Bai 1 : Ma tran
1.Dinh nghia ma trin
Ma tran A cap (m x n) la mot bang hinh chit nhat gom m dong, n cgt chtra

(m.n) so thiee . Kihi€u 4 = [%]; 1=1m;j=1Ln
Cotj
1
ay  aqp 4y a,
Ay Ay ot y; a,,
hay 4=
a. a. a.. cee a
il i2 ij in
=—% . .
Dong i )
aml am2 e amj t amn

- Phan tir a,1a phan tir thude dong 7, cot j

- Téphop cac ma trankihigula M (R)

1 3 2
Vidu: A=
2 5 1

» (Cac ma tran dac biét

e Ma tran cOt — ma trdn dong
1
2] lamatrdn c6t; m=1:B =[1 3 5] la ma tran dong.
3

e Matrdn O = (0;j)mxn 12 ma trdn c6 cac phéan tr déu bang 0.

O = 0 00O
70 0 0 0
e Ma tran vuéng(m=n) : A

; 1 2.
A=[2 . B=|4 5 6l c=11]
78 9

Puong chéo chira cic phin tir a4 @yp; .. Any (c6 chi sé dong= chi s6 cot)
dugc goi 1a duong chéo chinh.
Puong chéo con lai dugce goi la duong chéo phu.

o Ma tran dbi xing. Ma trén phan dbi xtmg.

aH:l a12:3 a13:2

a21:2 a22:5 a. =1

n=1: 4=
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Ma tran tam giac

2 3
Tam giac trén: A = 5] Tam giac dudi: A" =
0 4 5
1 0 O 0 0
Matranchéo: B =0 2 0 Matrandonvi:I; = |0 0
0 0 3 0 0

Ma tran chéo B con c6 thé biéu didn dudi dang : B=diag(1,2,3)
Hai ma tran bang nhau : ma trdn A va B bang nhau khi va chi khi chiing
cung cdp va c6 cac phan tir tuong ing bang nhau a, = sz

2. Cac phép toan trén ma tran
a.Phép cong (trtr) ma tran

-Cho hai ma tran cing cap A = [a ; B=[b

J ]mxn [ i ]m><n
Tong cua 4 va B, ki hi¢u A+B, 1a ma tran cap m x n, ma cac phén tr co
duoc bang cach lay tong cua cac phan tur tuong trng thude 4 va B.

Vidu:

-1 2 1 |2 1 -1 1 3 0
0 11| |4 —2 374 -1 4
1 2 3
ji. Choa=|-2 4 sl B=[} 3 2
[ 3 0 1
Thuc hién ti’nh A+B
o Tinh chat :
A+0=0+A4=4; A+B=B+A4

(A+B)+C=A4A+(B+C); A+(-A)=0

b.Phép nhan mot s6 véi mot ma tran

-Cho ma trin A,x, va sb thuc A. Ma tran \.A c6 duge tir A bange ach
nhan tat ca cac phan tir ctia A v6i .



1 3 2
Vidu A= .
2 5 1

(=2).4 = {(—2).1 (-2).3 (_2)_2} _ {_2 6 - 4}
(-2)2 (-2)5 (-2).1 4 —-10 -2
o Tinh chat

1LA=A ; A(A+B)=AA+AB; (A+u).A=AAd+ud; (Au).A=A(ud)

c.Phép nhan hai ma tran
Cho hai ma trdn Ay, Byx, ta €0 :

Asixn anp = mep
(diéu kién : so cft cia A= so dong cua B)

b,
. . 2
¢, = dongi(A)xcotjB) =(a, a, ... a,). J
b
nj
= a“.blj +a, 'sz +...+a, .bn].
Vidu:
1.Nhan ma tran dong cho ma tran cgt
2
A=[1 -2 3;B= —1]
4
AB=12+4(-2).(-1)+34=16
-1 4 3
N -2 1 1
ii. A= :B=|2 0 2|. Tinh A.BvaB.A.
0 3 1
2 -1 1
»  Ayx3-B3xz = Caxs
-1
o =[-2 1 1|2 =(=2.(-)+1.2+12=6
dong 1(A) 2
cori(®)
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4
¢y =[-2 1 11| 0|=(-2)4+1.0+1.(-1)=-9
-1

3
¢, =[-2 1 1]|2|=(-2).3+12+11=-3
1
Tuong tu ta dugc ¢, =8¢, =L ¢, =7
. . 6 -9 -3
Sap x€p vao ma tran C ta dugc C = g 17

»  B3x3.Ajx3 : khong thyc hién duge phép toan (cot cua B#dong cua A)
o Tinh chat
(A.B).C=A.(B.C) A.B+C)=A.B+A.Choac(A+B).C=A.C+B.C

AMA.B)=(1L.A).B=A.(AB) Al ,=1,A=A4 AO0=0.4=0
Luu y : Phép toan nhan 2 ma tran khong c¢6 tinh giao hoan

% Phép todn liiy thira ma trdn (chi gianh cho A -ma tran vuong)

A =T A =AA A=A A=A

n

) 1 1 ) 3
Vidu. 4= 0 1 . Tinh 4° ?

, 127 ., [t 2]t 1] 13
A =AA4= = A=A A= : S
0 1 0 1[0 1] [0 1

v’ t6n tai s6 KEN (#0,1) : 4" = O, thi ta goi A 1a ma tran liy linh.

S6 k>2 nho nhdt sao cho 4* =0 dugc goi 1 cdp cia ma tran liiy linh.

=

0 0 1 0 00

Vidu 4=|0 0 0[,c6 4£°=|0 0 0|=0,=>4=0,=4".=4"
0 0O 0 00

Nén A la ma tran liy linh cép 2.

o Tinh chat

0,) =0, (L) =1,

Aker — AkAm (Ak)m — Akm

v/ Nhan xét



-A = diag(a,,,a,,,...,a )= A" = diag(a’

A:{s 0}:)143:{(5) 0}
0 -2 0 (-2)

-Néu A.B=B.A : cac hing ding thirc quen thudc cling dung véi A, B
d.Phép toan chuyén vi

k k
11’ 227 7a71n)

-Cho ma tran A,,,x,. Ma trép A" duqc’ goi ’12‘1 ma tran chyén vi cua ma tran
A, thu duoc tir ma tran A bang céach sap xép lan luot cac dong cua ma tran
A thanh céc cot cia ma tran A" .
1 2
) 1 3 2 r
Vidu 4= .A =3 5
2 51
2 1
o Tinh chét
(A" =4 ; NA"=XA"; (A+B)
* A" = A : A 13 ma tran ddi xtng.
*AT = —A @ Alama tran phan xing.
3. Phép bién doi so cap trén dong ciia ma tran(Gauss - Jordan)
-Cho ma tran A = (a ]) .. » cac phép bién d6i so cép trén dong cia A 1a :
d —d

d =\d

— A" +B"; (AB)" =B" A"

1. Hoan vi 2 dong cho nhau :
2.Nhan 1 dong v6i 186 A = 0 :

3. Thay mot dong boi tong ciia dong d6 véi A lan dong khac d, = d, + \d,

-Trong khi tinh toan ta thuong két hop phép toan 2&3 : d; = \d, + ﬁ.d}.

-Tuong ty ta cling c6 cac phep bién dbi so cip trén cot.
-Céac phép blen d6i so cap trén dong hodc cot dugc goi chung 1a cac phép
bién d6i so cap.

0o -1 2 1
Vidu:Chomatran A =|2 2 1 —2|tacd
0o 1 -2 1
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-1 2 1,2 2 1 -2
9 2 1 -2 -0 -1 2 1
0 1 -2 1 0 1 -2 1
iaw2 21 =20 d=0 1 21
— 0 -1 2 1 d= 0 -1
0 0 0 2 d = 0 0 2

4. Ma tran bac thang
Dinh nghia :
- Dong tz‘lm thwong 13 dong ma céc phan tir thudce dong do déu béng 0
- Dong tAim khéong thwong 1a dong co it nhét 1 phan tur khac O,phan tur
khac 0 dau tién cua dong goi la phén tir dAn ddu.chi s6 cot cua phan
tir dan dau ciing chinh 13 s6 béc ciia dong.
Ma tran bac thang(dong) 1 ma tran co6 cac dong tam thudng(néu co) nim
& dudi day,bac ciia dong(tir trén xudng) ting that sy
1 21 3

1 1 1

A=|0 1 1 2 B=|[0 1 1]

2.0 0 1 0 01
Céac ma tran bac thang

1 2 00 0 -2 0 0 -4 -2 7 5
A=10 0 4 1 A =10 0 4 1 A,=10 -3 4 1

0 00O 0 0 0 -2 0O 0 0 -2
Céac ma tran khong phai 1a ma tran bac thang

1 1 3 2 0 -2 0 0 0O 0 7 5
B=|0 0 0 0O B =10 0 4 1 B,=10 =3 4 1

0 2 00 0O 0 1 -2 1 0 0 -2

v' Dinhly:Moimatrdn A= (a_) =0  déuco thé dua vé ma tran
. ij / mxn mxn

béc thang sau mot sé hitu han phép bién ddi so cap dong.




-B1 : tim cot khong tam thudng dau tién(tir trai qua)

-B2 : tim phan tir khac 0 dau tién cia cot,ddi chd cac dong dé ptir d6 ndm &
vi tri du tién cta cot(dat tén 13 phan tir tru).

-B3 : bién dbi cac phan tir phia dudi nim cing 1 ¢ot voi phan tir try vé 0
bang phép bién d6i so cp trén dong(str dung phan tir tru dé bién doi cac
phan tir nay).

-B4 : 1ap lai cac budc trén véi ma tran con c6 dugc tir ma tran trén bf‘mg
cach bo di dong 1. Lap lai cho dén khi c6 dang béc thang (hay cho dén khi
ko tin théy cot khong tam thuong thi dung lai hodc ma trén con chi con lai 1
hang)

Vidu : Bién doi ma tran A v€ ma tran bac thang

1 2 30
A=|2 4 2 2
36 4 3

(ta thye hién bwée 1 tim cot khong tam thudng dau tién tir trai sang=>chinh
la cot 1)

(bwde 2 lay 1 1a phan tir thude dong 1 cft 1 1am phan tir try,thuc hién buée
3)

d,y=d,~2d, 1230
> |00 4 2
dy=d,~3d,
0 0 5 3
(hoan thanh budc 3 ta sang buédc 4)
(1 2 -3 0]
—|0 0 4] 2
0O 0 5 3

Tro lai bude 1 véi ma tran con-ltc nay cdt khong tam thuong déu tién 1a cot
4 . .
3: {5} voi1 4 1a phan tu try

dy=4d,~5d, 1 -3
- 10 : day chinh 1a ma tran bac thang.
0

S O N
NS\ B ]

4
0
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-1 2 1 =2
Vidu2 B=|2 -4 2 2
-3 5 4 3

-1 2 1 =21, -1 2 1 =2 -1 2 1 =2

dy=d,+2d, dyo>d,

B=2 4 2 2| -»> (0 0 4 2|->|0 -1 -7 9
dy=d,—3d,

-3 5 4 3 0o -1 -7 9 0O 0 4 =2

)/
¢

5. Ma tran kha nghich
Dinh nghia : ma tran An duoc goi l1a kha nghich néu ton tai ma tran B

AB=BA=1

B dugc goi la ma trén nghich déao cua An. Kihiéu B = A", viét lai CT
AA'=A"A= I

Nhan xét :

_[Afl]fl —A : [I]—l -7 : [A.Brl _ B—I_A—l

-Néu B 1a ma tran nghich dao cua A thi B 12 duy nhat (va nguoc lai).

a bl B 1 ld b
-Cho A = vOi ad#bc thi A~ =
c d ad —bc|—c a
Vidu:
1 3 8 =3 8 =3
A= At _1
2 8 1.8—-23—-2 1 21—-2 1
s . 1 3 2 1
ii.Giai phuong trinh A. X =B, vdi A = ; B=
3 8 2 4
Vi A khanghichnéntacé AX=B=A"'"AX=A4"'"B=X=A"B
Lo [-8 3 -8 3|2 1] [-10 4
A = = X= . = .
3 -1 3 —1{|12 4 4 -1

-Tim ma trin nghich dio bang cach sir dung phép bién doi so cip trén
dong(Sinh vién tham khao sach gido trinh)



Bai 2. Dinh thurc

1.Dinh nghia

-Cho ma trdn A .

+Ma tran vudng cip k duoc lap tir cac phén tr ndm trén giao cta k dong va
k cot cuia A dugc goi 1a ma trdn con cap k cua A.

+Ma tran M, vudng cap n-1 thu duoc tir A bang cach bo di dong thir i va

cOt thir j dugc goi 1a ma trdn con cua A ung vdi phan tr a,

-1 2 1
Vidu.Chomatran A=|0 -3 2
3 1 1
co M 0 2 u -1 2
12 3 1 ) 23 3 1 :
+Dinh thirc

-Dinh thirc cua ma tran An , duoc ki hiéu det A (hay ‘A‘ )lal s6 thue duge
dinh nghia
o A=(a,)=>detA=aq,

a b
e A= = det A = ad — bc
c d

e A= [aﬁ]n = detAd=a,A +a,d,+..+aq, 4

A (1Nt
Véi A, = (-1
% Chuy

n

Mij‘ (duoc goi 1a phan bu dai sé cua phan tir %')

]=1 lo|=0
a b c ' //,d//,b'/

-l oy z|= y = (ayw + bzu + cav) — (uyc + vza + wzb)
uovw

Vidu:
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- 2 -1

Cho A=(-3); B=| ,: C=|3 -2 1

1 1

A= -3 P Yes_01=¢
4 8=l 3

\C\: 2 1|=3 -2 1| 3 -2
2 1 1] |2 1 1|2 1
=1.(-2).1+21.24(-1).3.1) = (2.(-2)(-1) +1.1.1 4+ 1.3.2) = —12

0 0 3 -1

4 1 2 -1
-Cho D =

31 0 2

2 3 3 5

Taco detD =a A, +a,A, +a, A, +a,A,
= 0.4, +0.A4, +3.A, +(-1).4,

41 -1

Ay =DM | = ()73 1 2| =-21

2 3

41 2

A, =DM [ =03 1 of = —17

2 3 3

det D = 3.(—22) 4 (—1).(—17) = —49

2.Cac tinh chit co ban ciia dinh thic.
-Cho ma tran An , ta co cac tinh chét co ban sau

a.Tinh chét 1 detA” = detA



1 3 2 1 2 -1
2 =2 1l=3 -2 1|=-12
-1 1 1 |2 1 1

b.Tinh chat 2 : Néu hoan vi 2 dong hofc 2 ¢4t cho nhau thi dinh thirc s& doi
dau.

1 3 2 2 =21 -2 2 1

2 —2 1=(-1|1 3 2=|3 1 2=-12
-1 1 1 -1 1 1 1 -1 1
' d,d, ¢ o, ’

+Néu dinh thic c6 2 dong hodc 2 cot gidng nhau thi dinh thirc bang 0
1 3 2

-1 1 1=0

-1 1 1

c.Tinh chit 3 : Néu nhan 1 dong hodc 1 cdt cho 1 s6 A thi dinh thic s& tang
lén A lan.

13 2, 3 2
A=l2 21 - A =2 21
-1 1 1 -2 2 2

= A, =24, =2.(-12) = —24

+Néu dinh thirc ¢ 1 dong hodc 1 ¢4t tim thuong thi dinh thire d6 bang 0
+Néu dinh thic c6 2 dong hodc 2 ¢t ty 1¢ thi dinh thirc d6 bang 0

1 0 2 2 3 -3
2 0 1=0 2 -2 -3 =0
~1 0 1 —2 2 3

e =(=3)/2.¢,

d. Tinh chét,4 : Néu dinh thtrc ¢6 1 dong (hodc 1 cot) ma mdi phan tir 1
tong cua 2 s6 hang thi ta co6 thé tach thanh tong 2 dinh thuc.
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r+1 z—1 a+0b |z z a |1 —1 b
T Y z |l=r vy 2+ y =z

1z vy | 1 z gy 1 =z vy

e. Tinh chét 5 : Pinh thirc s& khong d6i néu ta cong 1 dong (hodc 1 cot) cho
A dong khac (hodc cdt khac).
v' Céc phép bién doi trong dinh thirc

-Hoén dbi 2 dong (hodic 2 ¢dt) : A, — " A = A, = —A (1)

'

-Nhan mot dong(hodc cot) cho mot sd A 4= A=A =) (2)

d=d +ad,

-Cong 1 dong(cdt) cho a dong khac A, A=A, =A3)

-phép bién ddi hén hop — (2)+(3) : A, — T4 A S A = 1A,
1 2 3
Vi du : Bién d6i dinh thirc vé dang bac thang véi A =|-1 2 —1

2 3 4

d=dd,+d, 1

1 2 3 1 2 3
dy=d,—2d, 4

A=|-1 2 —1|—2t

2 3 4| 0 -1 —2 0 0
3. Pinh Iy Khai trién Laplace
- Cho ma tran A , ta c6 cong thirc khai trién Laplace

Theo d7
_ Theod, |
‘A‘ —a,.A +a, A, +..+a, A

Theoc.
J

HOaC ‘A‘ (1/1‘7..14” + agj Az, +o.t anj 'Anj
0 0 3 4
3 =2 7 19
Vidu: Tinh A =
1 2 3 7
0 0 8 -1

a. Khai trién theo dong 2
b. Khai trién theo cot 1.
Giai



0 0 3 4
~2 7 19
a.A= 3 7 =34, +(-2)4, +7A, +19.4,
0 0 8 -1
03 4
V6i A, = (-1 M, | = (=172 3 7 |=-70
08 -1

Tuong tu 4, = 354,, =04, =0;

A =3.(=70)+(—2).35+7.0+19.0 = —280
0 0 3 4
3 -2 7 19

b. A= 1 2 3 7|% 0A4,+3A, +1.A4 +0.4,
0 0 8 -1

Vol A, =-70; A, =70
A = 0.4, + 3.(=70) + 1.(~70) + 0.4,, = —280

% Cac két qua dic biét
1.Ma tran dang tam giac

a, G, - a a0

0~a, - a,, _ a, a, | a0,
0 0 .>ga a, a, .. a->

2.Dang tich : det(A.B) = detA.detB

3.Dang khoi

A : B

:‘AHC‘ voi AC €M
o i C

Vi du : Cho ma tran

1 2 4 5
1 2 3 1 00

A=\|0 4 5|;B= 210'0—1367
_006,—_501,_0023
B 0035

a.Tinh detA, detB b.Tinh det(A.B), detC

Giai
1 2 3 1 00

a.detA=|0 4 5/=146=24,B=-2 1 (=111=1

0 0 6 -5 0 1
b. det(A.B) = detA.detB = 24.1 = 24;

1 2 4 5
1 3 6 7 |1 2(12 3
0 0 2 3 1 33 5
0 0 3 5

4.Ung dung dinh thirc tim ma trin nghich dao.
a. Pinh ly:

Ma tran A= khd nghich < det A = 0

b. Thuét toan tim A
B1: Tinh detA.
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B2: Lap ma tran [Aij]n (ma tran phan bu dai sd), suy ra ma tran phy hop cia

A:adjd =[[4] ]

B3: A =

JadjA
det A [adjA]

Vi du Tim ma tran nghich dao ctia A =

—_ O
OIS )
W =

Buéce 1 : detA=2



Buoc2: A =LA, =LA, =-1 A =-4A, =24, =0

AGl :1;"432 - _1;"433 =1

1 1 -1 1 1 -1 1 -4 1

S[A] =4 2 0|=sadd=|-4 2 0| =1 2 -1

1 -1 1 1 -1 1 -1 0 1
1 -4 1
Bu’(’wc3:A*1:l. 1 2 -1
2 -1 0 1

v" Nhan xét : Cho ‘An‘ =a
-‘A’l‘ = l; ‘ade‘ =a"'
a

X o , -1 P . 2t A , ji
-Phan tir a, cua A" dugc xac dinh bdi cong thire : a, = ‘i

5.Hang ctiia ma trian

-Dinh thirc con cép k : 1a dinh thirc cia ma tran con cép k cua A

Pinh Iy : Néu ma tran A c6 tat ca dinh thtc con cép k déu béng 0 thi dinh
thirc con cap k+1 ciing bang 0.

-Cép cao nhit cua dinh thirc con khac 0 ciia A duoc goi 1a hang ciia A. Ki
hiéu rankA=r(A)

Chuy:

-A =0 thi 1<r(A)<min{m,n}

-Néu A 13 ma tran O thi 7(A)=0

-rank(A) = rank(A")

-Céac ma tran c6 cung hang dugc goi la cac ma tran twong dwong(truong
hop cac ma tran vudng twong dwong dugc goi la ma tran dong dang)

4+ Nhéan xét : Cho A, —ta cd
rank(A) =n < det A= 0
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m 1 8 \/E
2m® 4m  m’  m® +4m )
Vidu Cho A = . Tim m dé r(A)=4
0 0 2 m
0 0 mfm 2
Giai

-mﬁk(A) =n(=4) < detA=0

m 1 8 \/;

4dm m’ m? + 4m

A=le 0 2 = |7
0 0 mfm 2
= (m.4m —2m>.1).(2.2 — m\/E\/E) = (4m® —2m”)(4 —m?)

A4m* —2m® =0
s m=0Am= 2

2 m
m\/g 2

m 1

2m®  4m

‘A‘¢O<:>

4—m>=0

Bai 3. H¢ phwong trinh tuyén tinh tong quat.
1.Khai niém chung vé hé phuong trinh.
a,r, +a,r, +..+a r =0

In""n

Ay T} + ATy + ...+ a, T = b2

H¢ gdbm n an z. va m phuong trinh -
7

a rv.+a r.+..+a x =0b

ml™1 m2° 2 mn- n m

trong do6 cac hé s6 a; b], € R duoc goi 1a hé phuong trinh tuyén tinh tong

quat.



Z b1
. Ly A R A bg A 1A A
Goi X = :ma tran an s0, B = : ma tran hé so tu do.
z b
n m
Ay Gy ot Gy
Ay Gy 0 Gy, . A 1A A
A= duoc goi 1a ma tran hé so.
ml am? o amn
ay Gy Gy bl
N Ay Gy =r Gy, b2 A A A e A
Va A=|A|B|= : ma tradn hé s6 mo rong.
ml aTrL? o amn m

Hé phuong trinh tuyén tinh c6 thé viét lai dudi dang ma tran 4. X=B
-Nghiém cua hé phwong trinh 13 1 bo n s6 {c,,c,,...c_}sao cho khi thay
T, = vao cac phuong trinh cua h¢, ta nhan dugc cac d@)ng nhét thirc.
-Hé phuong trinh ¢6 thé v6 nghiém, c6 thé c6 nghiém duy nhit hay vo s6
nghi¢m. ) o
-Hai h¢ phuong trinh tuyén tinh cung s6 an goi la twrong duong néu chung
c6 cung tap hop nghi¢m.
T+2y+z2—t=5
Vidu 1 : Cho h¢ phuong trinh tuyén tinh{2z +y—z2+4+1t=1 ,
—x—2y+52—3t =7

1 2 1 -1
hé c6 thé duge viét lai dudi dang ma tran | 2 1 -1 1
-1 -2 5 =3

x{ww.@ 8
={{ 9 —~ w

H¢ phuong trinh ¢6 1 nghiém la {1,1,2,0}
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2. Dinh ly Kronecker — Capelli. )
- Cho h¢ phuong trinh tuyén tinh 4. X=B va ma tran hé s6 m& rong

A=|4B|.
o rankA < rankA : hé phuong trinh v6 nghiém,
o rankA = rankA : hé phuong trinh c6 nghiém
o rankA = rankA < n(sd an) : hé phuong trinh c6 vo s6 nghiém

o m(zkA = rankA = n (s6 an) : hé phuong trinh c6 nghiém duy
nhat.

Vi du 2 : Bién luén sb nghiém cua hé phuong trinh theo tham s6 m
T+ 2y =1
(m—2y=m"—4

Giai.
Z Az 1 2 1
Taco A=|4 }_0 m—2m? — 4
— 1 21 —
-m=2= A= o olo = rankA =1=rankA < 2 : vay h¢ phuong tinh
¢6 v sd nghiém.
— 1 2 1 —
-m=2=A= ) = rankA = 2 = rankA : vay hé
0 m—2/m"—4

phuong tinh ¢6 duy nhat nghiém.

3.Phwong phap giai hé phwong trinh tuyén tinh tong quat.
a.Phuong phap Gauss (su dung ma trén béc thang)
Cho h¢ phuong trinh tuyén tinh 4. X=B

-Pua A vé ma tran bac thang.
-Giai nguoc tur dong dudi lén.



r+2y—z=0
Vi du 3. Giai h¢ phuong trinh \—z —y +2 =1
204+ 3y—2=2
Giai.
1 2 =10
H¢ phuong trinh < |—-1 -1 1|1
2 3 —12
Pua vé ma trin bac thang
1 2 10 1 2 —10 1 2 —10
1 -1 11%0 1 0f1|—5%% L0 1 0]1
2 3 —12 0 —1 1|2 0 0 113

Giainguoc: d, :0r +0y +12=3=2=3
d :0x+1ly+0z=1=y=1

2

d:lz+2y+(-1)z=0=z=1

1

Vay nghiém h¢ phuong trinh 1a (/,1,3)

r—2y+z=1
Vi du 4. Tim nghiém cua hé phuong trinh {—2z + 5y + 2 = —2
3r—Ty =3
Giai.
1 -2 11
H¢ phuong trinh & |—2 5 1|-2
3 =7 03
Pua vé ma tran bac thang
1 -2 11 1 2 —-10 1 2 —10
~2 5 U2l oo 1 30—t 101
3 =7 03 0 -1 =30 0 0 010

Gidingugc: d, : 02 + 0y + 0.2 = 0 = 2z = a(a € R)
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d,:0z+1ly+32=0=y=-32=-3a
d:lr-2y—-lz=1=z=1-5«
Vay nghiém hé phuong trinh 1a (1 — 5o, — 3, a0 )

b.Phuong phap Crammer (ma trdn A la ma trdn vuéng).
Cho h¢ phuong trinh tuyén tinh 4. X=B

A = ‘ A‘
-A 1a dinh thirc thu dugc tir A bing cach thay cotj boi cot hé s6 tu do.
J

e A =0 :hé phuong trinh c6 nghiém duy nhat : T, = N

e A =0 :giai hé bang pp Gauss dé xét trudng hop nghiém cua hé
phuong trinh

. T 42y =

Vidu 5 : Dung pp Crammer giai h¢ phuong trinh 9

T—Yy=—

Giai.

Hg ph h bz A=A b2 3
2 t‘ :} - = = = — :
¢ phuong trin 1 —1-9 H 1 1 ;

1 2 1 1
rol2 -1 v -2
LV S e

A3 VTTAT 3

Vi du 6 : Bién luan sb nghiém hé phuong trinh theo tham s6 m
(m=1)z+(m-1)y=1
x+my =20
Giai.
1
0

m—1 m-—1
H¢ phuong trinh =
1 m




m—1 m-—1
= A= =m-1=>A=0&m=1
1 m

+m = 1 : Hé phuong trinh ¢6 duy nhat nghiém
0 01
1 110

11
0 0

0
1

d —d,

+m =1 :thé vao hé ta c6 =

r(A) < r(K) : hé phuong trinh vo nghiém.

v/ Chii ¥ : muén tim diéu kién tham sé dé 2 hé phuong trinh 6 nghiém
chung, ta ghép 2 h¢ thanh 1 hé phuong trinh va tim diéu ki¢n tham so6 dé
h¢ phuong trinh chung d6 c6 nghiém

Viduy 7 : Tim diéu kién cua tham s6 m dé 2 hé phuong trinh ¢6 nghi¢m

chung

r+y—z4+t=2m+1 |20 45y —224+2t=2m +1
T+ T7y—52—t=-m |3z +Ty—32+3t=1

4.H¢ phuong trinh tuyén tinh thuin nhit
H¢ phuong trinh thuan nhat 1a truong hop déc biét cua hé phuong trinh tong
quat, cac hé so ty do déu bang 0

azx, +a.2x,+...+a z =0

1171 12772 In""n

|0 Ty T Ty 0y, T, = 0 2

a r.+a . +..+a x =0

ml™1 m2°2 mn- n
S A.X=0
v Chiy:
-B6 sb (0,0,...,0) luon 1a nghi¢m cua cac hé phuong trinh thuén nht,
nghiém nay goi 1a nghiém tam thudng.

-Do r(A) = r(A) : hé¢ phuong trinh luén luén c6 nghi¢m

e Dinhly:

-Hé phuong trinh thuan nhat (2) c¢6 nghiém duy nhat(nghiém tam thudng)
< detA=0

-Hé phuong trinh thuan nhat (2) c6 vo s6 nghiém (nghiém khong tam
thuong) < det A =0
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Vidu 8 : Tim diéu kién tham s6 m dé hé phuong trinh tuyén tinh thun nhét
sau chi c6 nghiém tam thuong
3z +m’y + (m—5)z =0
(m+2)y + 2 =0
dy+ (m+2)z=0
Giai ‘ ) ‘
H¢ phuong trinh thuan nhat chi c6 nghiém tam thuong < hé phuong trinh
tuyen tinh thuan nhat c6 nghiém duy nhat< det A = 0
3 m m-5
0 m+2 1
0 4 m+ 2

B ) m = 0
=3(m"+4m)=detd =0 &
m = —4

Dinh nghia khong gian vecto : Mot tip V(chira cac vecto c6 cung s chiéu)
duoc trang bi hai phép toan : cong hai vecto va phép toan nhan vé hudng,
thoa 8 tinh chét thi dugc goi 1 khéng gian vecto.
Vidul: Vi={(x,x,,x;)/x,eR }

Dinh nghia phép cong hai vecto nhu sau :

*  x+y=0x,%,%)+(V,Yp) = (0 + %+ 3y, X+ )
Dinh nghia phép nhan vecto v6i mot s6 thuc nhu sau :
o ax=a(x,x,,x;)=(ax,ax,,ax,)

Dinh nghia hai vecto biang nhau

X =0
* x=yS(x,X,X%)=(1,),3) =X, =,
X3 =03

Ta c6 Vi — Khong gian vecto R3 trén truong sd thuec.

Vi.



l.(x+y)+tz=x+(y+z) - thoa

2.c6 vecto 0O=(0,0,0) €V,

3.VxeV,3(x) €V : (-x)+x=x+(-x)=0

4 x+y=y+x

Twong tu cho cac tinh chat ctia phép toan nhan.
Vidu?2: Vo={ax’ +bx+c/a,b,ceR/x. eR}

V>— Khong gian vecto Po[ x ]

Vidu3: V3={[a Z}/a,b,c,deR}

C
V3— Khong gian vecto M»[R]
Vidu4: Va={(x,,x,,%)/x; € R A2x, +3x, +x, =0}
V4— Khong gian vecto .

Vidus: Vs={(x,,x,,%,)/ X, €ERA X, +x, —2x, =1}

Phép toan cong hai vecto va nhan vecto voi mdt so giong nhu trong vi du 1.

Vs— Khong 1a Khong gian vecto vi khong thoa tinh chat 2: 0=(0,0,0) € Vs
Chon x=(1,2,1)€ Vs ; x=(2,3,2)€ Vs, nhung x+y=(3,5,3)& Vs.

o Tb hop tuvén tinh

V — Khong gian vecto trén R™.Hé n vecto {x;,x2,...x,} EV,vdi cac sd
A, Ao,... M(héng s6),vecto u EV
u=M xr+ A x2t... +ha Xn ?*
vecto u duoc goi 14 to hop tuyén tinh cta hé vecto {x7,x2,...x,} v6i bd 6 1a
{AM, A2, An }
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= Mubn mot vecto u 14 to hop tuyén tinh,phai ton tai bd s6 {A1, A2,... An
h

(tire 12 hé phwong trinh co6 nghiém)
Vidu 6 : cho hé 3 vecto {u=(1,1,1),v=(0,1,1),w=(0,0,1)}

Voi:
e boséla(3,1,1) —2 x=(3,4,5)
Ta ndi x=(3,4,5) 1a t6 hop tuyén tinh cta {u,v,w} v&i boi sb 13 (3,1,1).

e bos61a(2,2,2) —9 y=(2,4.,6)
Ta ndi y=(2,4,6) 14 t6 hop tuyén tinh cta {u,v,w} voi bdi s6 1a (2,2,2).
e b0sH1a(2,0,0) — 2 z=(2,2,2)

Ta néi z=(2,2,2) 12 t6 hop tuyén tinh cta {u,v,w} véi bdi s6 14 (2,0,0).
e b s61a(0,0,00 —2— 0=(0,0,0)
Ta ndi 0=(0,0,0) 13 t6 hop tuyén tinh cta {u,v,w} voi bdi sb 1a (0,0,0).

Vidu 7 : cho hé 3 vecto {u=(1,0,1),v=(0,1,1),w=(1,1,0)}
=(2,2,2) 1a t6 hop tuyén tinh cta {u,v,w}
r=(0,0,2) 1a t6 hop tuyén tinh cta {u,v,w}

Vidu 8 : cho hé 4 vecto {x =(1,2,0),y =(2,0, O),z=(3,1,0),t=(0,1,0)}
u=(2,1,1) khong 1 t6 hop tuyén tinh cta {x,y,z,}
v=(0,0,2) ciing khong 1a t6 hop tuyén tinh cta {x,y,z ¢}
w==(6,5,0) khong 14 t6 hop tuyén tinh cta {x,y,z,1}

Tim cac bd s& {A1, Aa,... An }

Vi du 9 cho hé 3 vecto {u=(1,1,1),v=(0,1,1),w=(0,0,1)} vax=(3,4,5), tim bd

s6 trong phép t6 hop tuyén tinh cta x voi bd 3 vecto

x=M .ut hov+A3w
(3.,4,5)=M1.(1,1,1)+ A2.(0,1,1)+ 25.(0,0,1)
(3,4,5)= (.1, A1, A D)+ (A2.0, A2.1, A2. 1)+ (X3.0, A3.0, A3.1)
(3,4,5)= (A1, A1, M)+ (0, A2, X2)+ (0,0, A3)
(3,4,5)= (M+0, M+ A2,A1 Aot A3)



3=4, 10 03] (4=3
4=4+2  =|1 1 0]4|=44=1
S=A+A4+4 |11 115] [4=1

Vay x 14 t6 hop tuyén tinh ctia {u,v,w} v6ibod s6 (3,1,1)
Vidu 10 : cho hé 3 vecto {x=(1,1,2),y =(-1,2,1),z=(3,4,6)} va vecto u =
(2,2,5). Hoi u ¢6 13 t6 hop tuyén tinh cta x,y,z khong?
Bai lam.
Goi {A1, L2103} 12 bd s6 trong phép t6 hop tuyén tinh cta u v6i bd 3 vecto.
Ta c6 cong thire u=Mx+t A2 ytA3.z
1 -1 3 2 4 =16/3
=1 2 4 2|=4,=1/3
2 1 65 A =-1

Vay u 1a t6 hop tuyén tinh cua {x,y,z} voi bo sb (16/3,1/3,-1)

Vidu 11 Xéac dinh m dé hé vecto x=(m,2m+2,m+3) 1a 1 t6 hop tuyén tinh
cua u=(3,6,3),v=(2,5,3),w=(1,4,3)
Giai.
Dé vecto x 1a t6 hop tuyén tinh ctia u,v,w thi phai ton tai bd s6 {A, A2,A3}
sao cho

X = hut A ovthsw
ta c6 dugc hé phuong trinh tuyén tinh

u X

3l 2 1 m

6| 5 4|Rm+2 (dé t6n tai bd s6 thi hé phuong trinh
3 31m+3

nay phai c6 nghiém)

32 1 1m
01 2|2 (r(A4) < r(4) : hé v nghiém)
0 0 0]-1

Khoéng tdn tai bo sé,véy x khong la td hop tuyén tinh cua u,v,w

13 of 29

> PDoc 1ap tuyén tinh — phu thudc tuyén tinh.
V — Khéng gian vecto R” ,cho hé gdm n vecto {xs, x2, ... X1} EV.
e J A, Ao2,... An€ER khbng dong thoi bang 0 sao cho
M xrt A2 xot. .. tAn xn=0
ta n6i hé n vecto ndy phu thudc tuyén tinh.
o M xitAxat... TAa xn=0
— A1=0, L2=0,... A,=0.
ta n6i hé n vecto nay doc 1ap tuyén tinh.
Vidu 12:
H¢ 3 vecto u=(1,2,-1),v=(1,0,2),w=(2,1,1) doc lap tuyén tinh.
3 vecto x=(1,2,-1),y=(1,0,2),z=(2,4,-2) phu thudc tuyén tinh.
- Pékiém tra doc 1ap — phu thudc ciia hé n vecto {x1, x2,... xn},ta st
dung vecto 0

e Néuo0latd hop tuyén tinh cta hé vecto v&i mot bo sd duy nhét 1a
{0.0...0} (hé phuong trinh ¢6 duy nhét nghiém tim thudng)_ thi ta
két luan hé n vecto nay 1a doc 1ap.

e Néu 013 t6 hop tuyén tinh ctia hé vecto v6i vo $6 bo s6(hé phuong
trinh ¢6 vo sb nghiém) thi ta két luan hé n vecto nay la doc lap.

Vi du 13: Cho 3 vecto x1=(1,2,-1), x2=(2,5,1), x3=(3,6,4),ho1 h¢ 3vecto nay
doc lap hay phu thudc.

Lap vecto 0 13 to hop tuyén tinh tuyén tinh cia 3 vecto nay véi bo sé 1a {\,
A2}

0= A1 x1+ A2 x2tA 3 Xx3.

Ta c6 hé phuong trinh tuyén tinh thuin nhét

1 2 3]0 1 2 3]0
2 5 6[0|—>|0 1 0|0 =>tadugc i =A2=A3=0.
-1 1 410 0 0 110

Viy 3 vecto nay doc 1ap tuyén tinh.



Vi du 14 : Xac dinh m dé hé 4 vecto sau day phu thude tuyén tinh :
1=(72,3,1,4), u=(4,11,5,10), u3=(6,14,m+5,8), us=(2,8,4,8).

Giai.

Dé hé 4 vecto phu thudc tuyén tinh,thi 0 1a td hop tuyén tinh ciia 4 vecto véi
v s cac bo sd,tirc hé phuong trinh v6 $6 nghiém

2 4 6 2001 [2 4 6 20
311 14 8lo| |0 10 10 10|0
15 m+5 4]0| |0 6 2m+4 6|0
410 18 700l |0 2 6 3|0
24 6 2|0
ieano |01 1 1|0
1o 0 2m-2 oo
00 4 1]0
24 6 210 46 2 1o
deod |01 1 110 011 1 |o
00 4 10| [g04 1 lo
00 2m=-2 0|0 00 0 2-2ml0

Mudn hé v6 s6 nghiém r(4) = r(4) <4 (sd an)
Vay m = 1 thi hé 4 vecto nay phu thudc tuyén tinh.
Viy :

M={x1, x2,... Xn}
M x1+ A2 xot. . . Ahn Xn=S——> H¢ pt AX=b
e Hg¢ c6 nghiém x 14 t6 hop tuyén tinh ctia M
e Hg¢ v6 nghiém x khong 13 t6 hop tuyén tinh ctia M
M={x1, X2,... Xn}
A X1t A2 xo+. . A xn=€——"> H& pt thudn nhat A.X =0

e Hé c6 nghiém duy nhat M — dbc lap tuyén tinh
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(nghiém tim thudng)

e Hé co vd s6 nghiém M — phu thudc tuyén tinh
(nghiém khong tam thuong)

Vi du 15: Trong khéng gian vecto V cho ho M={x, y, z} ddc lap tuyén tinh.
Chung to {x+y+2z, 2x+3y+z, 3x+4y+z} doc 1ap tuyén tinh.
Gia st A1 (x+y+2z)+ Lo 2x+3y+z) A3 Bxt+4y+z) =0
& (Mt 2 3 A3)x (Mt 3hot4 A3) M +200+ A3).2 = 0

@ (4+24,+34=0 [1 2 3 0] (4=0
A+34L,+44, =01 3 4 0|=4=0
24424, +4,=0 |2 2 1 0| |A4=0

Vay M — doc lap tuyén tinh.
Nhan xét :
o Néu M chua vecto 0, thi M phy thudc tuyén tinh.
o M={xi, x2,... xn} — phu thudc tuyén tinh
<—> 3x;—1a t6 hop tuyén tinh ciia cac vecto con lai trong M.

o Thém mot s6 vecto vao ho phu thude tuyén tinh ta thu duoc mot ho
phu thudc tuyén tinh.

o B6 di mot sb vecto cua ho doc lap tuyén tinh ta thu duoc mot ho doc
1ap tuyén tinh.

DPinh nghia hang cua hé vecto

M={x1, x2,... Xn...} CV



Hang cuiah¢ M 1a a néu tdn tai o vecto doc lap tuyén tinh ctia M va moi
vecto con ctia M chtra nhiéu hon a vecto thi phu thudc tuyén tinh.

Hang cua hé M la sb tdi dai cac vecto doc lap tuyén tinh cia M

Tinh chét cia hang hé vecto

1. Hang cua h¢ vecto M khong d6i néu ta nhan mot vecto cua M voi
mot sO khac 0

2. Cong vao mat vecto cia ho M,mot vecto khac da dugc nhan vdi mot
s6 thi hang khong thay doi.

3. Thém vao ho M mdt vecto x 1a to hop tuyén tinh ctia M thi hang
khong thay dbi.

Vi du 16 Tim hang cua hé cac vecto sau . M={(1,1,1,0); (1,2,1,1); (2,3,2,1);
(1,3,1,2)}

Y nghia hinh hoc cua to hop tuyén tinh.

Cho h¢ 2 hai vecto u = (1,1), v=(-1,2); vecto x = (-1,5).

a. x ¢ 1a td hop tuyén tinh cua hé 2 vecto
u, v hay khong ?

b. Biéu din hinh hoc vecto x theo hai

vecto u, v "
\

Dé xét h¢ vecto ddc 1ap tuyén tinh hay phu thudc tuyén tinh ta xét.
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e N¢éu sb vecto bang s6 thanh phan cé trong tung vecto : tao ra ma tran

A bang cach xép cac vecto thanh tirng cot ctia A, tinh ‘A‘

o |4 = 0:he PLTT
o |4|=0:nePTTT
e Néu sb vecto khac s6 thanh phan c6 trong timg vecto : tao ra ma tran

A bang cach xép cac vecto thanh tig dong ciia A, tinh rankA

o rankA = sb vecto : hé¢ PLTT
o rankA <so0 vecto : hé PTTT
Co s6 cia khong gian R"— toa do ciia vecto trong co s6.

+ Cosé
DPinh nghia tap sinh.
M={x1, x2,... Xn...}CV
Tap hop M duogc goi 1a tap sinh ctia khong gian vecto V néu moi vecto x
ctia V 13 t6 hop tuyén tinh ctua M.
xeVeox=Ax+Ax,+. . +Ax +...

M sinh ra V

< Khong gian vecto V dugc sinh ra boi M.

-Dinh nghia co s&
M={x1, x2,... Xn...} C V
Tap hop M duogc goi 1a co so cua khong gian vecto V néu moi vecto x ciia
Viatd hop tuyén tinh cua M va hé M doc lap tuyén tinh.
Tap sinh 1a co s¢ néu tap sinh doc 1ap tuyén tinh.
Vi du 17: Trong khong gian vecto R? ¢6
e Hg¢ 4 vecto {u=(1,1,1); v(0,1,1); w=(0,0,1), =(0,2,2)} 1a tap sinh.
Goi x=(a, b, c) e R*, voia, b, ceR.
Ta biéu dién x 1 t& hop tuyén tinh cua u, v,w, t



1 0 0 Ola 1 0 0 0f a
x=Au+ v+ hw+ A4t 11 0 2b|—>[0 1 0 2| b-a
1 1 1 2 0 01 Olc—a-b

e H¢ 3 vecto {u=(1,1,1); v(0,1,1); w=(0,0,1)} 1a co sé.
+Tép sinh
Ta biéu dién x 13 t6 hop tuyén tinh cta u, v,w
1 0 Ola 1 00 a
x=Au+ v+ hw+ 4t 1 1 0b|—>|0 1 0] b-a
1 1 1Ifc 0 0 lic—a-b

+Co so

Xét su doc lap tuyén tinh ciau, v, w

1 00

1 1 0[=120

1 11
Vi du : Trong khong gian vecto R? ¢6 hé 4 vecto {u=(1,1,1); v(0,1,1);
w=(0,0,1), £=(0,2,2)}. Tim 1 co s& cua khong gian vecto R?

Trong khong gian vecto R? c6 hé 4 vecto {u=(1,1); v(0,1); w=(0,0),
=(2,2)}. Tim 1 co s& ctia khong gian vecto R?

Vecto u € R?, u = (x,y,z) c6 3 thanh phén nén can co 3 vecto tao thanh
n6.Vay co sé cia khong gian R? s& 1a 3vecto trong khong gian R® doc 1ap
tuyén tinh.vi du 3vecto u=(1,1,1), v=(1,1,0), w=(1,0,0) thudc R> 3vecto nay
doc 1ap tuyén tinh voi nhau nén hé 3 vecto nay 1a mot co s& cho khong gian
R’.
Téng quat,co s& ciia khong gian R™ 1a hé n vecto doc 1ap tuyén tinh(cac
vecto nay thudc khon gian R").
Vay dbi v6i bai toan co so,ta s& xét

e hévectoladoclap => lacosd

e h¢ vecto 1a phu thuoc=> khong la co s&
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Vi du : Trong khong gian vecto R? ¢6 hé 3 vecto {u=(1,1,1); v(0,1,1);
w=(1,-2,-2)}. Tim 1 co s& cua khong gian vecto R?

Vi du : Trong khong gian vecto R? ¢6 hé 3 vecto {u=(1,1,1); v(0,1,1);
w=(1,0,4)}. Tim 1 co s& cua khong gian vecto R

+ Toa dj cia vecto

D6 véi mot vecto x ta ¢6 2 cach biéu dién
e x=(1,2,3) : biéu dién x 1a 1 vecto c6 3 thanh phan
1
® [x];=|2| :toadd cua vecto x trong co s¢ chinh tic.
3

(luu ¥ : trong co s chinh tic,toa do cua x ciing chinh 13 cac thanh phan
tuong tng ctia nd,2 cach biéu dién trén cd ¥ nghia la nhu nhau)

Dinh nghia toa do : toa do cua 1 vecto x trong co s B = {u,,u,,u,} chinhla

b6 sd 4,4,,4, trong phép biéu dién t6 hop tuyén tinh ciia x véi cac vecto

trong co s6 B

A
[x]g =| A | © x = Ay + dyu, + Aguy
A
Vay bai toan tim toa d ciia mdt vecto x trong mot co s¢ B,ta tr¢ lai voi bai
toan tim cac bo sb 4,4, A, trong phép biéu dién t6 hop tuyén tinh.
1
Vi du 18 : Cho toa d cua vecto x trong co s¢ B 1a [x]; =| -1|,co s&
3

B = {u,=(1,0,1),u,=(1,1,0),u,=(0,1,1)} Tim toa d cua x trong co s& chinh tac
Giai



[x]5

1

=| 1| x=Tuy + (=D, + 325 =1.(1,0,1) + (=1)(1,1,0) + 3.(0,1,1)

3

0
Vay toa d6 cta x trong co s& chinh tic 13 [x] r=[x]=]2
4

Vidu 19 : Cho vecto x=(1,2,1) .Co s& B = {u,=(1,0,0),u,=(1,1,0),u,=(1,1,1)}
.Tim toa do [x]5?

Giai.

a

Giasu [x], =| b |< x=au, +bu, +cu,.

c

Ta thiét 1ap dugc hé phuong trinh tuyén tinh v6i cac 4n 13 a,b,¢

1
0
0

I 111
1 112
0 111

=

a=-1

b=1

c=1

-1
Vay toa do cuax trong B la [x], =| 1
1

4+ Ma tran chuyén co sé.

Cho hai co s& B ={u,,u,,u,} ,cOS& V ={v,,v,,v,}.

Goi

P

B>V

e Tatim toa dd cta cac vecto vtrong cos6 B :[v,], =(b |, [v,], =| ¥ |,

12 ma trén chuyén co so tir B sang V, P,

duoc tinh nhu sau

BV

a

C

-V

z

(luu y,thtr tu cua cac vecto trong hai co
sO,quyét dinh dén cac toa do ciing nhu P_,)
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u, =(2,1),u, =(-1-1) Ti

l1m
vl = (_1’ 0)"}2 = (09 1)

Vi du 20 : Trong khong gian R? cho céc vecto : {
ma tran chuyén co s& B ={u,u,} sang B, ={v,v,} cia R%
Giai.

Cach1.Goti [v,], = [ﬂ & v, = au, +bu, (giai hé phuong trinh tuyén tinh tim a

,b).
a=-1 -1 iy 1
Ta duoc { } 1:>[v1]5=[ J .Tuong tu véi [v,], :H
A -1 1
Va'y PB~>BI _|:_1 1:| .
Céch 2. Dung cong thuc A,,, = P,,,.F,,, (v6i E la co s6 chinh tac)

Ma trén chuyén doi co s su dung toa

, : 2 -1
Luwuy:khicho B={u,u,'=P,, = ,
1 —1| d cta vecto,ma toa d thi phai duoc

1ol | xép thanh cot
0 1} ‘

Tuong ty B ={v,,v,} = Py {

, 2 17" [-1 0] [-1 1
Thé vao cong thirc PB—>BI=R§—>E'PE—>31=[f;5—>B]71'PE—>B] =|:1 _1:| '|:0 1:|=|:_1 1:|

4+ Co sé ciia khong gian W sinh béi hé vecto {u,,u,...u,}

.
nl =

H¢ vecto {u,,u,...u,} dugc goi la tdp sinh cua W,vady mudn tim co sé cua

W.ta di tim sd vecto doc lap tuyén tinh cuc dai c6 trong hé {u,,u,..u,}

e Tim hang ctua hé vecto nay,hang cta h¢ cling chinh 1a s6 vecto co
trong co s¢ va cling 1a s6 chiéu cia W(dimW)

Vidu 21 : Tim co sé cua khong gian W sinh béi hé vecto sau :
u,=(2,3,4),u,=(5,-4,0),u,=(7,-1,5)

Gidi.



Ta tim hang ctia ma tran
2 3 4 2 3 4 2 3 4
A=|5 -4 0|—>|0 23 -20|—>|0 -23 =20
7 -1 5 0 -23 -18 0 0 2

Ta c6 rank (A) = 3 = dim(W),vay co so ciia W 13 hé 3 vecto doc 1ap tuyén
tinh c6 trong {u,,u,,u,} ,cling 1a {u,,u,,u,} (h€ 3 vecto doc lap nén cling la co
s6 cua W)

Bai todn tim toa do trong co so cua khong gian sinh : twong tw nhu bai

todn tim toa do cua khong gian R".

Vi du 22: Trong R?,v6i co s B =1ii,, ﬁ} clia
W =({@.i,}) = ({(2,.2,-1,(1,-1,-D}).M

1,-1)} .Cho v thoa [v] , =[23} Tim [v],?

t co s& nira cua W la
B, = {‘71"72} :{(137,1)5(15_

Giai.
Cach 1:

[v], [ }@v 2., +(=3)v, =(8,44,5) .Goi toa do v trong B

a
[V]B = L} Sv=au +bu,

Ta lap duoc hé phuong trinh tuyén tinh

> e 13 13
a=

2 -1|44|= . Vay [v], =
{b:—18 [V, {—18}

1 -1]s

Khéong gian nghiém ciia hé phwong trinh tuyén tinh thuan nhat.

x+y—t=0
2x+3y+z-2t=0
—2x-2y+2t=0
3x+4y+z-3t=0

Vi du 23: Cho hé phuong trinh tuyén tinh thuan nhat

Tim mot co s cua khong gian nghiém h¢ (I).
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Cach 2 : ap dung cong thirc [v], =5, ,[v],

Véi P, ,,. dugc tinh :
2 11
X R R . x=2
["1]3 :{ } = xu, + yu, .Lap hé phuong trinh ta duge | 2 +1 7 :{
y y=-3
-1 +1 1
t
V], ={ } = tu, +w.u, .Lap hé phuong trinh ta dugc
w
2 1 =2
t=-3
2 -1 -10|= {
w=4

-1 -1 -1

Suyra P, , _ 23 4} Vay [v], =F.s[v], z[_23 _jM:}z[—}ﬂ

Chua y : Trong khong gian sinh,néu khong gian sinh 1a khong day du(sé
vecto 1am co s& bé hon thanh phan cua vecto),ta khong dung cong thirc
P, ., =P, P, , (viEvaB,B’khong cing sb chiéu nén khong ton tai

P .. P

E—>B>" E—>B' )

Bdi todn : dé vecto u € W, thi u phai 12 to hop tuyén tinh cta céc vecto
trong co s¢ sinh ra W, nghia la w=Au, + Au, + A, (diéu

kién dé hé phuong trinh tuyén tinh c6 nghiém)



Giai.

Hé phuong trinh biéu dién dudi dang ma tran

1 1 0 -10] [1 10 -10] [d:i=c

2 3 1 20| |01 1 0 0| |d:z=5
—> =

2 20 2 0| 000 0 0 |d:y=—p

3 4 1 30/ [000 0 0| |dix=a+p

Tim hé phuong trinh tuyén tinh ma hé nghiém lai tring véi KGVT sinh boi

3 vecto 1 = CL0L2)0, = (34.-2.5),a; = (1,4,0,9)

Giai
Goi (x,,x,,x,,x,) la nghiém cua hpt can tim

Taco (x,x,,x,,x,)=4.a, + L,.a, + ,.a,

-1 3 1 |x -1 3 1 X,
0 4 4 |x 0 4 4 X,
= =
-2 0 |x 0 1 1 |x+x
12 5 9 |x 0 11 11 |x, +2x
-1 3 1 X,
0 4 4 X,
=
0 0 0 | 4(x,+x)—x,
10 0 0 |4(x, +2x)—1lx,

Dé hpt c6 nghiém : r(4) = r(4)
4(x, +2x)-11x,=0
4(x;, +x)—x,=0
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Suy ra nghiém cua hé phuong trinh
X = (a +ﬂa_ﬂ’ﬂ’a) = (0!,0,0,6()+(ﬁ,—ﬂ,ﬁ,0) =a(1,0,0,1)+,3(1,—1,1,0)
U,

| U,
Khong gian nghiém cua hé phuong trinh
W={X/X=(a+ p,-B,B,a);a, R} va co sd cua khong gian nghiém 1a h¢
vecto {U,,U,} ={(1,0,0,1);(1,~1,1,0)}



+ Anh xa tuyén tinh.
1. DPinh nghia.
F(ax)=aF(x)
F(x+y)=F(x)+F(y)

-Anh xa tuyén tinh 1 R"— R™ ,cho mdt qui tic bién ddi vecto x(n chiéu),
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* x-2 ) Itz
Bacl  Bic0 g, Bacl  Bicl

0+1=1
 x+y+z+1 :co biéu thirc bac bang 0 (hang sb bac 0)

Bicl g, Bicl  Bico

Vay fkhong phai 1a axtt.

thanh vecto y=f{x)(m ¢hiéu).lic ndy ta goi y=Ax) 1a i

v \
Cho vecto u=(x,y) c6 2 thanh phan x y,ta s€ thu dugc
mbt vecto 6 3 thanh phén theo cong thirc

Vidu 1: Cho AXTT f: RZ—‘> R?, dinh b&i f{x,y) = (v.x
A

Axtt £bién vecto =(2,3) thanh vecto f{u)=2,3)=(3,2,-4).
Tuong tu vecto v=(2,1) thanh vecto f(v)=£(2,1)=(1,2,0)
vecto v=(-1,-1) thanh vecto f(v)=f(-1,-1)=(-1,-1,1)
VD 1. Cho 4nh xa T : R* — R* dugc dinh nghia:
T(z; x5 z,) = (z, — z, +z,; 21, + 37,).
Trong R, xét v = (25 7, 7,), ¥ = (¥, Y3 ¥y)-
Xét tinh chét 1.
T(x+y)=T(x +y,% + 3y, %5+ 3)
=[x+ 1) = Oy + 2) + (63 + 33),2(x, + ) +3(x; +3,)]
=[Cq —x +23) + (=2 +33),2x; +3x,) + (2, +3p,)]
=(0 =X, + 3,20+ 3x,)) + (V) = Vo + 3,20, +3,)
)+ f(»)
Xét tinh chét 2.
T(ax)=T(ax,ax,,ax;)
=(ax, —ax, +ax;,a2x, +3ax,)
=a(x, —x, +x3,2x, +3x,)
=a f(x)
Bdi todn kiém tra fla axtt ‘ta kiém tra trong cong thirc /'c6 biéu thirc nao
c6 bac khac 1 khong,néu c6 thi fkhong phai 13 axtt,nguoc lai f1a axtt.

Vi du 2: kiém tra ax f{x,y,z) = (x-2y,x+zx+y+z+1)
Ta kiém tra tirng thanh phan

2. Xic dinh anh xa tuyén tinh.
Vi du 3 : Cho anh xa tuyén tinh f: R°—R’.
Co s cia R? 1a B={u1=(1,2); u=(1,2))} ffu1)=(1,1,2); fluz)=(4,2,1)
a. Cho u3=(4,5). Tim f(u3)?
b.Xéc dinh biéu thirc cia f.
Giai.
a. Tim f(us)

1 3 4 =-5
Goluws= Al ut A2, 1= = A
2 55 A, =3

Ta c6 uz= A1. urt 2. u2 — f(uz)= A1 flu)+ A2 fluz)
=-5.(1,1,2)+3.(4,2,1)=(7,1,-7)
b. Xac dinh biéu thuc cua f.
Tim anh cta mot vecto u=(x,y) bit ki trong R>.
Twong tu cdu a,ta phai biéu dién vecto u dudi dang to hop tuyén tinh ciia
hai vecto trong co so.
u=A1 urt A2 w2

{1 3 x} {/11 =-5x+3y
= =
2 5 vy A, =2x-y
Ta co us= A1 uit A2 w2
— fluz)= M. flu)+ Aa. f(uz)
=(-5x+3y).(1,1,2)H(2x—y).(4,2,1)
=(-5x+3y, -5x+3y, -10x+6y)+(8x-4y, 4x-2y, 2X-y)
=(3x-y, -x+y,-8x+5y)
Vay biéu thirc AXTT: f{x,) =(3x-y, -x+y,-8x+5y)



Vidu 4 : Cho anh xa tuyén tinh /- R*°—R’.Biét
o f(1,1,0)=(-2,-1)
o f(1,1,1)=(1,2)
o f(1,0,1)=(-1,1)
a. Tim {(3,1,5)?
b. Xéc dinh biéu thirc cta f.
Giai.
c. Nhan xét {(1,1,0); (1,1,1); (1,0,1)} 1a 3 vecto dltt nén 1a 1 co sé trong
R3
Ta biéu dién vecto (3,1,5) 1a 1 t6 hop tuyén tinh cta co s nay.
(3,1,5) =(-2). (1,1,0)+3. (1,1,1)+(-2). (1,0,1)
Dua vao 2 tinh chét cua anh xa tuyén tinh ta duoc.
f(3,1,5) = f((-2). (1,1,0)+3. (1,1,1)*+(-2). (1,0,1))
= =f((-2). (1,1,0))+(3. (1,1,1))+f((-2). (1,0,1))
= (-2).f(1,1,0)+ 3.f(1,1,1)+ (-2).f(1,0,1)
=(-2). (-2,-1)*+ 3. (1,2)+ (-2). (-1,1)
=(-3,1,0)
d. Xac dinh biéu thirc cta f.
Tim anh cia mot vecto x=(a,b,c) bat ki trong R>.
Tuong tu cu a,ta phai biéu dién vecto x dudi dang t6 hop tuyén tinh cia
ba vecto trong co s0.
(a,b,c) =M. (1,1,0)+ X2 (1,1,1)+ A3. (1,0,1)
Giai hé phuong trinh ta dugc.
A =a-c ; Ma=-at+b+tc
Vay biéu thic cua fla:
f(a,b,c) = f(\1. (1,1,0)+ Xa. (1,1,1)+ A3. (1,0,1))
=M A(1,1,0)+ A £(1,1,1)+ A3.£(1,0,1)
= (2b-c;-2a+b+3c)
Vay biéu thic AXTT: f{x,y,2) = (2y-z, 2x+y+3z)

; A3 =a-b.
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1 1
2 (2 1
Vidu4: Cho f: R°— R’/biét (oj#’ 1=/, ;(4}% 2|=1,
1 1

,biéu thuc cua f?

Co f: R— R’
' 2chiéu->2th.fan H 3chiéu->3th.fan |
K v

Dit f(x,y)=(ax+by,cx+dy,ex+fy) (trong d6 a,b,c,d,e,f 14 cac tham sé chua
biét)
2a=1 a+4b=1
=><2c=1va <c+4d =2
2e=1 e+4f =1

£(2,0)=(2a,2¢,2¢) = (1,1,1)

Nén ta cd
F(L,4)=(a+4b,c+4d,e+4f)=(1,2,1)

Suy ra a=c=e=1/2,b=1=1/8,d=3/8.
Vay biéu thirc cua f
f(x )—(lx+l lx+E lx+l )—l(4x+ 4x+3y,4x+y)

TIPSy T ey
e Tong quattaco:
Cho f': V—Wla mot anh xa tuyén tinh.
Cho B={ui, u.... uy} 1a tap sinh cua V.
Vectox €V <> x =An ui+ Az uz...+ An. up

f(x) = f(21. ui+ Az uz...+ An. up)
= A1.flur)+ Ao.f(uz)...+ An.fun).

Muén xac dinh anh xa tuyén tinh,ta can biét anh ctia mot tap sinh trong tap
A%

3. Nhin va Anh ciia 4nh xa tuyén tinh.

* Dinh nghia Nhin cua 4nh xa tuyén tinh .




Cho anh xa tuyén tinh f: V —>W.

Nhan cua f 13 tap hop tt ca nhiing vecto x ciia khong gian vecto V sao
cho f(x) =0 Ker f= {x€ V/f(x)=0 }

\Y Y

| —

Tim Ker f 13 di tim co s&
cla khéng gian nghiém hé
pttt thuidn nhat

Vidu 5. Cho anh xa tuyén tinh f: : R*— R3,biét f(xi, x2 ,x3) = (X1+ Xo-

x3,2 X113 X2- X3, 3x1+ 5X2- x3). Tim co s va chiéu cua Ker f ?

Giai.

Taco Ker f= {xEV/f{x)=0 }

Nén v41 moi x € Ker f

ftx1, x2,x3) =0.

(x17+ x2- x3,2 x17+3 x2- x3, 3x1+ 5x2- x3) = (0,0,0)
X+ x,—x,=0

=1:2x,+3x,— x, =0 : co co s& khong gian nghiém 1a {u, =(2,-11) }
3x,+ 5x,— x,=0

Vay Ker f=u, =(2,-1,1) }

e Dinh nghia Anh cta 4nh xa tuyén tinh .

Cho anh xa tuyén tinh f: V —>W.

Anh cua f 13 tp hop tat ca nhimg vecto y ctia khong gian vecto W sao
cho t6n tai x€ V dé y = f(x)

Imf={yeW/IxeV :y=fix)}

\Y% W
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o Dinhli:
Cho 4nh xa tuyén tinh f: V —>W.
1.Nhén ctia anh xa tuyén tinh f 13 khong gian con ctia V
2.Anh ciia 4nh xa tuyén tinh f 12 khong gian con ctia W
3.dim(Ker f) + dim(Im f) = dim(V).
+ Don anh — toan anh — song anh.
Cho anh xa tuyén tinh f: V—->W, c6 B={ ui, uz.... un } 1a mgt co sé cua V
- fladon anh <> Ker f={0}
of(B) = (fluz), fluz)... flun)) doc 1ap tuyén tinh.
- flatoan anh & Im f =W
« f(B) = (f(u1), f(uz)... f(ux)) 1a tap sinh cia W.
- f lasong anh < fvira don anh vira toan anh
—f'(B) = (f(u1), f(uz)... f(un) 1a co s6 cia W.

Mgénh dé.

Anh ciia m6t 4nh xa tuyén tinh 14 khong gian con duoc sinh ra boi anh ctia
mot tap sinh cua V.

4 Céc bude tim anh cia anh xa tuyén tinh.

B1.Chon 1 cosdcuaVIaB={uyj uz.... un }.

B2. Tim f(u;), f(u2) ...f(un).

B3.dmf'= < flui).fluz) .. f(un) >




Vi du 6. Cho anh xa tuyén tinh f:: R*— R’ biét
fx1, x2,x3) = (x1+ Xx2- Xx3,2 x1+3 X2- X3, 3x1+ 5X2- X3)
Tim co s va chiéu ctia Im f ?
Giai.
B1 : Chon co s& chinh tic cua R3,E={(1,0,0);(0,1,0);(0,0,1)}
B2 : Co 1(1,0,0) =(1,2,3)
1(0,1,0) = (1,3,5)
(0,0,1) = (-1,-1,-1)
B3 : Im f=<(1,2,3), (1,3,5), (-1,-1,-1)> (sv tu 1am tiép theo)

Vidu 7 : Cho anh xa tuyén tinh f: : R>— R>.

Biét f(1,1,1) = (1,2,1):f(1,1,2) = (2,1,-1);f(1,2,1) = (5,4,-1).
a. Tim co s6 va chiéu cua Ker f.
b. Tim co s& va chiéu cta Im f.

(sv ty lam theo cac vidu 3 va 4)

4. Ma trin ciia anh xa tuyén tinh trong cip co sé.

Cho AXTT f: V— W,c6 B={u,,u,,.u,} 1a mdt co s cia V, co
F={v,v,,.v,} lamdtcosdcia W. A dugc goi la ma trdn cua axtt
trong cap co s {B,F}.

e A duogc xac dinh béi :

Toa dé cua
vecto thr 1

1L
[f@)], | [f@)], - [f@)],

A:[f]B:

| m 13 s6 chiéu ciia W(co sd F c6 m vecto) |

o Alématréncépmxn{

| n 1a s6 chiéu cuia V(co s& B ¢6 n vecto) |
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e Biéu thirc toa do

f: VoW
F
[f(x)]F - [f]B [X]B
F
A = [f]B Toa do cua vecto Toa dg cua vecto
anh f(x) s& nim X s& trong co so
trong co s6 W \%

(Luuy:Blacosdcua V,Flacosdcua W)

Pac biét : Ma tran cua anh xa tuyén tinh trong cdp co sé chinh tic : A=
E
[/1:=1/1;
L], =171 [x],
[f], <6 thé 13y truc tiép néu biét duoc biéu thirc cua axtt f

Vi du 8: Cho axtt f: R>— R2,v6i biéu thirc f{x,y) = (2x-y,x-3y).
Ma tran anh xa tuyén tinh cta f trong co sé chinh tic 1a

fen= (2. = Qo
[f ] £ 1 @ ma tran axtt 6 cdc dong 1a cac h¢ so trong thanh phényecto tuong tng,do
day khong phai toa do ciia vecto nén khong xép thanh cot
v luu y dé kiém tra ta [am phép toan nhan [f]=[f],[x]
2 —-1]|x 2x—-y
el SIS

Bdi todn cho trude bidu thire £ tim ma tran ciia AXTT trong cdp co s6.

Vidu9:Cho AXTT f:R* - R*,¢c f(z,y) = (z—y,z).CO cosb

B= {ul — (—1;1),u, = (1;0)} va F = {vl — (1;2),0, = (1;3)}Ma trén cta f
d6i voi co s6 B,F?

Giai.

Bude 1: fu) = f(-11) = (~2,-1), f(u,) = f(1:0) = (1,1
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Buéc 2 : Buéc 1 : fivy) = f(2,1)=(2a+b.2c+d), f(vy) =f(1,1)=(a+b,c+d)
)y = | f) = oy, + b, = o | = )l =| 2 2
u )l =1 |— flv,)=a.v 2, — — )l =
Vi Ty S P | ir T3 Bue 2 [f(v)], = [, LU ()l =,
|, B ) 1 1t ]2 )
[f(up)] = b = Jlu) = a0+ b0 — o) =)l =] Taco:[f(v,)], = & ) =20 + 1y, = 2.2, +1.0,D)
Buéc 3 : Vay [f]F = _g ? = (2a+b,2¢c+d) = (5,3)

20 +b=5 I
= 2c+d:3()

Vidu 10 : Cho anh xa tuyén tinh f: R? — R?, dinh béi f(z,y) = (0,2). Ma

trdn clia f ddi véi cosé F = {(1; 1), (1; 0)} (tae tim [fE = [f],) Tuong tur ta co
2
Giai. [f(v2>]F =L|® f(v,) =2, + 1,

Buée 1 : uw= f(1;1) = (0,1), v = f(1;0) = (0,1)
= (a+b,c+d)=2.(2,1) + 1.(1,1)

woe 2 fuly =1yl =) c+d=3
Bube 3 : V4 1 1 2a+b=5 a=0
woe 3 Vay =\ T (0 va (D a e 1267 9=3 L 0=2
u (D) va aCO=>a+b:5 :>c:0
Bai todn cho trude ma tran cia AXTT trong cdp co s&, tim biéu thirc f c+d=3 d=3
Vidy 11 : Cho 4nh xa tuyén tinh f : R* — R?, ma trén ctia / ddi véi co s& Vay biéu thtre f(x,y)=(5y, 3v).

2 .
1 Biéu thirc cua f 1a? e (Cong thirc tim ma tran cua AXTT f

|2
F={v, =@1),v, =51} 1a |
Cho f: R"— R™,c6 B; la co sd cua R", B2 1a co s& cua R™

Giai. Ta ap dung cong thuc :

Goi f(x,y)=(ax+by,cx+dy).



f:R" > R"
P [/ ] P, [f ] e o,
E,—"“>F o

G B U U

E,, B, 1a hai co s¢ cia R’

E,,B,1a hai co s6 cua

(Cong thirc nay duoc st dung linh hoat,hai cip co s¢ E va B c6 thé dbi chd
cho nhau)

Vidu 12: Cho f: R*— R? biét ma tran f trong cip co s&
B={(1,1,1);(1,0,1);(1,1,0)} va F={(11);(2,D)} la

PR

Tim f(x)?

Giai.
Ap dung cong thirc
f:R >R

lB /1, Uk g T
12
E—>FE

3 2

G TR i

Y nghia.
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Cho anh xa tuyén tinh f: VoW, vo1 B la co so cua V;B’ 1a co s& cua
W.Ltc nay ton tai duy nhat ma tran Ap p a0 cho :

[f]B' =App [x]B
Vidu 13 : Cho Axtt f : R?— R? biét biéu thirc f(x,y)=(x-3y,2y,4x+3y).
Va hai co s B={ui=(1,1), ux=(1,2)} va

B’={vi=(1,0,1); vo=(1,1,1), vs=(1,0,0)}

Biét [x]3=m , [y]fm ’ [Z]B{_ﬂ

Tim [f(x)]s, [f(y)]s[f(2)]5".
Axtt f: R"— R™.Goi A l1a ma tran cua f trong cdp co so B,B’.
Taco:

e fdonanh < rank(A)=n(<m).

e ftoan anh < rank(A)=m(<n).

e fsong anh < rank(A)=n=m < A € My(R) va det(A)#0.

Vi du 14. Cho anh xa tuyén tinh f: R’>— R>,dinh boi f(x,y,z)=(x-2y+z,2x-
Sy+z,z).

Héi f1a don anh — toan anh hay song anh?
Giai.
Xét ma tran anh xa f'trong co sé chinh tic Es.

1 =21
A=[f], =2 -5 1|.
0 0 1



Ta c6 rank(A)=3.
Vay f'la song anh.

Vi du. Cho 4nh xa tuyén tinh f : R>— R2,dinh boi f(x,y,z)=(x-y+z,2x-
Sy+mz).

Hoi véi m nhu thé nao thi 14 toan anh.

e Dinh nghia hai ma tran déng dang.

Ma tran vudng A va B cip n dugc goi 1a ddng dang véi nhau néu ton tai
ma tran kha nghich P sao cho: P"'4P=B

Xét phép bién ddi tuyén tinh f. A 1a ma tran cta f trong co s6 E. B 1a ma
tran cua f trong co so F.

Thi A va B 13 hai ma tran dong dang.

5. Tri riéng — vecto riéng.(tai lidu nay chi trinh bay vé ma tran)
Cho anh xa tuyén tinh f : R?— R?, ,dinh boi f{x,y)=(3x-2y, X).
Cho hai vecto u=(1,2);v=(2,1).
Co f(w=f(1,2)=(-1,1)

f(v)=f(2,1)= (4,2)=2v

- Pa thiec dac trung : ma tran A, c6 da thuc dac trung tinh Pa(A) theo

cong thuc :
Pa(A)=det(A- AL).
Cho PA(A)=0 ta dugc phuong trinh ddc trung.

- Tririéng : A€R dugc goi 1a tri riéng clia ma trdn A néu ton tai
vecto u #0 : A.[u]= A.[u]
- Vecto rieng : u#0 duoc goi la veto riéng ung voi tri riéng A.
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. 1 2 .
Vidu 15: Vecto x=(-2,2) 1a vecto riéng cua ma tran [4 3) ung voi tri

riéng?
Giai.
Vi vecto x 1a vecto riéng tmg véi tri riéng Ata co

HHHE HE N

=1 & =1
4 3)| 2 2 -2 2

= A=1

Cac buoc tim tri riéng va vecto riéng :
-Thiét 1ap phuong trinh dic trung,giai phuong trinh dic trung,ta duoc cac
tri riéng Ai.
-Tim vecto riéng u tuong (mg vdi tri riéng A; bang cach giai hé phwong
trinh tuyén tinh thuan nhét [A- A1, 0).T4t ca nghiém khac 0 cua hé 1a cac
vecto riéng tng vai tri riéng Ai.
-Khéng gian nghiém ctia hé phuong trinh tuyén tinh thuan nhat (A- Al 0)
duoc goi 1a khong gian con riéng ing voi tri riéng Ai, goi 1a Ex.

Vidu 16 : Tim tri riéng — vecto riéng,co sd,chicu cia cac khong gian con

31 1
riéng tuong ing cua ma tran A. Void={2 4 2
1 1 3
Giai.
Phuong trinh dac trung : det(A- Al,)=0
3-1 1 1 "';J'
Boi dai s0 ciia 4, =2 bang 2
2 4-1 2 |=0e@U-2Pu-6| .
. 32 Boi dai s6 cia A, =6 bang |

* 2, =2,g01 u=(x,y,z) la tri riéng twong tmg cua A, =2.
Thiét 1ap hé phuong trinh tuyén tinh (A] A, 0)
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1 110 1 110 z=a Budc 2 : Tim céc vecto riéng twong (mg véi tri riéng — kiém tra tong dai s6
2 22 0/=0[0 0 0 0|=4y=4 va tong hinh hoc. Vay chi ¢6 nhirng tri
1110 000 0| |x=—a-p riéng c6 boi dai s6 >2 1a

(bo1 H.hoc cua tri riéng phai bang bdi b,so tuong cin chi ¥ khi xét didu

Suyra u=(—a—-B,p,a);a’ + # >0: cic vecto riéng tuong tmg véi 4, =2.
yrau=(a=ppayac+p g tuong tmg vot 4, kign chéo héa!l!.

Budc 3 : Lap ma tran P. Tinh ma tran chéo D.

Cou=(-a-p,p,a)=(-a,0,a)+(-4,5,0=a(-1,0,1)+ £(-1,1,0)

! 1 3 3
Vay khong gian riéng E, = E, c6 co'sd 1a {v,v,} ={(-1,0,1);(-1,1,0)} Vi du #7 . Chéo héama trin A=|-3 -5 —3|.
dim(E2) =2. Boi hinh hoc cta u 3 03]

A, =2 bang?2
*A,=6 Buée 1 : Tim tri riéng.
Tuong tu ta c6 u=(0,0,y);y #0: cac vecto riéng twong tng tri riéng A, =6. 2 =1 | Tong boi dai 56 1223
\ o . _ 2 = ong boi dai sO =
Vay khong gian riéng E, = E, c6 co s6 1a {(0,0,1)} .dim(Ee) =1. Phuong trinh dac trung : P,(A) =~(A-1)(A1+2)" = { 4 =3
Boi hinh hoc ciia y t
2, =1 bang 1 Budc 2 : Tim vecto riéng
o A=1:v=(-L1). Téng bdi hinh hoc=3=tbng bdi dai sb

- boi hinh hoc < boi dai sd.
o A, =-2:v,=(-110)1,=(-10,1).

6. Chéo hoa ma tran.
Budc 3 : Lap ma tran P va ma trén chéo P.

Ma tran A chéo hoa dugc khi A ddng dang véi ma tran chéo D.

Y
A ¢6 n vecto riéng doc 1ap tuyén tinh 14p thanh mét ma tran co sd trong ]
khong gian R" -1 -1 0 0
P=|F1| 1 0 =D=P'.AP -2 0
bicu kién dé chéo hoa ma tran : tong boi dai s6 = tong bdi hinh hoc = bac 11 o 1 ol —2
da thtc dic trung. ] A A 4
. . L o o v2,v3 ¢6 thé doi chd A
v" Néu ma tran A, ¢0 n tri riéng phan biét thi A chéo héa dugc.

Cac buéc chéo héa ma tran A

Bai todn tim diéu kién cua tham so m_dé ma tran A co thé chéo hda duwoc.

Budce 1 : Tim tri riéng — kiém tra tong boi dai s vdi bac ciia ma tran.



1
Vidu 18 : Choma trdn 4=|0
0

S N

3
4 |. Hoi véi dicu kién nao cua a thi A
3

chéo hoa duoc.
Giai.
A c0 ba tri riéng phan bi€t 4 =1,4, =2,4, =3 nén A ludn chéo hoa dugc

v&i moi a.

1 1
Vidul9:Chomatrdn 4={0 2 . Hoi véi diéu kién nao cia a thi A
0 0

N QW

chéo hoa duoc.

Giai.

A c6 da thtrc dac trung P, (A)=(1-1).(A-2)".

Mubdn A chéo hoa dugc thi tri riéng A, =2 phéi c6 2 vecto riéng doc 1ap.

Tim vecto riéng tmg voi1 tririéng 4, =2.

-1 130 Mudn c6 2 vecto riéng doc 1ap thi hé phuong
00 a0 <:] trinh phai c¢6 hai an ty do=>chi ¢ 1 phan ti try
0 0 0 0

|
—_
—_
w

0 z=a
0 0 0 O0|=qy=p
0O 0 00O x=3a+p

=>X=0Ca+p.6,a)
=a(3,0,1)+ £(1,1,0)

Ung véi tri riéng A, = 2,¢6 hai vecto riéng doc 1ap tuyén tinh.
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Vay a=0 thi A chéo hoa duoc.

o a#0.
-1 1 3 0 z=«a
= X =03a,0,a)
0 0 a 0|=4y=0
=a(3,0,1)
0 0 0 O x=3a

Ung voi tri riéng A, =2,c6 mot vecto riéng doc lap tuyén tinh.

Vay a#0 thi A khong chéo héa duoc.

Vidu20: Chomatran 4= . Hoi véi diéu kién nao cia a thi A

S o =
S O Q
S = O

chéo hoa duoc.

Giai.

A c6 da thtic dac trung P,(1)=(1-1).4°.

Mubn A chéo hoa duoc thi tri riéng 4, =0 phai ¢ 2 vecto riéng doc lap.

Tim vecto riéng tmg vo1 tririéng 4, =0.

Mudn c6 2 vecto riéng doc 1ap thi hé phuong
<:]trinh phai c6 hai an ty do=>chi c¢6 1 phén tir tru

S o =
S O
oS = O
S o O

H¢ chi c6 mot an tu do,nén so vecto riéng doc 1ap chi l1a mot=A khong
chéo hoa duoc voi moi a

(vi boi hinh hoc bang 1 bé hon bdi dai sé bing 2)
7. Tririéng — vecto riéng ciia anh xa tuyén tinh.

Dinh nghia.



Cho ¥ 1a khong gian vecto, anh xa tuyén tinh f: V' — V.

SO AeR duoc goi la tri riéng cua f, néu ton tai vecto x£0 € ¥ sao cho
f(x)=Ax

Khi d6 vecto x duogc goi 1a vecto riéng ctia anh xa tuyén tinh f trong tng
voi tri riéng 4

Céc bude di tim tri riéng — vecto riéng cia mot anh xa tuyén tinh

Budc 1. Chon mot co s¢ B tuy y trong kgvt V
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Tim ma tran A cua axtt trong co s& B.
Budc 2. Tim tri riéng A va vecto riéng x cua A.
Budc 3.Két lugn
1. Tririéng cua A ciing chinh Ia tri riéng cua axtt (va nguoc lai)

2. Vectoriéng cia A 1a toa dJ cua vecto riéng cua axtt trong co sé B.



