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TAI LIEU THAM KHAO

. Dao déng ky thuat, Nguyén Van Khang, NXB Khoa hoc va
Ky thuat.

. Bai tap dao déng ky thuat, Nguyén Van Khang va nhiéu
nk, NXB Khoa hoc va ky thuat.

. Ly thuyét dao déng, L& Xuan Can (dich), NXB Khoa hoc
va ky thuat.

. Dao déng tuyén tinh, Nguyén Ddng Anh (dich), NXB Khoa
hoc va ky thuat.




NOI DUNG

Chwong mé& dau: Cac khai niém co ban cua ly

thuyét dao dong.

Chwong 1: Dao ddng tuyéen tinh cia hé mét bac

tw do.

Chwong 2: Dao ddng tuyén tinh cta hé nhiéu bac

tw do.




Chwong mé dau

CAC KHAI NIEM CO BAN CUA LY THUYET DAO BONG

1. PBinh nghia dao dong.
2. M6 ta déng hoc cac qua trinh dao déng.

3. Phan loai hé dao dong.




1. PDinh nghia dao dong

Dao déng 1a mét hién twong phd bién trong tw nhién va trong
Ky thuat.

Cac may, cac phuwong tién giao théng van tai, cac toa nha cao
tang, nhirng cay cau,... do la cac hé dao dong.

4

Dao dong la mot qua triqh trong do moét dai lurong vat ly (hgé
hoc, sinh hoc,...) thay doi theo thoi gian ma co mot dac diem
nao do lap lai it nhat mot Ian.




4

Dao dong vira cé loi, vira co hai.

% Loi : Dao dong duoc st dung dé toi wu hod mét so ky thuét
nhw: dam, ky thuat rung ...

< Hai: Gidm dd bén clia may, gay ra hién twong moi cua vat
Ileu dan t&i pha huy, anh hwéng dén tudi tho cta cac cong
trinh,..




2. M6 ta déng hoc cac qua trinh dao déng

a. Dao déng diéu hoa.

Vi du ham dieu hoa?

4

Vi du: sin(wt + «), Cos(wt + )

Dao ddng duoc mé ta vé mat toan hoc béi cac ham diéu hoa
duworc goi la dao dong diéu hoa.




Xét dao dong dwoc mo ta bai:

X(t) = Asin(awt + @)

Trong do: N
o : tan so vong (rad/s). /
T=2n/w: Chu ky dao dong (s).

A : bién do dao dong (m).

ot + o : pha dao déng (rad).
o : pha ban dau (rad).
f=1/T : tan so (HZ).




b. Dao déng tuan hoan.

Ham tuan hoan?

Ham so6 x(t) dwoc goi la ham tuan hoan, néu tén tai mét hang
SO T > 0 sao cho voi moi t ta co hé thurec:

X(t+T)=x(t), Wt (2)

Mot qua:? trinh dao déng duwoc mé té vé mat toan hoc boi mot
ham tuan hoan x(t) dwoc goi la dao dong tuan hoan.




Max(x)-

Min(x)

Hang s6 T nhd nhat dé cho biéu thirc (2) dwoc thod man goi
la chu ky dao dong.

Bién dd A cla dao ddng tuan hoan x(t) dwoc dinh nghia bdi
cong thure sau:

A= %[max X(t) —min x(t)]




c. Dao dong ho hinh sin.
+ Mot qua trinh dao déng dwoc md td vé mat toan hoc bdi

ham: :
Lt X(t) = AD)sin[oOt+at)]  ©)
dwoc goi la dao dong ho hinh sin.

+ Dao déng tat dan:
x(t)= Ae " sin[ot)t+a(t)], 5§ >0

+ Dao déng tang dan:
x(t) = Ae” sin|o(t)t +a(t)], 5 >0
Dao dong ma bien do A(t) thay doi luan phién dwoc goi la
dao dong bién diéu bién do.
Dao dong ma tan sé o(t) thay doi luan phién dwoc goi la dao

déng bién diéu tan so. 2




3. Phan loai hé dao dong

a. Can cr vao co’ cau gay nén dao déng:

+ Dao dong tw do.

+ Dao dong cwdng burc.
+ Dao dong tham so.

+ Tw dao dong.

+ Dao doéng hon don.

+ Dao ddng ngau nhién.




b. Can cr vao so bac tw do:
+ Dao déng cua hé mot bac tw do.
+ Dao ddng clia hé nhiéu bac tw do.

+ Dao déng cua hé v6 han bac tvw do.

c. Can cir vao phwong trinh chuyén déng:

+ Dao ddng tuyén tinh.
+ Dao ddng phi tuyén.
d. Can cir vao dang chuyén déng:
+ Dao dong doc.
+ Dao ddng xoan.

+ Dao ddng uodn.




Chwong 1
DAO DONG TUYEN TiNH CUA HE MOT BAC TU' DO

1.1. Dao dong tw do khéng can.
1.2. Dao dong tw do co6 can.

1.3. Dao déng cwdng birc cia hé chiu kich déng dieu
hoa.

1.4. Dao dong cwong birc cua hé chiu kich dong da
tan va chiu kich dong tuan hoan.

1.5. Dao déng cwéng birc cia hé chiu kich dong bat
Ky.




§1. Dao déng tw do khéng can

1.1. Mot so vi du.

% Thi du 1: Dao déng cua mdt vat nang treo vao 16 xo.
- Phuwong trinh dao dong:

MmX+cx=0 (1) Vi tri cb tinh




< Thi du 2: Dao dong cua con lac toan hoc. X
-~ Phwong trinh dao dong: '

@ ?—sin(pzo

Xét dao déng nho:

¢+%¢=0 (2)
% Thi du 3: Dao doéng cla con lac vat ly.

S
=i,

- Phuwong trinh dao dong:
¢ + r‘r?]ga sing =0
Xét dao déng nho:
. mga
G0 @

0




% Thi du 4: Dao déng xoan cda truc mang dia tron.

- Phuwong trinh dao dong:

A A
gp+jgp:O (4)

Két luan: Dang cua phwong trinh dao ddong tw do cua hé
moOt bac tw do co dang chung la:

mg+cq=20 (5)

Trong do q la toa do suy rong.




1.2. Tinh toan dao dong tw do khéng can.

Phwong trinh vi phan chuyén déng cda co hé mét bac
tw do khéng can cé dang:

MOs-R'C =0
Hay:

0+ w,q =0

Trong do w, la tan so dao dong riéng.

Pidu kién ddu: t,=0: (T, )

q(t,) =




Nghiém cua phuwong trinh vi phan (6) cé dang:
q=C,cosot+C, sinw,t (8)

Trong d6 C, va C, la cac hang so tuy y, dwoc xac dinh

tr diéu kién dau (7).

Cho nghiém (8) thod man diéu kién dau (7), ta xac dinh
duwoc:

C12q09 szqo
a

0]

vay : .
q=q,c0sa,t + S sin ot (9)

Wy




Nghiém (9) con c6 thé viét dwdi dang:

q= Asin(o,t+ a)

Trong do:

A:\/C12+C22 :\/q§+(q—°
)

9

g =—"t=0,—>

C, d,



Tt biéu thire (10) ta thay: dao dong tw do khong can cua
hé mot bac tw do dwoc mé ta béi ham diéu hoa.

Vi vay, dao dong tw do khong can con dugc goi la dao
doéng diéu hoa.

\/

 bDac trweng:

A :dwoc goi la bién do dao dong.

0, :dwoc goi la tan so riéng.

ot + o :dwoc goi la pha dao dong.
o :dwoe goi la pha ban dau.

T = 2n/w, :dwec goi la chu ki dao dong.




< Tinh chat chuyén déng:

v' Tan so riéng va chu ki dao ddng khéng phu thudc
vao cac diéu kién dau ma chi phu thudéc vao cac tham
sO cua hé.

v' Bién do dao ddng la hang sb. Bién dd dao déng va
pha ban dau cua dao dong tw do khéng can phu thubc
vao cac diéu kién dau va cac tham so6 cua hé.

Chu y: Viéc xac dinh tan s6 dao déng riéng Ia nhiém vu
quan trong nhat cua bai toan dao dong tw do.




§2. Dao dong tw do cé can

Trong phén nay chung ta khao sat dao déng tw do cua hé
c6 xét dén anh hudng cua lwc can.

Lwc can dwoc xét & day 1a lwc can nhét ty 18 bac nhat voi
van toc.




Xét dao ddng cua hé mo ta trén hinh vé.

Phwong trinh vi phan chuyén déng cia co hé co
dang:

mg+bg+cqg=0 (1)

Néu dwa vao céac ky hiéu: -
& b Jﬁ
: 20 =— (2

AR

3

. =—,
 Sah LT m

Thi phwong trinh (1) c6 dang:
G+264+w;q=0 (3)

Pay la phwong trinh vi phan cap 2 hé sb hang sb.




Phuwong trinh vi phan (3) c6 phwong trinh dac trwng:
A +25+w; =0 (4)

Tuy theo quan hé gitba 6 va o, co thé xay ra cac
trwong hop sau:

0 < @, (lwc can nho) :ﬂ,l’2 = =0 FI \/a)g WA

02 @, (lyccanlon): 4, , = —5i\/52 — @’

Sau day ta sé khao sat tirng trwdng hop & trén.




# trwong hop tht nhat : 5 < @, (Iwc can nho) :

Nghiém téng quat cta phwong trinh vi phan dao déng
(3) co dang:

g(t) =e *(C,cosmt + C, sin at) (5)

Trong do:

wz\/w§—§2 (6)

Cac hang so C, va C, dwoc xac dinh ti diéu kién dau:

=" q(o):q09 q(O)ZQO




Tl cac diéu kién dau da cho, ta xac dinh dwoc:
g, +4,
€ el MO
)

Néu dwa vao cac hang so:

A=[CTiC2, tgp=2

CZ

Thi biéu thirc nghiém (5) co thé viét dwdi dang:

g(ty="Ae’ sin(wt 3 p) (7)




Tinh chat nghiém:

v" Khi lwc can nhd, hé thwc hién dao déng tat dan.

. S —ot 2 - X ! - - s
v Do léch Ae giam theo luat s6 mu, tiém can toi
Khong.

v' Dao déng dwgc md ta béi phwong trinh (7) la dao
déng ho hinh sin.(hinh vé)




Pac trng:

Chuyén‘ déng cla co hé dwoc mo ta bdi quy luat
kh‘éng tuan hoan, nhwng toa d6 g lai doi dau mét cach
tuan hoan.

Quy woc:

a)z\/a)§ _ 5 latan so riéng clia dao ddng tat dan.

T=27/w lachuky cta dao dong tat dan.

Ae " 1a bién do clia dao ddng tat dan.




Chuy:

Dé dac trung cho do tat dan cla dao déng tw do c6 can
nhét, ta dwa vao khai niem do tat Loga.

t
A=In b ol
q(t+T)
Po tat Loga dac trwng cho dd gidm bién dé clha dao
dong tat dan.

Ta con xac dinh do tat Loga nhw sau:

gl 2~ e & S5

= =g
(LRI e
Tw do:

A="01l"= : In )
kK g(t+KT)




® trwong hop thtr hai : 6 > o, (lwe can lon) :
Nghiém téng quat ctia phwong trinh (3) cé dang:
q(t) = Ae*'sh(,/6% — @ t+ ) (8)

Buwong biéu dién nghiém q(t) cat truc t khong qué mot
AN (db thi).

Do dé, chuyén déng cua hé la chuyén dong tat dan,
knong dao dong.

a()




® trwong hop thir ba: 6 =, (lwc can téi han) :

Trong trewong ho’p nay nghiém cua phuwong trinh géc
trwng la cac sO thwc am va bang nhau. Nghiém tong
quat cia phwong trinh (3) c6 dang:

q(t)=e"(C,t+C,) (9)

Chuyén déng cua hé la tat dan, khdng dao dong.




Chuy:

Trong mot so tai liéu viét vé Dao ddng ky thuat, ngudi ta
con st dung khai niém dé can Lehr. D6 can Lehr duwoc
xac dinh boi:
o b
D= — (10)

Phwong trinh vi phdn dao dong tw do c6 can nhét (3) cé
thé viét lai:

§+2Dw, +w.q=0 (11)




Do: Y& —0 =a,V1-D°

Nén chuyén dong cua hé duwoc phan thanh ba tredng
hop sau:

D<l(0<w,) :d6can nhd.

D=1(6=w,) :d0cantoihan.

D =ik(0 e -Sd0 can o

Mat khac, ta co quan hé gilra do tat Léga va db can
Lehr:

N="Olls=—"7"C

1-D?




Vi du: Gan mét khoi lweng m vao dau thanh. Gan vao thanh
cac phan tlr can va dan hoi (hv). Bé qua khdi lwong cua
thanh.

- Phai chon dé I&n clia hé sé can b nhw thé nao dé hé cé
dao déng nho.

- Xac dinh dd can Lerh D can thiét dé sau mu®i dao dong
bién dé gidm con 1/10 bién dd cta chu ky dau, sau do xac
dinh chu ky dao dong.

@)

a
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§3. Dao dong cwong bure cua hé
chiu kich dong dieu hoa.

3.1. Mét so kich déng thwéng gap.

3.2. Dao déng cwo'ng birc khéng can.

3.3. Dao déng cwdéng birc cé can.




3.1. Mot so kich déng thwdng gap.

*» Kich déng lwc:

[Fo

Phwong trinh vi phan dao dong:

ANNNNNNN

my+by+cy=F(t)= F sin Ot i'j

Ve a4 T

QO

“Ib

AL TS AT




<% Kich déng béi khoi lweng léch tam:

Phwong trinh vi phan dao déng: Y

\\i\\\\\\\\\

my+by+cy=meQ’sinOt

Trong do: M= +IM




< Kich dénqg bang Iwc dan hoi:

X

Cy

— m

B
s, TR T R T Y

Phwong trinh vi phan chuyén dong:

kX BGER G CAM () =-CALL SIRCAL

Vo C:C] —I—CO




** Kich dong dong hoc:

Phwong trinh vi phan chuyén dong:

my+by-+cy=u(csinQt+bcost)

I_‘<_
NN
VA /v G/

véi: U(t) = Usin Qt




< Kich déng bang lwc can nhét:

X

FE m

/////// /'77777777//////
Phwong trinh vi phan chuyén dong:

mX+b X+cx=Db,uQcosOt
Véi: U(t) =UsinQt




Két lun:

Qua cac vi du trén ta thay: Phwong trinh dao déng
tuyén tinh cta hé mot bac tw do chiu kich déng diéu
hoa c6 dang:

mg+bgd+cq=H,sinQt+ H,cosQt
v Phwong trinh trén con co thé viét lai dwdi dang:
§+204+w’q=h sinQt+h,cosQt

VO 2 =c/m, 25=b/m.

v Ho&c phwong trinh VPCD con viét dwoc dwdi dang:
G+2Dw, §+ w; q=h sinQt + h,cosQt

g | D
rong do D - o " b

@, 2-</cm




3.2. Dao dong cwong birc khong can

Phwong trinh vi phan dao dong cwéng blc cua hé mét
bac tw do co dang:

mdg+cg=H sin Ot

Phwong trinh trén con co thé viét lai:

G+ w. q = hsin Qt

Trong do:




Nghiém téng quat cia phwong trinh (2) c6 dang:

q(t) =Ccosat +C, sma,t + ) sin Ot (3)

2 D
5 KRS

Cac hang s6 C, va C, duoc xac dinh tlr diéu kién dau.
Gia st diéu kién dau:

s OERgiur=ig. 2 (U=t
Cho nghiém (3) thoa man diéu kién dau, ta dwoc:

hQ

C =0,; szqo o

@, W, (C()j o Q2)




Nhw vay, nghiém (3) c6 dang:

. hQ2 )
q(t) =g,cosa,t + S sin AR sin .t +

0 @, (a)g —Y ) (4)

0

+ : sin Ot

9 %
s

Nghiém (4) gom hai thanh phan:

v Ba sb hang dau tién biéu thi dao dong tw do v&i tan
sO la tan so riéng cua hé.

v 80 hang thi tw biéu thi dao déng cudng birc véi tan
sO la tan soO cua lwc kich déng.




Chu y rang khi: 0, = ¢, = 0 thi nghiém (4) c6 dang:
hQ h

@, (a)(? 2 Qz)

sin .t + sin Ot (5)
. —

qt) =~

SO hang th& nhat cia (5) dwoc goi 1a thanh phan dao
doéng tw do kéo theo.

Sau moét khoang thdi gian nao dé, do anh hwdong cua luc
cdn nén cac thanh phan mé ta dao dong tw do cia hé sé
mat di > hé chi con thwc hién dao dong cwdng bwc voi
tan so6 1a tan sb cla lwc cudng burc.

Giai doan dau con ton tai ca dao déng tw do va dao déng
cwong burc duwoc goi la giai doan chuyén tiép.

Giai doan chi con ton tai dao déng cwdng cla hé duwoc

goi la giai doan binh én.
46




Pa6i v&i giai doan binh 6n, quy luat dao ddng cla hé sé la:
. T

—— SNt = —sm X (6)

7 —Q c(1—17)

g* (1) =

Trong d6:7 =Q/ w,

Chu y: Thira s6 H/c chinh 1a dich chuyén gay ra bdi lwc
tinh H dat vao vat dao dong.

Dai lvong:

- biéu thj tac dl;Jng doéng |L_J’C, cua lwc kich dong, va duwoc
goi la ham khuyéch dai (hé s6 dong lwc)




Dang do thi cia V cho b&i hinh sau:
[V

1
0

1 ﬁ

Ta thay: khi ty s60 Q/w, dan dén 1 thi V va do do dao
dong cwdéng birc tdng 18n nhanh chéng va tién toi vo
cung khi O = w,. Hién twong do goi la hién tweng cong
huwdng.

Nhuw vay, hién twong cong hwc’)’n’g la hién t‘wo’ng bién do
dao dong cuong buc tang len rat lon do tan so cua luwc
kich ddng trung va&i tan s6 dao dong riéng cua hé.




> Xét nghiém (5) voi gia thiét: O ~ o,

hQ)
O @ -

bat: Q=@ +2¢

sin .t +

trong do ¢ la dai lwong vO cung bé.

Sau mot s6 phép bién doi, nghiém (5) dwa vé dang:

hsin &t
t)~ — Ot 7
q(t) et (7)

Do ¢ la mét vo cung bé nén ham sinet bién thién cham,
con chu ky cua né 2n/e rat lon. Hién twong dao dong
dwoc cho bdi (7) goi la hién twong phach.




P06 thi ctia ham (7) cho béi hinh vé sau:




> Xét trwong hop () — @, (g —_ O)
Khi dé co thé thay sinet bang ¢t trong nghiém (7), va ta

CO.
i) = ——ht—cosa)ot (8)
20,

Bién do ht/2w, tang Ién vo han khi thoi gian t tang.

Nhw thé, ngay trong pham vi ly thuyét dao déng tuyén
tinh khdng can, sw tang bién do 1én v6 han & vung cdng
hwéng cling doi hdi phai co thoi gian.

Poi voi cac may duoc thiét ké lam viéc & vung cong
hwéng, khi tdng van toc cia may qua ving cdng hwédng
can phai khan trwong cho vuwot qua da nhanh.




Po thi cha nghiém (8) cho b&i hinh sau day:




Két‘luén: Khi tinh toan dao déng cwdng blrc khéng can
ta can phan ra 2 trwong hop:

@ Trwdng hop xa cong hwdng ( (2 # @,).

@ Trwdng hop gan cong huwdng (O ~ @,). Trong trerong
hop nay khi Q=wm, +2¢ ta co hién twong phach, khi
() = @, ta co hién twgng cong hwéng.




3.3. Dao déng cwdng bwrc cé6 can nhét

Phwong trinh vi phan dao dong trong trwvong hop nay:
G§+25+a. q=h sinQt +h,cosOt (1)
Nghiém riéng cua phwong trinh (1) dwoc tim dwéi dang:
qg*(t)=M sin Qt+ NcosQt (2)
Thay (2) vao (1) ta xac dinh duwoec:

A O RO AT b Gt
(D 2 TS A2

W< ST o = e,

Na—

(005 s SR 9




Nghiém téng quét ctia phwong trinh (1):

q(t) = Ae ' sin(wt + £) + M sin Qt + NcosQt (4)
S0 hang thiv nhat clia (4) biéu dién thanh phan dao déng
tw do tat dan. Hai §6 hang sau cé tan s6 Q cua ngoai luc
biéu dién thanh phan dao déng cwdng blrc cta hé.
Thanh phan dao ddng cwdng birc (2) cé thé biéu dién

duwdi dang: e
g*(t) = gsin(Qt + @)

2
=vM?+N? = h

tgp=N/M

Trong do:

Yok

n=Q/a,, D=0/,




Cac trworng hop cu thé:

* Trwong hop kich dong Iwc hoac kich dong qua [0 xo:

A IR -1/2
G=V,(7.D)y; V,=| (1-n*)* +4D’n° | ~ (8)

 Trwong hop kich dong dong hoc:

fIZVz(U,D)V; sz\/1+4D2772V1 (7)
% Truwdong hop kich ddng boi khoi lwong lIéch tam:

O =) R =it (8)

Cac ham V,, V,, V, la cac ham khuyéch dai (hay hé s6
doéng lwc).




Khi ta c6 dinh d6 can D, cac ham V,, V,, V,; dat cuc dai
tai cac gia tri sau cua n:

\/, dat cwc dai khi:
= =2 D?
\/, dat cwc dai khi:

772\/\/1+8D2 —%z\/l—2D2 Néu:D [ 1

\/, dat cwe dai khi:
!

77:
J1-2D?




Po thi caa V, véi cac gia tri D cho trwoc:




Po thi cua V, véi cac gia tri D cho trwoc:




Do thi ctia V5 voi cac gia tri D cho trwdec:




§4. Dao ddong cua hé chiu kich déng tuan hoan

Gia st lwc kich ddng biéu dién b&i mot ham tuan hoan
cuatvdichu ky T:

N = +Z(aj cos JQt+D; sin JQt) (1)
j=1

Cac hé sb Fourier G bj dwoc xac dinh nhw sau:
I A .
a, =?_([ f(Hdt  a, =?£ f(t)cos jQt dt
D Y .
bjz?-([f(t)smjﬂtdt j=1- o
2

@

T




Phwong trinh vi phan dao dcf)ng cudng blrc cua hé mot bac
tw do chiu tac dung cua lwc tuan hoan cé dang:

q+25Q+a)§q=% a,+ Y (a cos jOt+b; sin jOX) (2)
j=1

Ta tim nghiém riéng cua phwong trinh (2) dwéi dang:

g*(t)=A, jLi:(Aj cos jQt + B sin jQt) (3)

=
Thé (3) vao (2), ta nhan duoc:
A - a, o (& — szz)aj —20 JOb,
mwg j _m[(wj—j292)2+452j2£22]

il (o — J°QMb, +26 jQa,
- m[(wg Y j2Q2)2 +452j292}




Nghiém (3) con co thé viét dwdi dang sau:
q*(t)=A+> C,sin(jOt+a,) (4)
=

Nghiém téng quat ciia phwong trinh (2) trong trwdng hop
lwc can nhé cé dang:

q(t) = Ae " sin(wt + B) + A + i C,sin(JQt+a;) (5)

e
Tinh chat nghiém:

S6 hang th nhat cta (5) biéu dién thanh phan dao dong
tw do tat dan.

Cac sb6 hang con lai biéu dién thanh phan dao ddng
cwdng burc.




d Trwdng hop: hai kich ddng c6 tan so gan nhau:

Phwong trinh vi phan cua hé dao dcf)pg mot bac tw glo
khéng can chiu tac dung cua hai lwc diéu hoa véi cac tan
s6 (), va Q), co dang:

mg+cq= If1 sinQ t+ If2 STCISIS * A1)

Ap dung nguyén ly céng tac dung, dao dong cwéng birc
cua hé co dang:

q=AsmQt+A sinQt (2)
Trong do:

(3)




Xét trwrng hop Q, va Q, kha gan nhau.
Do dac diém nay ta sé biéu dién nghiém (2) dwéi dang:
qt)=AsmQt+A sinQt

Fa ; A (sinQt+sinQ,t)+ 3 ;AZ (sinQt—sin Q,t)

— (A +A)cos2 ;Q2 tsm¥t+(A —Az)sin%tcos%t

Ta dwa vao ky hiéu:

B0 =(A + Aoos =
B, () =(A A )sin -2

)
ng)‘l_g)'z
2




Do Q, gan Q, nén B,(t), B,(t) 1a cac ham thay doi cham
theo t.
Nghiém cla phwong trinh (1) dwoc viét dwdi dang:

q(t) = Asin(Qt + ) = B, sin Qt + B,cos(t
Trong do:
A=./B?+B? :Bién do thay déi cham theo thoi gian.

GO S
9

Q= - Gid trj trung binh cda hai tan so.

B .
o = arctg [B—lj : Pha thay d6i cham theo th&i gian.
2




Nhw thé chuyén ddng cta hé co tinh chat diéu hoa voi
bien do dao dong A la ham thay doi theo thoi gian. Chu ky
thay ddi theo thoi gian 1a:

Y1
4 Ql _Qz
Vi hieu sO Q, —Q, nhd nén chu ky T, cé gia tri I&n hon
nhiéu so v&i chu ky cua hé:
4
U A

T

| =




Do thi dao dong biéu thi trén hinh vé dwéi day.

Hién twgng dao dong nhw hinh vé nay goi la hién twong
phach.

Nhw vay, hién j[wc_)’ng phach la hién twong bién do dao
dong thay dbi tuan hoan cham theo thoi gian.




Hién twong phach & day xuat hién khi tan so kich dong Q,
kha gan tan so kich dong Q..

Va & phan truéc ta cling thay: hién twong phach xuat hién
khi tan s6 cua Iwc kich dong Q kha gan tan so riéng w,
cua hé.

Tuy nhién, néu quan tdm dén lwc can thi dao dong tw do
sé€ tat dan, va do do theo thoi gian hién twong phach ciing

sé mat di.(hinh vé dudi):




§5. Dao dong cwong bire cua hé chiu kich
dong bat ky

Gid s& ham kich dong dwoc biéu dién bdi ham kha vi
nao 4o, thi phwong trinh dao déng cua hé cé dang:

mg+bg+cqg= f(t) (1)

Bién dbi (1) vé dang:
¥ ; : f(t)
G+200+w, 0 TR g(t) (2

Nghiém cua (2) gom : nghiém cta phwong trinh vi
phan thuan nhat twong (rng va mét nghiém riéng cua
no.




Nghiém thuan nhat: trong truong hep cén nhé, nghiém
cua phwong trinh vi phan thuan nhat c6 dang:

q(t) = Ae " sin(wt + ) = e ' (C,cosmt + C, sinwt) (3)

Nghiém (3) con c6 thé viét dwdi dang:

q(t) = Clql(t) T Czqz(t) (4)
Trong do:
g,(t) = e *'coswt

g,(t) = e *'sinwt




Phwong phap bién thién hang so Lagrange:

Tim nghiém cua (2) dw¢i dang twong tw(4) nhwng C, va
C, la ham cua th&i gian:

q(t) = Cl (1) o D)+ Cz (1) 0, (1) (9)
Pao ham (5) theo thoi gian ta co:
d(t)=C,q,+C,4,+C, ¢ +C, ¢, (6)

Néu ta dwa vao diéu kién:

Cl q1+C2 0, =0 (7)

Thi biéu thire (6) c6 dang:
q(t) o C1 Ch ji Cz qz (8)




Pao ham biéu thirc (8) theo thoi gian, ta co:
6(t) =C, 6,+C, d,+C, 6, +C, 6, (9)
Thé (5), (8) va (9) vao (2) ta nhan dwoc phwong trinh:
C,d,+C, ¢, =g(t) (10)
Tw (7) va (10) ta co hé:

C1q1+C2q2:O

C,q,+C,d, =9g(t)
Giai hé nay:




Thé cac biéu thire
g,(t)=e “‘cosmt va q,(t) = e 'sinwt

vao (11) ta duoc:

G _L &% sin ot g(t)
W

s L edcosot g(t)
w

Tich phan (12) ta dworc:

t
C,(t) = A—ife5f sinwz g(r)dr
0)0

: (13)
Gi(l)-=eB +lje5’cosa)r g(r)dr
0)0




Thé biéu thirc (12) nay vao (5) ta dwoc nghiém téng quéat
cua (2):

t) = e °'(Acoswt + B sin wt) +
q(t) ( ) (14)

t
+ lJ.e_m_” sinw(t—7)g(r)dr
@ 0

Bidu thirc nghiém (14) c6 hai thanh phan:
Thanh phan:
g, (t) = e~ (Acoswt + B sin wt) (15)

la nghiém cua phwong trinh thuan nhat twong &ng.




Thanh phan:

q, (t) =LI e’ sinw(t-7)g(r)dr (16)
@ 0

la nghiém riéng cua phwong trinh (2).

Céc hang so A va B trong nghiém (14) duoc xac dinh tir
diéu kién ban dau.

Gia s diéu kién dau:
q(0) =q,; 4a(0) =4,

- Ta xac dinh duoc:




Cudi cung ta c6é biéu thirc nghiém tébng quat cla
phuwong trinh vi phan (2):

q(t) =e°'(q, cosmt + i(q0 +0(,)sinwt) +
Q
(17)

t
+ LJ‘ e’ sinw(t-7)g(r)dr
@ 0




Chwong 2
DAO DONG TUYEN TINH CUA HE
NHIEU BAC TU' DO

Thanh lap phwong trinh vi phan dao déng
Dao dong tw do khong can
Dao dong tw do c6 can

Dao dong cwong burc




Giéi han: trong chwong nay, chi xét hé co hoc chiu
lién két holéném, ly tudng; hé n bac tw do cén n toa dd
suy rong doc lap 2 Hé dao dong la hé n phwong trinh
vi phén cép 2 hé sb6 hang so.




§1. Thanh lap phwong trinh VPCD

A. Str dung phwong trinh Lagrange I

Péi véi hé Holéndém, cé n bac tw do, xac dinh bdi cac toa
do suy rong doc lap q,, g,,..., 9,, phwong trinh Lagrange
Il cO dang:

. 6T —a—T:Qi; I=1—>n
dt\ oq, ) oq




< Néu cac lwc tac dung I&n hé chi la lwc cé thé:

: (6L]_8_L:O; l=1—> n
0Q;

dt | a4,

LlahamLagrange: L =T — II




< Néu cac lwc tac dung I&n hé bao goém ca luc cé thé va
lwc can nhoét:

d(@Tj o _qrsqe= L 00,

¢ g - O3 —:1=1—>n
dt\ daq, ) aq, og,  oq

Trong d6: I1-Lathé ndng; @ - La ham hao tan

Phuwong trinh trén con co dang:

O TSI, ™
0q; 0q,

d (8L] oL oD

dt | ag




< Néu céc Iyc tac dung I&n hé ngoai cac luc cd thé va
lwc can nhét con co cac ngoai lwe khac (Iwe kich

déng) phu thudc vao thoi gian t:

—— +Qip; ==Yy

B R

d[@T] orT ol oD

dt | &

Q P 4 ; e g7 A
i . Lalwc suy rong wng voi cac lwc hoat dong.




B. Sir dung phwong phap luc (DS)

Phuong phéap nay thwong siv dung dé 1ap phwong trinh vi
phan chuyén dong cho hé co hoc c6 dang dam, khung,...




§2. Dao dong tw do khong can

. Cac tan so riéng va cac dang dao doéng riéng.
. Tinh chat trwc giao cuia cac vécto riéng.
Cac toa do chinh.

Cac toa do chuan.




a. Cac tan so riéng va cac dang dao
dong riéng

% Phuwong trinh vi phadn moé ta dao déng tw do khdng can
cua hé n bac tw do c6 dang:

MEQERC = 0 (1)

Trong d6 M va C la cac ma tran vuéng cap n coé cac phan
ter I1a hang so.

M 1a ma tran khoi lwong; C 1a ma tran do cirng.




% Ta tim nghiém cua phwong trinh (1) dwéi dang:

g=asm(at + ) (2)

Thé (2) vao (1), bién déi ta nhan dwoc phwong trinh:

(C—a)zl\/l)a:O (3)

Pé cho phwong trinh BSTT (3) co nghiém khong tam
thwong, diéu kién can la:

‘C—wzl\/l‘:o (4)




Phwong trinh (4) la phwong trinh dai sO bac n doi v&i w?
va duoc goi la phwong trinh tan s6 hoac phwong trinh
dac trung.

Cac nghiém w, (k = li 2,,...n) cua phwong trinh dac
trwng dwoc goi la cac tan so riéng.

Thay lan lwot cac gia tri cia w, (k = 1, 2,...n) vao
phwong trinh (3) ta nhan dwoc cac hé phuwong trinh dai
sO tuyén tinh thuan nhat dé xac dinh cac thanh phan cla
vecto a,

(C—cqfl\/l)akzo (5)

Cac vecto a, nay dwgc goi la cac vecto riéng.




Chu y: Cac thanh phén cua vecto a, dwoc xac dinh sai
khac nhau mot hang s6 nhan. Chang han ta co thé
chon a,, mot cach tuy y.

Ta dwa vao ky hiéu:

(k)
a' (7 a'
k A

v, =—& hogc v = —L_

— Voi Lk=1-—>n
a3 a()
1k 1




Lan lwot thay cac w,, W.,...., w, vao phwong trinh (5),
ta xac dinh dwgc ma tran:

\GJ_ \GZ
\[21 V22

Vo oy V

nl n2 nn

MOi vecto cot clia ma tran V:

T 10
L ST Oy
o | e _[vl Vae i ]

Cho ta biét mot dang dao ddng riéng cta hé dao dong.
Ma tran VV dwoc goi la ma tran dang rieng (Modalmatrix)
90




s Xét trwong hop hé hai bac tw do. Kni dé PTVP dao déng
tw do khéng can cé dang:

m, m,| 6] [c c,|q

oo +
My My %] 16 G L%

Phwong trinh dac trwng:

D 2
Cll_a) m11 CIZ_CO m12

2 2
C21 — m21 sz gy mzz




Khai trién dinh thirc cap hai (7) ta co:

(Cu . a)zmn)(czz P a)zmzz) J

—(C, — a)2m12)(C21 " a)zmm) =

Pua vao ky higu :v. =a!” /a!" Thita co:

2 7 LT
(G = @RI ) 2 GC =2 O ey =0 =l
Hoac
2 2 s
CCR o EEVAE Y —Goshi i —UHE="1"9

Ta duoc:




b. Tinh chat trwc giao cta cac
vecto rieng

Xét phwong trinh dao déng tw do khdng can cua hé n bac

tw do:
Mg+Cq=20

Néu cac ma tran khoi lwong M va ma tran do cuweng C la
cac ma tran thwe, doi xieng thi cac vecto riéng v, twong
(’ng v&i cac tan so riéng w, sé trwc giao vai ma tran khoi
lwong M va ma tran do cieng C. Ta co:

ViMy, =0;v.Cv, = 0; khi o, # @




c. Cac toa do chinh

Muc dich: St dung toa dd chinh dé thu dwoc phwong trinh
dao déng cua hé c6 dang don gian hon.
Phwong trinh vi phan dao déng cua hé n bac tw do c6 dang:

Mg+Cqg-=290 (1)
Pay 1a hé n phwong trinh vi phan cap 2 ma céac toa dd suy

rong co lién két véi nhau (cac phwong trinh hoan toan khéng
déc lap voi nhau).

Ppé dwoc mot hé dao dong don gian hon, nguwdi ta thuwdong
thay toa dé suy réng q bang toa dd suy rdng p, chang han
sao cho hé phwong trinh vi phan chuyén dong doi véi toa dod
m&i p s& gobm n phwong trinh vi phan ddc l1ap nhau hoan
toan. Trwdng hop nay, p dwoc goi la toa dé chinh cua co hé.
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Thwe hién phép dbi bién:
g =Vp
Thé (2) vao (1) ta cé:
MV 6+CV p=0

Nhan ca hai vé cta phwong trinh trén voi VT ta dwoc:

oy e Ve e R E)




Do tinh chat trwc giao, nén:

VIMV = e =

Do vay phwong trinh (3) c6 dang:
HRA+7B=05 - I=l>n (4)
Trong do: :
t=V,Mv;y =vCv; i=1—n
Néu dat: a)iz o AR
H i
Thi cac phwong trinh (4) dwa vé dang:

b+’ p =0; i=1-n (9)




Vi du 1: Cho co hé nhw hinh v&, biét m,= m,=m; ¢,= c,= C;=C

q;

‘

C,
—VVW\— m,

1. Thanh 1ap phwong trinh vi phan chuyén dong.
2. Tim tan s dao dong riéng va ma tran dang riéng V.

3. Tim quy luat chuyén déng cua co hé.




Vi du 1: Mot hé hai con lac c6 chiéu dai méi thanh 1 1, khoi luong
moi vat diém 14 m. Hai thanh dugc nodi vdi nhau bang 10 xo c¢6 hé
$6 cung la c, & vi tri cach truc quay mot doan la d. Do dai cua 10 xo
& trang thai khong bién dang bang khoang giira hai truc con lac. Bo
qua khoi luong cta thanh, 10 xo va bd qua luc can.

a. Xac dinh cac toa do chinh cua hé.

b. Xac dinh dao dong tu do cua hé véi diéu kién dau:

?(0)=¢,, ,(0)=0

(bl (O) =0, ¢2 (O) =0
PO OOSSSSISIIISE




Vi du 2: Mo hinh dao dong ngang cua toa nha 3 tang. Xem réng
khoi luong cua cac tang bang nhau m; = m, = my = m = 262,69.10°

ke. PO clmg uon cla céc bitc twong 6 cac tang lac =3¢, c,=2c
¢y = ¢ = 88,56.10°N/m. Xéc dinh cac tan so riéng va cac dang dao

dong riéng cua co he. |

}X_z.

g

C,/2 C,/2

L YN R I




d. Cac toa do chuan

Nhw da biet, bang phép theé q =V p (V la ma trén dang
riéng, p la vecto cac toa do chinh) ta co thé dwa phwong
trinh vi phan dao déng :

MGg+Cqg=0

vé dang vé tach r&i nhau:

6 St (O e Lt WL ST

Trong do:




Do cac phan tlr cla vecto v, clla ma tran V dwoc xac
dinh sai khac nhau mo6t hang s6 nhan, cho nén ta co
thé chon cac vecto v, m6t cach thich hgp sao cho:

P S )
VTI\/IV—O 1 o_E
TR0 A O

FONR0™ i

Ma tran dang rieng dwoc chon nhl_J’ vay dwoc goi la ma
tran dang rieng chuan. Ta ky hiéu ma tran dang riéng
chuan bang V. Ta co: \

P

VIMV. =E




Bang phép thé g =V, p ta c6 thé dwa phuong trinh dao
déng ban dau vé:
Ep+D, p=0

Cac toa do chinh p = [p4, Ps,......, p,]T trong phép thé:

q =V, p dwoc goi la cac toa dd chuan.
Toa d6 chuan la cac toa dd chinh dac biét.

Néu ta biét dwoc ma tran dang riéng:




§3. Dao dong tw do c6 can

a. Phwong phap trwec tiép

b. Phwong phap ma tran dang rieng




a. Phwong phap truc tiép

Phwong trinh vi phan dao déng tw do c6 lwc can ty 1€ voi
van toc cua hé n bac ty do cé dang:

M{G+Bg+Cqg=0 (1)
Ta tim nghiém cua phwong trinh (1) dwéi dang:
gty=4ge” (2)

0 La vecto hang.




Thé biéu thirc (2) vao (1), roi don gian ta dwoc:
(M +AB+C)G=0

(3)

Pé cho cac phan tir clia vecto  khong dong thoi triét tiéu thi
P()=det(A’M +AB+C)=0 (4)

Phuwong trinh (4) dwoc goi la phwong trinh dac trwng.

Khi M la ma tran chinh qui: det(M ) =0, thi P(A) la da thire

bac 2n cua A.

Giai phwong trinh (4) ta dwoc 2n nghiém thwec hoac phirc
lien hop.




* Ta xét trwong hop, phwong trinh dac trweng (4) co
nghiém dang:
ARSI O WL | el =S m ke S glE= i

Thi trwéng hop nay dwoc goi la trwéng hop can yéu.

Ta dat:

A

G U Vs Wl A Y

Nghiém twong wng v&i cap tri rieng A, va A, ., cO dang:

g, (t)=C,e* (4, +iV, )+ D, e*' (4, —i¥,) (5)

V&iC,, D, lacac hang so phurc.




Néu ta dwa vao cac hang so tich phan mai:
G =G D« B :i((_lk —Ijk)

Thi biéu thire (5) c6 dang:
g (t) =e"*[(C, U, + D, Y, )cosa,t + (D, G, —C, ¥, )sin @, t]
Nghiém téng quat cia phwong trinh (1) c6 dang:

a0 =>4,

Chay: (j , U, néi chung khéng ty 1& v&i nhau nén cac
toa d6 cua vécto g, co6 pha khac nhau.




b. Phwong phap ma tran dang rieng

Trong mét vai bai toan ky thuat, ma trdn B co thé biéu
dién dwdi dang:

Ba=roaM¥ oG (1)

Trong d6 a va & 1a cac hang s6. Ma tran B c6 dang (1)
dwoc goi la ma tran can Rayleigh.

Biéu thirc (1) c6 khi dwoe viét dwdi dang:
B =aoo M + 'BtC
T V' a) Vé
Trong do @ la mot tan s6 qui chiéu tuy y dwoc dwa vao
dé a va B la cac dai lwgng khnong thtr nguyén.




Bang phép bién ddi g =V p, véi V 1a ma tran dang riéng,
ta dwa phwong trinh (1) vé dang:

EPa e DR Al S O ol =1 (2)
Trong do:

o :ViTMVi; b :ViTBVi; i :ViTCVi

Nghiém cua phuwong trinh (2) dd dwgc khao sat trong
chwong 2




§4. Dao dong cwdéng burc

a. Phwong phap giai trwce tiép

b. Phwong phap ma tran dang rieng




a. Phwong phap giai trwe tiep

“ Dao dong cwong birc khong can chiu
kich dong dieu hoa.

“ Dao déng cwong birc ¢c6 can chiu kich
dong tuan hoan.




Dao dong cwong bire khong can
chiu kich dong diéeu hoa

Dao ddng tuyén tinh cuong birc khdng can cua hé n bac
tw do chiu kich dong diéu hoa co6 dang:

MCi+Cq:fsith (1)

O ché do chuyén déng binh 6n, ta tim nghiém cula
phuwong trinh (1) dwéi dang:

g(t) = usin Qt (2)




Thé (2) vao (1) ta cé:

(-OM+Clu=f su=HOQFf 6

Trong do:

H(Q)=(-’M +C)

va dwoc goi la ma tran truyén.




Giai hé phwong trinh (3), ta duwoc:
A (€2)
A(€Y)

Uy (Q) ¥ (4)

Trong do:

AQ) =det(-Q*M +C)  (5)

A, (Q) c6 dwoce bang cach thay f vao cot thr k clia A.

Tathay A(Q)=0 khi Q=0,, j=1->n




Céc trwdng hop co thé xay ra:

< Trwong hop 1: A(2) =0, A, (€2) =0

Khi d6 tan so luc kich dong Q tring véi mét trong cac tan
sO dao dong rieng. Bién d6 dao dong tang Ién vO cung.
Trwdng hop nay dwoc goi la trwdng hop cdng hwéng.




 Trwong hop 2: A(Q)=0, Q= w,

< 0

e R e
Q- A(Q)

Trwong hop nay mac du tan so lwe kich dong trung voi
tan sO riéng, nhwng bién dé dao ddng van bi gi&i noi.
Trwdng hop nay dwoc goi la tredng hop gia cong huéng.




“ Trwong hop 3: A(Q) =0, A, (€2) =0 voi k xac dinh.

Trong trwong hop nay u, = 0. Dao dong ng voi toa do
th k bi dap tat.




Dao dong cwong birc ¢c6 can chiu
kich dong tuan hoan

Dao déng cuwdng blrc c6 can nhét cha hé tuyén tinh n
bac tw do co dang:

Gia st f(t) tuan hoan theo thoi gian va co thé khai trién
thanh chudbi Fourier mét cach gan dung:

=™ Z (a, coskQt+b, sinkQt) (2)
k=1




S dung nguyén ly cdng tac dung dé tim nghiém.

= Trwdce hét ta tim nghiém cha phwong trinh:

oA S L Ol ke T

dwoidang: (, =V,

tlr hai phwong trinh trén ta suy ra: Cv_ =3 (3)




> Sau do ta tim nghiém cua phwong trinh:
MG, +Bg, +Cq, =a, coskQt +Db, skt (4)

Nghiém cua phwong trinh (4) dwoc tim dwdi dang:

q, =U, sinKOt +V, cos kOt

Tw nghiém trén ta co:
G =kQ(u,coskOt —v, sinkOt)
O = kY (uk sin kKOt +V, cos th)




Thé cac bleu thtre tim dwgc vao phwong trinh (4), roi so
sanh hé so, ta nhan dwoc hé phuwong trinh dai s tuyén
tinh dé xac dinh céc vecto u, va v,

C—k2O*M kOB
kOB Clk02 MY

(9)

Khi dinh thirc cla ma tran hé sd cia hé phwong trinh
tren khac khong, thi cac vecto u, va v, dwoc xac dinh
duy nhat.

Nhw thé nghiém cla phwong trinh dao ddng cwong bl
(1) la:

g(t) =V, +Z U, sinkQt +v,coskQt)  (6)




b. Phwong phap ma tran dang riéng

@ Dao déng cwong birc khéng can.

@ Dao déng cwdng blrc c6 can.




Dao dong cwong birc khéng can

Phwong phap ma tran dang rieng (Modalmatrix) dwgc ap
dung rat thuan tién doi véi hé khéng can:

Mg+Caq=f(t) (1)
Trong dé M va C la cac ma tran thwe, doi xieng.
Ap dung phép bién dbi toa do:
g=Vp (2)

voi V la ma tran dang riéng, p la vecto cac toa do chinh.




Thay (2) vao (1) ta co:
MV p+CV p= f(t)
Suy ra:
VMV p+V'CV p=V'f({) (3)
Cacmatran\/ "\ \V va V' CV c6 dang dwong chéo

Néu dua vao ky higu: h. = v f(t), i=1-—>n

Thi phwong trinh (3) c6 thé viét dwéi dang:

 Pp+y, p=Nh, I=1—>n (4)




# Nghiém cua moi phwong trinh (4) (ng véi diéu kién
dau:
P; (0) = Pio 5 Di (0) = pio
cO dang: .
P (t) = p,,COS .t + %sin .t +

t
+Lj h(D)sino(t-7)dz (s
H; ;5

AT
H

Q).




®» D4i voi trwdng hop kich ddng diéu hoa
f.(t)=f. sin Ot

Thi:

h.(t) = (Z Vi, fkjsin 8= ﬁi sin Ot
k=1

Phwong trinh dao dong trong triwrong hop nay:

N

U P +y p=hsinQt I=1—>n




Nghiém cua cac phwong trinh (6) trong giai doan binh
on la:

N

Dt ; sin Q'

2

7/i(1_Qz)
0}

Tro lai toa do q,:

Qk(t)zznvkipi 7 v

Ta thay khi Q bang tan so riéng w, thi xay ra hién twong
cbng hudng.




Dao dong cwong burc ¢c6 can

Phwong trinh vi phan dao ddng cwéng blrc cua hé la:
MG+Bg+Cq= f(t) (1)
Trong ky thuat ta hay gap trwong hop:
B=aM +06C

Bang cac phép bién dbi twong tw nhw trén ta dwa (1) vé
dang:

i Ve Ll e A T SN R N o T

Phwong trinh nay da dwoc nghién ctru kY trong cac phan
trén.




il
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