

Bai 3.8. Lg f(sinx)dx = — Lj f (cos (% - x)) d (g —x) = Jog f(cos x)dx; va

Jn xf(sinx)dx = Jn(x — 7+ 1) f(sinx)dx

0 0
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7T 7
:J (70— x) f(sin(7r — x))d (7t — x) +J 0f (sin x)dx
0 0
s s
= —J xf(sinx)dx—i—f rf (sinx)dx
0 0
2 2
17552 % —m.
<. z. 3x2 2% A 2, in2
Bai 3.9. 1. 2xV1 +x% 2. P — 553 sin x cos(cos” x) — cos x cos(sin” x).
Bai 3.10. 1. 1;2.1; 3. 0.
¥ 2 1m0 .3 7. 5 l.¢g 1 2++/3. 23
Bai3.11 1.3In2;2.—1;3. 5;4. 5 = 1,5. 5;6. 3;7. In 2543;8.2;9. 2f3n
53 4. .3 7. .5 9. In2_.» In2_.g . 1
Bai 3.12. 1. —3; 2. -1;3. 7—2T, 4. T+ 2;5. T”, 6. —“TT(, 7. nTT(, 8.2:9.2arcsin N
Bai 3.13. 1. phan ky; 2. phan ky; 3. hdi ty; 4. hoi ty; 5. hdi ty; 6. hoi tu tuyét ddi; 7. hoi ty; 8.

hoi tu; 9. phan ky.

Bai 3.14.

hoi tu.

Bai 3.15.

Bai 3.16.

Bai 3.17.

Bai 3.18.

Bai 3.19.

1. hoi tu; 2. phan ky; 3. héi ty; 4. hdi ty; 5. phan ky; 6. hoi tu; 7. hoéi ty; 8. hdi tu; 9.

ln.g V.3 m.gq /7
1170 V3 2.4 VT
1.9;2.%;3.3;4 L(e ™ +1); 5. 4% 6. 22 — 242, 7. 3 7a2; 8. 371a.

1. %4 — %2; 2,273 — 871; 3. 670%a3; 4. %; 5. %nzag’; 6. 7—5T(e_2’T +1).

1.2v3;2. €413, 34; 4. 8a.

1. £[/(1 +a*)3 —1]; 2. 167%a%; 3. grmz; 4. 47ta?; 5. 4771%a2; 6. 35—27'(012.
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PHEP TINH VI PHAN HAM HAI BIEN

11 MOT SO KHAI NIEM CO BAN

411 Khéng gian R?

Dinh nghia 4.1.1.
R? = {(x;y)|x,y € R}.

Moi phan tir ciia R? 1a mot cap (x;y), va dugc goi 1a mot diém cta R?.

Khoang céach gitra hai diém. Cho hai diém A(ay;a,) va B(by; by). Khodng cach gitta A
va B la

AB = \/(bl - Lll)z + (h —011)2.

€ —1lan can, 1an can

e Hinh tron md tim M ban kinh r > 0 1a tap hop nhitng diém nam trong R? c6 khoang
cach dén M nho hon r, duoc ky hiéu 1a B(M, r). Vay

B(M,r) = {NeR? | MN <r}.
e Cho e > 0. Hinh tron mé B(M, €) dugc goi la € — ldn cin caa M.

e Tap V dugc goi 1a ldn cgn cia M néu ton tai € > 0 sao cho B(M,¢) c V.

Sau day, ta xét D la mot tap con khac réng ctia R2.
Diém trong, tip ma.

e Diém M dugc goi la diém trong ctia tap D néu ton tai € > 0 sao cho B(M, €) < D.

e Tap hop tat ca cac diém trong ctia D dugc goi la mién trong ctia D va dugce ky hiéu
laintD.

159
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e Tap D dugc goi la tip md néu moi diém ctia né déu 1a diém trong ctia nd, nghia la
D =intD.

Piém tu, diém bién, bién va tap dong.

e Diém M dugc goi 1a diém tu cta D néu moi € — 1an can ctia M déu chita diém thudc
D, va khac M.

Diém M dugc goi la ¢d Idp cta D néu ton tai € — 1an cdn ciia M khong chira diém
thudc D, ngoai trir M.

Diém M dugc goi 1a diém bién cta D néu M vira la diém tu cta D vira la diém tu cta
R2\D.

Tap hop tat cac cac diém bién cta D duoc goi 1a bién ctia D va dugce ky hiéu 1a oD.

Tap D dugc goi la tap dong néu né chira bién ctia né, nghia 1a 6D < D.

Tap bi chan. Tap D duge goi 1a bi chin néu ton tai mot qua cau chira D.
Tap lién théng. Tap D dugc goi la lién thong néu hai diém bat ky ctia D déu c6 thé nbi véi
nhau bang mét dudng cong lién tuc ndm trong D.

4.1.2 Day diém, gi6i han day diém

Dinh nghia 4.1.2. Cho hai day s6 thuc (x,,) va (yx). Ta goi (x4; y») 1a mot day diém trong
R?.

Dinh nghia 4.1.3. Ta néi day diém M, (x,;y,) hoi tu vé diém M(x;y) néu M,M — 0 khi
n — oo va viét
Iim M, =M

n—aoo

hay
M, - Mkhin — oo.

Dinh 1y 4.1.1. Day diém My, (x,;yn) hoi tu vé diém M(x;y) khi va chi khi

{x"_)x,khin—mo
Yn =Y

Ta c6 déc trung bang day diém cta diém tu nhu sau:

Dinh ly 4.1.2. Diém M la diém tu ciia tdp D khi va chi khi ton tai (M,) < D\{M} sao cho
M, - M khin — .
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4.2 GIGCIHAN VA LIEN TUC CUA HAM 2 BIEN
4.2.1 Khai niém ham hai bién.

Dinh nghia 4.2.1. Cho & # D c R?. M6t quy tac f lam tuong tng mot cap sb (x;y) € D
véi mot s6 thue duy nhét z, duoc goi la ham theo hai bién x, y. Khi do, ta ky hiéu
f:D—R

(6y) —z = f(xy)
va goi:
e x,ylahaibién s cda f;
e D la mién xac dinh cua f;
e Mién gia trj cda f 1a
f(D) = {zeRjz= f(x;y)) € D}.

Chiy4.21. 1. Trong mét vai nglr canh, néu M la diém c6 toa do (x;y) thi ta c6 thé
viét f(M) thay cho f(x;y).

2. Khi cho ham s6 z = f(x;y) bang cong thiic thi ta hiéu mién xac dinh ctia ham sé la
tap hop tt ca cac diém (x;y) lam cho biéu thic f(x;y) c6 nghia.

Vidu4.2.1. Ham z = 2x + 3y ¢6 mién xac dinh 1a D = R2.
Vidu4.2.2. Him z = /4 — x2 — 42 ¢6 mién xac dinh la

D = {(x;y) | + y* < 4}.
4.2.2 Giéi han cda ham nhiéu bién

Dinh nghia 4.2.2 (Ngén ngt § — €). S6 L duoc goi la gi6i han ctia ham f tai diém My néu
Ve > 0,36 > 0,¥M e Dp\[Mo}, MM < 6 = |f(M) — L| < e.

Khi do, ta viét
L= lim M) = lim xXy) = lim X;
A SO0 = i Sl = tim  fsy)
¥Y—=Yo

Vidu4.23. Chingtd lim x> +y>=1
(xy)—(0:1)

Giai. Dat f(x;y) = x> +y? va MMy = \/x2 + (y — 1)2p. Ta ¢6

fxy) =11 = |2 +2 1]
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=P+ y-1)72+2(y-1)
<K+ (y—172+2Jy—1
=" +2p

Suyra, véie > 0tuy y,néup <+ve+1—1thi|f(x;y)—1]| <e.

Vay

lim  x*+y* =1
(xy)—(0:1)

Dé thdy, ham f c6 gi6i han tai nhitng diém c6 1ap trong mién xac dinh ctia né. Do d6
chiing ta chi quan tdm dén gidi han ctia ham f tai cac diém tu caa D ¢ Khi M 1a diém tu
cta Dy thi dinh nghia trén tuong duong vdi dinh nghia sau day.

Dinh nghia 4.2.3 (Ngon ngt day). S6 L dugc goi la gidi han ctia ham f tai diém My néu
V(Mn) € DA\{Mo}, My — Mo = f(My) — L

Vidu424. Chingto lim — ¥ —1q

: f:;y)—»(o;l) x-+y
= ﬁzz.Léydéydié’m((xn;yn)) < R?\{(0;1)}sao cho (x4; ) — (0;1).
Tacéx, - 0vay, — 1. Dodo, khin — oo,

Giai. bat f(x;y)

Xn+ Yn 1+0

f(xu;yn) = X2 +y2 ETEN
Vay
im % =1.
(xy)—=(01) X= + ¥
Xy

Vidu 4.2.5. Chiing t6 khong tdn tai gidi han  lim .
1du ng to khong ton tai g M ) (00) x2—|—y2

< xy s ain ) o ' )
Giai. bét f(x;y) = Py Chon hai day diém ((%, %)) , ((%, 71)) trong R?\(0;0). Ta c6
(3:3) = (0:0)va (5, 5) — (0;0) ma
11 . 1\
f(ﬁ';) 1—>1vaf(—,—) =1 -1
Vay
39 lim Xy

(x;)—(0,0) x2 4 ]/2 '
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Tinh chat giéi han ham s6

163

1. Ham f néu c6 gidi han tai My thi gi¢i han d6 la duy nhét.

2. Néu limM_,Mo f(M) =Lqva limM_,MO g(M) = L, thi

@ Jim [FM)+ g(M)] = Ly + L
®) Jim FEM) = Ll
M) L
(C) I\/Ilglll\/lom = LZ,LZ #0
3. Néu
{ f(M) <g(M)
hmMaMof(M)
thi MIL%Og(M) = L.
Vidu4.2.6. Tinh lim Xy

(x;y)—(0;0) x2 + ]/2 '
Giai. Véi x> +y% # 0, ta c6

< h(M),VYM € B(My,r);

2 2
| = Il |5 | < Ix,
xXc+y x>ty
suy ra
2
Xy
- < S
< e <l
Ma
lim (—|x])=0= lim |x|
(x;y)—(0;0) (x;y)—(00)
nén
xy2
Iim ———= =0.
(x;y)—(0;0) x2 + ]/2

4.2.3 Khai niém ham lién tuc

Dinh nghia 4.2.4. Ham f duoc goi la lién tuc tai My € Dy néu f ¢6 gi6i han tai My bang

f(My).

Ham f dugc goi 1a lién tuc trén tap D néu f lién tuc tai moi diém cta D

Vidu 4.2.7. Cac ham f1(x;y) = x, fo(x;y) = y lién tuc tai moi diém trong R?.
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Vidu 4.2.8. Theo vidu 4.2.3,ta ¢6

lim xy)=1= f(0;1).
Lm ) = 1= F(0)

Vay ham f(x;y) = x? + y?* lién tuc tai (0; 1).

Vi du 4.2.9. Cho ham s6

2
flxy) = { #yyz (x;y) # (0;0)
0, (x;y) = (0;0).

Xét tinh lién tuc cta f tai (0;0).

Giai. Ta ¢6 f(0;0) = 0 va theo vi du 4.2.7 thi

2
lim —Y 0.
0,0

lim xXy) = —_— =
of(w (x:y)—(0,0) X2 + Y2

(x:y)—(0;
Vay f lién tuc tai (0;0).

Vi du 4.2.10. Cho ham sb

f(x‘y)z{ o 9 %00
0, (x;y) = (0;0).

Xét tinh lién tuc cta f tai (0;0).
Giai. Ta ¢6 f(0;0) = 0 va theo vi du 4.2.5 thi

. . xy
lim x;y)= lim —>—
<wwmﬁ(w (xy)—(0,0) X2 + Y2

khong ton tai. Vay f khong lién tuc tai (0;0).

4.2.4 Tinh chat ctia ham lién tuc
Ta c6 céc tinh chat sau day ctia ham lién tuc:
1. Téng, hiéu, tich, thuong ctia hai ham lién tuc tai My 1a ham lién tuc tai My, trudng
hop ctia thuong thi mau phai khac khong.
2. Hop cta hai ham lién tuc thi lién tuc, tai diém tuong ung.
3. Néu f lién tuc trén mot tdp dong va bi chan thi no dat gia tri 16n nhit va nho nhat
trén do.
4. Néu f lién tuc trén mot tap D lién thong va f(My).f(M,) < 0, vi My, M € D thi c6
M3 € D sao cho f(M3) = 0.
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Nhan xét 4.2.1. Tir vi du 4.2.7 va tinh chét 1, ta suy ra cdc ham da thitc, ham hitu ty theo
x, y lién tyc tai nhitng di€m ma chung xéc dinh.
Vi du 4.2.11. Cho ham sb

x2 +y?’
0, (x;y) = (0;0).

*y . .
) — { (x:y) # (0:0)

Xét tinh lién tuc cua f.
Giai. Theo vi du 4.2.10, ham f khong lién tuc tai (0;0).

Theo nhan xét 4.2.1, tai diém (x;y) # (0;0),

) XY
f(X,}/) - x2+y2

nén lién tuc tai do.

Vay f lién tuc trén R?\{(0;0)}.

43 DAO HAM RIENG
4.3.1 Dao ham riéng cap mot

Pinh nghia 4.3.1. Cho ham z = f(x;y) va My(xo;y0) la mot diém trong ctia Dy. Cho
¥ = yo, ta duge f(x;yo) = h(x) la ham mot bién x. Néu h(x) c6 dao ham tai xj thi ta néi f
c6 dao ham riéng theo bién x tai My va I'(x) duoc goi la dao ham riéng theo bién x cda f
tai My, dugc ky hiéu la

W (x0) = f4(Mo) = 5 (M) = 2, (M)

Dao ham riéng caa f theo bién y tai My dugc dinh nghia tuong tu, va dugc ky hiéu la
0
o) = 2L (M) = 24(M).

Chiy4.3.1. 1. Cac dao ham riéng ctia ham c6 s6 bién tir ba trg 1én duge dinh nghia
tuong tu.

2. Khi tinh dao ham riéng cia mét ham s6 theo bién sb nay, ta xem cac bién s6 con lai
1a hang va 4p dung quy tac tinh dao ham ctia ham mot bién.

3. Khi f c¢6 dao ham riéng theo bién x tai Mg (xo; o) thi

of _ i (o + Ax;0) — (%05 Y0)
ax(MO) o Alalcrilo Ax
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Vidu4.3.1. Cho f(x;y) = x¥,x > 0. Ta cd
fe(xy) =y~ va fi(xy) = ¥ Inx,

Vidu4.3.2. z = arctan %, x #0.Taco

va

Vi du 4.3.3. Cho ham s6

f(x-y)—{ ﬁyyz khi (x;y) # (0;0);

0, khi (x;y) = (0;0).
Tinh cac dao ham riéng cAp moét ctia f(x;y).
Giai. Xét hai truong hop:
Truong hop 1: (x;y) # (0;0). Ta cé

- ()P +y?) — (P + )y y -2y
* (x2 +y2)? (x2 +y2)?

va
)y (PR = (P YRy 8 — P

f; o (x2 +y2)2 - (x2 +12)2

Truong hop 2: (x;y) = (0;0). Ta c6 f(x,0) = 0 suy ra f1(0;0) = 0. Tuong tu ta cing c6
£1(0;0) = 0.

Vi du4.3.4. Cho f(x;y) = sin(xy) + arctan £. Ta ¢6

fx = ycos(xy) — ﬁyz
x
f; = xcos(xy) + oy "

4.3.2 Dao ham riéng cap cao

Dinh nghia 4.3.2. Choham z = f(x;y) c6 hai dao ham riéng 2, va z;. Pao ham riéng, néu
c6, ctia z} va z;, dugc goi la dao ham riéng cap hai ctia z, va duge ky hiéu la

0 [0z 0%z
h=ta= (=5 (%) =
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Vidu4.3.5. z=x%y3 +x*. Taco

3 3 2.2
zh = 2xy’ + 4x°, z, = 3x°y?,
2, = 2y° + 1247, z’y’x = 6xy?,
zgy = 6xy?, z'y’z = 6x7y.

Vi du 4.3.6. Cho

x
flay) =4 ey
0, khi (x;y) = (0;0).
Tai (x;y) # (0;0), ta c6

2_ .2 2
1 (o _ XY 4x]/
fx(x/]/) - yx2+y2 +xy(x2+y2)2
va 2_ .2 2
Py — X Y 4x y
R e e
Mt khac tai (0;0), ta lai c6
. f(Ax;0)—f(0;0) .. 0-0_~
Alicnlo Ax N Alicnlo Ax 0 = £(0:0)
v £(0; Ay) = £(0;0) 0-0
AT Ay AN A D000
Suy ra
. f,’((O;Ay)—f,’C(O;O)_ . —Ay—O__ _ .
AI;IEO Ay 7&;‘;20 Ax 1= fuy(0:0)
" £(83:0) - £7(0;0)
. y X, - y ; . . AX—O _ o .
Alggo Ax N AI;IEO Ax 1T fyx(0:0).

Vay f,,(0;0) # f,(0;0).

Vi du 4.3.5 va vi du 4.3.6 cho thay hai dao ham f,’c'y va ;x c6 thé bang hoic khac nhau.
Dinh ly sau cho ta mot dieu kién du dé fY, = f7..
Dinh 1y 4.3.1. Néu f(x;y) cd dao ham riéng dén cdp hai xdc dinh va lién tuc trén mot tip md
D < R? thi

0% f 0 f
M = W,V(x,y) e D.
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44 VIPHAN
4.41 Khainiém vi phan

Cho f(x;y) xac dinh trén tdp m& D va (xo; o) € D. Néu Ax, Ay danhd thi (xo + Ax;yo +
Ay) € D. Khi &y, ta dat
Af(x0;y0) = f(x0 + Dx;y0 + Ay) — f(x0;¥0)-
DPinh nghia 4.4.1. Ham f(x;y) dugc goi la kha vi tai (xo;y0) néu
Af(xp;y0) = A.Ax + B.Ay + a.Ax + B.Ay, (4.1)

trong do:

e Ava Blahang sb, chi phu thudc (xo; yo);

e xvaf — 0khi Ax, Ay — 0.
Khi d6, biéu thic A.Ax + B.Ay dugc goi 1a vi phan toan phan cta f(x;y) tai (xo; o), va
duogc ky hiéu la df (xo; yo),

df(xo;y0) = A.Ax + BAy.

Diing bat dang thirc B.C.S ta c6

@A+ BAY| < yfa? + B2y A2+ A2,

Suy ra
lo.Ax + B.Ay| s _
————— <4 /a? + B2 - 0khi Ax, Ay — 0.
VAX?+ Ay? P ' Y

Do do,

a.Ax + B.Ay = 0(4/ Ax? 4+ Ay?) khi Ax, Ay — 0.

Vay (4.1) c6 thé viét dudi dang
Af(xp;y0) = A.Ax + B.Ay + 0(y/ AxZ + Ay?) (4.2)
4.4.2 Cac diéu kién kha vi

Dinh 1y 4.4.1. Néu f(x;y) khd vi tai (xo;yo) thi nd lién tuc tai do.
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Chung minh. Gia st f(x;y) kha vi tai (xo; o), nghia la ta ¢ (4.1). Khi Ax, Ay — 0, tu
(4.1) suy ra Af(xo;y0) — 0hay f(xo + Ax;yo + Ay) — f(x0;y0)- Vay f(x;y) lién tuc tai
(x0; Y0) O

Hé qua 4.4.1. Néu f(x;y) khong lién tuc tai (xo;yo) thi né khong khd i tai do.
Vi du 4.4.1. Xét ham sb
xy ,
= khi(xy)#(0,0);
oo | T M) # 00
0, khi (x;y) = (0;0).
Ham f(x;y) khong lién tuc tai (0;0) nén né khong kha vi tai do.
Dinh ly 4.4.2. Néu f(x;y) khd vi tai (xo; yo) thi nd cd cic dgo ham riéng f}, f; tai d6 va
df (x0;¥o) = fr(x0;¥0)-Lx + fy (x0; yo)-Ly (4.3)
Chung minh. Gia st f(x;y) kha vi tai (xo; o), nghia 1a ta ¢6 (4.1). Trong (4.1), cho Ay =0

taco
f(xo+ Ax;y0) — f(x0;y0) = A Dx + aAx.

Suy ra
f(xo+ Axy0) = f(x0:40)

N =A+a
Cho Ax — 0 vanhd rang & — 0 ta dugce
fx(x0:90) = A.
Tuong tu,
fy(x0;y0) = B
va do do, ta c6 (4.3). O

Dinh Iy 4.4.1 va dinh Iy 4.4.2 chi cho ta diéu kién can dé€ mot ham kha vi, d6 chua phai
la diéu kién d. That vay, ta xét vi du sau day.

Vi du 4.4.2. Ham sb

xZ +y?’

d khi (x;y) # (0;0);
fxy) = _
0, khi (x;y) = (0;0).

c6 f1(0;0) = 0 = £;(0;0) va khong kha vi tai (0;0).

Dinh ly sau day cho ta diéu kién da dé ham f(x; y) kha vi tai diém (x¢; o).
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Dinh ly 4.4.3. Néu f(x;y) co cac dao ham riéng f1, f; xdc dinh trong mgt hinh tron mé tim
(x0; yo) va lién tuc tai (xo; yo) thi f(x;y) khd vi tai (xo; Yo)-
Chirng minh. V&i Ax, Ay dianhd, bang cach viét
Af(xo;y0) = [f (xo + Ax;yo + Ay) = f(xo;y0 + Ay)] + [f (xo; yo + Ay) — f(x0; 40)]

va dung cong thic s6 gia gi6i noi, ta c6

Af(x0;y0) = fr(xo+018% 0 + Ay).Ax + fy(x0;yo + 028y).Ay, (4.4)
vGi0 < 01,0, < 1. bat

x = fr(xo+010xy0+ Ay) — fr(x0;v0), (4.5)
B = fy(x0;y0 + 628y) — fy(x0;v0)- (4.6)

Vi fy, fy lién tuc tai (xo; yo) nén e, B — 0 khi Ax, Ay — 0. Két hop (4.4), (4.5) va (4.6) ta thu
duoc (4.1). O

Vidu 4.4.3. Ham f(x;y) = 2%y ¢6 fi = 3x%y* va f; = 2x%y xéc dinh va lién tyc tai moi

diém nén f(x;y) kha vi tai moi diém.

4.4.3 Tinh chét ctia vi phan

Trong (4.3) néu lan lugt cho f(x;y) = x, f(x;y) = y thi lan lugt ta c6 Ax = dx, Ay = dy.
Nhu vay (4.3) trd thanh

df (xo;y0) = fr(x0;¥0)-dx + fy(x0;yo)-dy 4.7)

Do (4.7) ta c6
Dinh 1y 4.4.4. Néu f, g khd vi thi

d(f+g) =df +dg,
d(f-g) = gdf + fdg,
df — fd p
d(é) = %,(neug;éo)
Vidu 4.4.4. Cho f(x;y) = x3y? +sin(xy). Ta c6

df (x;y) = [3x*y% + y cos(xy)]dx + [2x3y + x cos(xy)]dy.
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444 Dung vi phan tinh gan ding

Cho f(x;y) kha vi tai (x0; o). Néu Ax, Ay gan bang 0 thi 0 («/sz + Ayz) rat gan 0, c6 thé
b6 qua. Khi dy, tir (4.2) ta c6

f(x0+ Bx;y0 +Ay) ~ f(x0;¥0) + fx(X0;40)-Dx + fy(x0; y0)-By. (4.8)

Vi du 4.4.5. Tinh gan ding A = /4,012 + 3,052.
Giai. Tachon f(x;y) = /%% + y?, (x0; y0) = (4;3), Ax = 0,01, Ay = 0,05.Khi d6 fL(x;y) =

X

e ) = v
f(xo;90) = V42 +32 =5,
4

! . —
3
! . —

Uil W U1l

A

Vay

A=xb5+ %.0,0l + 2.0,05 =5,038.

4.4.5 Viphan cap hai

Dinh nghia 4.4.2. Vi phan df(x;y) la ham hai bién x, y. Vi phan néu c6 cta df(x;y) dugc
goi 1 vi phan cap hai ctia f(x;y) va ky hiéu 1a d>f(x; y). Vay

Ef(xy) =d(df(xy)).

Bay gid ta gia stt x, y 1a hai bién doc lap, nghia la chiing khong phu thudc vao bién nao
khéc. Khi d¢, dx, dy la cac héng s6. Ta ¢c6

f(xy) =d (df(x;y)) = d(fidx + fydy)
= d(frdx) +d(fydy) = d(fy)dx +d(fy)dy
= [fadx + flydy| dx + [frdx + fipdy) dy
= flhdx? +f,’c'ydxdy+f;'xdxdy+f;'zdy2.

Néu fY, = fy thi ta c6

df(x;y) = fladx® + 27 dxdy + fhdy’. (4.9)
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45 CUCTRITU DO

4.5.1 Khai niém cuc tri tu do
Dinh nghia 4.5.1. Xét ham s hai bién f va My la diém trong ctia Dy. Ta néi
e My la diém cuc dai cua f néu ton tai s6 duong r sao cho
f(M) < f(Mo), VM € B(My, )
e My la diém cyc tiéu ctia f néu ton tai s6 duong r sao cho
f(M) = f(Mo), VM € B(My, )
e Diém cuc dai va diém cyc tiéu duge goi 1a diém cuc tri. Gid tri cia ham tai diém cyc
dai va diém cyc tiéu duoc goi la gia tri cuc dai va gia tri cyc tiéu, goi chung la gia tri
cuc tri.

Vidu4.5.1. Xéthamz = —(x—1)2—y? +1.Tac

1
1

z(1;0),¥(x; y) € R?
z(1;0),Y(x;y) € B(My,r), v6i My(1;0).

NN

z(x;y

= z(x;y)
Vay M la diém cyc dai ctia z va zmax(1;0) = 1.
Vidu4.5.2. Xétham z = 1/x2 +y2. Ta c6

z(x;y) = /22 +y2 = 0 = z(0;0),V(x;y) € R2.

Vay (0;0) la diém cuyrc tiéu ctia z va zmin (0;0) = 0.
Vidu 4.53. z = x?> —y?. Diém (0;0) khong la diém cuyc tri ctia ham z vi trong moi hinh
tron md tam (0;0) ham z ¢6 ca gia tri am va duong ma z(0;0) = 0.
4.5.2 Diéu kién can caa cuc tri

Mot cau hdi dit ra 1a nhitng diém nao trong mién xac dinh ctia f ¢6 kha nang 1a diém cuc
tri cta f?

Dinh 1y 4.5.1. Néu f(x;y) dat cuc tri va cé hai dao ham riéng tai (xo;yo) thi

fr(x0;y0) = 0 va f(x0;y0) = O.
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Chirng minh. Khong mét tinh tdng quat, ta gia sit ham f(x;y) dat cuc dai tai (xo; o) va c6
hai dao ham riéng f;(xo;yo),fé(xo;yo). Vi f(x;y) dat cuc dai tai (xp; o) nén ham g(x) =
f(x;y0) dat cuc dai tai xo. Do d9, theo dinh ly Fermat, g’(x¢) = 0, nghia 1a f,(xo;y0) = 0.
Tuong ty, ta cting ¢6 f;(xo;y0) = 0 O
Ménh dé ddo ctia dinh ly nay khong diing. That vay, xét ham z = x? — y? ta c6
2,(0;0) = 0vaz,(0;,0) =0
nhung (0;0) khong la diém cyc tri.

Dinh ly (4.5.1) khang dinh rang ham f chi c6 thé dat cuc tri tai nhitng diém ma tai d6
hodc la c hai dao ham riéng cing ton tai va bang khong hodc 1a it nhat mot dao ham riéng
khong ton tai.

Dinh nghia 4.5.2. e Diém ma tai d6 hodc 1a c& hai dao ham riéng cing ton tai va bang
khong hodc 1a it nhat mot dao ham riéng khong ton tai dugc goi 1a diém t6i han;

e Diém ma tai d6 ca hai dao ham riéng cling ton tai va bang khong duoc goi la dién
ding.

Vi du 4.5.4. Tim tat ca cac diém t&i han, néu c6, ctia ham s6
z=x 4yt — 2% —2xy — 2

Giai. Vi z c6 hai dao ham riéng tai moi diém nén diém tdi han, néu c6, ctia z 1a diém dirng.
Toa d¢ diém ding la nghiém cta hé

{ Zh =4x3 —2x -2y =0,

2, = 4y> =2y —2x = 0.

Giai hé ta dugc ba diém ding: O(0;0), M1(1;1) va Mp(—1; —1).

4.5.3 Diéu kién du caa cuc tri
Tiép theo, trong cac diém tdi han ctia f diém nao 1a diém cuc tri? Dinh ly sau day, bang dao
ham riéng cap hai, gitip ta biét dugc mot diém dirng c6 1a diém cuc tri hay khong.

Dinh 1y 4.5.2. Gid sir ham z = f(x;y) cd diém dirng la Mo (xo;yo) va cd cdc dao ham riéng cip
hai lién tuc trong mot hinh tron mé tdm My. Dt

A = z{5(My), B = zy,(Mg) va C = z'y’z(MO).
Khi do:

1. NéuB%— AC <0wva A <0 thi My la diém cuc dai ciia z.
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2. Néu B2 — AC < 0va A > 0 thi My la diém cuc tiéu ciia z.
3. Néu B> — AC > 0 thi My khéng la diém cuc tri ciia z.

Chii y 4.5.1. Trudong hgp B2 — AC = 0, ta chua c6 két luan diém M c6 1a diém cuc tri hay
khong. Khi d6 ta phai khao sat thém bang dinh nghia diém cuc tri.

Vidu 4.5.5. Tim cyc tri cia ham
z=x 4yt — 2% —2xy — %
e Theo vidu 6.1.4,ham z c6 ba diém t6i han va ciing 1a ba diém ding: My (1;1), Ma(—1; -1)
va 0(0;0).
e Céc dao ham riéng cap hai
2y =120 = 2,2}, = =2,2), = 12" - 2.

e Tai Mi(1;1),My(~1;-1)tacé6 A = 10,B = —2,C = 10 va B2 — AC = (-2)? -
10.10 < 0.Vay ham z dat cyc tiéu tai My, My va zpin = —2.

e TaiO(0;0)tac6 A = —2,B = —2,C = —2va B2 — AC = 0. Ta khao sat thém bang
dinh nghia diém cyc tri. Xét hinh tron mé tam O(0;0) ban kinh 7 > 0 tuy y. Trén d6

luén ton tai hai diém: P(1; 1), Q(1; - 1) véin dalon va

z(P) = % (%—2) <0=1z2(0) < 2 =z(Q).

n

Vay O khong la diém cyc tri ciia ham z.

4.6 CUC TRI CO DIEU KIEN
4.6.1 Khainiém cuc tri ¢6 diéu kién

Dinh nghia 4.6.1. Cho diém M, (xo;yo) thudc dudng cong c6 phuong trinh
p(x;y) =0 (4.10)
va ham f(x;y) xac dinh trén mét hinh tron mé tam M. Ta néi
e Ham f(x;y) dat cuc dai tai My thda (4.10) néu ton tai r > 0 sao cho
F(M) < f(My),YM € B(My,r), (M) = 0. (4.11)
e Ham f(x;y) dat cyc tiéu tai My thoa (4.10) néu ton tai r > 0 sao cho

f(M) = f(My), VM € B(My,r), p(M) = 0. (4.12)
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4.6.2 Phuong phap khu

Gia st tir diéu kién (4.10) ta tinh dugc duy nhat y = y(x), véi x tuy y hodc thudc mot
tdp md, rdi thay vao ham f(x;y) = f(x,y(x)). Khi d6 ta tim cuc tri cia ham mot bién

g(x) = f(x,y(x)).
Vidu 4.6.1. Tim cyc tri cia ham
flxy) :x2+y2—xy+x+y—4

thoa diéu kién x +y = —3.
Giai. Tu x +y = —3suy ray = —3 — x, thay vao ham f(x;y) ta duoc

f(x;y) = f(x; =3 —x) =3x% +9x + 2.
Dat g(x) = 3x% +9x + 2. Ta c6
/ 3
g(x):6x+9:0<:>x:—§

va g"(x) = 6 > 0nén x = —3 la diém cuc tiéu ctia g(x). Suy ra (—3; —3) la diém cuc tiéu
cta ham f(x;y) thoax +y = —3va

fonin = f <—§;—§) = —14—9-

4.6.3 Phuong phdp nhan tir Lagrange
Dinh 1y 4.6.1 (diéu kién can). Cho diém My (xo; yo) théa (4.10).Gid thiét:

1. Hai ham f(x;y), ¢(x;y) ¢6 cdc dao ham riéng lién tuc trén mot hinh tron mé tam M,

2. Cic dao ham riéng @', ¢}, khong dong thoi bang khong tai Mo.
Khi d6, néu ham f(x;y) dat cuc tri tai My vdi diéu kién (4.10) thi ton tai s6 Ag sao cho

fr(x0;y0) + Aoy (x0;0) = O
fy(x0;y0) + Aogy (x0;y0) = 0 (4.13)
@(x0;%0) = 0

Nhaén xét 4.6.1. Khi gia thiét cua dinh Iy (4.6.1) dugc thda thi ham f(x;y) chi c6 thé dat cuc
tri v6i diéu kién (4.10) tai nhiing diém (x;y) thda hé

frGy) +Aek(xy) = 0
fy(xy) + Agy(x;y)
¢(xy) = 0.

I
o

(4.14)
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Gia st hé (4.14) c6 nghiém (xo; yo; Ag). Pdt
L(x;y) = f(xy) + Aog(x;y),

L(x;y) dugc goi 1a ham Lagrange. Dua vao ham Lagrange, dinh ly sau day cho ta mot diéu

kién du dé két luan diém (xo; o) c6 1a diém cyc tri hay khong.

Dinh ly 4.6.2 (diéu kién dt). Cho gid thiét 6 dinh Iy (4.6.1) thda man, ta gid thiét thém ring cdc
ham f(x;y), (x;y) 6 cdc dao ham riéng cdp hai lién tuc trong mot hinh tron mé tam My (xo; yo)-

Xet

d*L(Mo) = Ly (Mo)dx® +2LY, (Mo)dxdy + Ly>(Mo)dy?,

vdi dx, dy khong dong thoi bang khong va théa man phuong trinh
¢ (Mo)dx + ¢, (Mo)dy = .

Ta co

1. Néu d’L(My) > 0 thi f(x;y) dat cuc tiéu cé diéu kién tai My.
2. Néu d’L(My) < 0 thi f(x;y) dat cuc dai cd diéu kién tai My.

Vi du 4.6.2. Tim cuyc trj ctia ham f(x;y) = 2x + y v6i x> + y> = 5.
Giai. Pat
L(x;y) =2x+y+A(x> +y* = 5).

Hé (4.14) dugc viét 1a
L.=242\x = 0 (1)
Li=1+2ly = 0 (2)
+y> -5 = 0 (3)
Gidihé: (1) = x = —1,(2) = y = — 5, thay vao (3) ta duoc
11 1
i -+
ntpe=oer=h
e A=)=x=-2y=-1va

1
L(x;y) =2x+y+ E(x2+y2—5).

(4.15)

Vi d’L(-2; —1) = dx* + dy? > 0 v6i moi dx,dy khong dong thoi bang khong nén

f(x;y) dat cuc tiéu c6 diéu kién tai (—2; —1),
fimin = f(—2,‘ _1) = 5.

. /\:—%:x:Z,yzlvé

1
L(xy) =2 +y—5(x* +y* =5).

Vi d?L(2;1) = —dx?* —dy?* < 0 v6i moi dx,dy khong dong thoi bang khong nén

f(x;y) dat cuc dai c6 diéu kién tai (2;1),

fmax = f(2;1) =5.
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4.7 GIA TRI LON NHAT, GIA TRI NHO NHAT
Cho f(M) lién tuc trén tap D déng va bi chan trong IR?. Nguoi ta chtiing minh duge rang :
ham f(M) dat gia tri 16n nhat, nhé nhét trén D. Tim gid tri 16n nhat, nho nhat dé.
Gia st f(M) dat gia tri 16n nhat (nho nhét) tai My thude D. Khi Ay:
e Néu M la diém trong ctia D thi My 1a diém cyc tri (ty do) ctia f(M) trén D nén la
diém t6i han ctia f(M) bén trong int D.
e Néu M la diém bién cta D thi My la diém cyc tri c6 diéu kién ctia f(M) véi diéu
kién 1a M € 0D nén M la diém t6i han cta f(M) véi diéu kién la oD.
Tix d6, ta c6 thuat toan sau day dé giai bai toan tim GTLN, GTNN.
Budc 1: Tim cac diém t6i han (tu do) cta f(M) trén int D.
Budc 2: Tim cac diém t6i han (c6 diéu kién) cta f(M) trén 6D.

Budc 3: Tinh va so sanh gia tri cia ham f(M) tai cac diém tim duogc & budc 1,2. Tir d6 ta
xac dinh dugc GTLN, GTNN cta f(M) trén D.

Chi y 4.7.1. Néu 0D tron ting khdc thi ta xem diém ndi cac khtic 1a cac diém t6i han &
budc 2.

Vidu 4.7.1. Tim gid tri 16n nhat, nh6 nhat ciia ham

floy) =x>+y*—xy—x—y

trénmién D = {(x;y)| x>0,y >0,x+y <3}
Giai. Ta thuc hién theo cac budc nhu trong thuéat toan.

Budc1: intD = {(x;y)] x>0,y >0,x+y <3}.Ham f(x;y) la da thicc nén diém téi han
trén int D, néu c6, 1a diém ding. Ta c6

fi=2x—y-1 =0, x=1 . )

Budc2: 0D = OA u AB u BO. Céac diém O(0;0), A(0;3) va B(3;0) 1a cdc diém t6i han. Ta
xét trén tirng khic

e TrétnOA:x=0,0<y <3.Tacod
1
s =f0y) =y -y =y-1=0sy=7.

Diém t6i han cda f trén OA 1a M; (0; 3).
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o Trétn AB:y=3—-x,0<x <3,
hix)=f(x,3—x) =3x>—9x+ 6,/ (x) =6x -9 =0 x = %

Diém t6i han cta f trén ABla My (3;3).

e Trén BO:y =0,0<x <3.Taco
k(x):xz—x,k'(x):2x—1:O©x:%.
Piém t6i han ctia f trén BO la Ms(1;0).
Bu6c3: Taco f(O) =0, f(A) = f(B) =6, f(Mo) = —1, f(Mi) = f(M3) = —3, f(Ma) =
—%. Suy ra fig, nhat = 6 dattai A, Bva f 5 na = —1 dat tai M.

BAI TAP

Bai 4.1. Tim mién xac dinh ctia cac ham so6 sau:

1. z=In(xy); 2. z= ﬁ; 3. z= /22—

o L + 1. — 22
N RS N

Bai4.2. Cho f(x;y) = x+yvag(x;y) = x —y. Tinh
f(g(xy),8(x:y)); f(g(xy), f(x;y); 8(f(xy), f(xy));:8(8(x;y), f(x;y))-

Bai 4.3. Tinh cac giéi han sau:

(wy)—(10) /X2 + 32 () —(1,0) x2 + y* C(xy)—(00) 2 — /4 + xy?
. o
4.  lim _sin(xy) 5. lim . 6. lim LT CosUY)] i C;)s(xy)]
() —~(00) 1= /T+xy (xy)—(00) X +Y (x)—(00) y

Bai 4.4. Cho ham sb
x3 48 .
f(x,'y) _ CcOSs (m) , khi (X,y) #* (0,0)
a, khi (x;y) = (0;0).
Chon a dé f(x;y) lién tuc trén R?.
Bai 4.5. Cho ham sb

2

(2T, i (xy) # (0,0)
f(x,]/) o { a, khi (x;y) —

Chon a dé f(x;y) lién tuc tai (0;0).
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Bai 4.6. Cho ham sb

22

flxy) = { A
Chon a dé f(x;y) lién tuc tai (0;0).

PAP SO - HUONG DAN

Bai 4.1.
D:{(x;y)eIR2|xy>0}; D={
D={(x;y)elR2|x2+y2>0}; 4, D:{(x;y)e]R2|x> lyl};
D =R?% D ={

Bai 4.2.

f(8(x;y), g(x;y)) =2(x —y); fg(xy), f(x;y))
g(f(xy), f(xy)) =0; g(g(xy), f(xy))

Bai 4.3. 1.1n2; 2. 0; 3. —2; 4. —3; 5. khong ton tai; 6. 0.
Bai4.4. a = 1.
Bai 4.5. (x2 +12)%Y" = ¢V In(7) vy

2 2
2*y? In(2]xy|) < ¥*y? In(x® +y) < (u

Suyraa=1.

Bai 4.6. Khong ton tai a.

khi (x;y) # (0;0)
a, khi (x;y) = (0;0).

2
5 )ln(x2+y2).
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Chuong5

CHUOI SO

51 CO BAN VE CHUOI SO
5.1.1 Cac khai niém vé chubi sb
Cho day s6 thuc (uy). Biéu thirc
00)
u1+u2+...+un+...:Zun (5.1)
n=1

duge goi 1a chudi .

Cac sO uy, Uy, ..., Uy, ... dugc goi la cac so hang cua chudi so; u, duoc
goi la s6 hang thtt 1 ctia chudi sb.

Tong n s6 hang dau tién ctia chuodi so,

n
Sn — Z uk,
k=1
dugc goi la tong riéng thit n.

Néu day s6 (Sy) c6 gidi han hiru han 1a S thi S dugc goi la téng ctia chubi
(5.1) va chubi (5.1) dugc goi la chubi s6 hdi tu, ta viét

o0
2 u, = S.
n=1

Ngugc lai, néu day (S,) khong c6 gidi han hiru han ta néi chuéi (5.1) phdn
ky .

181
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Phan du (chudi dw) thit n ctia chubi (5.1) dugce ky hiéu la R,

0
R, = Z Up
k=n+1
Vi du 5.1.1. Tix da < )ta thanh 14p dugc chudi 2 _1 Chubi
Y 1) (n+1)
nay c6 s6 hang thu n 1a (+1) va tong riéng thu n la
S —i+i+i+ _1_;
"T12 23 34 77 n(n+1)
B 2 2 3 3 4 7 n n+l
B 1
o on+ 1
Ta co 1
lim S, = lim <1— ) =1.
n—0 n—>00 n+1

Vay chudi héi tu va téng chubi bang 1, tic la
o0
1
2 i) =
n=1 1’1(7’1 + )

1
Vidu5.1.2. Xét chudi s Z In <1—|— )
n=1
Tong riéng thi 1 cta chudi la

Sy =In 1+1 +1In 1+1 +...+In 1+1
1 2 n

2 1
zln—+ln§+...+ln " —|—lnn+
1 2 n—1

=In(n+1).

Vi limy,—, Sy = limy, o In( 4+ 1) = +00 nén chudi phan ky.
Vi du 5.1.3. Xét chudi
29t (5.2)
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Tong riéng thi n la
Su=14q+¢*+...+q4"".
Ta xét cac truong hop:
Truong hgp 1: Néug = 1thi S, = n. Vilim,5 S, = o nén chudi (5.2)
phan ky.
Trudng hgp 2: Néu g # 1 thi ta c6
Su=1+q+q+...+q""
gSn=q+ @ +...+q" " +q".

Suy ra
(1-q)Sn=1-7"
hay
_1-q
Sn = iy

Xét limy, o0 Sy Ta da biét lim,,—,, ¢" ton tai khi va chi khi —1 < g < 1.
Ma & day g # 1 nén suy ra limy,_,» Sy, ton tai khiva chikhi -1 < g < 1.

Vay chuoi (5.2) hoi tu khi va chi khi —1 < g < 1. Khi d6 vi limy, .o, 4" = 0

nen
0

L1
21T =

n=1 q
5.1.2 Piéu kién can dé chubi hoi tu
Dinh ly 5.1.1. Néu chudi (5.1) héi tu thi lim,_, u, = 0.

Chirng minh. Chuoi (5.1) hoi tu nén
lim S, =S,
n—0o
v6i S hitu han. Suy ra
lim S, 1 =S.
n—oo0
Do dé
lim u, = lim (S, —S,-1) =S-S5 =0.

n—0o0 n—0
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o0
. n
Vi du 5.1.4. Chuoi so han ky vi
idu u01so§12n+1p an ky vi
. ) 1
lim u,, = lim — #0.

=0 n—w2n+1 2
Chi y 5.1.1. Dinh ly (5.1.1) chi la diéu kién can, chua phai 1a diéu kién da
dé chudi (5.1) hoi tu.

o0
, X x 1Y\
Vi du 5.1.5. Chuoi so Z In (1 + E) co

n=1

lim u, = limln(l—i—%) =0

n—aoo n—aoo

nhung phan ky, theo vi du (5.1.2).
0
Vi du 5.1.6. Chudi s6 2 (—1)" phan ky vi
n=1

lim u, = lim (-1)"
n—aoo n—aoo

khong ton tai.
5.1.3 Tinh chét cta chubi héi tu

Q0 0
Dinh 1y 5.1.2. Néu chudi 2 Uy hoi tu v cé tong la S thi chudi 2 C.uuy, ¢ 1a hing
. , n=1 n=1
s0, ciing hoi tu va co tong la c.S

o0 0
Chang minh. Goi S, Sﬁll) lan luot 1a tong riéng thi n cta chudi Z 1, va chubi Z C.ly.
n=1 n=1

Vi

n n
Sﬁ,” = Z c.Uy =cC. Z Uy = c.Sy
k=1 k=1

va limy o0 Sy = S nén limy_,o S\ = ¢.§ O
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00 o0 00
Dinh 1y 5.1.3. Néu chudi Z U, va chudi Z vy, Wi ty thi chudi Z (uy + vy) hoi
n=1 n=1 n=1

o0
Zun—i—vn Zun+20n
n=1

tu va

Chung minh. Goi S,(Z ), S( )va S( )1an luot 1a tong riéng thir n ctia chudi Yoo 1 thy, S On
va chudi anl(un +oy). Ta cd

n

57(13)22 Mn+0n Zun'f'Zvn*S +S )
k=1

Suy ra
. 3 . 1 2
Jim 517 = Jim (51" + 517)
= lim Sﬁll) + lim 5512).
n—aoo n—00
Ma
nlglgos Z Uy, hm S Z Un
n=1
nén suy ra
o0
Zun—i-vn 2””+ZU”
n=1

O

Pinh ly 5.1.4. Néu chui (5.1) hgi tu thi chudi du Y >, uy ciing hoi tu via nguoc
lai, néu 6 chudi du Y2, uy hi ty thi chudi (5.1) hoi tu.

Chirng minh. Cé dinh n € N. Goi S}, 1a tong riéng thit m ctia chudi du, ta c6

n+m

m
Srln:Zun+k Z uk_Zuk—Sner Su.
k=1

Vi chudi (5.1) hoi tu nén

llm Sn+m — S
m—00

Do do,
limOo Sl =S-S5,
m—

Vay chudi du hoi tu. Nguoc lai, gia sa D2, o+1 Uk hoi tu. Ta ching t6 (5.1) hoi tu. Xét
m > ny. Ta co
Sm = Sny + S;Z,no.
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Vi chubi du héi tu nén

: !/ /
mlgnOo Sm—n, =S €R.
Suy ra
n}imw Sm = S”O + SI.
Viay (5.1) hdi tu. O

Hé qua 5.1.1. Tinh hji tu ctia chudi (5.1) sé khong thay d6i néu ta thém hay bd di
mot s6 hitu han cdc s0 hang ddu tién cila no.

52 CHUOI SO DUONG

5.2.1 Dinh nghia va diéu kién hoi tu

0
Dinh nghia 5.2.1. Chudi 2 u, dugc goi 1a chudi so duong néu tat ca cac sd
n=1
hang ctia né khéng dm.

Vidu5.2.1. Y7 | "5 la chubi s6 khong am vi

n
BETEE > 0,Vn € IN.

Un

0
Goi Sy, 1a téng riéng thit n ctia chubi s6 khong am Z uy. Ta cod

n=1

Sp41=Sn+upp1 = Sy, Vne N,

nghia 1a (S,,) la day s6 tang. Do d6, ta c6 dinh ly

0
Dinh ly 5.2.1. Chudi s6 khong dm Z uy hoi tu khi va chi khi day tong riéng bi

n=1
chan trén.
1
Vi du 5.2.2. Xét chudi khong am 2 —. Téng riéng phan thu n la
. n=1 \/ﬁ
1 1 1
Sp=1+—4+...+ —=>n—==yn.
O AR

Day (S,) khong bi chdn nén chudi phan ky.
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Vi du 5.2.3. Xét chubi diéu hoa

00
1 1 1
Z—:1+_+...+_+---- (5.3)
n 2 n
n=1
Ta co 1 1 1 1 1
.« e = 5 ° .4
w1 a2t g T a2 EN o4

Goi S, 1a tong riéng thit n ctia chubi (5.3). Theo (5.4) ta c6

Sy=Tt it (o) ety g
2= T2 \3 1 56 7 '8)
- Loy
k=141 "ok T ok
3 .1 1 g 1
—4+2-4+4-4+...+2" " =
sy 2ty 2Ty
k-1 56 hang
k
=14+ —-.
+2

Suy ra (S,«) khong bi chan. Do d6, day (S,) ciing khong bi chan. Vay (5.3)
phan ky.

5.2.2 Cac tiéu chuan héi tu

Tiéu chuan so sanh 1

Dinh ly 5.2.2. Cho hai chudi khong dm

[0.0]
Z Un (5.5)
n=1
00)
Z Un (5.6)
n=1
théa diéu kién
VnelN:u, <oy, (5.7)

Khi dy chudi (5.6) héi tu thi (5.5) hoi tu.
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Ching minh. Goi sV va s 1an luot 1a tong riéng thi n cda (5.5) va (5.6). Ta c6
S(U Zuk<20k:5

Do d6, néu (5.6) hoi ty, tic day (S, s )) bi chdn trén thi day (S, st )) cting bi chan trén. Vay (5.5)
héi tu. -

Chu y 5.2.1. Do hé qua 5.1.1 nén diéu kién (5.7) c6 thé dugc thay boi

dng,Vn = ng : uy, < vy

Vi du 5.2.4. Khao sat su hoi tu ctia chudi
Z VAL nn—1)

Giai. Ta c6
1 1 1

- = < /v =
noovn2 o \/nln-1) "
Ma phan ky nén phan ky.
o o

n= 2

Tiéu chuan so sanh 2

Pinh ly 5.2.3. Xét hai chudi khong dam (5.5), (5.6). Gid sit ton tai gidi han (hitu
han hodc v6 han)

. Uy
K= lim —.
n—w Uy

1. Néu K = 0 thi (5.6) hi tu suy ra (5.5) héi tu.
2. Néu0 < K < oo thi (5.6) va (5.5) cung héi tu hodc ciing phan ky.
3. Néu K = o thi (5.6) phin ky suy ra (5.5) phin ky.

Chirng minh. 1. Néu K = 0 thi véi ¢ > 0, bé tuy ¥, ta co
dng, Vn = ng, u, < €vy,.

Theo dinh 1y 5.2.2, néu (5.6) hi tu thi (5.5) hoi tu.
2.Néu 0 < K < oo thi véi K > & > 0, ton tai 19 sao cho

Vi = ng, (K—¢&)v, < uy < (K+¢€)vy
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Do d6, theo dinh ly 5.2.2 thi (5.6) va (5.5) cing hoi tu hodc cung phan ky.
3.Néu K = oo thivéi M > 0 ta co
dng, VYn = ng, uy = Moy,
Nén theo dinh ly 5.2.2 thi (5.5) hoi tu suy ra (5.6) héi tu. O

[0.0]
s 2 s A ? X 1
Vi du 5.2.5. Khao sat su hoi tu cua chuoi Z T
=1

Giai. Day la chu6i khong am. Ta ¢ B

1 1 . n

im : im =
n—on+1 n n—oon+1
- 1
Ma chudi 2 - phan ky nén theo tiéu chuan so sanh 2 chudi da cho phan
n=1

ky.

Tiéu chuan d’Alembert

Q0
Dinh ly 5.2.4. Xét chudi khong dm 2 uy,. Gid st ton tai gidi han (hitu han hodc

n=1
00 han)
LU
lim 2+ — p.
n—0o0 un
Khi do:

1. Néu D < 1 thi chudi héi tu.

2. Néu D > 1 thi chudi phin ky.

Chirng minh. 1. D<1.V4i0 <& <1— D ton tai s6 ng € N sao cho

u
1 D te, ¥ = np.
Up

NéutadatD+e=4,0<g<1,thi
Upt1 < qUy, V1 = ng.

Suy ra
2 _ _
Up < qQUp1 < Up_p <...<q" Muu, =g "u,q".

e 0] o0
Vi chubi Z g " uyq" hoi tu nén Z u, hoi tu.

n=1 n=1
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2. D>1.V§i0 < e < D —11tn tai sd ny € N sao cho

u
D—e< 2 vn > n.
Un

Suy ra

Upy1 > (D —e)uy > uy, Vn = ny.

Do do,
Uy = Upy >0,V = ng

o0
nén u, - 0. Vay chudi Z u, phan ky.
n=1

1 n
Vi du 5.2.6. Khao sat su hoi tu cua chubi 2 (1 + E) .

n= 1
Giai. Day la chudi khong am. Ta ¢

n+1
[T
un+1 . 3n+1 n+1 .

1
iy LD ()

Vay chudi hoi tu.

0
. . N , X 5"
Vi du 5.2.7. Khao sat su hoi tu cua chuoi Z
Giai. Day la chu6i khong am. Ta ¢

upe1 _ 5" m+ D @n)t 5(n+1)? 54
iy Qn+2) 52 (2n+l)(2n+2) 4

Vay chubi da cho phan ky.

Chu y 5.2.2. Dinh ly 5.2.4 chua c6 két luan trong truong hop D = 1.

Vidu 5.2.8. Vi chubi >4 % ta co ”Z:l = 1 — 1vavéi chudi Y%, n(nlJr -

ta cing cé ”Z—:l = 75 — 1. Nhung 3 L phan ky (vi du 5.2.3) con

Y1 n+1 thi hoi tu (vi du 5.1.1).
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Tiéu chuan Cauchy

Q0
Dinh ly 5.2.5. Xét chudi khong dm 2 uy. Gid st ton tai gidi han (hitu han hodc

n=1
006 han)
nh_r)r(}o Yu, = C.
Khi do:

1. Néu C < 1 thi chudi hoi tu.

2. Néu C > 1 thi chudi phén ky.

Ching minh. 1.C < 1.V6i 0 < & < 1 — C ton tai ng € IN sao cho
Yuy <CH+e=q<1,Yn = ng.

Suy ra
uy < q",Yn = ng.

Vi chudi Y ; " hoi tu nén chudi ;7 4 uy hoi tu.
2.C>1.V6i0 < e < C—1ton tai ny € N sao cho

Yuy, >C—e>1,Vn = ny.

Suy ra
up >1,Yn = ng.
Do d6 uy, - 0. Vay chubi > ; u, phan ky. O

o0
Vi du 5.2.9. Khao sat su hoi tu cia chudi Z zn—n Ta c6

n=1
. gn o Yn 1
VUn = 2_;1: 5 —>§<1

Vay chuoi hdi tu.
2

o0 n
. . N , X 1 1 )
Vi du 5.2.10. Khao sat su hoi tu caa chuoi 2 on (1 + E) . Ta co

n=1

1 1\ 1 1\" 1
\n/un:\/z—n(l—f—a) :E(l—f—E) —>§€>1.

Vay chuoi phan ky.
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Chu y 5.2.3. Dinh Iy 5.2.5 khong c6 két luan trong truong hgp C = 1. Trong
truong hop nay thi chudi ¢6 thé hdi tu hodc ¢6 thé phan ky, phai khao sét
bang phuong phap khéc.

Vi du 5. 2 11. Chudi >, L phan ky va co q"/un = Q}ﬁ — 1; con chudi

Y 1nn+1) hoéi tu va c6 {/u, \/”—H

Tiéu chuan tich phan caa Cauchy - Maclaurin

Dinh ly 5.2.6. Xét ham f : [1,+0w) — R. Gid sit f(x) lién tuc, khong dm va
gidm. Khi dy
* 0
Z f(n) hoi tu < J f(x)dx hoi tu .
1

n=1

Chung minh. Do f(x) gidm trén [1, ) nén v6i moi k > 1 ta cd
k-+1 k+1 k-+1

fle) = | fledv< | f(xdx< | flkdx = f(k).

Suy ra

n—1 n—1 rkt1 n—1 "

Zf(k“)ng f(x)dx < Zf(k)SZf(k)/

= =1 k k=1 k=1
hay

1) <J flx )
k=1 ! k=1

Tir d6, ta c6 dpem. -

Vi du 5.2.12. Khao sat su hoi tu cua chudi 2 —, xR

n= 1
Giai.

e Néua <0thiu, = ni — 0 nén chudi phan ky.

- . 1 ... o a . < qia .
e V4i & > 0, ham f(x) = — la ham khong dm, giam va lién tuc trén
xlx
[1,00) nén, theo tiéu chudn tich phan Maclaurin- Cauchy, chubi
| © 1
Z—héitu(:) —dxhditu < a > 1.
14 1 xlx

n=1 n
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53 CHUOI CO DAU BAT KY

5.3.1 Chudi dan dau

Dinh nghia 5.3.1. Cho (u,) la day s6 khong am. Céac chubi
o0
2(—1)”+1un =u —u2+u3—us+...,
n=1
va

o0
Z(—l)”un =—uUy+up—uz+ug—...
n=1

duoc goi la chubi dan dau.

Tiéu chuan Leibnitz

Dinh 1y 5.3.1. Néu (uy,) gidm va tién vé 0 thi 321 (—1)""uy, héi tu va tong S
ctia chudi thoa
Uy —uy <S<u (5.8)
Ching minh. Dat S, = Y07 1 (=1)""lu,. Tacé
Son = Sy(n—1) = Uzn—1 —Uzn 20

nén (Sy,) tang. Mat khéc,

n—1
Sop = U1 — Z (Uok — Upp1) —tion < U1,
| ——
k=1

>0

nghia 1a (Sy,) bi chdn trén bdi uy. Vay (Sy,) c6 gidi han va néu ta dat S = lim,_,« Sy, thi
Uy —uUp =Sy <S5 < u. DPéi voi déy (52n+1) ta co

Sont1 = Sou +uzpy1 — S+0.

Tomlai, S, > Svau; —uy < S < uy. O

o0

~ _1 n 2

Vi du 5.3.1. Chuoi E ( n) hoi tu theo tiéu chuan Leibnitz
n=1
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0
Vi du 5.3.2. Chubi ) (-1)"

n=1
n
G Ar—— 0
<n2+n—|—1) i

Dinh nghia 5.3.2. Chudi thoa tiéu chuén Leibnitz dugc goi 1a chudi Leibnitz.

n . N 2 - <
————— hoi tu theo tiéu chuan Leibnitz vi
n-+n+1

0
Cha thich 5.3.1. Véi chudi Leibnitz thi chudi du Z (=1)"1uy cang l1a
~ k=n+1
chubi Leibnitz va tong ctia né thoa

o0

Z (_1)k+1uk

k=n-+1

< Upg1-

Bat dang thirc nay thudng dugc ding dénh gia sai s6 khi tinh gan dting tong
ctia chudi dan dau.

5.3.2 Hoi tu tuyét d6i

o0
Xét chubi c6 dau bat ky 2 Uy. Ta co

n=1
0 0
Dinh 1y 5.3.2. Néu ) |u,| hi tu thi > u, hoi tu va
n=1 n=1
0 0
Dt < ) il (59)
n=1 n=1
Chung minh. Tacé
0 <uy+ |uy| <2Juy|,Vn =1
o0
nén theo tiéu chuéan so sanh 1 thi Z (t4n + |un|) hoi tu. Theo dinh ly 5.1.2, ta cting ¢6 chudi
=1
© n
37 = luu| héi tu. Do d6, theo dinh Iy 5.1.3, chuéi
n=1

e}

(Lln + |1/ln|) +
=1

0 0
5 il = 3
=1 n=1

n n=
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héi tu.
Ta co
n n
D] < D]
k=1 k=1
nén cho n — oo thi dugc (5.9). O

DPinh nghia 5.3.3. Néu Y."_; |u,| hoi tu thi Y00, u, duoc goi 1a hdi tu tuyét
doi.

Néu Y, u, hoi tu ma khong hoi tu tuyét déi thi duogc goi 1a bdn hoi tu.
> sinn
Vi du 5.3.3. Xét chudi 2 —>— Ta co
L
n=

sinn
n2

ég,V?’lZl

o0
ma Z — hoi tu nén chudi da cho hoi tu tuyét doi.
n

n=1

, X - (_1)n . A
Vi du 5.3.4. Chuoi Z . ban hoi tu.
n=1
Chu thich 5.3.2. Néu dung tiéu chudn d’Alembert hodc Cauchy ma biét
dugc chudi Y., ; |un| phan ky thi chudi Y ; u, cing phan ky. That vay,
néu biét > . |u,| phan ky bang tiéu chuan d’Alembert hodc Cauchy thi
lun| - 0, do d6, u, - 0. Vay chudi Y, ; u, phan ky.

» Ham f(x) = e*.

Tac6 f(M(0) =1,¥n e Nvavéi A > 0thi [f()(x)] = e <e?,Vxe (—A; A).
Do do, theo hé qua ??, ham f(x) = ¢ khai trién dugc thanh chudi Maclaurin
trén (—A; A). Vi A la s6 duong bat ky nén ham f(x) = e* khai trién dugc
thanh chuo6i Maclaurin trén R,

x o x? A8 x"

X __
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» Ham f(x) = sinx.

Vi
f(”)(x) = sin <x+ n%) ,VxeR,Vn e N,

nén
‘f(”)(x)‘ <1,VxeR,¥neN.

Vay ham sb f(x) = sinx khai trién duoc thanh chudi Maclaurin véi moi x
va vi . )
) (0) — (=1)%, néun=2k+1;

o ={ ¢

néu n = 2k,
nén
3 5 2n—1
X X -1 X
Slnx—x_§+5|+ +( 1) W—F,XER (511)

» Ham f(x) = cos x.

Vi
f(”)(x):cos <x—|—n2> VxelR,Vn e N,

nén
‘f(”)(x)‘ <1,VxeR,¥neN.

Vay ham s6 f(x) = cos x khai trién dugc thanh chudi Maclaurin véi moi x
va vi C

£ (0) = (—1)%, neu n = 2k;
0, neun =2k+1,

2 .4
Xt x
cosx-1—5+4l+ A (=1)"

nén

+...,xeR (5.12)

*Ham f(x) = (1+x)*aeR,x > —1.

Ta sé chung to

(14 x)* Z Ci'x", x e (-1;1), (5.13)
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vOi Cg =1,Cl = “(a—l)..h(!a—n+1)

+00
Chuéi ) Cjx" c6 ban kinh héi tu 1a
n=0
R = lim = lim =1.
n—o0 ﬂn+1 n—w(x —Mn
+00
bat g(x) = Z Clx",x e (=1;1). Taco ¢'(x) = D76 Chux" 1, x e (—1;1).
n=0

Suy ra
+o0 +o0
(1+x)¢'(x) = Z Chnx"~1 4 Z Chinx"
n=1 n=1

400
—at )y [cg“(n +1)+ C;’n} X"

n=1
400
=a+a Z Cpx'"
n=1
+00
=u Z Cox" = ag(x).
n=0
Tir do, ta dugce
gk _ «
g(x)  14+x
suy ra
In|g(x)] =In(1+4+x)* +C.
Vay

g(x)] = e“(1+x)"
Chuy g(0) = 1 tanhan duoc g(x) = (1 + x)*.

»Ham f(x) = In(1 + x).

Taco f/(x) = (1+x)71 = 7% (~1)"x". Lay tich phan tir 0 dén x, ta dugc

4 "
In(1+ x) = ;1(—1)"—1%,% (—1;1). (5.14)
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» Ham f(x) = arctan x.

Vi
1 +00 ,
/ — — n,.2n
F0) = 1o = 2, (D"
n=0
nén suy ra
1o . x2n—1
— n— .
arctan x = 2 (-1) X E (-1;1). (5.15)

n=1

Chti y khai trién (5.15) ding trén [—1;1].
BAI TAP

Bai 5.1. Tim tong riéng va tong (néu co) cua cac chuoi sau:

) i" L, i" 1, io 3n2+3n+1
' 4n?2 —1’ ) n?+3n+2’ ' n(n+1)3 "7
n=1 n=1 n=1
+00 +00 +00
(™ 1+2" 2m 3"
4 )3 5 TR 6. ) =
n=1 n=1 n=1

Bai 5.2. Dung diéu kién can caa su hoi tu chitng minh cac chuéi sau phan
ky:

+0 +00 +00 n
n—1 2 n+1
1. ; 2. in —; . ;
EPERY Znsmn 3 2( . )
n=1 n=1 n=1
+o +oo 0
1 n n!
LS s S e Seen
n=1 \F —vn—1 n=2 In"n n=1 n
Bai 5.3. Duing tiéu chuan so sanh xét sy hoi tu ctia cac chudi sau:
) & on ) +ZOO L *ZOO ( n+1 )2.
. 7 . 7, . 72 7
n=1 3n2+1 n=1"V 7’1(7’1—{—1) n=1 1+n
n2 n ’ 4.2n -1’ ' Inn’
n=1 n=2 =



5.3. CHUOI CO DAU BATKY 199
D In n. o 1 n + 1
2 8. ;lln(l—kﬁ); 2

+o T+
1 1 . 1 my3n

10. 1— —1,; 11. — —; 12. )
2 ( Cosn) 2 nsm\/ﬁ n:24”+2n

n=1 n=1

Bai 5.4. Dung tiéu chuian d’Alembert hay Cauchy xét su hdi tu ctia cac
chubi sau:

+o0 2 +00 +00
1)! 2n —1)!!
1. 2 D S LI S G L
2’ ~ 8m — 27" (n—1)!
+o0 n? +0o0 2 +00 n(n—1)
1 1 7" (n! -1
T S T i o i N - :
5n n n2n — \n+1
n=1 n=1 n=2
+00 2n +00 n +00 2 n
n n 2n“+1

7. . . . -
2vi(ss) s 2lmn) e )
n=1 n=1 n=2

Bai 5.5. Xét su hoi tu ctia cac chubi dan dau sau:
+00 -1 +00 n +00
on=1 41 (-1) n

1. - 2. - ) S VL
Sevi o 32 s Syt
n=1 n=1 n=1
+o0 +o0 +o0

n—+1 1 n!

4. -1)'——; 5. -1)"—; 6. o
2( ) n2+n+1’ > Z( ) Inn’ 6 2( ) (2n—1)1V
n=1 n=2 n=1
+00 +00 +00 2

n+1 1 2"

7. -1)"1 ; 8. -D*tg—; 9. -1)'—

St s ety o Y

Bai 5.6. Xét su hoi tu, hoi tu tuyét d6i cta cac chudi cé6 dau bat ky sau:

+00 2 400 n +o0
cosn n n
1. ;2. - ——) ; 3. 1)
Z own 7 Z( ) <3n—1) ;3 Z( ) 212 5’

n=1 n=1 n=1
+o0 + + i
n 2 sinna ZO:O n+1 /_ 6 f(—l)”_l 83 ;
— —~ (=1)"/n—n = V2n+1

Bai 5.7. Tim tong cta cac chuéi liy thira sau trén (—1;1):
+o0

2n—1 ISE
Lo (-1)"2na® 2. > —;
n=1

n=1
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+0
3. 2 nx";
n=1
4+ 2142
5. ). ad ;
= (2n+1)(2n+2)

Pap s6, huéng dan

Bai 5.1.
1 1
1 5”_5(1_2n+1)’
1
. =1——
'2n+1 3
5. §,=2_22 T3

2

o

Chuong 5. CHUOI SO

—+00
2
> (1 + ﬁ) x";

n=1

io(_n”—l (1 + %) o1,

n=1

5 5.2M+2 4 53n+2

6 6.5m+1




Chuongb

PHUONG TRINH VI PHAN

e Phuong trinh lién hé gitra bién doc lap, ham phai tim va cac dao ham
(hay vi phéan) ctia ham phai tim dugc goi la phuong trinh vi phan. Mot
phuong trinh vi phan c6 dang

F <x,y,y’,y”,...y(”)> =0

e Cép cao nhat cia dao ham hay vi phan ctia ham phai tim c6 mat trong
phuong trinh dugc goi 1a cdp ctia phuong trinh.

e Phuong trinh vi phan dugc goi 1a tuyén tinh néu F 1a bac nhat dbi voi
y, y/, y/// o y(n).

e Nghiém ctia phuong trinh vi phan 1a ham s6 théa man phuong trinh
ay, ttrc 1a khi ta thay ham s6 vao phuong trinh ta dugc dong nhét thuc.

e Giai phuong trinh vi phan la tim tit c4 cac nghiém ctda né.

6.1 PHUONG TRINH VI PHAN CAP 1
6.1.1 Dai cwong vé phuong trinh vi phan cip mot

Dinh nghia 6.1.1. Phuong trinh vi phan cAp mot la phuong trinh ¢6 dang

F(x,y,y) = 0. (6.1)
Néu gidi duge phuong trinh (6.1) d6i véi i, phuong trinh sé ¢6 dang
V' =f(xy) 6.2)

201
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Dinh ly 6.1.1. Xét phuong trinh (6.2). Gid sit ham f lién tuc trén mién D cilia mdt
phiang Oxy va (xo,yo) € D. Khi d6 trong mot lan can nao do ciia diém x ton tai it
nhét mot nghiém y = y(x)ctla (6.2) va y(xo) = yo. Hon nita, néu f, lién tuc trén
mién D thi nghiém ay la duy nhat.

Diéu kién y = y(x) lay gia tri 1a yo khi x = xo dugc goi la diéu kién dau
va viét 1a
Y|,—y, = Yo hay y(xo) = vo.
Bai toan tim nghiém cda (6.2) thoa diéu kién dau dugc goi 1a bai toan

Cauchy ctia phuong trinh (6.2).

Dinh nghia 6.1.2. e Ta goi nghiém tong qudt cta (6.1) 1a ham

y = ¢(x,C), (6.3)

trong do C la thudc mot tap nao do caa R, thoa man (6.1) véi moi gia
tri ctia C va véi moi diém (xo,y9) € D, ton tai duy nhat Cy sao cho
y = ¢(x,Cp) la nghiém cuaa bai toan Cauchy cua (6.35).

e Nghiém riéng cua (6.1) 1a nghiém nhan dugc tir nghiém tong quat khi
cho C mot gia tri cu thé.

e Nhiéu khi nghiém téng quat cta (6.1) khéng c6 dang tudng minh nhu
(6.3) ma co6 dang
¢(x,y,C) =0, (6.4)

thoa (6.1) vdi moi gia tri ctia C thudc tap nao do. (6.4) duoc goi la tich
phin tong qudt. Néu cho C = Cy ta thu dugc mot tich phin riéng.

e Nghiém ctia (6.1) khong nhan duoc tir nghiém téng quat du C lay bat
ky gia tri nao duoc goi la nghiém ky di.

6.1.2 Phuong trinh khuyét
Khuyét y

Hai truong hgp thuong gap la:
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e Phuong trinh giai ra dwgc d6i voi i,y = f(x): Lay tich phan hai vé
ta duogc

v= | fxjax
e Phuong trinh giai ra dugc d6i véi x, x = f(y/): Datt = y/, ta 6
x = f(t),dx = f'(t)dt,dy = tdx = tf'(t)dt.

Tir d6, ta suy ra dugc phuong trinh tham sb ctia dudng cong tich phan

¥ = f(thy = [ 170y

Vi du 6.1.1. Giai phuong trinh x = y? + ¢/ + 1.
Giai. batt = y/, ta co
x =2+ t+1,dx = (2t +1)dt,dy = (2t + 1)dt.

Suy ra dugc phuong trinh tham s ctia duong cong tich phan

2, 1
x:ﬂ+t+Ly:§ﬁ+§ﬂ+c

Khuyét x

Hai truong hgp thuong gap la

e Phuong trinh dang v’ = f(y): Phuong trinh dugc viét lai duéi dang
Z—Z = f(y),suyradx = %. LAy tich phan hai vé ta dugc x = F(y) +C,
véi F(y) la mot nguyén ham cua ﬁ

e Phuongtrinhdangy = f(y'):Daty’ =t,suyray = f(t),dy = f'(t)dt.
Ma, do céch dat, dy = tdx nén dx = @dt. Tur do ta thu dugc phuong
trinh tham s6 ctia duong tich phan,

x=F(t)+Cy=f(),
£1(0)

voi F(t) 1a mot nguyén ham ctia —~.
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Vi du 6.1.2. Giai phuong trinh y’ = — 1=y 2.
Giai. Phuong trinh da cho dugc viét lai !
dy _ Vi-y
dx y
hay
dx = — 1y_ Zdy

Léy tich phan hai vé ta dugc

x=4/1-y?>+C.

Vi du 6.1.3. Giai phuong trinh y =y’ + Iny/.
Giai. baty’ = t,suyray = t+Int, dy = (1 + %) dt. Ma, do cach dat,
(1+4)

dy = tdx nén dx = ~—2dt. T d6 ta thu dugc phuong trinh tham sb cta
duong tich phan,

1
lent—?+C,y:t+lnt.

6.1.3 Phuong trinh tach bién
a. Dinh nghia
Phuong trinh tach bién 1a phuong trinh ¢6 dang
f(x)dx +g(y)dy =0 (6.5)
Vi du 6.1.4. Phuong trinh

xdx n ydy
1422 14y?

la phuong trinh tach bién.
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b. Cach giai
Tu (6.5) ta co

f(x)dx = —g(y)y'dx.
Léy tich phan bat dinh hai vé ta duogc

ffwwx:—fgwwﬁx+c
Suy ra
| Fxjax+ [ gtay =
la tich phan tong quat cua (6.5).

Vi du 6.1.5. Giai phuong trinh xdx + ydy = 0.
Giai. Phuong trinh duoc viét thanh

xdx = —ydy.
Tich phan hai vé, ta dugc

2 2

? - —? + C
hay

x* +y? =2C.

D6 1a tich phan téng quat cia phuong trinh da cho.

Vi du 6.1.6. Gidi phuong trinh & vi du 6.1.4.
Giai. Phuong trinh da cho tuong duong voi
xdx _ ydy
T+x2 14y

Tich phan hai vé, ta dugc

%ln(l +x2) = —% In(1+y%) +C

hay
(14+x*)(1+y*) =Cy,C > 0.

Day la tich phan tong quét ctia phuong trinh da cho.
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Cha thich 6.1.1. Phuong trinh dang f1(x)g1 (y)dx + f2(x)g2(y)dy = 0 c6 thé
dua vé dang tach bién.

Vi du 6.1.7. Gidi phuong trinh
Xy +Ddx+ (x*—1)(y—1)dy = 0
Giai.
e Xétx # 1vay # —1. Phuong trinh dugc dua ve dang tach bién

x? y—1
x3_1dx+y+1dy—0.

Tich phén lén ta duoc

1
“Inlx®—1l+y—-2Inly+1]=C
3 Y Y

e Voix = 1tacédx = 0vax®—1 = 0. Do d6, phuong trinh ding véi
moi y. Vay x = 1 la mot nghiém cuia phuong trinh.

e Tuong tu, y = —1 cting la mot nghiém cta phuong trinh da cho.

Chi thich 6.1.2. Phuong trinh dang y' = f(ax + by + ¢) 6 thé dua vé dang
tach bién bang cach ddi bién z = ax + by + c.

Vi du 6.1.8. Giai phuong trinh

y=x-y-1

Giai. batz = x —y —1. Ta c6 2/ = 1 —y'. Thay vao phuong trinh da cho ta
duoc
dz

1-Z=ze/=1-2e"Z"=1-12z

dx

e Dé thdy z = 1 la nghiém ctia phuong trinh cudinén x —y —2 = 01a
nghiém ctaa phuong trinh da cho.
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e Xétz #1,taco

dz dz
5_1_2@)1—2_(13(
< —Injl—z|+In|C|=x,C#0
< In =X
—z
=
< In =
2—x+y
C |_x
2—x+y|

s C =¢(2-x+y),C ==+C.

Dé thay nghiém x — y —2 = 0 nam trong ho nghiém C; = e¥(2 — x + y)
ung voi C; = 0. Vay tich phan tong quat cua phuong trinh da cho la

Ci=e"(2—x+y),C eR.
Vi du 6.1.9. Gii bai toan diéu kién dau
y 4+ 5xy? = 0,y(0) = 1.

Giai. Do y(0) = 1 nén ta chi tim nghiém y # 0. Tach bién ta dugc

d—lz/ + 5x*dx = 0.
y
Tich phéan lén ta duoc
1 +x°=C.
y
Tir diéu kién dau ta suy ra
L +0=CeC=-1
y(0) '
Vay
1
y =
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6.1.4 Phuong trinh dang cip cip mot
a. Pinh nghia

Phuong trinh dang cip cadp mot la phuong trinh ¢6 dang

v=1(2) (6.6)

X
b. Cach giai

y

batu = suyray = ux. Ta c6 y' = u'x + u. Thay vao (6.6) ta dugc

u'x+u=f(u).

e Néu f(u) —u # 0 thi phuong trinh c6 thé dugc tach bién va trd thanh

dx _ du
x  f(u)—u’

Tich phan hai vé ta thu dugc

du
In|x| = JW—HHM = ¢(u) +1n|C|,

trong do6 ¢(u) = Jf(j)iu—u Do dé

X = iCe(P(u) — Clecp(”) — Cle(;b(%)’
1a tich phan téng quat.

fu F(u) —u=0thi f(¥) =Y ; W _Y 14
. N(?uf(u) u=0thif (x) = x.Thay vao (6.6) ta dugc I 1 Tach
bien ta thu dugc nghiém tong quat y = Cx.
e Néu f(u) —u = 0tai u = up thi bang cach thi tryc tiép ta thay y = ugx
cing la nghiém cua (6.6).
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Vi du 6.1.10. Giai phuong trinh

1+a%
/
¥y = .
7V
X
Giai. Détu:%, suy ra
, 1—au
ux-+u=
a—u
hay
;o 1+u?
ux = )
a—u
Tach bién ta dugc
a—udu_dx
14+u2”" x’

va tich phan hai ve

1
aarctan u — 3 In(1+4 u?) +In|C| =1In|x]|,

suy ra
xA/ 14 u?2 = Carctan u.

Vay tich phan tong quét ctia phuong trinh 1a

xA[1+ <y)2 = Carctan (%) .

x
Vi du 6.1.11. Giadi phuong trinh

2xyy’ —y* +x* = 0.

Giai. Vi x = 0 khong la nghiém nén chia hai vé cho x? ta dugc

2Yy - (%)2 +1=0.

Yy

Thay u = < va y' = u'x + u vao phuong trinh ta sé c6

2u(u'x +u) —u?+1=0

209
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hay
uu'x = —(u® +1).

Tach bién ta dugc
2udu B d_x

w+1 x
Tich phan hai vé dan dén

In(1+u?) = —In|x| +1n|C|.

Suy ra
> 41= c
X
va thay u = % ta thu duoc
x> +y* =Cx.

Chii thich 6.1.3. Ham F(x,y) dugc goi la dang cap bac k néu véi moi A, ta
co
F(Ax, Ay) = AKF(x, y).

Néu F(x,y) 1a ham dang cdp bac khong thi bang cach dit A = 1 ta c6

i = (8) £ (12) = ()

Do d¢6, phuong trinh dang
y' =F(xy),
v6i F(x,y) 1a ham dang cap bac khong sé duge gidi bang cach dua vé dang
(6.6).
Vi du 6.1.12. Tim nghiém t6ng quat ctia phuong trinh

]//: yz—{;ny.
Y

Giai. Phuong trinh da cho tuong duong véi

Yy

/
==42
y=57T
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Thay u = % va y' = u’'x + u vao phuong trinh ta dugc

2
u'x+u:u+2®u’x:2©du:;dx.

Tich phan hai vé phuong trinh sau cting dan dén

u=Inx>+InC?> < " = x*C?,

thay u = %, ta thu dugc
ex = x2C2.
Chu thich 6.1.4. Phuong trinh dang
, a1x + by + cl)
= 6.7
Y f(a2x+b2y+cz 6.7)

c6 thé dua vé phuong trinh dang cip. That vay, ta xét hai kha nang:

1. Hé phuong trinh

{ ax+byy+c =0 6.8)

ayx +byy+cr =0,

c6 nghiém duy nhét (xo; o). Khi dy, néu ta dat x = u + x9, v = y + v
dy do | ,

thi I du’ va do do,

dv :f(al(u+XO)+b1(v+yo)+Cl) :f(a1u+blv)
du ay(u + xo) + ba(v + yo) + c2 aru +bv )

Day 1a phuong trinh dang cap.
2. Hé phuong trinh (6.8) vo nghiém. Khi do,

b . )

Z—; = b—; =k, k —hang so.

Dat z = apx + byy, ta c6 2’ = a + bpy' hay
, 2 —ap

y = bZ .
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Thay vao phuong trinh (6.7), ta dugc
2 = byf (k””) + .
€2

Day la phuong trinh c6 bién phén ly.

Vi du 6.1.13. Tim tich phan tong quat cua phuong trinh
(x+y—2)dx—(x—y+4)dy =0.
Giai. Phuong trinh da cho dugc viét lai

; x+y—2

—yid (6.9)
Hé phuong trinh
x+y—-2=0;
1
{x—y+4:0, (6.10)
. ca A o dy do R
c6 nghiém duy nhat (-1;3). Patx = u -1,y = v+3, T = du thay vao
phuong trinh (6.9), ta dugc
dv  u+vo
— = . 11
du u-—v (6.11)

Day 1a phuong trinh déng cip. Ddtz = 2, tacé v = z.u va

du du
Thay vao (6.11), ta thu duoc

dz 1+z
uE +z = 1_2

1 —z du

dz
1 + z2
J du
=
1+ 22 u

sarctanz —Inv/1+4 22 = In|u|+ In|C| = In|uC|

< arctanz = In|uC+/1 + 22|
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NI — 3 Cr/1 4 22
et _ oyl 4 (3)2
eetrctan y — C\/mu

Thay u = x + 1,0 = y — 3, ta dugc tich phan tong quét ciia phuong trinh da
cho la

TN = Cy/(x + 12+ (y - 32,
Vi du 6.1.14. Tim tich phan tong quét ctia phuong trinh
(2x -2y —1)dx+ (x —y+1)dy = 0.
Giai. Phuong trinh da cho dugc viét lai
y = —%. (6.12)
Hé phuong trinh

2x -2y —1=0;
1
{x—y+1:0, (6.13)

vo nghiém. Patz = x —y, ta c6 2/ = 1 —/; thay vao phuong trinh (6.12), ta

duoc
2z —1
1-7 =— ) 6.14
z o (6.14)

Phan ly bién s, rdi tich phan 1én ta thu dugc

z+In|z| =3x+C.
Thay z = x — y ta dugc tich phan téng quat cua phuong trinh da cho la
Injx—y|=2x+y+C.
6.1.5 Phuong trinh vi phan toan phan
a. Pinh nghia

Phuong trinh vi phan toan phan la phuong trinh ¢6 dang
P(x,y)dx + Q(x,y)dy =0 (6.15)



214 Churong 6. PHUONG TRINH VI PHAN

trong d6 P(x,y), Q(x,y) la nhitng ham s6 lién tuc cung véi cac dao ham
riéng ctia chiing trong mot mién don lién D € R? thda man diéu kién

2—1; = %,V(x;y) eD. (6.16)
b. Cach giai
Vi (6.16) nén P(x,y)dx + Q(x,y)dy 1a vi phan toan phan ctia mot ham s6
u(x,y) nao dé trén D. Do do, (6.15) duge viét lai 1a

du(x,y) = 0.
Suy ra tich phan tong quat la

u(x,y) =C,

trong d6, u(x,y) dugc tinh bang cong thirc

rx Y
u(x,y) = J P(t,yo)dt+ | Q(x,t)dt, (6.17)
X0 Yo
hoac
X Y
u(x,y) = ] P(t,y)dt+ | Q(xo,t)dt, (6.18)
X0 Yo

vdi, (x0;Y0) 1a mot diém trong D.
Vi du 6.1.15. Giai phuong trinh
(x® + 3xy?)dx + (3x*y + y°)dy = 0.

Giai. Hai ham P(x,y) = x® + 3xy?, Q(x,y) = 3x%y + i cung cdc dao ham
riéng ctia chiing lién tuc trén R? va

Do dé, ¢c6 ham u(x,y) sao cho du = Pdx + Qdy. Ta tim u(x,y) bang cong
thuec (6.17) vdi (x; y0) = (0;0),

x y
u(x,y) = Jo tdt + L (3x°t + £3)dt
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1 1
= ZX4 + %x2y2 + ZX4'

Vay tich phan tong quat ctia phuong trinh 1a

La 320 14
X +2xy +4y—C.

Vi du 6.1.16. Giai phuong trinh
[(1+x+y)e* +e¥]dx + [e* + xe¥]dy = 0.

Giai. Taco P(x,y) = (1 +x+y)e* +¢¥, Q(x,y) = e* + xe¥ cung cac dao
ham riéng ctia chiing lién tuc trén R? va

Q
ox’

o

B =e' eV = ==,¥(xy) e R%

Vay c¢6 ham u(x,y) sao cho du = Pdx + Qdy. Ta tim u(x, y) bang cong thirc
(6.17) v6i (xo; o) = (0;0),

u(x,y) = Lx[(ut)ef+1]dt+Ly(eX+xef)dt

=xet +x+e'y+xel —x
= (x+y)e* + xe’.

Vay tich phan tong quat ctia phuong trinh 1a
(x +y)e* +xe¥ = C.

Chu thich 6.1.5. Ta c6 thé tim ham u(x,y) ma du = Pdx + Qdy theo cach
nhu sau:

e Tit 1/, = P, ta tich phan bat dinh theo x, xem y 1a hang,

u(x,y) = | Plxw)dx = R(x,) + k).

e Ly dao ham u(x,y) nay theo y va sit dung uy = Q ta tinh duogc k(y).



216 Chuong 6. PHUONG TRINH VI PHAN

Vi du 6.1.17. Giai phuong trinh & vi du 6.1.15. Ta ¢6
u= J(x?’ + 3xy?)dx
14 355
=X 5y + k(y).

Dao ham theo v, 16i cho két qua dong nhat véi Q(x, y) ta dugc

Uy = 3x%y + dk _ 3x%y +1°.

dy
Do do
dk 3
dy =Y
suy ra
4
ky) = &+ Co.

Vay tich phan tong quét ctia phuong trinh 1a

La 320 14
i +2xy +4y—C.

c. Thira s6 tich phan

Khi diéu kién (6.16) khong théa man thi phuong trinh (6.15) khong phai la
phuong trinh vi phan toan phan. Trong mot vai trudng hop, ta ¢6 thé tim
duogc ham p(x, y) sao cho phuong trinh

1(x, y)P(x,y)dx + p(x,y)Q(x,y)dy =0 (6.19)

la phuong trinh vi phan toan phan. Ham y(x, y) nhu thé dugc goi la thira
s6 tich phan.

Khong c6 phuong phap tong quat dé tim thira s tich phan. Ta thuong
tim thtra s6 tich phan chi phu thudc mot bién. Phuong trinh (6.19) 1a phuong
trinh vi phan toan phan khi va chi khi

0

0
5 HP) = 5. (1Q) (6.20)
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e Néu u(x,y) = u(x) thi (6.20) trd thanh

P, . Q
hay
0=, 0

e Tuong ty, néu u(x,y) = u(y) thi thira s tich phan c6 thé tim dugc boi
cong thuc

Vay ta co

Dinh ly 6.1.2. Xét phuong trinh (6.15). Ta co:

. 1 (0P 0Q , o . A s
U — | — — — 1

e Neu 0 ( 3 8x) chi phu thugc vao x thi (6.15) co thira so tich phan la
‘u(x) = eSé(%—‘;—%)dx.

. 1 /0Q o ) s N A s

o Neu AR chi phu thugc vao y thi (6.15) co thira so tich phin la
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Vi du 6.1.18. Giai phuong trinh

ydx — (4x%y + x)dy = 0
Giai. P(x,y) =y, Q(x,y) = —(4x%y + x) va

opP 0Q
_— = 1 — — 1 - —.
3y # —8xy P

Phuong trinh da cho khong phai 1a phuong trinh vi phan toan phan. Ta c6

op _ 9Q
oy ox 2

Q X
Do d6, thira s6 tich phan ctia phuong trinh la

p(x) 2

Dé thiy x = 0 la mot nghiém ctia phuong trinh. Xét x # 0, nhan hai vé
phuong trinh da cho véi thita s6 tich phan ta dugc

Y LA
Fdx — (4y + ;)dy = 0.
Chon xp = 1,yp = 0, tich phan tong quat ctia phuong trinh da cho la

*0 Y Ly 2_ Y _
Lt_Zdt_LMHE)dt_C@_zy —;_C.

6.1.6 Phuong trinh tuyén tinh cip mot
a. Dinh nghia

Phuong trinh tuyén tinh cip mot 1a phuong trinh c6 dang

y +px)y =q(x), (6.21)

trong d6 p(x) va g(x) 1a cdc ham lién tuc da cho. Néu g(x) = 0 trong khoang
ctia bién x ma ta xét phuong trinh thi (6.21) duoc goi la phuong trinh tuyén
tinh cdp mot thuan nhit. Néu g(x) # 0 thi (6.21) duge goi la phuong trinh
tuyén tinh cAp mot khong thudn nhat.
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b. Cach giai

« Phuong phap bién thién hang s6
Budc 1: Gidi phuong trinh thuan nhat tuong tng véi (6.21),

¥ +p(x)y =0. (6.22)
Néu y # 0, tich bién ta dugc

dy

— = —p(x)dx

y p(x)

Suy ra
In|y| = — jp(x)dx +1In|C|,
v6i C 1a hang sb tuy v, khac 0. Vay nghiém tong quat cta (6.22) 1a
y = Ce~ IP(0)dx, (6.23)

Chuy rf?mg y = 01a mot nghiém riéng caa (6.22) ung voi C = 0.
Budc 2: Xem C = C(x), ta tim C(x) dé (6.23) 1a nghiém cta (6.21). Thé (6.23)
vao (6.21), ta dugc

C'(x)e™ P — C(x)p(x)e P 4 p(x)Cx)e 1P = (),
hay

dC(x)

— §p(x)dx
T = qx)el P

Tich phén lén,
Clx) = [qx)elrin 1.,
v6i Cp 1a hang s6 tuy y. Suy ra nghiém téng quét cda (6.21) la

y = Cye~ 1P()dx 4 o= fp(x)dx jq(x)eSP(x)dx_ (6.24)

Chi thich 6.1.6. Biéu thiic thit hai trong vé phai cta (6.24) la nghiém riéng
clia (6.21) tng v6i C; = 0, va biéu thirc thir nhat la nghiém t6ng quat cta
(6.22). Ta c6 thé chitng minh rang: nghiém téng quat cia phuong trinh tuyén
tinh khong thuan nhét bang nghiém téng quat ctia phuong trinh thuan nhét
tuong ting cong vdi mot nghiém riéng ctia phuong trinh khong thuan nhét.
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* Phuong phap thira s6 tich phan
Ta viét (6.21) & dang

[p(x)y —q(x)]dx +dy =0

1 (0P QY _

o5 )=
va thira sb tich phan ctia phuong trinh nay 1a ¢} 7*)4* Nhan hai vé (6.21) cho
e3P 3 Guoc

thi

ylesp(x)dx + P(x)esp(x)dxy — q(x)esp(x)dx

hay
<yeSP(X)dX)' = g(x)ed Px,

Tich phan hai vé theo x ta dugc
yesp(x)dx = jq(x)esp(x)dxdx +C.
Do do
y = e~ I P(¥)dx Jq(x)eSP(x)dxdx 4+ Ce—Ip(x)dx

la nghiém tong quat cta (6.21).
Vi du 6.1.19. Giadi phuong trinh
x2

Y+ 2xy = 2xe .

Giai. Ta ¢ p(x) = 2x nén e§P)H — ¢*". Nhan hai vé phuong trinh cho ¥’
ta duogc
2 2
eX Yy +2xey = 2x,

<yex2) "o

hay

Tich phan hai vé dan dén
yexz =x*+C.
Suy ra nghiém tong quat ctia phuong trinh la

y=(x2+ C)e_xz.
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Vi du 6.1.20. Tim nghiém cta phuong trinh
(P + 1)y +xy =1

thoa diéu kién y(0) = 2.
Giai. Phuong trinh duoc viét lai la
1

’_|_L =
I N

Tacop(x) = xZJ—C{— ] nén ¢S P(¥)4x — 2 (¥ +1) — | /3241 Nhan hai vé phuong

trinh cho v/ x2 + 1 ta dugc
yvVaZ+1+
Viét phuong trinh nay dudi dang

() =

X 1
\/x2+1y— 2+1

va tich phan lén ta duogc

yvxZ+1=In(x++vx2+1)+C.
Suy ra
_In(x+vx2+1)+C
/ x2+1 '
Diéu kién y(0) = 2 thoa khi va chi khi C = 2. Vay nghiém can tim la
In(x+vx2+1)+2
/ x2+1 '

6.1.7 Phuong trinh Bernoulli
a. Pinh nghia
Phuong trinh Bernoulli 1a phuong trinh ¢6 dang

y +px)y = q(x)y", (6.25)

trong d6 p(x) va q(x) 1a cac ham lién tuc da cho, a 1a mét s6 thuc.
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b. Céch giai

Néu a = 0 hay & = 1 thi (6.25) trd thanh phuong trinh tuyén tinh. Vi vay, ta
gia thiét a # 0 va & # 1. Dé thdy y = 0 la mot nghiém ctia phuong trinh néu
a > 0. Xét y # 0. Chia hai vé (6.25) cho y* ta dugc

o

Y~y + p(x)y' " = q(x).

Ditz =y'™%, tac6z = (1 -a)y™y, suyra % = y~*y/, thay vao phuong
trinh ngay trén day ta thu duoc

/

T, TPz =4(x)

hay
Z+(1-a)p(x)z = (1—a)g(x).

Day la phuong trinh tuyén tinh. Sau khi tich phan phuong trinh nay ta thay
z = y'=* dé c6 dugc tich phan cda (6.25).

Vi du 6.1.21. Giai phuong trinh

3 +y =y
Giai. Chia hai vé phuong trinh cho y =2 ta dugc

3%y 4+ = 1.
Dat z = 3, ta ¢6 2 = 3y%y’. Khi d6, phuong trinh trg thanh

Z+z=1

Phuong trinh nay 6 nghiém tong quat la

z=1+Ce™

suy ra nghiém téng quat ciia phuong trinh da cho la

y=~/1+Ce ™
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6.2 PHUONG TRINH VI PHAN CAP 2
6.2.1 Dai cwong vé phuong trinh vi phan cap hai

Dinh nghia 6.2.1. Phuong trinh vi phan cp hai la phuong trinh ¢6 dang
F(x,y,y,y") =0. (6.26)

Néu giai dugc phuong trinh (6.26) dbi véi y” thi phuong trinh (6.26) c6 dang

y' = flxyy). (6.27)

Dinh 1y 6.2.1. Cho phuong trinh (6.27). Néu ham sé f ciing hai dao ham riéng
theo bién thit hai va thit ba lién tuc trong mién mé D < R3 thi vdi moi diém
(x0,Y0,Y4) € D, ton tai duy nhat mot nghiém ciia phuong trinh (6.27) théa man
diéu kién

y(x0) = yo,¥'(x0) = ¥0. (6.28)

Bai todn tim nghiém ctia phuong trinh (6.27) thoa diéu kién (6.28) dugc
goi la bai toan Cauchy cua phuong trinh (6.27).

Pinh nghia 6.2.2. e Nghiém tng quat ctia phuong trinh c6 dang

y=¢(x,y,C,C),

trong do Cy, C, tuy y, thoa man phuong trinh véi moi gia tri caa Cq, G
va véi moi diém (xo, yo, ) € D, ton tai duy nhat cap sb (Cgo), Céo)) sao
choy = ¢(x,y, C%O), Céo)) la nghiém cuaa bai toan Cauchy cta phuong

trinh (6.27).

e Hé thuc

CD(X,]/, Cq, Cz) =0

xéac dinh nghiém tong quat ctia phuong trinh (6.27) dudi dang &n dugc
goi 1a tich phan tong quét ctia no.

e Nghiém c6 dugc tir nghiém téng quat bang cach cho Cy, C; céc gia tri
cu thé dugce goi la nghiém riéng. Tich phan c¢6 duoc tir tich phan tong
quét C1, C; céc gia tri cu thé dugce goi la tich phan riéng.
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6.2.2 Phuong trinh khuyét
Phuong trinh khuyét y, v/

Phuong trinh ¢6 dang F(x,y”) = 0. Daty’ = p, ta duge F(x, p’) = 0, day 1a
phuong trinh cAp mot déi véi p.
Vi du 6.2.1. Giai phuong trinh x = y"? + " + 1.
Giai. bat p = v/, phuong trinh trd thanh
x=p?+p +1.

Ditp' =ttacdx = 2 +t+1vadp = tdx = t(2t + 1)dt. Do d6, phuong
trinh tham s6 ctia dudng tich phan téng quat cia phuong trinh cip mot nay
la

2, 1
x:t2+t+1,p:§t3+§t2+C1.

Ta tim y. Theo cach dat thi

dy = pdx = (%ﬂ - %tz + Cl) (2t + 1)dt.

Do do
y= J <§t3 + %tz - C1) (2t + 1)dt

44 53 12
= | (2 + 5P+ 2 20+ Cy ) dt.
J<3 +38 + 5t +2Ci + 1)

Vay phuong trinh tham s6 ctia dudng tich phan téng quat ctia phuong
trinh cAp mot nay la

4 5 1
x:t2+t+1,y:Et5+ﬁt4+gt3+clt2+clt+cz.

Phuong trinh khuyét y

Phuong trinh ¢6 dang F(x,y,y") = 0. Dat y’ = p, ta duge F(x,p,p') = 0,
day la phuong trinh cAp mot ddi véi p.
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Vi du 6.2.2. Tim nghiém riéng ctia phuong trinh
(1-*)y" —xy =2,

thoéa man diéu kién y(0) = 0,3'(0) = 0.
Giai. Patp = ¢/, ta c6 y” = p’. Phuong trinh trd thanh

(1-x*)p —xp=2.
Vi ta xét trong 14n can diém x = 0 nén phuong trinh dugc viét lai & dang

X 2
P12l =12

Nghiém tong quét ctia phuong trinh nay 1a

_ 2arcsinx + C
Vi—x2

Do d6, nghiém tong quat cua phuong trinh da cho la

yzfr)dx

B JZarcsinx—i—Cldx
V1 —x2

= (arcsin x)? + C; arcsin x + C;

Diéu kién y(0) = 0 cho ta C; = 0 va diéu kién y’(0) = 0 cho ta C; = 0.

Vay nghiém riéng can tim la y = (arcsin x)2.

Phuong trinh khuyét x

Phuong trinh ¢6 dang F(y,y',y") = 0. Paty’ = p, ta co
p_dp _dpdy _dp

T dx  dydx dy'P'
Xem p la ham theo p ta thu dugc phuong trinh

d

day la phuong trinh cAp moét ddi véi p.
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Vi du 6.2.3. Tim nghiém riéng ctia phuong trinh

2yy" = y?+ 1.
Giai. batp =y, y" = pg—]’;, phuong trinh tré thanh

dp

2up—— = p> +1

Wdy p
hay

dy _ 2pdp

y  p2+1

Tich phan hai vé, ta dugc
Inly| =In(1+p*) +In|Ci| & y = C1(1 + p?),C1 #0.

Tur do, ta co

gy =W _ 290 _ o0 g
p p
suy ra
dx X
dp_2—(31:>p_2—(31+cz'

Do d6 nghiém tong quat ciia phuong trinh da cho la

2
X
y—C1 [(E—FCQ) +1

6.2.3 Phuong trinh tuyén tinh
Pinh nghia phuong trinh tuyén tinh
DPinh nghia 6.2.3. Phuong trinh tuyén tinh cip hai 1a phuong trinh c6 dang

y' +p)y +q(x)y = f(x),Yx € (a;b), (6.29)

trong do, p(x),q(x) va f(x) 1a cic ham lién tyc trén (a; b). Néu f(x) = 0,Vx €
(a; b) thi (6.29) duoc goi la phuong trinh thudn nhdt. Néu f(x) # 0 trén (a;b)
thi (6.29) dugc goi 1a phuong trinh khéng thuan nhat.
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Phuong trinh tuyén tinh thuan nhat
Cho phuong trinh thuan nhat

y' +p(x)y +q(x)y = 0. (6.30)

Dinh nghia 6.2.4. Hai ham u(x), v(x) duoc goi la dic ldp tuyén tinh trén (a; b)
néu
au(x) + po(x) =0,Vx e () =a=p=0.

Nguoc lai, néu ton tai hai s6 «, 8 khong dong thoi bang khong sao cho
au(x) + po(x) =0,Vx € (a;b)

thi hai ham u(x), v(x) dugc goi 1a phu thudc tuyén tinh trén (a; b)

Vi du 6.2.4. Hai ham sin x, cos x ddc lap tuyén tinh trén [0; 7t].

Dinh nghia 6.2.5. Cho hai ham s6 u(x),v(x) c¢6 dao ham trén (a;b). Dinh
thuc

u(x) o(x) | _ ey
a0 o = el ) - ot
dugc goi la dinh thic Wronsky caa u(x), v(x) va duge ky hiéu 1a W(u, v).

Dinh 1y 6.2.2. Néu hai ham s6 u(x),v(x) cd dao ham va phu thudc tuyén tinh trén
(a;b) thi
W(u(x),v(x)) =0,Vx € (a;b).

Ching minh. Gid st ton tai xo € (a;b) sao cho W(u(xg),v(xg)) # 0 va
au(x) + po(x) =0,Vx € (a;b). (6.31)
Lay dao ham hai vé (6.31) ta dugc
au'(x) + B’ (x) = 0,Vx € (a;b). (6.32)
Tir (6.31) va (6.32) ta co

au(xg) + po(xo) = 0,
{ au'(xo) + po’(x0) = 0. (6.33)
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Hé nay c6 dinh thuc

= W (u(xp),v(xg)) # 0

M%)UWM‘
u'(x0) v'(x0)

nén c6 nghiém duy nhat & = g = 0. Vay u(x), v(x) doc 1ap tuyén tinh trén
(a;b). Vo ly. O

Pinh 1y 6.2.3. Gid sit phuong trinh (6.30) co hai nghiém y1(x), y2(x). Cic nghiém
y1(x),y2(x) doc ldp tuyén tinh trén (a;b) khi va chi khi

W(y1,y2) # 0,Vx € (a;b).

Chitng minh. Chiéu nghich 1a hién nhién.
Gia st y1(x), y2(x) doc lap tuyén tinh trén (a;b) ta chiing minh
W(y1,y2) # 0,Vx € (a;b).
Gia st ton tai xq € (a;b) sao cho W(y1(x0), y2(xp)) = 0. Khi 4y hé

au(xg) + Bo(xp) =0,
{ a'(xo) + v’ (xg) = 0. (6.34)

c6 nghiém khong tam thuong («; ). Ham s
y(x) = ay1(x) + By2(x)
cling 1a nghiém cta (6.30) va, theo (6.34), thoa diéu kién Cauchy
y(x0) = 0,y'(x0) = 0.

Ma bai toan Cauchy cta (6.30) véi diéu kién y(xg) = 0,1'(xg) = 0 c6 duy
nhat nghiém y = 0 nén

ay1(x) + By2(x) = 0,Yx € (a;b).
Vay y1(x),y2(x) phu thudc tuyén tinh trén (a; b). Vo ly. O

Pinh ly 6.2.4. Gid sit phuong trinh (6.30) c6 hai nghiém y1(x),y2(x) doc ldp
tuyén tinh trén (a;b). Khi dy nghiém tong qudt ciia (6.30) cé dang

y = Ciyg + Coyo. (6.35)
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Ching minh. R6 rang ham s6 c6 dang (6.35) la nghiém cta (6.30). Gia st
u(x) la nghiém cta (6.30) théa diéu kién Cauchy

u(xg) = uo, u'(xg) = bo, xo € (a;b). (6.36)

Ta chiing minh t6n tai hai hang s6 Cgo), Céo) sao cho

U= C%O)yl(x) + Céo)yz(x),Vx € (a; D).

That vay, hé

{ C1y1(x0) + Caya(x0) = uo,
C1y} (x0) + Cay(x0) = bo.

c6 nghiém duy nhét (C\”; C{”) vi W(y1 (x0), y2(x0)) # 0. Do d6, C\”yy (x) +
C{”y,(x) 1a nghiém ctia (6.30) théa diéu kién (6.36). Ma bai toan Cauchy c6
duy nhat nghiém nén

u= C%O)yl(x) + Céo)yz(x),Vx € (a; D).

L
Nhu vay dé tim nghiém tng quat ctia phuong trinh (6.30) ta chi can tim
hai nghiém ddc lap tuyén tinh ctia né. Trong mot vai trudng hop néu ta c6

moét nghiém cuaa (6.30) thi nghiém doc lap tuyén tinh con lai dugce tim nho
vao dinh ly sau day.

DPinh ly 6.2.5. Gid sir phuong trinh (6.30) cé nghiém y1(x) # 0,Yx € (a;b). Khi
dy, ta cé thé tim nghiém ciia (6.30) déc lap tuyén tinh vdi yy trén (a;b) & dang
y2 = yi(x)u(x).

Chung minh. Daty = y;(x)u(x). Ta cé
Y =yt yl Y = yiu 2y 4y
Thé vao (6.30) ta duagc

yiu” + (2y1 + py)u’ + (v] + py; +qy1)u = 0.
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Ma y{ + py} + qy1 = 0 nén ta thu dugc phuong trinh
vau" + (25 + py1)u’ = 0.
bidt z = v/, phuong trinh tré thanh
viz' + (2y1 + py1)z = 0.
Nghiém riéng ctia phuong trinh nay la

"
Suy ra

u = J lze_ Sp(x)dxdx
LA
Véy nghiém tha hai cua (6.30), doc lap vdi y;, dugce tinh bai

Yo =11 j %e_sp(x)dxdx. (6.37)
1

Vi du 6.2.5. Tim nghiém tong quét ctia phuong trinh
(1—x2)y" +2xy —2y =0, |x| > 1.

Biét rang y; = x la mot nghiém riéng ctia phuong trinh.
Giai. Viét lai phuong trinh & dang

2x 2
/4 /
+ — =0,
Y 1—x2y 1—x2y

ta dugc p(x) = +2,. Do d6

1—x2°

—{p(x)dx In(x2—1)
yzzxfeidx:xfe dx = x* + 1.

x2 x2

Nghiém tong quét ctia phuong trinh da cho la

y=Cix + Co(x? +1).
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Phuong trinh tuyén tinh khong thuan nhat
Xét phuong trinh (6.29),

y' +p(x)y +q(x)y = f(x),Vx e (a;b),

vai p(x),q(x) va f(x) la cdc ham lién tuc trén (a;b).

Néu u(x) la nghiém cta (6.30) va v(x) la nghiém ctia (6.29) thi vi
u”(x) + p(x)u' (x) + g(x)u(x) = 0,Vx € (a;b)

v"(x) + p(x)v(x) + q(x)v(x) = f(x),Vx € (a;])

[1(x) +0()]" + p(x)[u(x) + ()] +9(x) [u(x) + o(x)] =0+ f(x).

Vay u(x) + v(x) la nghiém cua (6.29).

Hon nita, ta c6 dinh ly vé nghiém t6ng quat ctia phuong trinh khong
thuan nhat (6.29) nhu sau
Pinh 1y 6.2.6. Cho yq(x) = Ciy1(x) + Coyo(x) la nghiém tong qudt ciia (6.30)
va yp(x) o mot nghiém riéng ciia (6.29). Khi dy, nghiém tong qudt ciia (6.29) cé
dang
y(x) = yg(x) +yp(x) = Crya(x) + Caya(x) +yp(x)-

Ching minh. Giastry(x) lamoét nghiém cua (6.29). Viy,(x) cling la nghiém
ctia (6.29) nén u(x) = y(x) — y,(x) la mot nghiém ctia phuong trinh thuan
nhat (6.30). That vay, véi moi x € (a;b) ta c6

u”(x) + p(x)u’ (x) +q(x)u(x) = y"(x) + p(x)y' (x) +q(x)y(x)
— [yp(x) + p(x)y) (x) +q(x)yp(x)]
= f(x) - f(x)
=0.
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Do do, theo dinh ly 6.2.4, ton tai duy nhat cap s6 (C%O) ; Céo)) sao cho
0 0
u(®) = Gy (x) + G (),

suy ra
y(x) = C%%1(x) + 2 (x) + yp ().

Vay nghiém tong quét cta (6.29) la

y(x) = yg(x) +yp(x).

U
Phuong phéap bién thién hiang s6 Lagrange
Gia st phuong trinh thuan nhét (6.30) c6 nghiém téng quat la
y=Ciy + Coyr, (6.38)

trong d6 C;, C, 1a hai hang sb tuy y. Ta tim nghiém riéng cta (6.29) dudi
dang (6.38) trong d6 Cy, C; 1a hai ham s6. Ta c6

Y = Cr + Gy + Gya + Gy,
Chon Cq, Cp sao cho

11+ Coya = 0.

Khi dé

y' = Ciyi + Gy + Coyz + Cov.
Thay v,y va y” vao (6.29), ta dugc

Ci(yi + py1 +ay1) + Calyz2 + pya +4y2) + Coyi + Coyz = f(x).
Vi y1, 2 1a nghiém ctia phuong trinh (6.30) nén dang thic trd thanh

Civy + Coys = f(x).

Vay ham s6 & (6.38) la nghiém ctia (6.30) néu Cy, C, thda man hé phuong
trinh
Ciyi +Chyr =0,
{ D Gy — Flx). (6.39)
11 2Y2
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Vi y1, ¥ 1a hai nghiém doc 1ap tuyén tinh ctia phuong trinh (6.30) nén

# 0,Vx € (a;b).

/

N
Do d6, hé (6.39) c6 nghiém duy nhat C/ (x), C(x). Tich phan Ién ta thu dugc
C1 (x), Cz(x).

Vi du 6.2.6. Tim nghiém tong quat cua phuong trinh

‘yl Y2

(1—x®)y" +2xy =2y =1 -2, |x| > 1.
Giai. Viét lai phuong trinh & dang

2x 2
" r _
YTl T ameyy =t

(6.40)

Theo vi du 6.2.5, nghiém tong quat ctia phuong trinh thuan nhat tuong tng
vai phuong trinh nay la

Ye(x) = Cix + Cz(x2 +1).
Ham
yp(x) = Ci(x)x + Co(x) (x* + 1)
1a nghiém ctia phuong trinh (6.40) néu Cy(x), Co(x) thda man hé

{ Ch(x)x + Cy(x) (x% +1) =0,
Cl(x) + Ch(x)2x = 1.

Giai hé ta duoc

2
, _ o x4+1 X
Cl(x) - x2_1’C2(x) - x2_1'
Suy ra
B x—1 _1 2
Ci(x) = <x—{—ln<x+1)),C2—21n(x 1).

Do d6, mot nghiém riéng cua (6.40) la
_ x -1 L 2 2
yp(x) = (x+ln(x+1))x—{—2(x +1)In(x*—1)

Vay nghiém tong quat ctia phuong trinh da cho la

_ 2 41— x—-1 L2 2
y=Cx+C(x*+1) (x+ln(x+1))x+2(x +1)In(x"—1)
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Nguyén 1y chong nghiém

Dinh ly sau day cho phép ta tim nghiém riéng ctia phuong trinh (6.29) don
gian hon khi f(x) phuc tap.

Dinh ly 6.2.7. Cho phuong trinh

y' +p(x)y +q(x)y = f(x) +8(x). (6.41)

Néu y1(x) la mot nghiém riéng ciia phuong trinh

y' +p(x)y +q9(x)y = f(x)

va Yo (x) la mt nghiém riéng ciia phuong trinh

y'+px)y +q(x)y = g(x)

thi y(x) = y1(x) + ya(x) la mgt nghiém riéng ciia (6.41).

6.2.4 Phuong trinh tuyén tinh c6 hé s6 hang
Phuong trinh thuan nhéat

Xét phuong trinh
v +py +qy=0,x€ (a;b), (6.42)

trong do, p, q la cac héng s6 thuc. Ta biét rf?mg mubdn tim nghiém t6ng quat
ctia (6.42), chi can tim hai nghiém riéng doc 1ap tuyén tinh ctia né. Ta sé tim
nghiém riéng ctia (6.42) & dang y = €, v6i k 1a mot hang s6 can tim. Thé
vao (6.42), ta dugc

(K2 + pk +q) = 0.

Vi ek # 0 nén ta ¢
k> +pk+4q=0. (6.43)

Vay y = " 1a nghiém ctia (6.42) khi va chi khi k 1a nghiém ctia (6.43).
Phuong trinh (6.43) dugc goi la phuong trinh dac trung cta phuong trinh
(6.42). C6 ba kha nang sau day:
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1. Phuong trinh (6.43) c6 hai nghiém thuc phan biét k; va k. Khi y, (6.42)
c6 hai nghiém riéng y; = €f1%,y, = ek2¥ doc 1ap tuyén tinh trén (a;b)
nén no c6 nghiém tong quat la

y = C1ef1* + Cpef?™. (6.44)

2. Phuong trinh (6.43) c6 nghiém kép thuc 1a k. Khi 4y, (6.42) c6 mot
nghiém riéng la y; = . Ta tim nghiém riéng thu hai theo cong thic

(6.37),
—px 2kx
_ x| € _ x| € _ kx
Y2 =e jekadx—e jekadx—e X,

d d6, ta da thay —p = 2k. Vay nghiém tong quét cta (6.42) 1a

y = Cie¥ + Cyxet.

3. Phuong trinh (6.43) c6 hai nghiém phtc lién hop ky = a +iB,ky =
« —if. Hai nghiém riéng caa (6.42) la
iy = el HBY — % piBY — o8 (o5 Bx + i sin fx)

77y = e TIP)X = A% emIBY — X (cog By — isin Bx).

Suy ra
v = yl—;yz = e"* cos Bx
Y2 = yl;yz = ™" sin Bx

cting 1a hai nghiém riéng cta (6.42). Va dé thdy hai nghiém vy, 1y, doc
14p tuyén tinh. Vay nghiém t6ng quat ctia (6.42) la

y = e**(Cq cos px + Cy sin fx).

Vi du 6.2.7. Gidi cdc phuong trinh thuan nhét

1.y +y -2y=0;

2.y -4y +4y=0;
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3.y —4y +13y =0
Giai.
1. Phuong trinh dac trung
+k-2=0
c6 hai nghiém k; = 1,k = —2 nén phuong trinh da cho cé nghiém
tong quat la
y = Cie* + Coe™ 2%,
2. Phuong trinh ddc trung
kK> —4k+4=0
c6 nghiém kép k = 2 nén phuong trinh da cho c6 nghiém tong quat la

y = Cre** + Coxe™.

3. Phuong trinh dac trung
K —4k+13=0

¢6 hai nghiém phtic lién hop k; = 2 + 3i, ko = 2 — 3i nén phuong trinh
da cho c6 nghiém tdng quat la

y = ¥ (Cy cos 3x + Cysin 3x).

Phuong trinh khéng thuan nhat

Xét phuong trinh
v +py +aqy = f(x),xe@b), (6.45)

trong d6, p,q 1a cac hang sb thuc va f(x) lién tuc trén (a;b). Theo dinh ly
6.2.6, mudn tim nghiém tng quat ctia (6.45), ta tim nghiém téng quat cua
phuong trinh thuan nhét tuong tng va mot nghiém riéng ctia n6. Nghiém
riéng ctia (6.45) duge tim bang phuong phép bién thién hang sb6 Lagrange.
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Vi du 6.2.8. Tim nghiém téng quét ctia phuong trinh khong thuan nhat
Yy +y -2y = —4x
Giai.
Budc 1: Tim nghiém téng quét cia phuong trinh thuan nhat tuong tng,
y'+y -2y =0.
Phuong trinh ddc trung k> + k —2 = 0 ¢6 hai nghiém k; = 1,k = —2
nén
yg = Cie* + Cre .

Budc 2: C6 thé kiém tra mot nghiém riéng ciia phuong trinh khong thuan
nhat 1a
yp=2x+1

Budc 3: Vay nghiém tong quat cia phuong trinh khong thuan nhat da cho
la
y=Cie" +Coe™ ¥ +2x +1

Vi du 6.2.9. Tim nghiém téng quat cua phuong trinh
y' =3y +2y=x
Giai. Nghiém t6ng quat ctia phuong trinh thuan nhat tuong tng la
yg = Cie* + Coe?~.
Ham
y = Cy(x)e* + Cy(x)e*
1a nghiém ctia phuong trinh da cho néu Cy, C; thoa hé
{ Che* + Che?* =0,
Che* + Ch2e* = x.
Giai hé ta duoc

Cl = —xe ™,
Ch = xe .
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Suy ra
Ci=(x+1) 7,
C2 = (—% — %)e—Zx.

Nghiém tong quat ctia phuong trinh 1a

y:Cle"+Czez"+%+Z

Trong mot s6 trudong hop vé phai ctia (6.45), ham f(x), c6 dang dac biét
thi nghiém riéng ctia né dugc tim ma khong can phai tinh tich phan nhu ta
da thdy & phuong phép bién thién hiang sb. Ta xét cac truong hgp sau:

* Truomg hgp 1. f(x) = ¥ P,(x) véi a 1a hang s thuc va P,(x) 1a da thic
bac n.

Ta xét cac kha nang sau:
1. Néu a khong 1a nghiém cta phuong trinh dac trung (6.43) thi ta im
nghiém riéng cta (6.45) & dang

yp = " Qu(x),

trong d6 Qy(x) 1a da thic bac 1, 6 n + 1 hé s6 can tim. Pao ham cap
1vacap2cuay,la

Yp = ae™ Qn(x) + e Q) (x),
Yy = a?e™ Q, (x) + 2ae™* Q! (x) + e Q" (x).
Thay chung vao (6.45) ta dugc
"(x) 4 (a +2a)Q’ (x) + (a® + ax 4+ b)Qy (x) = Py(x). (6.46)

Via? +an +b # 0nén vé trai cia (6.46) 1a mot da thirc bac n cing
bac v6i da thirc & vé phai, P, (x). Pong nhat hé s6 ta thu duge n + 1
phuong trinh bac nhét v6i n + 1 an s6, 1a cac hé s6 ctia Q,(x). Giai hé,
ta tim duoc Qy(x) va thu dugc nghiém riéng cua (6.45).

2. Néu « 1a nghiém don ctia phuong trinh déc trung (6.43) thi

> +an+b=0vaa—+2a #0.
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Khi d6 vé tréi ctia (6.46) 1a mét da thire bac n — 1. Ta nang bac ctia né
1én mot don vi ma khong lam tang sb cac hé sb bang cach thay Q,(x)
bdi xQy(x). Khi &y, ta sé tim dugc nghiém riéng c6 dang
yp = e xQu(x).
3. Néu a la nghiém kép ctia phuong trinh dic trung (6.43) thi
a®+an+b=0vaa+2u=0.
Vé trai cua (6.46) 1a mot da thitc bac n — 2. Ta nang bac ctia né én
hai don vi ma khong lam tang s6 cac hé sé bang cach thay Q,(x) bdi
x?Qu(x). Nghiém riéng dugc tim c6 dang
Yp = e x*Qu(x).
Vi du 6.2.10. Tim nghiém riéng ctia phuong trinh
vy +3y —4y =x.
Giai. Vé phai f(x) = x c6 dang e®*P,(x) v6ia = 0,n = 1. Via = 0 khong
1a nghiém ctia phuong trinh dac trung k? + 3k — 4 = 0 nén ta tim nghiém
riéng cta phuong trinh da cho c6 dang
yp = Ax + B.
Thay y, vao phuong trinh trén, ta thu dugc

—4Ax +3A —4B = x.

Dong nhat hé s6

—4A =1, A=-1
< 3
3A—4B =0 = -2
Vay
1.3
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Vi du 6.2.11. Tim nghiém riéng cta phuong trinh
Yy —y =e(x+1).

Giai. Vé phai phuong trinh da cho c6 dang e**P,(x) v6ia = 1,n = 1. Vi
a = 1 la nghiém don cta phuong trinh dic trung k> —k = 0 nén ta tim
nghiém riéng cta phuong trinh da cho c6 dang

yp = xe*(Ax + B) = ¢*(Ax* + Bx).
Ta co

Yy, = e*(Ax? + Bx) 4 e*(2Ax + B),
Yy, = ¢*(Ax® 4 Bx) + 2¢*(2Ax + B) 4 ¢2A.

Thé vao phuong trinh da cho, ta duoc

2Ax + B+2A = x+ 1.

2A :1, A:%I
=
B+2A =1. B =0.

Dong nhat hé s6

Vay

Vi du 6.2.12. Tim nghiém riéng ctia phuong trinh
]/” _ 6]/ + 9y — e3xx.

Giai. Vé phai phuong trinh da cho c6 dang e®*P,(x) véia = 3,n = 1. Vi
a = 31a nghiém kép ctia phuong trinh dic trung k* — 6k + 9k = 0 nén ta im
nghiém riéng cta phuong trinh da cho c6 dang

yp = x°¢(Ax + B) = ¥ (Ax> + Bx?).
Ta co

Yp = 3¢% (Ax® 4 Bx?) + > (3Ax? 4+ 2Bx),
Yy = 9¢%(Ax’ + Bx?) 4 6¢>* (3Ax* + 2Bx) + ¢**(6Ax + 2B).
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Thé vao phuong trinh da cho, ta duoc

(6A —10B)x + 2B = x.

Dong nhat hé s6
6A—10B =1, A=1
e
2B =0. B =0.
Vay
1 3 ,3x
Yp = gx e,

* Truong hgp 2. f(x) = Py(x) cos Bx + Py (x) sin Bx véi Py, (x), P, (x) la hai
da thitc bac m,n va B 1a hang sb thuc khac khong. Ngudi ta chitng minh
dugc rang:

1. Néu +iB khong la nghiém cta phuong trinh déc trung (6.43) thi mot
nghiém riéng cta (6.45) c6 dang
yp = Qi(x) cos Bx + R;(x) sin Bx,
trong d6 Q;(x), R;(x) 1a hai da thic bac I = max(m, n).

2. Néu +if 1a nghiém ctia phuong trinh dac trung (6.43) thi mot nghiém
riéng cua (6.45) c6 dang

yp = x[Qs(x) cos Bx + R;(x) sin Bx],
trong do6 Q;(x), R;(x) 1a hai da thic bac I = max(m, n).
Vi du 6.2.13. Tim nghiém riéng ctia phuong trinh
vy’ +y = xsinx.
Giai. Vé phai ctia phuong trinh ¢6 dang Py, (x) cos Bx + P, (x) sin fx v6im =
0,n = 1va B = 1. Vi +iB la nghiém ctia phuong trinh dac trung k2 +1 = 0
nén ta tim nghiém riéng c6 dang

yp = x[(Ax + B) cos x + (Cx 4 D) sin x].
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Tinh y), yy r6i thay vao phuong trinh da cho ta dugc

4Cx cos x —4Axsinx +2(A+ D) cosx 4+ 2(C — B) sinx = xsinx.

Dong nhat hé s6
—4A =1, A=-1,
4C =0, B =0,
=
2(A+D) =0, C=0,
2(C—B) =0, D=1
Vay

X, .

Yp = Z(smx — COS X).

Vi du 6.2.14. Tim nghiém riéng cta phuong trinh
y" —y' = cos2x.

Giai. Vé phai ctia phuong trinh ¢6 dang Py, (x) cos Bx + Py (x) sin Bx v&im =
0,n = 0va B = 2. Vi +if = +i2 khong la nghiém ctia phuong trinh dac
trung k? — k = 0 nén ta im nghiém riéng c6 dang

yp = Acos2x + Bsin2x].
Ta co

y, = —2Asin2x + 2B cos 2x,
Yy, = —4Acos2x — 4Bsin2x.

Thay vao phuong trinh da cho ta dugc
(—4A —2B) cos2x + (2A — 4B) sin 2x = cos 2x

Dong nhat hé s6

{—4A—2B =1, {A:—f—o,
< 1
2A-4B =0. B=—15-
Vay
1
Yp = —7=COS2X — — sin 2x.

10 10
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* Truong hop 3. f(x) = e**[Py(x) cos Bx + Py(x) sin Bx]| v6i Py, (x), Py(x) la
hai da thirc bac m, n va «, B 1a hai hang s6 thuc khac khong.

Daty = e**z. Taco

y/ — aezxxz_i_ezxlel

Y = a%e™z + 20e™7 4 €M7,
Thay vao phuong trinh (6.45), ta dugc
2" + (a +2a)Z + (&® +aa + b)z = Py(x) cos Bx + Py (x) sin Bx,
la dang phuong trinh da xét & truong hop 2.
Vi du 6.2.15. Tim nghiém riéng ctia phuong trinh
v +y' = e* cos2x.
Giai. Vé phai ctia phuong trinh, e* cos 2x, c6 dang
e"* [P (x) cos Bx + Py (x) sin px]
voim =n=0,a =1vap =2.Daty = e*z. Thay vao phuong trinh ta duoc
z" 432" + 2z = cos 2x.

Nghiém riéng ctia phuong trinh nay dugc tim dudi dang

zp = Acos2x + Bsin2x.
Két qua tim dugc

1 3 .
Zp = 30 cos2x + Estx.

Suy ra nghiém riéng cuia phuong trinh da cho la

1
Yp = ex(—ﬁ cos 2x + 2% sin 2x).
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BAI TAP
Phuong trinh vi phan cap mot

Bai 6.1. Giai phuong trinh c6 bién phan ly:

(1+ x)ydx + (1 —y)xdy = 0; 2. ¥*A—-y)y +v*(1+x) =0;
3. y'cos2y —siny = 0; 4. y +sin(x +vy) = sin(x —y);
, cosy—siny—1 ;o .
>y = cosx —sinx +1’ 6. ¥ = coslx —y);
7. v =x*+2xy+1+y% 8. y':xiy—kl.

Bai 6.2. Tim nghiém riéng ctia phuong trinh théa man diéu kién ban dau:

x4/1+ y2dx +yv1+ x2dy = 0,y(0) =
(1 + e*)y?dy = e*dx, y(0) = 0;

sinxdy —ylnydx =0,y(0) = 1;

(P +1)y =vy*>+4,y(1) =2

Bai 6.3. Giai cac phuong trinh dang cp cip mét:

= LN

1. (y—x)dx+ (y+x)dy =0; 2. xdy —ydx = 4/x* + y?dx;
3. xyy +x* 27 =0; 4. B +v2)y+ (P —x)xy =0;
2
) _x—y+1 r_ y+2
ST xty+3 6y _Z(x—l—y—l) '

Bai 6.4. Giai cac phuwong trinh tuyén tinh cip mét:
L 2x(x—-1)y+Q2x—1y+1=0; 2. x(1+x3)y —(x*>-1)y+2x=0;
3. ¥y +2xy= xe ™, 4. (1+x2)y —2xy = (14 x2)%;
2y
I — 3 —0-
5 vy | (x+1)°,y(0) =0;
7. (1+x°)y +xy=1,y(0) =0; 8. xy —y = x*arctanx;

a

2ydx + (y* — 6x)dy = 0;

2

Y _C. 2
9. vy Tinx xInx, y(e) X 10. (2 +x)y +3x°y = v/x
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Bai 6.5. Chung minh rf?mg phuong trinh
x(x* 4+ 1)y — (2x* +3)y =3

c6 mot nghiém 1a mot tam thitc bac hai. Gidi phuong trinh ay.
X
Bai 6.6. Chlﬁmg minh rang hams6y = x J e’ dtla nghiém cua phuong trinh
1
xy —y = x? ¢*’. Tim nghiém riéng cia phuong trinh thda man diéu kién

y(1) =1.

Bai 6.7. Giai cac phuong trinh Bernoulli:
Lo oxy* +x*(x+1yy +3x—5=0; 2. v +uxy =23y
3. (ylnx—2)ydx = xdy; 4. v +y= e%\/y,y(O) — Z

Bai 6.8. Giai cac phuong trinh vi phan toan phan:

1. (x+y+1dx+ (x —y>+3)dy = 0;
2. 2(3xy? +2x%)dx + 3(2x%y + y?)dy = 0;
2 2
y 1} {1 X } B
3. | —L — —Zldx+ |- ——|dy=0;
[(x—y)2 x v -yl
X 2x +y
4, ———dx+ ——5dy=0;
GryP ™ vy
3
5. 3x*(1 4 Iny)dx — <2y— ?) dy = 0;
6. (lsinf—%cosz%—l)dx—k<1cosz—£zsm + )dy—()
y ¥y x N y y v

Phuong trinh vi phan cp hai
Bai 6.9. Giai cac phuong trinh tuyén tinh:

x?(Inx —1)y" — xy’ + y = 0, biét mot nghiém riéng y1(x) = x*, a € R.

2. (2x +1)y" + (4x — 2)y' — 8y = 0, biét mot nghiém riéng y1(x) = %,
a € R.
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3. (¥ —1)y" — 6y = 0, biét mot nghiém riéng y; (x) 1a da thirc bac ba.

4. 2x =2y + (x> =2)y +2(1 —x)y = 0,y(1) = 0,/(1) = 1 biét mot
nghiém riéng y1(x) = e*.

5. (2x —x?)y" +2(x — 1)y’ — 2y = —2, biét hai nghiém riéng la y; (x) = 1,
Yo = X.

Bai 6.10. Giai cic phuong trinh tuyén tinh hé s6 hang:

1. ' —y= %; 2. ¥ +2y +y =3 Vx+1;
3. YV +y=tgx; 4. ¥ +5y +6y = T3

5. y' =7y + 6y = sinx; 6. y'+9y= 6e>;

7. ¥ — 3y =2 6x; 8. y'—2y +3y=e"cosx;
9. y"+4y = 2sin2x; 10. y'+2y) +y=14e%
11y -9y +20y = x%*; 12. y"+4y -5y =2¢%;

13. y" 42y + 5y = 2xe™" cos 2x; 4.y +y=x’cos’y;

15. y' -3y = —18x; 16. y"+y=cos’x.

Bai 6.11. Giai cic phuong trinh bang phép d6i bién twong tng:

1. x2y" +xy' — 4y = x*Inx, x = ¢;
2. vy —y' = e**coset, t = e¥;

4y 2x

2 " /
. 2 = ,
3 AV I 5T = ey

x =tgt,—5 <t<7.

PAP SO - HUONG DAN

Bai 6.1.

Xty

XY
_ Y , i Y= c

3. x—ln‘tgx +2cosy + C; 4. 2sinx+In tgx =G

1. Injxy|+x—-y=C; 2. +ln‘%‘:c;
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Yy _ N(1_tweX). -
5. th—C<1—|—tg2)<1 tg2>, 6. x -+ cotg 5
1 2
y=1yrc % 8. (x—y)"+2x=C.
Bai 6.2.
L AV1+x2+4/1+1y2=v2+1; 2. y3—3arctanex+¥20;
X 2(x? —1) + 4x
: ~ =Clny; 4. y= :
> gy =Chy A N P:
Bai 6.3
1 —x2+2xy—{—y2:C; 2. y+q/x2+y2:Cx2;
3. y? = x*(Cx?+1); 4. y=Cx(x*+v%);
5. x*—y* —2xy+2x—6y =C; 6. e_zarCtan%:C(y—FZ).
Bai 6.4
Inlx—14+/x2—
c —n‘x ZVr x‘, x<0vx>1
1. y=+{ Vi 2\(/2x2—1a§ ;
C arcsin(2x—
T Vox O<x<l1.
1 1+ x? 2,2
2. y== : Cy=e (% +0);
y=+C—— 3. y=e" (5 +C);
2
4 y=(1+2%)(x+0); 5. y=<1+X>2(%”);
1 VaxZ+1
6. 2x =y62+C; 7. y= NG v );
vaz+1
2 x? 2 x?
8. y=x arctanx—?ln(l#—x)—ka; 9. yzilnx;
1 x?
10. = ——f—lnx—i—C).
y (x2+1)3(2 x

x3

Bai 6.5. y = 2x* — 1+ CTH'
X
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X
Bai 6.6. y = xf e’ dt + Cx.
1

Bai 6.7.
6 1+x\*> 2 2
2 _ . 2 (22 — 1.
Loy —;JFC( T ) Y 2. y(x*+14+Ce")=1;
1 5 L ex 2
3 y(ilnx+4—1+Cx):1, 4. y=e (5+1)
Bai 6.8.
1 1
1. §x2+x+xy+3y—§y3:C; 2. Y 4+3:%2 4+ =G
2
Yy y Yy
y—x+ n‘x‘ y n|x+y|+x+y
5. ¥*(1+Injy)) —v*=C; 6. sinz—cosy#—x—l:C;
X x y
Bai 6.9.
1. y=Cix+Clnx;
1 x 1
(.2 Lo 2 X LY.
2. y==Ce +Cz[2+€ <x +2+8)},
3 3 x+1
_ 3_ _9.2,9/3 )
3. y=Ci(x x)+C2[1 X +4(x x)In x—l]’
Cy=xr—e
5. y:Cl(x—1)+C2(x2—x—|—1)+1.
Bai 6.10.
X ex X ex 1

e e
1. — X —X _1 _1 .
y=Ge+Ge +on et —-nma -5

4
2. y=Cixe "+ Cre " + Ee_x(x + 1)%;

1+ sinx
COS X

3. y=Cicosx+ Cysinx —cosxIn

1
4. y= Cie 3 + Cre ¥ + e (arctan e® — &¥) + Ee_zx In(1 4 ¢**);
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5 y:Cex+Cze6x+1cosx+£sinx'
' ! 74 747"

1
6. y = Cjcos3x + Cpsin3x + §e3x;

3x

7. y:C1+C2%+x2;

1
8. y = €*[CycosV2x + Cysin v2x] + a1 (5cosx —4sinx)e™;
1
9. y=Cycos2x+ Cysin2x — Excos 2x;
10. y = Cie ™ + Coxe ™™ +2x%7%;

1
11. y = Cie* + Cpe™* — gx(x2 +3x 4 6)e;

1
12. y= C1€_5x + Cre* — gxex}
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1
13. y=e7"(Cycos2x + Cysin2x) + Ee_x [2x cos 2x 4 (4x* — 1) sin 2x];

1 1 1 4
14. y=Cycosx+ Cysinx + g (—x2 — —3) Cos 2x + —x sin 2x;

2 6 17

1
15. y=Ce¥*+C+ §e3x(3x —1) +3x% 4 2x;

3 1 3
16. y= Clcosx+Czsinx~|—gcosx—gcos3x+§xsinx.

Bai 6.11.

2
1. y= Cix2 + Cox 2+ %(16ln2x—4lnx+1);

2. y=Cie*+Cyp—cose’;
1—x? 2x 11—x2

1~|—7x2+C21~|—x2_11~|—x2arCtanx'

3. y:C1




