Chuong 1
KHAI NIEM VE DAO PONG

1. Pinh nghia
Dao dong la qua trinh ma dai lugng dong hoc thay ddi theo thoi gian va lap lai it nhét mot 1an. Dao
dong ky thuat 1a qué trinh ma dai luong k¥ thuat (mdy moéc, phuong tién co gidi, cong trinh,...) thay
d6i theo thoi gian va lap lai.
2. Phan loai
e Duya vao sb bac tu do: dao dong mot bac tu do, dao dong hai bac tu do, dao dong nhiéu bac tu
do.
e Duya vao dang dao dong: dao dong ngang, dao dong xoan, dao dong udn.
e Duya vao nguyén nhan giy ra dao dong: dao dong ty do, dao dong cudng birc, dao dong tham
50.
e Dua vao két qua khi do dat dao dong: dao dong tuan hoan, khong tuan hoan, dao dong diéu
hoa,....
e Duya vao phuong trinh dao dong: dao dong tuyén tinh, dao dong phi tuyén.
3. Dao dong diéu hoa
3.1. Céc tham s6 dong hoc
e Phuong trinh chuyén dong: x = Asin(et + ¢)
e Bién do dao dong A: 1a gia tri tuyét ddi cua d6 1éch 1on nhét trong dai luong dao dong.
e GOc pha(awt+¢) :1a ham theo thoi gian t.
e Pha ban dau ¢ : gi4 tri ctia gbc pha tng véi t = 0; don vi rad.
e Tan s vong (g6c) » don vi rad/s hay s*. Thuong goi tat 14 tan s6.
e Chu ky T: khoang thoi gian nho nhét can thiét dé dai lugng dao dong tro vé vi tri ban dau.

s
@

e Téan sb dao dong fla s6 1an dao dong thyc hién trong mot gidy, don vi s,
e Quan hé: T =24 .
e Phuong trinh chuyén dong ciing duoc viét theo cach khac: x(t) = C, cosat + C, sinat

Voi A?=C2+C? va tg(p:%

2
A, ¢ hay C1, C; xac dinh tir diéu kién dau: t = 0;x(0) = x,; X(0) = %,

3.2. Biéu dién phirc cia ham diéu hoa



T cong thirc Euler: €' = cosg+ising ta suy ra:
Ham diéu hoa x(t) = Asin(et + ) 13 phan 4o ctia sé phuc y(t) = Ae(“**”) quay trong mit phing phirc
v6i van toe goc w.
Taco y(t) = Ae™? = A% = A, v6i A= Ae' goi 1a bién do phire, 13 vi tri cua sé phic tai thoi
diém t = 0.

4. Giai bai toan dao djng
4.1. Bac tu do cia co hé
Bac tu do 1a tap hop cac toa do doc lap can thiét dé xac dinh vi tri cia co hé tai thoi diém bat ky.
Duéi tac dung cua lyc, hé chuyén dong hay no6i cach khac 1a cac toa dg ludn thay ddi theo thoi gian,
toa do x 1a ham theo t. Vay x(t) xac dinh thi xac dinh duogc vi tri ctia hé.

Dé x4c dinh dugc x(t), ta lan luot tién hanh cac budc:

= lap mé lap tim
tye | I p[hinh | ) |10 | ) |dép
té vat ly toan wng

4.2. Lap mo hinh vat ly

bé gidi mot bai todn dao dong cua cac co cau thuc té, budc dau tién 1a phai 1ap mo6 hinh phan 4nh
cac dac trung cua he, thé hién su lién két gifra cac phén ti khoi lugng, gidm chan, dan hdi co su tac
dung cuta céac luc. Pay goi 1a mo hinh vat Iy. TUy thudc vao pham vi nghién ctru va yéu cau vé do

chinh xac ctia dép tng x(t), ta ¢c6 mo6 hinh tir don gian dén phtrc tap, c6 mot hoac nhiéu béc tu do,

tuyén tinh hodc phi tuyén. Lap mo hinh dé giai 7
bai toan dao ddng c4c hé k¥ thudt 1a mot dac rﬁ — "

trung cia mon hoc, diéu ndy ciing cho thiy ®
k

»

nhiéu hé thue té ¢6 thé co cung mo hinh.
Vi du mo hinh don gidn khdo sat dao dong 6 to

(Hinh 1)

Hinh 1

4.3. Lap mo6 hinh toan:

Thuc chat cia mo hinh toan 14 viét phuong trinh vi phan dao dong ciia co hé. Co hé c6 n bac tu do
thi ¢6 hé n phwong trinh vi phan. Co sé dé 1ap mé hinh toan chii yéu 14 sir dung céc kién thuc cua
mon hoc Co hoc k§ thuat dé giai mé hinh vat 1y. C6 hai phuong phap thuong dung 1a phuong phap
lyc va phuong phép nang luong.

4.3.1. Phuwong phap luc

a. Vat chuyén dong tinh tién: dung dinh luat 2 Newton:

mX = Zn: F
k=1



b. Vat chuyén dong quay: ding phuong trinh vi phan cua vat quay:

Joé=zmo(ﬁk).
k=1

c.Vat chuyén dong song phing: ding phuong trinh vi phan cua vat chuyén dong song phing:

mXe =Y F
mye = > Fy C: 12 khéi tAm ctia hé z 14 truc di qua khéi tam

‘]ngzzmz(lfk)

d. Stt dung nguyén 1v d’Alembert.

4.3.2. Phwong phdp nang lwong
Str dung phuong trinh Lagrange loai 11

H¢ mot bac tu do: i(a—Tj—a—TJra—PJra—V:Q hay E(G_TJ_G_T+8_D+8_V:Q
dt\ ox OX OX OX dt\og,) o060 o060 o0
Hé n bac tu do: d ﬂ —ﬂ+@+ﬂ=q, i=12,..n
dt\ox, ) oOx, oX  OXx

T: Bong nang cua co hé¢

Pong ning cua co hé n chat diem T = % >m, vy
1

Pong nang cua vat ran chuyen dong tinh tién T = %mv@

Pong nang cua vat ran chuyén dong quay T =% J. o

Pong nang cua vat ran chuyén dong song phang T = %mv@ +%Jca)2

D: Ham hao tan la nang luong tiéu hao do giam chan.
V: Thé ning ctia hé, gdm thé ning cac 16 xo va thé niang do trong luc.
Q: Lyc suy rong dugc suy ra tu viéc tinh todn cong do cua cac luc khong bao ton.
4.4. Tim dap &ng
Tim dap tng cta co hé 1a giai hé phwong trinh vi phan ciia mo hinh toan dé tim nghiém cta né hay

no6i cach khac 1a viét phuwong trinh chuyén dong ciia hé.



Chuong 2
PHAN TU CO BAN - MO HINH HOA CO HE

1. Céc phin tir co ban
Khi mé hinh hoa hé théng co khi, hé chi con ba phan tir co ban 13 phan tir 10 xo (phén tir dan hoi),
phan tir giam chén, va phan tir khéi luong. Dic trung cac phan tir nay 13 c6 tng xir khi chuyén vi,
van toc va gia toc thay d6i. RS rang voi voi ba phan tir co ban, viéc tinh todn co hé trd nén dé dang.
5.1. Phén tir dan hdi
Vat thé dan hdi bi bién dang dudi tac dung cia ngoai luc thi tao ra ndi luc doi khang lai su bién
dang.
Vi du 16 xo khi kéo ra khoi vi tri can bang thi phat sinh noi luc kéo né vé, d6 1a sy phuc hoi. Khi
tinh toan trong dao dong, cac phan tir dan hoi déu gia st khong khoi lugng. C6 nhiéu loai phan tir
dan hoi nhu sau:

e L0 xo chiu kéo, nén: 1a phan tir dan hoi ti€u biéu, X,

X1 K
’_>¢vw l_;,:k

Hinh 2

A

ky hiéu nhu hinh 2. Khi chuyén vi hai dau 10 xo 13 E
X1 VA Xz thi Iyrc dan hdi 1a F.

Fr = k(X2 - X1)

k: goi 1 hé s dan hdi hay d6 ctng 16 xo, don vi 1a N/m.

F goi la lyc 10 xo hay lyc dan hoi, donvilaN.

Thé nang cia 10 xo:
1
V :Ek(x2 -x)°.

Pon vi ctia thé nang 1a jun.
e Lo X0 x0dn
Khi chuyén vi hai dau 10 xo xo0dn 13 01 va 6, (Hinh 3) thi K

" L ax A: 1a Mk<5—6\/\/\/€—'6> My
momen xoan dan hoi 1a Mk.

M, =k(6,-8). .
S . Hinh 3
k 1a hé s0 xoan dan hoi, don vi 1a (N.m/rad).
e Thanh ciing 13 phan tir dan hdi nén khi tinh toan dao dong, ta ciing xem thanh nhu 16 xo v&i

hé sb dan hoi twong duong k.

. , GJ , .. . L, R
Thanh chiu xoan, k = I ®; G: mddun xoan dan hoi, Jp 1a mdmen quan tinh doc cuc.

Thanh chiu kéo, nén, k = ? . E: moédun dan hoi, A 1a dién tich mat cat ngang.



Thanh chiu udn, phu thudc diéu kién bién ma c6 hé sé dan hoi tuong duong khac nhau.Vi du

dam dau ngam chiu lyc & dau (Hinh 4) k = %; Dam tinh dinh hai dau gbi tua, chiu luc & giira

(Hinh 5): k:4?3EI .

F 3EI

§ l k==
lF _ 48El

VAN AN I°
i (_ 6E!

AN Z I’
lF 192El

k =

5.2. Phan tir giam chin
Giam chan dic trung 1a mot cylinder bén trong c6 piston va chita dau nhét. Piston c¢6 khoan nhiéu 16
nho goi 14 18 tiét luu va duogc ndi vai can (Hinh 6). Khi tic dung luc vao can,
piston di chuyén nho sy luu thong ciia nhét
qua céc 15 tiét luu trén piston.
Phén tir giam chan ciing dugc gia st khong c6
khéi luong.
Phén tir giam chan c6 ky hiéu nhu Hinh 7.

Khi van toc hai dau giam chan la x, va x, thi

luc gidm chan la:

Ning luong tiéu hao do giam chin (Ham hao [ EI N
= — | g
tan):
Hinh 7

1 .
D= EC(Xz - X1)2

5.3. Phan tir dan hoi, giam chin twong dwong

5.3.1. Mic song song

Khi c6 nhiéu 10 xo méc song song nhau (Hinh 8), 16 xo tuong duong c6 do cing k = >k
i=1



K, K k
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Hinh 9

Hinh 8

n
Khi c6 nhiéu giam chan mac song song nhau, giam chan twong duong la: c= Zci
i=1

5.3.2. Mic noi tiép

i E]
N
|
N—
AR

Khi ¢6 nhiéu 16 xo mac ndi tiép nhau (Hinh 9), 16 xo twong duong c6 d6 cing k :[
Khi c¢6 nhiéu 10 xo giam chan mac ndi tiép nhau, giam chan twong duong la: C

-1
1
i-1 G J

Khi céc 10 xo hodc giam chin khong mic song song hay ndi tiép, ta ding phuong phap thé ning

Il
7N\
p=l

5.3.3. Cac trwong hop khdc

tuong duong dé don gian hé.
2. M0 hinh héa h¢ dao dong
4.1. Bac tu do cia co hé
Bac ty do 14 tap hop céc toa do doc 1ap can thiét dé xac dinh vi tri cia co hé tai thoi diém bat ky.
Duéi tac dung cua luc, hé chuyén dong hay noéi cach khac 1a cac toa @0 ludn thay ddi theo thoi gian,
toa do x 1a ham theo t. Vay x(t) xac dinh thi xac dinh dugc vi tri ctia hé.

Dé xac dinh dugc x(t), ta 1an luot tién hanh cac bude:

> lap mo lap tim
thye | IS )| ninn | =) |0 | =) [aap
té vat ly toan rng

4.2. Lap mo hinh vat ly

bé gidl mdt bai todn dao dong cua cac co cAu thuc té, budc dau tién 1a phai 1ap mé6 hinh phan 4nh
cac dac trung cua hé, thé hién su lién két gitlra cac phﬁn tir khoi lugng, giam chin, dan hdi co su tac
dung cua cac luc. Pay goi 1a mo hinh vat 1y. Tuy thudc vao pham vi nghién ctru va yéu cau vé do

chinh xac ctia dép tng x(t), ta ¢c6 mo6 hinh tir don gian dén phtrc tap, c6 mot hoac nhiéu béc tu do,

o

tuyén tinh hodc phi tuyén. Lap mo hinh dé giai
bai todn dao dong cac hé ky thuat 1a mot dac @ I]:> m

trung ctia mén hoc, diéu ndy ciing cho thay ®
k

»

nhi€u hé thyc t€ co6 thé ¢6 cung md hinh.



Vi du mo6 hinh don gian khao sat dao dong 6 to6 Hinh 1

(Hinh 1)
4.3. Lap mo6 hinh toan:
Thuc chit ctia mé hinh toan 1a viét phuong trinh vi phan dao dong cia co hé. Co hé cé n bac tu do
thi c6 hé n phwong trinh vi phan. Co sé dé 1ap mé hinh toan cha yéu 1a sir dung cac kién thirc ctia
moén hoc Co hoc k¥ thuat dé giai mé hinh vat 1y. C6 hai phuong phap thudng dung 13 phuong phap

luc va phuong phép nang luong.



Chuong 3
PHUONG TRINH VI PHAN DAO PONG

1. Thiét 1ap phwong trinh vi phan dao dong
1.1. Baitoanl
Thanh khéi lugng m chiéu dai a, quay quanh
truc qua O va lién két v6i 10 xo nhw hinh 10. | | © 0
Viét phuong trinh vi phan dao dong cua hé. a

a. Phwong phap nang luong

K 0
Chon toa d6 suy rong 6 (Hinh 11) =R W : k

Dong nang: T = %mazéz Hinh 10

Ning luong tiéu hao do giam chan: D =0
£ o 1 ,., 1
Thé nang: V = Eka 0 —Emgacosﬁ

Luc suy rong: Q =0
Phuong trinh Lagrange loai II itmg v61 hé mét bac ty do:

d(@Tj oT oD oV
|- —=—+=+=—=0Q
00) 00 060 00

dt
Phuong trinh vi phan:

%mazé + (ka® + % mga)d =0

b. Phwong phdp luc
Céc lyc tac dung vao thanh nhu hinh 12 ') R

Phuong trinh vi phan cua vat quay :

Jof =R.0+F.acosd —%mgasin 0

. l
Luc dan hoi: |
F =-kad :

Cha y: vi dao dong bé, chuyén vi nho nén cosd =1, sind~ 0
Hinh 12

1.2. Baitoan2

Dia tron 1in khong truot trén mit phiang ndm ngang khdi lugng m, ban kinh R 1ién két voi



16 xo nhu hinh 13.

Viét phuong trinh vi phan dao dong cua hé.

Chon toa d suy rong x, 6 (Hinh 13), ta c6 x = RO
a. Phuwong phadp nang luong

bong nang: T = %mx2 Hinh 13

Thé nang: V = %kx2

Luc suyrong: Q=0

Phuong trinh vi phan:
3 mX+kx=0
2

b. Phwong phap luc
Cac luc tac dung vao thanh nhu hinh 14, ta c6:
mx =—kx—F . (1) Fe

Jo0 =RF, (2)

Tir (2): %mmé: RE (3) Hinh 14

Cong (1) va (3) vé theo vé ta co két qua
1.3. Baitoan3
Con lic 16 xo gom 10 xo0 d6 ctmg k treo vat khdi lugng m (Hinh 15).
Viét phuong trinh vi phan dao dong cua con lc.

O vi tri can bﬁng tinh, 10 xo dan mot doan A, ta ¢c6 kA =mg

a. Chon toa dd suy rong y, gdc tai vi tri 10 z s

x0 chua bién dang (Hinh 16). <

bong nang: T = %my2 k =

Thé nang: V = %ky2 —mgy

Luc suy rong: Q =0 Hinh 15

Phuong trinh vi phan: my+ky=mg (1) Hinh 16

b. Bay gid chon toa d6 suy rong x, goc tai vi tri can bing tinh, tacoy =X+ A
Tu (1): m(%+A)+k(x+A)=mg
Phuong trinh vi phan: mx+kx=0
Vay khi & vi tri cAn bang tinh 10 xo d4 bién dang, chon gdc toa do & d6 thi ta bd mg hay mgh trong
hai phuong phap giai.
1.4. Baitoan 4



Rong roc tam O khdi lugng M bén kinh R xem nhu dia tron, lién két véi 10 xo va vat nang khdi
luong m (Hinh 17).

Viét phuong trinh vi phan dao dong cua hé.

Chon toa d0 suy rong: Vat nang chuyén dong tinh tién chon toa do suy rong X, rong roc chuyén

doéng quay chon toa d6 suy rong 6, ta c6 x = RO

a. Phuong phap nang lwong
bong nang: T = %(% +m)x?

Ham haotan: D =0

Thé ning: V = %kx2

Luc suyrong: Q=0
Phuong trinh vi phan: Hinh 17 Hinh 18

(%+m)x'+kx=0

b. Phwong phap luc

Cac luc tac dung vao hé nhu hinh 18.

Rong roc chuyén dong quay: J,0 =Y m,(F,) — J,0=RT —RF, )

k=1

Vit ning chuyén dong tinh tién: my = Z FE ->mX=-T (2

k=1

Tir (2): %MRZ%: RT —RF, (3)

Cong (1) va (3) ta cb: (%+ MK +kx=0

2. Phwong trinh vi phan tong quat
Tir phan tich trén ta thiy: Phuong trinh vi phan mo ta dao dong cua hé c6 dang tong quat:
mX + cX + kx = F(t)
m, ¢, k: khéi luong twong duong, giam chan twong duong va do cing tuong duong cta hé.
Néu F(t) = 0 thi phuong trinh vi phan mé ta dao dong tir do.

Néu ¢ = 0 thi phwong trinh vi phin mé ta dao dong khong can.



Dao dong trong ky thudt Nguyén Hoang Chau

CHUONG 5
TINH TOAN DAO PONG TU DO CUA HE MOT BAC TU DO

(FREE VBRATIONS OF ONE DEGREE OF FREEDOM SYSTEMS)

1. Dao dfng tw do khong can (free vibrations of undamped one degree of freedom
systems)
1.1. Phwong trinh chuyén dpng
Phuong trinh vi phan dao dong: mx+kx=0

Dang chuin: X +a?x=0
r N A A A A A [N k
Trong d6 o, 1a tan so riéng hay tan so ty nhién (natural frequency), o, = P

Phuong trinh dac trung (characteristic equation): 2> +@’A=0—> A =*io,
Phuong trinh chuyénddng:
X(t) =C,cosao,t +C,sinao,t

C1va Cz1a hai hang s tich phan xac dinh tir diéu

kién dau (initial conditions)

X(0) = X; X(0) = %,

X

S
L
=

=
[N

Tinh dugc: C,=x,; C,=

®

1.2. Do thi x(1)

D0 thi nhu hinh 1

1.3. Vidu

Rong roc tdm O khdi luong M ban kinh R xem nhu dia tron, lién két v6i 10 xo va vat nang
khéi lugng m (Hinh 2). Viét phuong trinh vi phan dao
dong cua hé.

Viét phuong trinh chuyén dong khi:

x(0) =0,2m; x(0) =0,5m/s; k = 100N/m;

m = 10kg; M = 20kg; R =0,3m

Chon toa d¢ suy rong: Vat nang chuyén dong tinh tién

1



Dao dong trong ky thudt Nguyén Hoang Chau

chon toa d6 suy rong X, rong roc chuyén dong quay chon Hinh 2

toa do suy rong 6, ta cO x = RO
Phuong trinh vi phan dao dong: (% +m)X+kx=0

Phuong trinh chuyén dong:

X(t) =C,cosao,t +C,sinao,t

o, = 22361120/ )

C, =0,2m; C,=0,2236m
X(t) =0,2c0s 2,2361t + 0,22365in 2,2361t
1.4. Tim phwong trinh chuyén dong véi ham liiy thira

Phuong trinh vi phan dao dong: mx+kx=0

Dang chudn: X +a?x=0

Biéu thirc nghiém: x(t) = Xe*

Pao ham thé vao phuong trinh vi phéan:

S +af=0—>s=+Hin,
Phuong trinh chuyén dong cta hé:

X(t) = X,e'" + X e
Str dung cong thic Euler:
X(t) = (X, + X,)cosa,t + (X, — X,)isina,t
Céac hé s ctia ham sin va cosin chi 1a sd thuc nén
x(t) =C,cosao,t +C,sina,t
2. Dao dong tw do c6 can (free vibrations one degree of freedom systems with viscous
damping)
Phuong trinh vi phan dao dong: mX+cx+kx=0

Dang chuan: X+ 2w X+@’x=0

Heé s6 can con goi 1a do can Lehr hay hé sé tit dan (damping factor): ¢ = Zr:
[0)

Phuong trinh dic trung: 22 + 2w, A+ @’ =0

A=C%w — o



Dao dong trong ky thudt Nguyén Hoang Chau

2.1. Triweong hop cin nhé ( tit dan yéu, dudi giam chin, under damping) ¢ <1

e Phuong trinh chuyén dong

A= (1-¢%)<0 > A=—cw, Fiw,1-¢?

Vay: x(t) = e "' [C, cos w,t + C, sinw,t]

Tan s6 giam chan (damped natural frequency): o, = @ 1—¢?
C1 va C; 1 hai hing s6 tich phan x4c dinh tir diéu kién dau
x(0) = %55 X(0) = %,

C.=%» G, :ga)a)—r:,)(()+2_z

Phuong trinh chuyén dong dang khac:  x(t) = Ae ' sin(a,t + @)
e Do thi x(t)

D6 thi khi ¢ = 0 nhu hinh 3

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

e

Hinh 3

e Do tit 16ga (logarithmic decrement)

b0 tat loga & co dugc bﬁng cach léy logarit cua ti bién d9, bién d0 tai vi tri bat ky va sau do
mot chu ky:
x© . ;_27

Xt+T,) ¢ a,

Tinh toan ta dugc: 6 = 27
J1-¢?

2.2. Truweong hgp cdn t6i han (tit din téi han, gidm chdn téi han, critical damping): ¢ =1

Phuong trinh dac trung c6 nghiém kép



Dao dong trong ky thudt Nguyén Hoang Chau

Phuong trinh chuyén dong: x(t) = e'[C, + C,t]
Diéu kién dau: x(0) = x,; %(0) = %,
C =X, C,=%+aC,
2.3. Truweong hop cdn Ién (tit ddn manh, qud giam chén, over damping): ¢ >1
Phuong trinh dic trung c6 hai nghiém thyc phan biét 4, & 4, ma:4,=-¢w, ¥ a)n\/ch—l
Phuong trinh chuyén dong: 0
x(t) =C,e™ +C,e™
Diéu kién dau: x(0) = x,; %(0) = %,

Cl_ Xo_ﬂzxo. C Z_Xo_ﬂlxo

B
D6 thi x(t) trong hai trudng hop ¢ =1 va

Hinh 4
¢ >1 nhu hinh 4

2.4.Vidu

Thanh AB quay quanh truc qua A c6 chiéu dai a, khdi lugng m, lién két vai 10 xo, giam chan
nhu hinh 5.

a. Viét phuong trinh vi phan dao dong cuia hé.

b. Cho: k =3kN/m, ¢ =4000 Ns/m, m = 1000kg, a = 0,5m; va diéu kién dau:

t=0,0(0)=0; 6(0)=0,5rad /s (goc quay tinh tir vi tri can béng tinh). Viét phuong trinh

DN \\EN
He 2 k
- 2

M ;

Hinh 5 Hinh 6

chuyén dong cua hé.

N

Cau a: Chon toa do suy rong: Thanh chuyén dong quay chon toa do suy rong 6.

Dong nang: T = %mazé?2
Ning luong tiéu hao do giam chin: D = %Cazé2

Thé nang: V = %kazté’2



Dao dong trong ky thudt

Luc suy rong: Q =0
P.trinh vi phan:
L matd+ tea’d+kato =0
3 4
Cau b:

An sb riéne: . = 3(rad
Tan sé riéng: w, —3( A )

Heé s6 can (d6 can Lehr): ¢ =05

¢ <1 nén phuong trinh chuyén dong c6 dang:

o(t) = e “'[C, cos m,t + C, sin a,t]

w, = w,\J1- ¢ =2,5981(rad /s)
C, = 0(rad);C, = 01924(rad)

Vay phuong trinh chuyén dong:
O(t) = 0,1924e ™% sin 2,5081t
Do tit 16ga: 5 =0,05

TINH TOAN DAO PONG CUONG BUC CUA HE MOT BAC TU DO

Nguyén Hoang Chau

(HARNOMIC EXCITATION OF ONE DEGREE OF FREEDOM SYSTEMS)

1. Céac dang kich dong

C6 nhiéu dang kich dong gy ra dao dong cudng birc. Ung v6i mdi dang déu c6 do khuyéch dai

va pha ban dau riéng. Sau day la mot s6 dang kich dong co ban.

1.1. Kich dong dong luc

Vit ¢6 khéi lugng m lién két va chiu lyc diéu hoa F(t) = F,sinet nhu hinh 3.1. Viét phuong

trinh vi phan dao dong cua h¢.
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Chon toa do suy rong Xx.

bong nang: T = %mx2

Ning luong tiéu hao do giam chén: D = %CXZ

2

Thé ning: V = %kx

Luc suy rong: Q = F;sinat
Phuong trinh vi phan: m¥ + cx + kx = F, sin ot Hinh 3.1

1.2. Kich déng bang lrc dan hoi
Vit ¢6 khoi lwgng m lién két va chiu Iyc nhu hinh 3.2. Pau 16 xo ko chiu tic dong ciia chuyén
vi diéu hoa u(t) =U,sin«t . Viét phuong trinh vi phan dao dong ctia hé.

Chon toa do suy rong x. X

Dong nang: T = %mi(2 — Ko

Ning luong tiéu hao do giam chan:

1 .
D=2 ck’ Hinh 3.2

Thé ning: V = %kx2 +%k0 (u—x)?

Luc suy rong: Q =0
Phuong trinh vi phéan:
mX + cX + (kK +Kk,)x = kU, sin at
1.3. Kich dong dong hoc (base motion)
Vit ¢6 khéi lugng m lién két va chiu lyc nhu hinh 3.3. Chan dé cua 16 xo va giam chan chiu
tac dong cua chuyén vi diéu hoa u(t) =U,sinat . Viét phuong trinh vi phan dao dong cua hé.
Chon toa d0 suy rong x.
Céc lyc tac dung vao vat nhu hinh 3.4
mX =-F, —F,

mX = —k(X—u) —c(x—u)
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7
X JX
1 m
m
Z l l
NS
| fu(t) ;R
X Hinh 3.4
Hinh 3.3
Phuong trinh vi phan:

mX + cX + kx = kU, sin &t + cU ,cocos ek

1.4. Kich dong bai khdi lwong léch tim (rotating unbalance)
Vit ¢6 khéi lugng M lién két vi 10 xo va giam chan nhu hinh 3.5. Trén vét ¢6 bd phan chuyén
dong quay déu vai van toc goc o va cd khoi lugng mét can bang m, do léch tam e. Viét

phuong trinh vi phan dao dong cua hé.

mlg x AR
w_?O m X
,,,,,,,,,,,,,,,,, , ex wt

Y

M Z M
C H—_‘ k l v l
rOFY R
Hinh 3.6

Hinh 3.5
Chon toa d0 suy rong x.
Giai bai toan bang nguyén 1y d' Alembert.
Céc lyc tac dung vao vat va lyc quén tinh nhu hinh 3.6.
F% =ma, =mew’
Fo = MX

—

(Ifkti’ qt’Frqt) 0
—-F —F. -F,+F%sinat=0
Phuong trinh vi phan:

MX + cX + kx = mew? sin at
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Chu ¥: Khi khéi lugng vat khong bao gdm khéi lwong mat cin bang m thi phwong trinh vi phan:
(M +m)X + cX + kx = mew” sin ot

2. Tinh toan dao dgng cwdong birc khong can

Phuong trinh vi phan dao dong: mX + kx= F,sin ot

2.1. Trwong hop xa cfng hwéng: o= w

Nghi¢m riéng (steady state response):

X(t) = M cos wt + N sin wt
I:0

=>M=0N=——"—5
m(w;, — @)

Nghiém tong quat (complete solution): x(t) =C,cosw t +C,sinm.t +%sin ot
m(w, w

n_

Diéu kién dau: t = 0,x(0) = x,;X(0) = X,

Foo K

sin wt
mo, (0’ —©°) M - @)

X(t) = X, cos wt + X, sina,t —

Phuong trinh chuyén dong binh 6n:

X(t) = %Sin ot
m(a)n - )

P khuéch dai (magnification factor): 1a ti s6 bién do dap
tmg diéu hoa va dap tng tinh:
- D M= ——
m(w; —o°) k ‘1— rz‘

Titinsé: r=-2 Hinh 3.7

@,

Db thi M(r) nhu hinh 3.7.
* Cha y: Khi phuong trinh vi phan 1a mx+kx=F,coset thi phuong trinh chuyén dong binh
on: x(t) = X, cosat

2.2. Trudng hop gin cong huéng o, ~ o

dat 2¢ =w— o,

Phuong trinh chuyén dong:
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D6 thi x(t) tiep xtic véi d6 thi ham x,(t) = 2F0 cosat (hinh 3.8). Trén db thi ta thay 6 1an dao
Mo

dong trong chu ky tdng trong khi bién d¢ dao dong bi gidi han, day goi 1a hién tugng phach
(beating).
2.3. Trwong hop cong hwéng o, =

Fot

— % cos @t
2mw

x(t) =

D6 thi x(t) nhu hinh 3.9: Bién d6 cang 16n khi t cang 16n goi 14 hién tuong cong hudng

(resonance).

x(y -

Hinh 3.8

2.4.Vidu

Thanh AB c6 khéi lugng m quay quanh A, lién két v6i 10 xo va chiu luc nhu hinh 3.10.
a. Viét phuong trinh vi phan dao dong.
b. Cho:k=340N/m; a=0.49m; m=230kg; F(t)=100sin40t (N). Viét phuong
trinh chuyén dong va tinh do khuéch dai.

Chon toa d¢ suy rong 6 (Hinh 3.11)

Im ,.
bong nang: T ==—a’¢’ %
ong nang >3 B :

Thé ning: V = 1k(aH)2 —lmgacose
2 2 0

a

Luc suy rong: Q = aF(t)

P.trinh vi phan:

%mazé +[ka’ +%mga]¢9 = aF(t) k F) \B K

B g
A A o A F t

Tan so riéng: = 8(ra%) (® Hinh 3.11

Hinh 3.10
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Trudng hop xa cong hudng nén phuong trinh chuyén dong binh on: (t) =

Phuong trinh chuyén dong: 6(t) = —0,0133sin 40t
Titinsd: r=5
Do khuéch dai: M = 0,0417
3. Tinh todn dao dong cwdng birc c6 can
3.1. Phuong trinh chuyén ddng binh 6n
Phuong trinh vi phan dao dong: mX + cx + kx= H, sinat + H, cos at
X + 2¢eX + w°X = h; sin et + h, cos ot
Nghiém riéng (Phuong trinh chuyén dong binh 6n):
X(t) = M cos at + N sin at

(0? — @*)N - 2c0,0M =h,
2¢0,0N + (0 — 0°)M =h,

(@ —2emeh  (0F —@)h + 26m,0h,
(0 ~ )’ + (200,0)° (@ — @) + (250,0)°

Phuong trinh chuyén dong binh 6n viét duéi dang khac:

X(t) = X, sin(at + @)

Xe=M?+N?% tggo:%

VW +hy

X, =
a)f\/(zg’.r)z +(1—r2)2

Do khuéch dai (magnification factor): M =

XO
y

¥ : tuy thudc cac truong hop kich dong
3.2. Kich dong dong luc hay kich dong qua 10 xo

. F . kU
=-9 ha —_070
y " yy K

2 A J4 w
Titan sO: r =—
w

n

10

Nguyén Hoang Chau

Ftd

My (a)rf - ")

5 sin 40t
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1
\/(2g”.r)2 +(1—r2)2
Db thi M(r) nhu hinh 3.12.

Pha ban dau: tgp = 1_ 2t

DPo khuéch dai: M =

Db thi ¢(r) nhu hinh 3.13.

M

¢ =0, No Damping

=01

L=05

: \ VAl Y 5 l“.('nh\.‘nlI)Aunpm;:
K
: > : ; 0 1
Hinh 3.12 Hinh 3.13
3.3. Kich dong dong hoc
. kU kU R cU,o
y= ko =U,; hl:?oza)ﬁy;hzz — —Zgra)y
2
Po khuéch dai: M = Y2+ (260 :
\/(Zg“.r)2 +(1-r?)
3
Pha ban dau: tge = —22§.r -
(2ér)°+(@1-r7)
6 ] 1 1800 §=0\
. = Z = 0.05
, |
| =010 e
) : = 0.20
3 ¢=0. 9%°
[ =025
2 ! =10 45°
1 \ /
[=050 {= 1.0 ]
0 1 V2 2 3\ 4
(=005 Hinh 3.15
Hinh 3.14

11
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Db thi M(r) nhu hinh 3.14.
Db thi ¢(r) nhu hinh 3.15.
3.4. Kich dong bai khdi lwong léch tim

9: m,e A M
m, +m,
6__
L e |
Do khuéch dai: £=0,05
, il (=01
M = 2r —~ (=0,15
Jesry +-r?) C=025
. 3T
D6 thi M(r) nhu hinh 3.16. =05
Pha ban dau: ol t=1
=-2Cr
- V4
* Chii y: Khi vé phai Hy = 0: '
mX + cX + kx = H, cos Qt 0 1 3 3
Phuong trinh chuyén dong: Hinh 3.16

X(t) = X, cos(Q2t — 0)

N 2o
g =—=
g M 1-r?
3.5. Vidu

a. Thanh nhe AB, chiéu dai a, ¢au thanh c6 vt nhé xem nhu chat diém khéi luong m. Thanh
lién két voi 10 xo, giam chén va chiu lyc nhu hinh3.17 Viét phuong trinh vi phan dao dong.

b. Cho: k = 8kN/m, ¢ = 200Ns/m, m = 5kg, a = 4m, b = 1m, F(t) = 80 sin20t (N). Viét phuong
trinh chuyén dong.

Chon toa d¢ suy rong 0 (Hinh 3.18).

k T F() “ HE 0

\Tlc

b

§>A ‘ B - B
\ | m

12

N
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Hinh 3.17 Hinh 3.18

bong nang: T = %mazé2
Ning luong tiéu hao do giam chén: D = %cazé2

Thé nang: V = %kbzﬁ2

Luc suy rong: Q = aF(t)

Phuong trinh vi phan:

maZd + %cazé +ka%0 = aF (t)

Phuong trinh chuyén dong: 0(t) = 6, sin(20t + ¢)
an s6 riéng: . =10(rad

Tan so riéng: w, —10( A)

Do can Lehr: £ =05

2 A A (0]
Titanso: r=—=2

@,

H¢ chiu kich dong dong luc nén:

1
J@orf +(-r2f
Bién d¢: 6,=M.y=0,0111(rad)

Do khuéch dai: M = ~0.2774

tgp =0,6667 — ¢ = 0,588 (rad)
Vay: 6(t) =0,0111sin(20t + 0,588)

13



CHUONG 6
DAO PONG CUA HE NHIEU BAC TU DO

1. Phuwong trinh vi phan dao dong

Hai vat c6 khdi lwong m va my lién két va chiu luc nhu hinh 4.1. Viét phuong trinh vi phan dao

dong cua hé.

Chon toa d0 suy rong x1 va Xa.

Dong nang: T :% X +%m2>'(22;

Thé ning:V :% 4 +%k2(x2 - %)

X1 X2

AT e F(O)
= e

Hinh 4.1

Ham hao tdn: D= %chf + %Cz(xz — %)

Luc suy rong: Tinh cong kha di cua cac luc, suy ra lyc suy rong:

DA
“=T

]
&;=0

> A =AF(1))
OA(F)=F &+ Fd+Fo
D A =F(t)&,

Q= Zé‘Ak

X,

Q, = Z5A(

X,

=0

X, =0

=F(t)

K =0

Q1=0; Q2 =F(t)
Str dung phuong trinh Lagrange:

d(oT ) or aD 6V
- — t =Q
dt ax axl OX, 6x
d(or ) or ob oV
ol el Tt =Q,
dt\ox, ) ox, X, OX,

dfer)_dfa _mx) )
atl ox ) arl o G =
oT , ,

&:8_(_ xf+§m2x22):0

5D o1l . 1 .
—(—cle+—c2<x2 xgj e~ (% — %)

ERCAY 2




N o

1 1
a = a[_kle +§k2(xz - Xl)z) = klxl - k2(x2 - Xl)

2

Phuong trinh vi phan:

{ml 0 }{xl} {c1+c2 _C2:||:X1:| {kl+k2 —kz}{xl} { 0 }
+ + =
0 m,| X%, -c, c, || X, -k, K, | X, F(t)

Phuong trinh vi phin c6 dang téng quat: Mx +Cx+ Kx = F

Trong do: M, C, K: ma tran khoi luong, ma Xq Xo
A s 9 h,( t A d,\ ) dr 1\ 7 m
tran giam ¢ alln, ma, ran do cung, d6 la cac ma Fkl sz = (t)
tran vuong cap n doi xuing hoac chéo. my my —
e T I
Phuong trinh vi phan c6 vé phai bang 0 thi 1
dao dong tu do, con C =0 thi mo ta dao Hinh 4.2
dong khong can.

Dé giai bang phuong phap luc ta sir dung so do trén hinh 4.2. Vat chuyén dong tinh tién, dung dinh
luat 2 Newton:
m¥ =-F,-F; +F, +F, @
mX, =—F,—F, + Ft) (2
Fa=kX F, =k, (%, —%) Fa =CX% F,=¢, (X, —%,)
{m1x1 =KX + kz(xz_ X1) —CX +Cz(xz - Xl)
M, X, = —Ky(X, = %) = C,(%, — %, ) + F()

mlxl + (Cl + Cz)X1 _szz + (kl + kz)xl - kzxz =0
mzxz - C2X1+ szz - k2X1+ kzxz = F(t)

{ml 0 }{xl} {cl+c2 —cz}{xl} {kﬁkz —kz}{xl} { 0 }
+ + =
0 m,| X% -C, C, | X, -k, K, |l X, F(t)

Hé chiu x04n

Al 1.0, 1. 5.
DOng nang: T =EJ1491 +EJ292 ;

A < 1 2 1 2 1 2
Thé nang:V =Ek1491 +§k2(02 -0) +Ek3<92
Ham hao tan: D=0

Cong kha di cua cac lyc:

DA = AM,(1) + AM, (1)

=M, ()50, + M, (1),
Q-2 -

5,=0



2. Tinh toan dao dfng tu do khong can
2.1. Tén s0 riéng
Phuong trinh vi phan dao dong: MX+ Kx =0

Khai trién:
{mu mlz}{xa} {ku klz}{xl}:m
m21 m22 XZ k21 k22 X2 O

2 t
Biéu thirc nghiém: x(t) = {Xl( )} = {

X, sin(at + @)
ot }

X, sin(at + @)

DPao ham, thé vao:
‘m, my, | = X% sin(at + @) . kK || Xysin(et+9)] [0
My, m,, | —X,0”sin(wt+@) | | Ky Ky || X,sin(at+¢)] |0

_kll_mlla)z k12_m12a)2 X, _ 0
kZl_lea)z Ky, —m22w2 X, 0

Dé c6 nghiém khong tam thudng (nontrivial solution):
det(K —@*M) =0

2 2
Ky, —mp0° K, —m,o -0

Ky, — m21a)2 Ky, — mzza’2
(ky, — mna’z)(kzz - mzza’z) —(ky, — m12a)2)(k21 - m21a)2) =0
(my,m,, — m12m21)a)4 + (KoM, +Kyymy, —kyym,, — k22rnll)a)2 +Ky Ky —KypoKy =0

Pay 1a mot phuong trinh tring phuong bac bon goi 1a phuong trinh dic trung tan so.
Giai phuong trinh nay ta dugc cac tan s6 dao dong riéng wi va w.
2.2.Kiéu dang dao dong riéng
2.2.1. Kiéu dang dao djng riéng thir nhit

Khi hé dao dong véi tan s riéng thi nhit e, ta c6 cac bién do twong tmg X® va X &

Ti bién do:
@ 2
_ Xy Ky — My
17y @ 2
X, K, — My,

. 1
Khi X =1=X{’ =1, >V, :L}
1

V1 goi 12 vecto mode hay vecto dang riéng thir nhat. Tir d6 xac dinh duogc kiéu dang dao dong riéng

thir nhat hay mode thtr nhat.



2.2.2. Kiéu dang dao djng riéng thir hai

Khi hé dao dong véi tan sb riéng thi hai w,, ta co ta co cic bién do twong tmg X & X ?

Ti bién do:
) 2
_ X, _ ki — My
17 y@ ™~ 2
Xy Ky = My,®;

: 1
Khi X{? =1=X? =r, >V, { }
r2

V2 goi 13 vecto mode hay vecto dang riéng thir hai. Ttr d6 x4c dinh dugc kiéu dang dao dong riéng
thir hai.

Ma tran dang riéng M: mo ta cac kiéu dang dao dong cua hé.

|: :|
M
1 2

Chu ¥: Khi tim céc kiéu dang dao dong riéng & cac phuong trinh vi phan dao dong cé can hoic
cudng birc déu bo C, F.
2.2.3. Tinh trwc giao ciia dang riéng
Cac dang riéng vudng goc voi nhau qua ma tran khéi luong hodc ma tran d6 ctng.
Tryc giao qua ma tran khdi luong: V,"MV, =V, MV, =0
Truc giao qua ma tran do cing: V,"KV, =V, KV, =0
2.3. Phuwong trinh chuyén dong

Phuong trinh chuyén dong cua hé:
x(t) _—{Xl(t)} _—{1}Asin( t+ )J{l}Bsin( t+o,)
ot + @ ot + @
X2 (t) rl ' ' r2 ? ?

A, B, ¢, ¢, xac dinh tir 4 diéu kién dau: x,(0) = X,5; %, (0) = X, VA X, (0) = X,5; %, (0) = X,

2.4.Vidu

Hai vat c6 khdi lrong m1 va my dat trén mat

AN

nghiéng, lién két va chiu lyc nhu hinh 4.3.

S

a. Viét phuong trinh vi phan dao dong cua hé.
b. Tim cac mode dao dong riéng. Cho k1 = @ X
2k, = 2k, mi =2mz = 2m. S

Cau a. Phuong trinh vi phan dao dong: @
30

m 0| X kKi+k, =Kk, | x B 0 AN
o m %" -k, Kk x| |F® .
Hinh 4.3

Cau b. Tim cac kiéu dang dao dong riéng, ta giai hé:



K HE MK
xi(t)}: {xlsimwtw)}

Biéu thtrc nghiém: )
X, (t) X, sin(at + @)

Phuong trinh dic trung tan so:

det(K —0*M) =0 — 2m*w* —5kmw’ + 2k* =0

a)lzwfﬁ(rad/s) va a)Z:,/Z—nf(rad/s)

- Khi hé dao dong véi tan s riéng thir nhat o, ta cd cac bién d6 twong ing X® va X

k-2mw®> -k | XO 0
—k k—me | X

(3k —2ma*)X P —kXP =0

Ti bién do: Hinh 4.4
X @

: 1
Khi X =1=X{=2->V,= u

Mode dao dong riéng thtr nhat (Hinh 4.4).
- Khi hé dao dong véi tan sd riéng thir hai ,, ta 6 cac bién do tvong tmg X2 va X
Ti bién do:
X2 X9=1

- X1(2) ) /I\

: 1
Khi X{? =1= X{? =-1-V, { J

I

XP= 1
5=
Mode dao dong riéng thir hai (Hinh 4.5)
. 2 , Hinh 4.5

Trén hinh cho thay mdt diém thude 16 xo thir hai khong

dao dong goi 1a diém nut.
3. Tinh toan dao dong cuwdng birc khong can

3.1. Phuong trinh chuyén dong

Phuong trinh vi phan dao dong: MX+ Kx = Fsinat

m m k k F (t F sin ot
Trongd('): M :|: 11 12}; K=|: 11 12:| ’ F(t)z{ 1( )}:{ 1 - a)}
My My, Kyi Ky, F,(t) F,sin awt

, t X, sin et
Biéu thite nghiem: x(t) = 21—} X:sn@
X, (t) X, sin wt



Tu d6: ki, — mna)z ki, — mlza)z Xy _ =
Koy — mz1a’2 Koo — mzza)2 X, F,
i n D, D, , v e v 1A X 2 N Yy A ..
Nghiém: X, = B; X, = ) Trong d6 D la dinh thirc hé s6, D =det(K — w°M) con Di bé cot thir 1 thay

béng F. Bién luan:
e KhiD=0vaDi#0: Tan sd cudng blrc o tring voi mot trong cac tan sb riéng w,,w, . Bién do

dao dong tang 1én vo cung. Pay la trudong hop cong huong.

- Y A ST D A A 1.7 A <\ £ A A on
e Khi D=0=w=w vaDi=0dongthoi lim — <oo: Tan so kich dong trung vai tan so riéng

D—w
nhung bién do van bi giéi han. Pay 1a truong hop gia cong huong. Néu dang vo dinh IIjim b _ o thi

day la truong hop cdng huong.

e Khi D #0vaDi=0tacd Xi=0: Dao dong vdi toa do thir i bi dap tt.

Chu y: Khi vé phai c6 dang F(t) = F cos et thi biéu thirc nghiém 1a x(t) = X cos et

3.2. B tiat chin dong luc

Khi D # 0 va Di = 0 ta ¢c6 Xi= 0: Dao dong vdi toa do thtr i bi dap tit, day 1a co s¢ dé thiét ké cac bod
tat chan.

2
R k,—-m,o
2

= ; D1= 0 khi (k,, — mzza)z) F=(k,- mlza)z) F,

1

F, ky—-myuo
Néu thém diéu kién F2 = 0, ta c6 X1=0 khi k,, —m,,0* =0 (1).
Vay trudce tién chon k22 sao cho X2 nho va sau d6 chon mo théa (1).

3.3. Vidu

Hai vat c6 khoi luong my va my lién két va chiju lyc nhu hinh
4.6.
a.  Viét phuong trinh vi phan dao dong ctia hé.
b. Chomi= my=5kg ; Fi(t) =5sin2t; F»(t) = 10sin2t,
ki = k2 = ks = 100N/m. Viét phuong trinh chuyén dong.

Céau a: Phuong trinh vi phan dao dong la:

m_ 0 || X ki +k, =k, | X B F (1)
0 m % || -k, K4k x| |F@®

Cau b: Phuong trinh chuyén dong c6 dang: =0
t X,sin2t
x(ty = A1 Xisin Hinh 4.6
X, (t) X,sin2t

Taco: D=22400; D;=1900; D,=2300
Tirdo: X1= 0.0848(m) va Xz= 0.1027(m).




L x () 0,0848sin 2t
Vay = .
X, (t) 0,1027sin 2t
4. Tinh toan dao dong tu do c6 can

Phuong trinh vi phan dao dong: MX+Cx+Kx=0

SR

m,, m,, C,; C, K,y Ky

Biéu thtrc nghiém: x(t) = Xe* — {Xl (t)} = {XleSt}

X, (t) X,e%

Pao ham thé vao phuong trinh vi phan: (s2M +sC +K)X =0

Khai tridn: {sjm11 +5C,, + ki, s:m12 +5C,, + kg, }{Xl} _ {0}
s°m,, +SC,, +K,;, S°m,, +5C,, +K,, | X, 0

Dé c6 nghiém khong tam thudng:

det(s°M +sC+K)=0

bay la phuong trinh déc trung, giai ra dugc 4 nghiém s. Cac truong hop:

e Ca 4 nghiém déu 14 s6 thyc 4m: qua giam chan.

e Ca 4 nghiém déu phc, ¢ hai cip phtc lién hop: duéi giam chan.

e C0 2 nghiém thuc am va hai nghiém phtrc 1ién hop.

* Khi s=s,, ta c6 cac bién do twong tng X va X{’

Ti bién do:

. X9 s’my+sc,+ky

== © i=1234.
Xl Si le + SiClZ + k12

Phuong trinh chuyén dong ctia hé 1a chong chat 4 nghiém:

X, (t 1 1 1 1
X(t):{ l( )}:|: :|xl(l)est +|: :|x1(2)est +|: :|x1(3)est+|: :|xf4)est
Xz(t) rl r2 r3 r4

X" xac dinh tir 4 diéu kién dau: x,(0) = X,o; %, (0) = X, VA X,(0) = X,0; X, (0) = X,
5. Tinh toan dao dong cwdng birc cé can

it

Phuong trinh vi phan dao dong: MX+Cx+ Kx = Fe

M = |:m11 m12:| . C= |:Cll C12:| ) K = |:kll k12:| - F@) :{Fl(t)} _ Fleiwt
My, My, , Cy Cypy ’ Ky Ky, ’ F, () erm
, . t it
Biéu thirc nghiém x(t) = Xe'* — % (1) = xle_
X2 (t) Xzelw’[

DPao ham thé vao phuong trinh vi phan: (—w?M +iaC + K)Xe = Fe'

{kll_mlla)z +iac), klz_mlzw2 +ia)012:|{xl} _|:Fl:|

2 - 2 - -
Ky, — M@ +iaC,, Ky, —M,,o” +iak,, | X, F,



Xl:&;xz :&
D D

D 1a dinh thirc hé s6: D =det(K — @M +iaC).
Di b6 cot thir i thay bang F.
e X1va Xz lacac sd phirc dang (a + ib) .

Biéu dién bién d6 sang dang lily thira X = Ae'? .

Trong d6 A=+/Re(X)? +Im(X)? .

Pha tge :%

Vay phuong trinh chuyén dong: x(t) = Ae(+?)

e Khi vé phai c6 dang F(t):{Fl(t)}:{Flsmwt} hay F(t):{

F, (1) F,sin ot
Biéu thirc nghiém ciing 1a x(t) = Xe'.

Két qua cudi cung lay Im(x) hay Re(x).



