I.LE THANH PHONG
CHUONG 7:

PAC TRUNG HINH HOC CUA MAT CAT NGANG

I. Khdi niém chung.

Trong chucng thanh chiu kéo (nén) ding tdm, ta thiy @ng suit trong thanh phu thudc vao
dién tich F ctia i€t dién mit cdt ngang. Tuy nhién, d6i véi cdc trudng hgp thanh chiu xoin,
hoic chiu uén thi ting sud't trong thanh khéng nhitng phu thudc vao dién tich mit cit ngang F
ma cdn phu thuée vao hinh d4ng clia mit cit, vi tri tic dung cia ngoai hre d&i v&i mit cit,

Xét vi du nhy trén hinh 7.1, cing mét thanh chiu tdc dung mét hre nhu nhau, Bing truc gidc
ta thi'y trong trudng hgp hinh 7.1a (i€t dién dudc dit nim bi uén nhiéu hon trudng hgp hinh
7.1b khi ti€t dién dit ditng. Miic dil trong c4 hai trudng hop ti€t dién mit cit ngang nhir nhau,
nhing phuong tdc dung clia ngoai hic d&i véi mit cdt ngang thay déi di 4nh hudng dén khi
niing chiu lyc cda thanh, tifc 13 dnh hudng dén @ng suat phat sinh trong thanh. Trong chucng
nay s& xét dén cdc dic trung hinh hoc cia mat cit ngang lién quan dén khi ning chiu luc

cia thanh.
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Hinh 7.1: Thanh chju uén khi dac _‘[O
trung hinh hoc khédc nhau, Hinh 7.2: Hinh phing v cdc hé toa dé.

Xét hinh phﬁng F, lﬁ’y mot vi phin dién tich dF cé toa do A(x,y) va hé truc toa dd nhu trén
hinh 7.2 ta c6 cdc dinh nghia sau:
II. Dién tich, mémen tinh, trong tim.
Dién tich ctia hinh phing F:
F=[aF (7.1).
$74

Mémen tinh ctia hinh phing F d6i véi truc x va truc y 14 biéu thic tich phin sau:
S, =[yaF; S, =[xaF (7.2).
F F

Mémen tinh ¢6 thi nguyén la: [chié;u a’di]3 .

Mémen tinh c6 thé ¢6 gi4 tri Am, dudng hiic bing khéng,

Truc trung tdm: 13 truc ¢6 mémen tinh cla dién tich F d6i vé6i truc d6 biing khéng. Néu x 1a

truc trung tim thi S =0,

Trong tAm ctia hinh phing: 14 giao diém ciia hai truc trung tAm cia hinh phing dé.

Nhu vy, mémen tinh ciia hinh phing d6i véi moi truc di qua trong tdim déu biing khéng,

Dinh 1y Varignon: Mdmen ciia hé lic dbi vdi mot truc bing mémen cida hgp lic doi vdi truc

do.

Gid su C(xc,yc) 1a trong tdim mit cit, qua C dung hé tryc x,,y, song song v8i hé tryc x,y

ban d4u (hinh 7.2), ta ¢6 m&i lién hé ciia toa d6 diém A trong hai hé truc toa d§ nhu sau:
X=Xe+Xg3 V=V +Y,.
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Thay vao
Sx

(7.2)ta dude:
[vdF = [(ye + o )JAF = yc [dF +5 o
Fi r Fi

xdF = [(x + %, )dF = x. [dF +5 .
F F

S

¥

Il
o t—

Vi x, va y, lacdce tryc trung tdim nén S, =5 ,, =0, do dd:
8= Y S =L
Né&u hinh phidng bao gém nhiéu hinh phing ghép lai thita ciing cé:
S = Z}JC,F; 35, = quFs ;
V8 x.. Yy va F, 12 toa dd cda trong tim va dién tich cia hinh phing the i,
Do dé, ta c¢6 cbng thite xdc dinh mémen tinh ctia hinh phing d&i véi mét truc khi biét toa dé
trong tim va dién tich cia hinh phdng hoac biét toa d6 cdc trong tAm va dién tich cia nhiéu

hinh phing ghép lai:
Sx:J‘de:ycF:quFi; sy:jxdF:ch:zqu (7.3).
F r

Tir (7.3) ta cé thé tim dwdc trong tim ciia hinh phing:
_S_y_Equ. _S_x:ZyC,Fi

i == : = T.4).
Dién tich vi toa dé trong tAm cfia mét s6 hinh phing don gidn drde cho trén bing 7.1.
Bang 7.1
Hinh phing Diéntich F Trong tim xc
Y
hI: ce F i
X F=hb X.=—b
Xc 2
b
¥
h]: ,
F=—hb Xp=—b
3
Ba gy | st
I ntl b 2Ant2)
h
F = 1 b o 2 n+i
n+1 ? n+42
III. Cidc momen qudn tinh.
1. Mémen qudn tinh.
Mémen quan tinh cia hinh phing F déi vdi truc x va truc y 13 biéu thite tich phin sau:
J, = jyﬁdF-, d, = jfafF 755
E E

2. Mémen qudn tinh Iy iam.

Mémen qudn tinh ly tim cia hinh phing F déi v8i hé truc toa do (x,y) 14 biéu thite tich
phin sau:

F, = jxde (7.6).

F
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3. Mémen qudn finh cic.
Mo6men qudn tinh ce cia hinh phing F d&i véi diém cuye O 1a biéu thie tich phin sau:
Jpszlszfxuy ..
r

Thi nguyén cia cic mdmen qudn tinh: [chié;udair ;
Theo hinh 7.2 p° =x" +y* dodé:

T NS (7.8).
Cdc mémen qudn tinh J_, J, va mdmen qudn tinh cye J, 1a dai ludng khdng am.
Mémen qudn tinh ly tdm J_ ¢6 thé dwong, 4m, hodc bing khong.
Hé truc quén tinh chinh: 13 hé truc ¢6 mémen qudn tinh ly tim bing khong. N&u (x,y) la hé
tryc quén tinh chinh thi /_ =0.
Mot truc ddi xing ciia hinh phing hdp véi mét truc bt ki nao dé vudng géc véind tao thanh
hé tryc qudn tinh chinh cia hinh phing dé.
Hé truc qudn tinh chinh trung tdm: 12 hé truc qudn tinh chinh cé gdc tai trong tAm hinh
phing. Néu (x,y) 12 hé tryc qudn tinh chinh trung timthi S, =0, S, =0va J,_ =0,
Mémen quédn tinh cia hinh phing d&i véi hé truc quédn tinh chinh trung tim duge goi 1a
mémen qudn tinh chinh trung tdm cia hinh phing. Trong stc bén vit liéu, khi tinh todn Wng
suit, bién dang cia thanh, ngudi ta thudng ti€n hanh trong hé truc toa dd edm truc z cia
thanh va hai truc chinh trung tAm ctia tiét dién mit cit clia thanh,

IV. Mémen qudn tinh ciia mét s6 mdgt cdt don gidan.
1. Mgt cét chi? nhét.

Cho hinh chi nhit ¢6 kich thuSe &xh (hinh7.3a). Cin tim cdc mdmen quén tinh chinh trung
tdm cia nd,
Hinh phing ¢6 hai tryc d6i xing x va y nén (x,y) 12 hé truc quén tinh chinh trung tim. P&
xdc dinh mémen qudn tinh d6i véi true x, ta 14y dién tich vi phin JF 13 mot gidico bé réng
b, béday dy, khodng cichdén truc x 12 y. Tacé: dF =b = dy.

ni2 RI2

3 bh3
Jo=[yar= [py’dy=b2 =22 Tuongty:
r =h{2 3 12
-h{2
b h
o .9,
v~ 55 (1.9)
dF
\I\\ ¥ d}’ ¥ dp AY
a) ¥ :\t b 1 dF O dF
v dyy |
" * ‘ * " b Xg
r (p b y C X

Hinh 7.3: M& men qudn tinh ciia mdt s6 médt et don gidn.
2. Mat cdt tron.
Cho hinh tron dudng kinh ¢ (hinh 7.3b), C4n tim mémen quén tinh cwe d6i véi goc toa do O
va cdc md men qudan tinh chinh trung tAm cda né.
P& ddn gidn, ta tinh mdmen qudn tinh cve trwde, chon dién tich vi phdn 13 mét hinh gidi han
bdi hai tia @, @+d¢ va hai dudng tron ban kinh o, p+de nhe trén hinh 7.3, Ta cé:
dF' = pdpxdp.
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d/22x /2

4 4
1,=[pdr= [ [papiq= 22 2 L0 4a (7.10).
A £ 5 4|, 32
Vi tinh d6i xdng nén: J, = J,, mitkhdc theo (7.8): J, =J +J, dodo, ta cé:
J’ 4
J. =7 e ™ ~ 0,05d" (7.11).
2 64

3. Mt cdt tam gidc.

Cho hinh tam gidc canh ddy bing & chiéu cao 7. Cin tim mémen quin tinh clia tam gidc ddi
vdi truc qua canh ddy va trong tAm cida tam gide (hinh 7.3¢).

Tac6: b =ﬁ%b; a’F=b*><dy=ﬁ%bdy.Do ds:

k e 4 b 3
h—y by ¥ bh
J =|yidF=|y?—Lbdy==| Z—h-1-| = 7.12).
. ly {y oy h(S y Iz (7.12)
Q
/3 3 4 2h/3 3
h-—y by y bh
J =|ydF= P T phdy=—|L-h-—Z— = 7.13).
% iy %j”y e h[3 4 36 =5}
—h/3

V. Mémen qudn tinh khi chuyén truc song song.
Cho dién tich F, trong hé truc toa do (xy) ¢6 cdc ddc trung hinh hoc la J_, J , J . Xdc
dinh J,, J,, J, cda dién tich F trong hé truc mdi (u v) song song véi hé truc ban diu.
Theo hinh 7.4 ta cé cdclienhé: u=x+b, v=y+a.
Tir cac ding nghia vé cic mémen qudn tinh:
J, = [vdF = [(y+af ar,
E

F

J, = [WdF = [(x+b}dF,
J, =FjuvdF =Fj(x + b)(y +a)dF.
F F

Sau khi khai trién va it gon ta dudc:
J,=J +2aS, +a’F;
J,=J,+2bS, +b°F, (7.14).
S =J,+bS, +aS +abF.
Trudng hop dic biét, n€u hé truc el (x,y) 1a trung tAm (gdc toa d6 O tai trong tim mit c4t),
khids S, =S, =0:
J. =J +a'F;
J, =T, +b°F; (7.15),
J, =J, +abF.

Hinh 7.4: Mémen quén tinh Hinh 7.5: Mémen quén tinh

khi d&i truc song seng. khi xoay truc.
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VI. Momen qudn tinh khi xoay truc.
Xét hé truc (bt,V) xoay t hé truc (x,y) ban ddu mot géc « , x4c dinh J,. J,. J, trong hé
truc méi theo J_, J,, J, (hinh 7.5), chiéu dudng clia géc @ 14 quay ti truc x theo chiéu
ngudc kim ddng hé. Ta c6 lién hé toa do clia vi phin dién tich dF trong hai hé truc:
1 =XCOS& + ¥SIN& ; Vv =yCosa -Xsine
Thay vio cong thife tinh J,, J, va J,, tacé:
J, = jvzdF = _“(ycosm!—xsin()«!)2 dr
73 F
J, = juzdF = j(xcosa+ysina)2 dar’,
i ¥
J., = Iuva’F = I(x cos o +ysinaXy cosor — xsina)dF.
F F
Sau khi khai trién va rit gon:
J,=J_ cos’ a+J, sin’ a—J,sin2a;
J, =J sin’ a+J, cos’ a+J, sin2a;
g, = (Jx - Jy)sinacosa +ny(cos2 o —sin’ a).
Pé ¥ cdc cong thie lugng gidc:
1-cosZa 2 l+cos2a

sin2a=T , COS a—T; 2sinacosa =sin2a ; cos® o —sin® & = cos2a.
Thay vio va bign déi rit gon ta dudc:
J +J T -J
| Y+ Y cos2a—J _sin2a;
2 2 v
J +J, T -J
L = Y — > cos2a +J  sin2a (7.16).
2
J.—J,
J,=———+sin2a+J cosla.

Céng hai phucng trinh diu trong (7.17) ta ¢6 bit bi€n cia mémen quén tinh:
J,+J, =0 +J =const (7.17).

Céc cong thife trén twong ty nhy ¢ong thic tinh ¥ng suit trén mit cit nghiéng. Vi vay, phan
xdc dinh phuong chinh, dng su't chinh ciia trang thdi ung suit c6 th€ 4p dung dé xdc dinh hé
tryc chinh va cdc mdémen quan tinh chinh khi xoay truc.
Vi trf ciia truc quédn tinh chinh dude x4 ¢ dinh tr phuong trinh:

2J

gRa=-—2 7.18).
8 =y (7.18)

Tw day ta nh&n dudc hai truc quin tinh chinh va ching vuéng géc nhau.
Mémen quédn tinh chinh ciing 14 trj 88 cuc tri ctia mémen qudn tinh khi xoay truc:

I +17
Ty == yié,/(Jx—Jy)z+4ny (7.19).

Fiztie

T cdc quan hé (7.16) va (7.18), ta ciing ¢6 thé xdc dinh J, va J,, bling db thi trong hé truc
(JM,JW) goi 1a véng trén Mohr quén tinh tucng ty nhu vong trén Mohr ting suét (hinh 7.6).
Piém khdc biét 14 vong trén Mohr ting suit c6 thé cit qua truc tung nhung vong trén Mohr
quén tinh chi niim phin bén phéi cia truc tung vi cd¢c mémen qudn tinh néi chung va do dé,
momen quan tinh J, luén ludn ducng.

Tir hinh 7.6, ta ¢6 thé x4c dinh vi tri clia cdc truc ¢6 mémen qudn tinh chinh:
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tgor, =tglm— )= —1gf =~ A o (7.20).

gy =" — (7.21).

Hinh 7.6: ¥éng trén Mohr qudn tinh,

3
Phuong J..«

Mémen qudn tinh cia mét hinh phing déi véi mot truc bat ky ¢6 thé duge bidu dién dusi
dang tich s6 ciia dién tich hinh nay véi binh phwong clia mét dai lwong goi Ia bdn kinh qudn

tinh:

J J
]f’x = F)f ’ ]f’y == Fy (722)

Bén kinh quédn tinh d6i véi cdc truc chinh dudc goi la ban kinh quan tinh chinh.
Khi xoay truc ta ¢é thé thi'y téng binh phuong cic bdn kinh qudn tinh trén hai phuong vuéng
g6c nhau bat ky 1a hiing s6-

ila
bd

J o+
riarl=r+r = > = conts (7.23).
F
Vidy 7.1
Xdc dinh toa dé cda trong tim clia mit cdt cho trén hinh 7.7a.
Gidi.

Gin vao mat cit hé truc toa d6 (x,y) nhw hinh 7.7b. Do mat cdt déi xng qua truc y nén
trong tim C ndm trén truc nay (x. = 0).
Xét vi phin dién tich dF dudgc gidi han bdi cdc tia nhw hinh 7.7b, ta cé:

dl' = pdopdp;, y= pcosgp.

=85 = '[de = 2j-f[pcosgopdpdq0: 2jp2dpf[cos¢dq) = érj SIno .
F 00 o o

F=or.
Do dé, theo (7.4) toa d6 cida trong tim la:
S zrj sinx 2 rsino

TF T3 e 3 oa
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|
b) 1 //5: _
2
12 \ °C = Ycu
y [¥c Y2
O 3 / = 1
st Yc3
Xc
Xc3
- Hinh 7.7: Chovidu 7.1, Hinh 7.8: Chovidy 7.2,
Vidu7.2
Xdc dinh toa do ctia trong tAim cia miit cit cho trén hinh 7.8a.
Gidi.

Ta chia mét ct trén hinh 7.8a thanh ba mat cit va gin hé truc toa do (x,v) nhu hinh 7.8b,
Theo (7.4) ta c6:
X, F 4 xo 4 xo F,  612.4+2412+8164

C LA

F+F +F, 124+4.12+16.4
_YeFi A VesFy e Fy _ 1812441041242.164
¢ F,+F,+F, 124+4.12+16.4 o
Vidu7.3.
Xdc dinh toa dd cia trong tAm cia miit cit cho trén hinh 7.9a.

Gidi.

D6i véi nhitng mit cidt dang rdng hay bi khoét 16m, thi vin st dung coéng thitc (7.4) nhung
phin dién tich réng ta xem nhu dién tich 4m. Chia mit c4t hinh 7.9a 1am hai phin mét phin
14 dién tich hinh tron khoéng bi khoét, phin con lai la dién tich hinh vudng ¢6 gid tri Am. Gin
vao hé truc toa do (x,y) nhu hinh 7.9b. Do truc x di qua trong tim cda hinh tron nén

Yo =0, Tacé:
x(8a) P
_ijE_yCZFZ 0 (4 ) _a(3a) 9a’ g

- =— . == ax-22a.
16m” —9a 167-9

c

y
a) a) b) Xc1
7 N
: X
@
Xc2 Ycu
6cm [ox e
11 [y
Scm v X
b
Hinh 7.9: Cho vidu 7.3, Hinh 7.10: Cho vidu 7 4.

Vidu7.4.
Xdc dinh mémen quén tinh chinh trung tim cia mat cit nhu hinh 7.10a.
Gidi.
Ta chia mit cit trén hinh 7.10a thanh hai hinh chit nhit nhu hinh 7.10b. va chon hé truc toa
d6 ban ddu 1a (x,y). Vitruc y 1 truc d6i xéng nén x,. = 0.
: Vel £ YT _183.205+88.16
O F'4F" 205+8816

=]1206lcm.

C
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Theo (7.9) va (7.15) ta ¢6: J . =J .. +J .. Trong dé:

— 20.5°

Jo=J xx, F= +(18,5-12,61) .20.5=367,75cm”.
— 8.16°

Tl =g 4xx, FU = +(12,61-8).8.16 = 545,09cm”,

Viy:
J o =36775cm” +54509em” = 912,84cm”,
5200 168
_ . 0o e . _ 4
ch _Jy _Jy+‘]y —74'7—4016(3”1 7
Vidy?7.5.

Xdc dinh mémen qudn tinh chinh trung tAm cia mit cdt nhu hinh 7.11a.
Gidi.
Chia mit cit trén hinh 7.11a thanh ba phin: phin 7 v III 14 hinh chif nhit, phan II 14 nifa
hinh tron, cdc phan II va III 13 rébng nén c¢6 gid tri 4m d6i véi mémen tinh, mdémen qudn
tinh. Chon hé truc toa d6 (xy) nhu hinh 7.11b.
2 2asin(m/2) 187m+8

. T
Theo két qud Vi du 7.1 khi thay « = — ta ¢6: =6a+— a=6,85a.
* ' v ET Pz 3 (=/2) 37

Toa do trong tAm ctia mit cit:
Ve P =y F" =y F"  Sa.60a’ —6,85a.x(2a) / 2—3,5a.20a°
g 60a’ - n(2a) / 2= 20a°
M&men qudn tinh chinh trung tim:
Jo=Jd—J5 -7 Trong dé:

~ 5,55a.

s
o=t +(ve-ve, J F = %+(5,55a—5a)2.60a2 =518,15a",
7 = a7 st g = L2ta) r{2a)

+(6a-5,55a) ——~756a",
2 64 2

=
TE =T 4y —vye, ) F" = M'Eia)+ (5.55a—35a) .20a° ~ 125,72a" .

J . =51815a*-7,56a% —12572a* = 384,87a’.

_ Yy YT Tt ¥e "
) ba b P a) D) rc/
N e ™ALL
! %—L s 5(2 o
I : 1 e >
| 5 * <§ Yol
a
& \ Xcz
| 2 Yo
R\ T
__;a 3 & 12 - Xel Ed
Jal 4a  Jap x Lg(i)l e
T L} XC2
Hinh 7.11: Cho vi du 7.5. Hinh 7.12: Cho vi du 7.6.

Vidy?7.6.
Xd4c dinh cic mémen qudn tinh chinh trung tAm va truc qudn tinh chinh trung tAm ctia mit cit
nhu hinh 7.12a.

Gidi.
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Chia miit cit trén hinh 7.12a thinh hai hinh chif nhit nhu hinh 7.12b. v chon hé truc toa do
ban diu la (x,y).
Toa dd trong tAim ctia mat cit:
X B tx P, 3.618+9.189

o= =6,6cm
F+F 6.18418.9
g e Yo by + Ve by _ 18.6.18+4,5.18.9 _ 9.9¢m
F+F, 6.18+18.9

Moémen qudn tinh trung tim:
Jo=Jl+J0.
618

Je=dl +ve,—ye FF' = +(18-9,9Y 6.18 ~ 10002cm*.

18.9°

J=dh, + e, — v ) T = +(9.9-4,5) 189~ 5817cm".

= J o = 10002cm® + 581 7em® = 15819cm” .
T ol s

3
i +(6,6-3Y6.18~1724cm”.

JI _J;cz ( xcz)2~FI=

9.18

JU J! ( P )Z.FH _

yCcz

+(9-6,6) 189~ 5307cm’ .
= J o =1724cm’ + 5307cm® = 7031cm”.

Joe =Tl +T0c

J’ =Jhe, + (e, = ve e, —x JF = 0+(18-99)3-6.6)6.18 ~ =3149cm”.

J0o=00 e =y (xe, —x P =0+(4.5-9.9)9-6.6)18.9 = —2100cm*.

= J o ==3149cm” = 2100cm® = -5249cm* .

Phuong ciia hé truc quédn tinh chinh trung tAm:

2 L
tela=———2 = 2(=5249) =1,1946 = 20 =50"07"+k.180° .
b =T  TSSIG—TH031
a, = 2503,
a,=115°03".
Gid tri cia mémen qudn tinh chinh trung tAm:
et A
Hax J JyC)Z + 4J§yC =
- w it é‘/ 13819—7031Y + 4(— 5249Y ~ 1827cm*.
Jo+J o 1
Jmm= xc2 yc_; (JxC_JyC)2+4Jj}'C=
= M é (15819—7031Y + 4(— 5249 = 4580cm* .

BAI TAP CHUONG 7
7.1+7.4. X4c dinh vi tri trong tim cia cdc mit cho trén hinh 7.13 +7.16.
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6a

Hinh 7,13, Hinh 7.14, Hinh 7.15. Hinh 7.16.

7.5+17.8. X4c dinh vi tri trong tAim va tinh mémen qudn tinh chinh trung tAim cia cdc mit cdt cho

trén hinh 7.17 +7.20.

10

% N =3 e A
|

s B 5

S

4da

;;;
7
,}0 A Ut

(T P N PN 13 a 3a a
| AT re 2 T 1

Hinh 7.17. Hinh 7.18. Hinh 7,19, Hinh 7.20.
7.9+7.11. X4c dinh vi trf trong tAm va tinh mdémen quén tinh chinh trung tim cia cdc mit cdt
cho trén hinh 7,21 +7,23,
7.12. Xd4c dinh hé truc quén tinh chinh c6 g&c tai A ctia hinh chif nhit nhi trén hinh 7,24, Tinh
cdc mdmen qudn tinh chinh di qua diém A.

- | k Ar ‘!" | 15cm |
Hinh 7.21. Hinh 7.22. Hinh 7.23. Hinh 7.24.

7.13. Xdc dinh mémen qu4 tinh ctia mit cit ngang chif thip trén hinh 7.25 d&i véi hé truc toa db

(n.v).

10 4.4 7 4,

2a ,a a,  2a

. %a 4%'3:/
@, »
s
7 21k
2 7
8
EZ AT I 4
Hinh 7.25, Hinh 7.26. Hinh 7.27. Hinh 7.28.

7.14+7.16. Xéc dinh vi tri trong tAm, tim cdc phuong chinh va tinh mémen quén tinh chinh trung
tAm ctia cdc mit ciit cho trén hinh 7.26 +7.28.
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