LY THUYET & BAI TAP MON GIAI TiCH PHU'C

(Tai liéu chi cé tinh chat tham khao — http://nguyenchiphuong.WordPress.com )

Trong tai liéu nay xin téng hop lai tt cd cac dang bai tip cd lién quan tdi dé thi cha cadc nam.
Riéng cdc bai tdp can ban cac ban xem lai trong cac vi du & gido trinh trén I&p. Mén giai tich
phttc thiye chat [a mét mon twong ddi co ban nhung lai cé “moét chit rac réi” (khdng phai &
mon hoc ma &... cac ban chic d3 hidu) vi vay moi ngudi dirng chd quan nhé. Sau day 1a mot
s6 dang bai tdp ma ching ta s& én tap

I. BAI TOAN 1: GIAI PHU'ONG TRINH
1.1. Ki€n thirc b tror

a. Péng nhdt sé phire

Cho z = x + iy khi d6 phwvong trinhz=a + ib & {y z b

b. Can thuec

S6 phirc w dugc goi la can bac n cta sé phirc z néu w™ = z (1) va phuong trinh (1) cé
dung n nghiém duwoc xac dinh bdi cong thirc

0+ 2km 0+ 2km
—),n =01,..,n—1

wy = W(cosT + isin
1.2. Bai tap mau

Bai 1.1 (bai 21.SGK,tr 18): Giai cac phwong trinh sau:

a.5z>+2z+10=0 b.z*+81=0 c.2z=1i(2 + 9i)
d.z+2z=>2 e.z6+1=+3i fz22=i.
1+3i
Giai:
2 =—1;7i=_%+_l
a.5z°+2z4+10=0¢& 1o T
Zy = 5 z_g__l

b.z*+81=0¢& z*=-81
Tacé —81 = 81(cos(m) + i sin(m))

Khi d6 can bac 4 cua —81 dugc xac dinh bdi
4 m+2kn  w+ 2km m+2kn  w+ 2km
z, = V81 (COST+ lSlI‘lT) =3 (COST+ lSlI‘lT>,k =0,1,2
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(cos? 210
k=1=>Zl=3(cos—+151n%n)=3(_72+i72)
(o2 =a (o e sn) 320
k=322,=3(cosZ+isinZ) = 3(2- %)

VAy Zo, Z1, Z5, Z3 1a nghiém cla phuwong trinh z* + 81 = 0
€22=i2+9) ©2z=-9+2i©z=—2+i

d.batz = x + iy, khido

v272 2T e .)_(2—1')(1—31)(:)3 _ 1 7
ETAEE ATy AT = 10 T ET
3X=—i X:—i
o 1'?@ 730
AT A
~ __i l
Vay z = 30+10l

e.z64+1=3io25=—-1++/3i
. . 1, V3. _ 2 . . 2W
Taco—1+\/§l—2(—2+21)—2(cos3+151n3)

Khi d6 c3n bac 6 cla —1 + V3i duoc xéc dinh bdi

21 21
. 3 t2km o+ 2kn . n+3kr w4+ 3kn
zr = V2| cos 22—+ i sin->—— =\/E(COS—+lSIH—)
6 6 9
k=0=z,=\ (cos—+151n )
4
k=1=2z = (cos—+151n?>
7T
k=2=2z,=1 (cos—+151n?>
107 107
k=3=2z3= (cos—+ lsmT)
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13m 13m
k=4=z,= %(COST+ isin—)

9
16w 16w
k=5=z;= %(COST+ isinT)

VAY Zo, Z1, 25, Z3, Z4, Z5 12 nghiém cta phuong trinh z® + 1 = v/3i.

s . Vs . . IT
Ta c01=cosz+151ng

Khi d6 can bac 2 cla i duwoc xac dinh bai

i3 i3
B _+2k7T+_ _ E'*‘Zkﬂ_ 7I+4k7t+_ - m+ 4kn k= 01
Z = COS=— isinS— = cos—, isin— — k=01
k=0 = tisin— \/E+'\/E
= ﬁ = —_— — T — —
zo=cos  Fisingy=—-+i7
=1 57I+._57T V2 2
= =3 = —_— —_— —— ] —
z; = cos—- +isin— > i

VAy Z,, Z; 1a nghiém cta phuong trinh z2 = i.

Bai 1.2 (bai 24.SGK,tr 18): Gidi phuong trinh:
z2(1-2z%) =16

Giai:

z2 =1+ 3V7i

z21-z)=1622z*-2°+16=0
72 =1-37i

Xét1+3V7icér=v/1+63=8

cos§ ===
o oy7khidé can bac 2 cha 1 + V63 duoc xéc dinh béi
sinf ===—
r 8
0 +2knr 0+ 2km 0+ 2knr 0+ 2km
zk=\/§(cosT+lsm—)=Zﬁ(cosT+lsm—),k=O,1.

0 0
k=0=z,= 2\/E(c055+ isin5>

0 +2m _ 9+27I)

+ i sin

7] 7]
= —2\/5 (cosE +i sin—)

k=1=>zl=2\/i(cos >
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1
1+cos 0 1+— 43 1—cos 6 1-3 7
Tacocos—=i/ —+/ ZVasm—zi/ ” =+ ngiT

Chon cosg= - 51n—=\/77 khi dé
(
Izo=2\/—< +£l>
{ 4
7
Ik =—2\/—< +\/T—l>

Vay z,, Z, |a nghiém cla phuong trinh z2 = 1 + 3v/7i

Lam tuong tu véi 1 — 3v/7i trong d6 chon cosg =-; sing = —\/;, khi do
( 3 V7
| zog=2V2|—-——1i
[ \/‘<4 . l>
|, 3 V7.
=-2V2|-——
& \/_<4 7

Vay z}, z| 1a nghiém cta phuong trinh z2 = 1 — 3+/7i

Suy ra zy, 24, Zy, Z1 1a nghiém cla phuong trinh z2(1 — z2) = 16

Il. BAI TOAN 2: TiM ANH VA TAO ANH QUA ANH XA PHU'C
2.1. Kién thire b6 tro

Dé& tim anh cla mot diém, dudng thang hay dwdng tron qua anh xa phirc w = f(z) =
u(x,y) + iv(x, y), ta xac dinh méi lién hé cla u, v dwa trén mién cho trudc

Ngugc lai dé€ tim tao anh cia ham u(x, y), v(x,y), ta xac dinh mdi lién hé cta x, y.
2.2. Bai tap mau
Bai 2.1 (bai 6, SGK, tr 55): Tim anh cia dwong x = 1 qua anh xa phirc w = i
(Dé thi két thic mén GTP - khéa 16)
Giai:

1 X y

Giésirz=x+iy,khidc’>w=§= = — ~i =u(x,y) +iv(x,y)

x+iy  x%2+y2  xZ+4y
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X

u(x,y) = 2+ 92
=
v(x,y) = — Y
x? + y?
o e R _
Véix =1, khido u(x,y) = Tty? vav(x,y) = L4y?
14y? 1 ’

1 1
=S u?+v?= =u®u2—u+v2=0®<u——) +v2=-—

(1+yz)2=1+y2 2
Vay anh clia duong x = 1 la duwong tron tdm (%, 0), ban kinh Ia %

Bai 2.2 (bai 7, SGK, tr 55): Dung tham sé héa dé tim dnh cia dwdng tron [z — z,| = R qua
anhxa phtrcw =iz — 2.

Giai:

Giasttz=x+1iy,zy = x, + iy,

Tacd|z—2zy| =R = z— 2z, =Re' © z =z, + Re", khi d6

w=iz—2=i(zo+Re") —2=1i(xo + iyo+ R(cost + isint)) — 2
= (—yo—2— Rsint) + i(xy + Rcost) = u(x,y) + iv(x,y)

{u(x,y)z—yO—Z—Rsint {RSint=u(x,y)+y0+2
v(x,y) = x, + Rcost R cost = v(x,y) — x,

= W+ @o+2))°+ w—x)%=R?

Viy anh cla dudng tron |z —z,l =R qua 4nh xa w =iz —2 |a duwdng tron tam
(=Yo = 2, %), bankinh R.

Bai 2.3: Cho ham w = z%. Tim anh cua:

a. buongtron |z| = 2,
b. Miénquat0 < argz < g

Giai:
a.Gidslrz=x+ iy, khidow =z%2 = (x + iy)? = x? — y? + 2xyi = u(x,y) + iv(x,y)

2 2
z{u(x,y)—x y

v(x,y) = 2xy
x =2cost
Ta c6 phuong trinh tham s6 cda duwong tron |z| = 21a:{y = 2sint
0<t<2m
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Khi dé:

{u(x, y) = (2cost)? — (2sint)? = 4(cos?t — sin’t ) = 4 cos 2t
v(x,y) =2.2cost.2sint = 4sin2t

= (%)2 + (2)2 = cos?2t +sin?2t =1 u? +v?>=16

Vay anh cha duong tron |z| = 2 trong mp(2) 13 duwdng tron cd tdm la gbc toa d6, ban kinh
la 4 trong mp(w)

b.Détargz=a=>O<a<§
Tacéz=r(cosa+isina) > w = z? = r?(cos 2a + i sin2a) = argw = 2a
Ta coi mién quat 0 < argz < gdu’o’c quét bdi tia argz = a, vai bién thién tir 0 dé’ng

Theo chirng minh trén thi anh cla tia argz = a qua phép bién hinh w = z?% 13 tia argw =
2a. Khi @ bién thién tir 0 dén ~ thi 2a bién thién tir 0 dén 7.

A~ 2 ? N T . ? [ & N
Vay anh cua mién quat 0 < argz < > la nra mat phang trén 0 < argw < m.

Bai2.4:Chohamw =-,z = x + iy. Tim:

N | =

a. Anhcladwongx =c
b. Tao dnh cha dwongu = c.

Giai:
a.Ta co:
1 1 x— 1y x . .
W_;_X+iy_x2+y2_x2+y2_x2+y2‘_“(x'Y)+W(X»Y)
W) =
> y
e =

+ Trudong hgp x = ¢ = 0, khidé

{u(x, y)=0

v(x,y)=—§,(y¢0):>w= y

Vay anh cha dudng x = 0 1a truc do trir gdc toa d6

+ Trudong hgp x = ¢ # 0, khidé
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c

u(x,y) = 21y
_ Y
v(x,y) = Ty
c? +y? 1 u
=>u? +v?= 4

(c2+y2)2=c2+y2=Z
2

& u? u+ 2 O@( 1) + v? !
Ut ——+vt= u—— vi=—
c 2c 42

Vay anh clia duong x = c la duwong tron tam (ﬁ, O), ban kinh 13 ﬁ ,(c #0).

bu=c& =c

x24+y2
+Trvonghopc=0=>x=0
Vay tao dnh chia dwong u = 0 1a truc 3o trir gbc toa do

+ Trudong hop ¢ # 0, khi do

2
x2+y2=f®x2—f+y2=0®(x—i) +y?=—

c 4¢2
Vay tao anh cta duong u = ¢ la dudng tron tam (2—1C, O), ban kinh la ﬁ ,(c #0).
I1l. BAI TOAN TiM GIO1 HAN VA CHI’NG MINH SU’ LIEN TUC CUA HAM PHU'C
3.1. Kién thirc b6 tro

a. Gidi han déy s6 phuc

h {z,}, 2, = x, + iy, %l_r}c}o Xn = X
oiiirgozn=20=x0+iy0 lim y, = yo

b. Gidi han ham phuc
Cho f(z) =u(x,y) +iv(x,y),zo = xo + iyo, | = a + iB, khido
}Lr?o ulx,y) =a
lerglof(z) =le 111;52 v(x,y)=p
Y=Yo

Néu khi xét z — z, theo cdc hudng khac nhau thi cé cac két qua khéac nhau thi ta két luén
khong ton tai gidi han tai z = z,,.
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c. Ham lién tuc
Cho f(z) xac dinh trong 1an can diém z,, khi do:
+ f(z)xac dinh tai z,

f(2) lién tuctai zg © +Ton tai le_)rlzlof(Z)

+ lim £(2) = £(z0)
f(2) lién tyc trén mién G néu f lién tuc tai moi diém thudc G.
3.2. Bai tap mau
Bai 3.1: Tinh Zl_i)lll}_i(zz + i)
Giai:
Giaslr z = x + iy, khi do
z2+i=(x+iy)?+i=x*>—vy*+ Q2xy+ i =ulx,y) + iv(x,y)

w2 a2
=%me—x el

;2o =141
v(x,y) = 2xy + 1’ 0 T

: . 2 _ A2 —
limu(x,y) = lim(x* - y*) = 0
y—-1 y-1

}ci—lg vix,y) = }Cignl(ny +1)=3
y—-1 y-1

A . 2 _ . .Y — .
Vay lim (z* +1) = limuCx,y) + ilim v(x,y) = 3i
y-1 y-1

Bai 3.2 (bai 6, SGK, tr51): Chirng minh rang
3z —22z3+82>-2z+5

lim - =4 + 4i.
z—i Z—1
Giai:
o 3z%—2z3+8z2—-2z+5  (z—1)[3z3+ (3i —2)z*+ (5 —2i)z + 5i]
VT = lim = lim

z—i zZ—1 P zZ—1

=1im[3z3 + (3i — 2)z?2 + (56 — 2i)z+ 5i] = 3i3 + (3i — 2)i* + (5 — 2i)i + 5i
VAR
=—-3i—3i+2+5i+2+5i=4+4i

Bai 3.3 (bai 9, SGK, tr52): Tinh cac gi¢i han sau:
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1-cosz

b.lim

Am e lim == c. lzi_l)l(}(COS z)zi2
Giai:

a.Dat f(z) = z1°+ 1; g(2) = z° + 1, khi dé
fH=i""+1=0;g()=i°+1=0vag' P =6i>=6i+0

Ap dung quy tac L'Hospital ta c6

- f@_ . f'®_, 10z 5 5, 5
lim = lim = lim =lim=z%*=—-i*=—
zig(z) zoig(z) 2o 625 2013 3 3
z%+1 5
= hrn -
z-i 70+ 1 3
sinzg
1—(1-2sin? 2sin2Z z)?
p. lim 22527 iy U2y, 201 B
z—0 sinz z—-0 sin z z—0 Sin z z—0 2 SmZZ
i 25 sin z2
Tacohrn 2 =1 valim —=1
E z-0 Z
2
~1—-cosz 1
= lim————— ==
z-0 Sinz 2

1
c. lim(cos z)z% =
z—0
\ . , Sa e ez > . z 2
Bai 3.4: Xét sy ton tai gi¢i han cua lm(} (E) .
VA

Giai:

x+iy

Giésﬁrz=x+iy,khidé§_=

x—1iy
+ Cho z — 0 theo huéng truc Ox khidéoy =0
Z\2 x + iy\? X\ 2
lim(—_) =lim( ,y> = ki (—) =}Ci_r)%1=1 (D

z-0 \Z x=>0\x — 1y x
y=0 y=0

=)

<R
Il
SO

+ Cho z - 0 theo huéng duwdng thangy = x

y (z)z y (x+iy>2 . (x+ix)2_l_ (1+i) 1
ZIL% Z ;53(1) x—1iy 951% X —ix _936]1*0 1-— B )
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2
Twr (1) va (2) ta suy ra khong tén tai gidi han lim ( )

z—-0
, o A~ A A ; N N ~ z 2 A oA .
Lwu y: diéu két luGn trén ciing c6 nghia la ham s6 f(z) = (E) khéng lién tuc tai z = 0.

Bai 3.5: Xét tinh lién tuc cia ham

23 -1
f@)=4{z-1 néu |z| # 1 taizg =1,z9 =1
3 néu |z| =1
Giai:
+Taizy = 1taco:
f(1) =3va hmf(z)—hm—_—hm(z +z+1)=3

1

Vay lin}f(z) = f(1) nén hamsé lién tuctaiz, = 1
VA

+Taizyg =1

f

Vay lim f(z) # f(1) nén ham s6 gidn doan taiz, = i
Z—1

L =lim(z2+z+1) =i
z—1 Z-10

Bai 3.6: Cho cac ham

a.f(z) =—=

Re(z) zRe(z)

b. f(@) = % c. f(z) = 242
Cé6 thé gan gia tri cia ham sé tai z = 0 d€ né tré thanh ham lién tuc tai z = 0 hay khéng?
Giai:

a. Chon 2 day z, = = va z;, = =, khi d6 z,, z;, > 0 khin > oo

Xét
Re(z) _ 7
ez >
hmf(z)—hm Y =limt=Ilm1=1
Zp—0 Zn n—oo l n—-oo
n
I = i Re(zy) I 0 lim 0 =
z;"lerOf(Zn) B Z;"llmO Zn B nl—r>1c}o 1 B nl—r}c}o B
n
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Suy ra khoéng ton tai lir% f(2) nén khéng thé gan gia tri cla ham s6 tai di€ém z = 0 dé n6 trd
VAl

thanh ham lién tuctaiz = 0.

b. Chon 2 ddy z, = ~va z;, = ~ + =, khi d6 z,,,z;, > 0 khin > oo

Xét
1
hmf(z)—hmoﬁ—%l_r)rgo% 1113;)1=1
n
: 1,1 . .
thf(z on = lim n = im1+l=1+l

Suy ra khoéng ton tai lir% f(2) nén khéng thé gan gia tri cla ham s6 tai di€ém z = 0 dé n6 trd
VAd

thanh ham lién tuctaiz = 0.

c.Giastz=x+1iy

sl __zZRe(z) _ (x+iy)x _  x? xy . .
Khi dé f(z) = R + Tl u(x,y) +iv(x,y)
( x?
lu(x,y) = ——=
N 4 Jx2 + y2
X
lv(x,y) = Y
k 2 2
VXt +y
Tacod
0< EESRN = |x| ma hmlxl = 0 nén hrn u(x,y) = hm—2 =0(1)
TVxZ+y? T x| x=0 /x2+y?
y—>0 y—>0 y-0
2 2 [~2 2 [+2
0< |22 | <« 222 = 2 3 )i X —Onenhmv(x y)—hrn—y=0(2)
Jx2+y? 2,/x2+y2 2 x-0 2 x—0 /x2+y2
y—-0 y—>0 y—0
Tir (1) va (2) suy ralim £ (2) = lim O’ﬁ) =0
VAd

Vay c6 thé gan gid tri f(z) = 0 tai z = 0 d€ n6 trd thanh ham lién tuc tai z = 0.

Bai 3.7 (cau 2, dé thi mon GTP — K16): Chirng minh rang ham f(z) = Z lién tuc trén C.
Giai:

Giastz=x+iy, khido f(z) =z=x—iy=ulxy) +iv(x,y)
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ulx,y) =x
=z {U(X,Y) ==y

Lay tuyy z, = x + iy, € C, khidd ta co: f(zy) = xo — iy,
Xét

Jim u(x,y) = lim x = xo
Y=Yo Y=Yo

}i_gclo v(x,y) = lim (=y) = =y,

X—=Xo
Yy=Yo Y—=Yo

= lim f(2) = Jim [uCr,y) + w0 Y] = % — iyo = £ (20)

VAR
Yy—=Yo
Suy ra ham sé lién tuc tai z = z,
Do z, lay tuy y trong C nén ham f(z) lién tuc trén C.

Bai 3.8 (bai 10, SGK,tr 52): Chirng minh rang ham f(z) = z? lién tuc déu trén mién |z| <
1.

Giai:
batC:{z:|z| < 1}
Véiz,z' € Ctacod

If(2) = f@)| =122 = 2?%|= |z Zlz+ 2| < |z = 2'[(|z| + |z']) < 2|z - Z/|
Vay Ve > 0,36 =§,Vz,z’ EC:lz—2Z'|<6=2|f(2)—f(Z2)|<2|z—-2z'| <25 =¢
Do d6 f(z) = z? lién tuc déu trén C: |z| < 1.

Bai 3.9 (bai 11, SGK, tr 52): Chirng minh rang ham f(z) = i khdng lién tuc déu trén mién
|z] < 1.

Giai:

IV. BAI TOAN CHI’NG MINH SU’ TON TAI DAO HAM CUA HAM PHU'C
4.1. Kién thirc b6 tro
a. Diéu kién Cauchy-Riemann (dang dai sb)

Cho ham f(z) = u(x,y) + iv(x,y) cé dao ham tai diém z = x + iy thi:
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+u(x,y),v(x,y) cé dao ham riéng tai diém (x,y)
+ Cac dao ham riéng clia u(x, y), v(x, y)thda man phuong trinh

du 0dv OJu  Ov "
ax_ayvaay_ ax()

Nguoc lai néu u(x,y),v(x,y) cé cdc dao ham riéng lién tuc tai diém (x,y) va thda (1) thi
f(2) = ulx,y) + iv(x,y) c6 dao ham tai diém z = x + iy va

f'(2) = uy(x,y) + ive(x,y) hodc f'(z) = vy(x,y) — iuy (x, y).
b. Diéu kién Cauchy-Riemann (dang phtrc)
7 — — " — 2 2 — X . 7 N - _
Ta c6 x =rcosf,y =rsinf,r =,/x*+y? 6 = arctan (x), khi dé diéu kién Cauchy
Rieamann dang phtc la

ou 10dv _ dv 10u

or roe “or roo
4.2. Bai tap mau
Bai 4.1: Khdo sat sw ton tai dao ham cuia cdc ham sd sau:
a.f(z) =28 b. f(2) = |z|?
Giai:
a.Giastrz = x + iy, khidé
f(z2)=2z3=((x+iy)®?=x3-3xy? + Bx%2y —y3)i=ulx,y) + iv(x,y)

{u(x,y) = x3 — 3xy?
v(x,y) = 3x%y —y3

Suy ra
6u_32 32_617_32 32_6u_ 6 _617_6
ox ¥ y'ay_ x y'ay_ XViox T O
ou O0v 342 _ 32 . odu ov ¢
=5 —— — = — —_————=
dx dy * yvaay dx i

Vay u(x,y),v(x,y) cé cac dao ham riéng lién tuc tai moi di€ém (x,y) va thoa diéu kién
Cauchy-Riemann nén f(z) cé dao ham tai moi diém z thudc mit phang phirc

b.Gid st z = x + iy, khi dé
f(2) =1z =x?2+y? =ulx,y) + iv(x,y)
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— 42 2

v(x,y)=0
Suy ra
au_z_av_o_au_z_av_o
ox x'ay_ "dy Y ox T
Ham f(z) cé dao ham khi
Ifau_av

dx  dy 2x =10 o
{au_ av‘:’{2y=o‘:”‘—Y—°
kay_ dx

Vay ham f(z) cé dao ham tai diém z = 0, khéng c6 dao ham tai moi diém z # 0

Bai 4.2 (bai 13,14, SGK, tr52): Chirng minh rang Z—i ; %(zzi) khéng ton tai tai moi diém
thudc mat phang phrc.

Giai:

+ Chirng minh Z—j khong ton tai tai moi diém thudc mat phang phuic
Giastrz = x + iy, dat f (z) = Z, khi do
fl2)=z=x—iy=ulxy) +iv(xy)

ulx,y) =x
=z {U(X,Y) ==y

Suy ra

au_ av_ Ju av_

—=1,—=-1,—=0,—=0
d0x ady dy dx

R3 rang Z—Z =1+-1= Z—; nén f(z) khéng c6 dao ham tai moi di€ém z thuéc mat phang
phtrc.

Vay Z—j khong ton tai tai moi diém thudc mat phang phirc

+ Chirng minh % (z2Z) khong ton tai tai moi diém thudc mit phang phirc

Gidsrz = x + iy, dat f(z) = z%Z, khi do

f(D)=z2=(x+iy)*(x—iy) =x3+xy?+ x>y + y3)i = ulx, y) + iv(x,y)
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u(x,y) = x3 + xy?
:>{ 2 3
vix,y) =x*y+y

Suy ra

6u_3 2, 2_617_ 243 z_au_z _617_2
ax_x y'ay_x y'ay_ xy'ax_ Xy
Ham f(z) cé dao ham khi

Ifau _ v

{ax_ay @{3x2+y2=x2+3y2
jou _ ov 2xy = —=2xy

kay C ox

oSx=y=0

Suy ra ham f(z) c6 dao ham tai diém z = 0, khong c6 dao ham tai moi diém z # 0
Vay é (z2Z) khong ton tai tai moi diém thudc mit phang phirc

Bai 4.3: Cho ham f(x,y) c¢6 Re(f) = x* — y2. Gia sir f(z) c6 dao ham, tim f(2).
Giai:

Giastz=x+1iy,f(z) =ulx,y) +iv(x,y)

ou _ du

2x; —= =2y

.2 o s 2 2
= — =
Theo gia thiéttaco u(x,y) = x“ —y P %

Do f(z)c6é dao ham nén ta cé

Ifau _ ov (av
{ax—ay o @—2){(1)
I Ju B av ov

5y~ ox =@

Tw (1): Z—Z =2x =2 v(x,y) =2xy+C(x) = Z_Z = 2y + C'(x) thay vao (2) ta dwoc

2y+C'(x) =2y C'(x) =0=C(x) =C = const

Vay f(z2) = x? —y? + 2xy + C)i = (x + iy)* + Ci = z* + Ci.
Bai 4.4: Tim z sao cho cac ham sau kha vi

a. f(z) = x? —y? - 2xy +i(x® — y* + 2xy)
b.f(z)=2°+12Z
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_ (2 khi|z| > 3
"f(z)‘{1 khi |z| < 3

Giai:

(dé thi mén GTP — K18)

a. f(z)=x?—y?=2xy+i(x* —y*+ 2xy) = ulx,y) + iv(x, y)

N {u(x,y) =x%—y?%—-2xy
v(x,y) = x% —y% + 2xy

Suy ra

au—Z 2_617_2 2_6u_ 2 2_617_2 + 2
ax y'ay_ * y'ay_ XTA G T T
ou O0v 9y — T ou ov oy — 2

=5 —— — = — —_—————= —

dx dy X—ayva dy dx xTay

Vay u(x,y),v(x,y) cé cac dao ham riéng lién tuc tai moi diém (x,y) va thoa diéu kién
Cauchy-Riemann nén f(z) c6 dao ham hay kha vi tai moi diém z thuéc mit phang phirc
b. Gia st z = r(cos 8 + i sin 8), khi d6
f(z)=2z>+zZ=1r°(cos50 +isin50) + r(cos@ — isinh)
= (r°cos 50 +rcos @) + i(r°sin50 —rsinB) = u(r, ) + iv(r, 9)
{u(r, 0) = r°cos56 +rcosb
v(r,0) = r°sin50 — rsin 0

Suy ra
ou

v
— =5r*cos50 + cosf; — = 5r*sin560 — sin @
ar ar

O or54in50 — rsing; o0 = 575 cos 56 0
69 = 7" S1n rsing, 66_ T~ COS T COS
RO rang

1ov 1 Ju
——=—(5r%c0s 50 —rcos8) = 5r*cos50 — cos§ # —
rod r or
10u 1 dav
———=——(=57r%sin50 —rsinf) = 5r*sin50 + sin0 # —
r d6 r or

Vay u(r, 8),v(r,0) cé cac dao ham riéng khong thda diéu kién Cauchy-Riemann nén f(z)
khong kha vi tai moi z.

c.+Tap A = {z:|z| > 3} latap mé&
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Taco f(z) =2=2+0i =u(x,y) + iv(x,y)

{u(x, y) =2
v(x,y) =0
Suy ra

au_o_av_o_ au_o_av_
ax ady oy < ox
ou O0v . Ou v

ﬁazazova @z—a_

0

Vay u(x, y), v(x,y) c6 cdc dao ham riéng lién tuc thda diéu kién Cauchy-Riemann trén tap A
nén f(z) c6 dao ham hay kha vi trén A.

+ Twong ty véi B = {z: |z| < 3} ta chirng minh dugc f(z) cé dao ham hay kha vi trén B
+XétC = {z:|z| = 3}, khido f(z) = 1

Xétday z, = (1 + %)Z

|Zn|=(1+%>|Z|=<1+%>3>3=>f(zn)=2

Ta c6 z, — z khin — oo, tuy nhién f(z,) = 2 # 1 = f(z) nén ham f(z) khong lién tuc tai
moi diém trén C. Do d6 f(z) khéng kha vi tai moi z: |z| = 3.

Bai 4.5 (dé thi mdn GTP — Cao hoc 2008-2009): Cho

2 /s
_(z° voilz| =1
f(z)_{1 véi |z < 1

Ham f(z) c6 dao ham tai z = z; nao?

Giai:

+Xéttap A = {z:|z| > 1} la tdp m&

Tacd f(z) =z2=(x+iy)? =x? —y? + 2xyi = ulx,y) + iv(x,y)
— 2 A2

v(x,y) = 2xy
Suy ra
au_z_av_z_au_ 2_617_2
ox x'ay_ x'ay_ Yiox =Y
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ou O0v 9 3 ou ov 5
=5 —— — = —_——=———_—=
dx dy xva dy dx Y

Vay u(x,y),v(x,y) co cdc dao ham riéng lién tuc va thdéa diéu kién Cauchy-Riemann trén
tdp A nén f(z) c6 dao ham tai moi diém z trén A.

+Xéttdp B = {z: |z| < 1} latdp mé&

Taco f(z) =1=1+0i =u(x,y) + iv(x,y)

{u(x, y)=1
v(x,y) =0
Suy ra

au_o_av_o_ au_o_av_
ax ady oy < ox
ou O0v . Ou v

=>a=@=0va a—=—a—0

0

Vay u(x,y),v(x,y) co cdc dao ham riéng lién tuc va thdéa diéu kién Cauchy-Riemann trén
tdp B nén f(2) c6 dao ham tai moi diém z trén B.

+Xét C = {z:|z| = 1}, khi d6 f(z) = z*

V6i z = +1 thudc C thi f(z) = z2 =1 = 1 + 0i ta chirng minh duoc f(z) kha vi tai z =
+1

V&iz # +1.Xét day z, = (1 - )z

|Zn|=(1—%>|Z|=<1—%>1<1=>f(zn)=1

Ta ¢ z, — z khin — oo, tuy nhién f(z,,) = 1 # z? = f(z) nén ham f(z) khéng lién tuc tai
moi diém trén C\{x1}. Do d6 f(z) khong kha vi tai moi z trén C\{£1}.

V. BAI TOAN XAC PINH HAM GIAI TiCH, HAM PIEU HOA
5.1. Kién thirc b6 tro
a. Ham gidi tich

+ f(2) gidi tich trén mién m& D néu f kha vi (ton tai dao ham) tai moi diém thudc D
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+ (z) giai tich tai di€ém zy néu f kha vi trong lan cén cta diém z,
+ f(2) = ulx,y) + iv(x,y) giai tich trong mién D, cac u(x, y), v(x, y)c6 dao ham riéng lién
tuc trén D thiu(x,y),v(x,y) thoa phwong trinh Laplace:
02d 0%
x2 + yZ

b. Ham diéu hoa

+ Ham thuc hai bién cé dao ham riéng cép 2 lién tuc va thda phuong trinh Laplace duoc goi
la ham diéu hoa.

+ Hai ham diéu hoa u(x,y),v(x,y) sao cho f(z) = u(x,y) + iv(x, y) giai tich dugc goi la
hai ham diéu hoa lién hop.

+ Ham f(z) = u(x,y) + iv(x,y) xac dinh trén mién D don lién va gidi tich trén D thi
u(x,y),v(x,y) la cdic ham diéu hoa trén D.

+u(x,y) la ham diéu hoa trén D thi ton tai f(z) giai tich trén D sao cho Re(f) = u(x,y)
5.2. Bai tap mau

Bai 5.1 (d@ thi mén GTP — CH 2008-2009): Cho ®(x,y) = 6x%y? —x* —y*+y—x +1

a. Chirng té ® 13 ham diéu hoa.
b. Tim ham giai tich f(z) sao cho ® = Re(f). Tim Im(f).

Giai:

a. Chirng minh @ 13 ham diéu hoa.

661)_12 2 — 43 162(1)—122 12x2
ax Y X oxz Y X
0o o
— = 12x%y — 4y3 + 1, = 12x2% — 12y?
dy y Yy 3y? y
°d  9%°d ) ) ) )
= 92 +6y2 =12y* —12x* + 12x* — 12y= =0

Vay ham thyc @ hai bién cé cac dao ham riéng cap 2 lién tuc tai moi diém (x,y) va thda
phuong trinh Laplace nén @ 13 ham diéu hoa (c6 thé goi ® |a phan thyc cia ham gidi tich).

b. Tim ham giai tich

Gia st ham gidi tich can tim c6 dang: f(z) = ®(x,y) +i¥(x, y), v6i ¥(x,y) la ham diéu
hoa lién hop véi ®(x,y), khi do ®(x,y), W(x, y) phai thda diéu kién Cauchy-Riemann
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(0D oV oY

. (O _ 2 _gy3

{ ax 3y { 3y 12xy?% —4x> — 1 (1)
oy =" G =Tl

Ttr(l):%= 12xy?2 —4x3 — 1> ¥ = 4xy3 —4x3y — y + C(x)

> %}: = 4y3 — 12x%y + C'(x) thay vao (2) ta c6

4y° —12x*y + C'() = —12x’y + 4y’ -1 Cx) = -1 C(x) = —x +
= Im(f) = P(x,y) =4xy3 —4x3y—y—x+C

Vay f(z) = 6x%y? —x*—y*+y—x+ 1+ i(4xy3 —4x3y —y —x + C).

Bai 5.2 (dé thi mén GTP — K15): Cho u(x,y) = e *(x siny — y cos y)

a. Chirng té u(x,y) la ham diéu hoa trén mét mién D thich hop.
b. Tim mét ham gidi tich f(z) = u(x,y) + iv(x, y), giai tich trén mién D.
c. Biéu dién f trong cau (b) theo bién z

Giai:

a. Chirng minh u(x, y) 1a ham diéu hoa.

du

az—e‘x(xsiny—ycosy)+e‘xsiny=e‘x(siny—xsiny+ycosy)

0%u s . s _ . .

z- ¢ *(siny —xsiny + ycosy) —e *siny = e *(—2siny + xsiny — y cosy)

du

@ze‘x(xcosy—cosy+ysiny)

0°u  _ _ . . o .

a—yz=e *(—xsiny +siny + siny + ycosy) = e *(2siny — x siny + y cos y)
62u+62u 0

= — —_—
d0x?* 0dy?

Vay u(x, y) c6 céac dao ham riéng cdp 2 lién tuc tai moi diém (x,y) va thoéa phuong trinh
Laplace nén u(x, y) la ham diéu hoa.

b. Ham f(z) = u(x, y) + iv(x,y) gidi tich trén mién D nén u(x,y),v(x,y) thda diéu kién
Cauchy-Riemann:

GIAI TiCH PHUC

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Ifau_av (av s .
4636_6}1 {—_e (siny — xsiny + ycosy) (1)

dy
Ju B v < v

|ou_ v |ov o
\dy  ox \5z = ¢ (~xcosy+cosy—ysiny) (2)

T (1): ﬁ = e *(siny — xsiny + ycosy)

= v(x,y) =e *(—cosy+xcosy+ysiny + cosy) + C(x)
=e *(xcosy + ysiny) + C(x)

ov
=== —e¥(xcosy+ysiny)+e*cosy+ C'(x)

= e (cosy —xcosy — ysiny) + C'(x)
Thay vao (2) ta duoc:
e *(cosy —xcosy —ysiny) + C'(x) = e *(—xcosy + cosy —ysiny)
o C'(x)=0<C(x) =C = const
= v(x,y) =e *(xcosy + ysiny) + C
Vay f(z) = e (xsiny —ycosy) + i(e ™ (xcosy + ysiny) + C)
c. Biéu dién f(z) & cau b theo bién z
f(z)=e*(xsiny—ycosy)+i(e*(xcosy +ysiny) + C)
=e *xsiny —e *ycosy +ie *xcosy +ie *ysiny + Ci
= (e *xsiny + ie *ysiny) — (e *ycosy —ie *xcosy) + Ci
= (x +iy)e*siny — (y —ix)e ™ cosy + Ci
= (x +iy)e*siny +i%(y —ix)e ¥ cosy + Ci
= (x+iy)e *siny +i(x +iy)e*cosy + Ci
= (x +iy)e ™ (siny + icosy) + Ci
= —i?(x + iy)e (siny + i cosy) + Ci
=i(x +iy)e*(cosy —isiny) + Ci
=i(x +iy)e¥e ™™ +Ci
=i(x +iy)e ) 4 Ci
=ize “ + Ci
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V1. BAI TOAN TIM VA PHAN LOAI BIEM BAT THUONG

6.1. Kién thirc bo tro

a. biém bét thuong

+ 7z, dugc goi la diém bt thuwong cla f(z) néu f(z) khéng giai tich tai z,,.

+ z duoc goi la diém bat thuong cd 1ap cda f(z) néu ton tai mot 1an can ban kinh § > 0
sao cho trong lan cadn d6 ham f(z) khéng c6 diém bat thudng nao khac.

+ 7, dugc goi la diém bt thudng cdt yéu néu khdng tén tai s6 n nguyén duong sao cho

lim (z — zy)"f(z) = A # 0.
Z—)ZO
+ z, dugc goi la diém bat thuong bd duoc cha cta f(z) néu ler? f(2) ton tai.
—Zo

-~ ~ N 2 . N -~ ~ N 2 N 1 .
+ Diém bat thuwong cla f(2) tai z = oo la diém bat thuong cia ham f (;) taiw = 0.
b. Biém cuc
+ 2z, dugc goi la diém cyc bac n clda f(z) néu ton tai sé n nguyén duong sao cho

lim (z — zy)"f(z) = A # 0.
VAR

+ Trudng hop n = 1 thi z, dwoc goi 1a diém cyc don.

6.2. Bai tap mau

Bai 6.1: Xac dinh cac diém bat thwdng chia cdc ham sé sau:

_ z _ 1 __sinyz
2 f(@) = b. f(2) = 2 c. f(z) = 2
Giai:
zZ zZ
a.f(2) = (z244)2  (2z-20)2(z+20)2
Vay ham f(z) c6 2 diém bat thuong z = 2iva z = —2i
SR _ 9n\2 — 1 _onN2_%Z __ _ | z=2i=i

#Xet lim (2 = 20°f(2) = lim(z = 20)° s = I s = ter ~ w7 ©

Do d6 z = 2i la diém cuwc bac 2 cda f(2).

Tuong ty z = —2i cling la diém cyc bac 2 cla f(2).
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+ Xét diém z = 2i. Ton tai 14n can cha diém z = 2i, ban kinh § = 1 > 0 ma trong |an can dé
khong c6 diém bat thudng nao khéc cda ham f(z) trir diém z = 2i . Vay z = 2i la diém bat
c6 lap cta f(2).

Tuong ty z = —2i cling la diém b4t thuwdng ¢é 1ap cda f(2).

1

b. Ham f(z) = khéng xac dinh tai z = 0 nén z = 0 13 diém bat thudng cla f(2)

1
Cos—
z

GPT:cos§=O®§=§+kn,kEZ®z= S/

QCk+1)m’

Viy z = ,k € Z 13 cac diém bat thudng cla f(2).
= ¢ ctis (2
z 2
, ) 2 ) - ) 1
+Xét lim (z — )f(z) = lim —&UT—  |im ——
g2 (2k+1)m g2 cosc g2 —5sin>
Ck+1)w Ck+1D)m z Ck+1)mZ z
2 2
_ 1 _ ((2k+1)n) _ (-1)k4
> sin ; sin@ (2k+1)%2m2
(7(2k+1)71') Qk+1)m
Dod6z = ,k € 7 1a cac diém cuc don cla f(2).

k+1)m

+ Cac diém z = la cdc diém roi rac duwoc dat trén truc thuc trong mot khoang hitu

k+1)m
han chtra diém 0. Do d6 tai mo6i diém ton tai 1an can ban kinh § > 0 nao dé khéng chira

diém bat thudng nao khac. Do d6 z = la cac diém bat thudng cd 1ap.

QRk+D)m

+Doz = — 0 khi k » o nén v&i moi § > 0, moi lan can ban kinh § luén chira diém

QRk+D)m
bat thudng khac 0. Do d6 z = 0 khéng 1a diém bat thudng co 13p.

+ Xét lin(l)(z—O)”f(z) =lir13 Z_=0= Khéng tdn tai n nguyén duong thda man
z— zZ—

COS—
lin(l)(z —0)"f(z) # 0.Do dd z = 0 la diém bat thudng c6t yéu cla f(2).
VAd
c. z = 0 la diém bt thudng clia f(2)

+ lin(l)f(z) = lin(l)%g =1.Do d6 z = 0 la di€m bt thudng bd dugc cha f(2).
zZ— z—

Bai 6.2 (dé thi mon GTP — CH K18):

a. Xac dinh tat ca cac diém bat thuwdng ciia ham sau

28 +z* +2
(z—-1)33z+2)%

f(2) =
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b. Xac dinh cac di€m ma tai d6 f(z) giai tich.

Giai:

Ta c6 f(z)c6 hai diém bat thuongz = 1vaz = _§

£ Xétlim(z — 1)3f(2) = lim(z — 1)3 24242 _ 24242 _ &
z>1 z>1 (z-1)3(3z+2)2  z-1 (3z+2)? 25

Do d6 z = 1 1a diém cuc béc 3 cla f(2).

)2 z8+z%+2 . Z8%+4z%2 14674

1 —_— —
3/ (z-1)3(3z+2)2 "2 9(z—1)3 273375
3

VA

o 1 2\? : 2
+ Xét Zh:ilz (z + §) f(z) = zlin_li (z + =
3 3

Dod6z = —§ la diém cye bac 2 cla f(2).

+ Tai diém z = 1 t6n tai 1an cin ban kinh § = 1 > 0 ma trong d6 khéng chira diém bat
thudng nao khic trir diém z = 1. Do d6 z = 1 la di€ém bat thudng cé 1ap cia ham f(2).

2 s oae w . A AL 2 s
Tuongty z = —5 clng la diém bat thuwdng co6 1ap cia ham f(2).

+Xéttaiz = ©

4

1 £y 4 (%)ﬂ(%) 2 owBywiin
bDatz = g f@)=f (;) - (1_1)3(314_2)2 T w3(1-w)3(3+2w)?

RG rang w = 0 1a diém bat thuong cla ham f (%)
Xét lim (w — 0)3f(2) = lim(w — 0)3 —2W Wil _ ppp, _2wiwidt 1
w-0 w w—0 w3(1-w)3(3+2w)2 w0 (1-w)3(3+2w)2 9

Do d6w = 0 la diém cyc bac 3 cda ham f (%) hay z = o la diém cywc bac 3 cda ham f(2).

b. Theo cdu a thi f(z) sé& giai tich tai moi diém z: z + 1,z # —§,Z # 00

305 L o A .
(Z+—l)2 co haidiemcucbac2 taiz=1+
(z2-22+5)

Bai 6.3 (bai 28, SGK, tr54): CMR ham f(Z) =
2i va mot cwe diém don tai vo cue.
Giai:

(z+30)5 (z+30)"

f) = =

2z2-27+5)2 (z—1-20)2(z—1+2i)2

Ham f(z) c6 2 diém bat thvongz =1+ 2ivaz=1—2i

(z+31)°
(z—1-20)%2(z—1+2i)2

, . _ _9:3\2 — . _ _9:3\2
+Xetz_l)11r}r12i(z 1-2i)%f(2) Z—1>11r-11-12i(z 1-2i)
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. (z+30)5 (1+50)° 287641900 719 475,
= llm — = - = = =t O
z-1+2i (z—1+2i)? (41)2 -16 4 4

Do déz = 1+ 2i la diém cyc bac 2 cla f(2)
Tuong ty ta cling c6 z = 1 + 2i la diém cyc bac 2 cda f(2).

+ Tai z = 0.

1,5
o1 (1) _ ($+31) _ (1+3wi)®
Datz = w f(2) = f( ) T 12 27 w(sw2-2w+1)?

Rd rang w = 0 1a di€ém bat thuong cta ham f (%)
T 1\ _ . _ a+3wis L. 1+3wd)5
Xet ‘}JLI})(W O)f (w) - ‘}VILI})(W O) w(5w2-2w+1)2 - \}l}g}) (5w2-2w+1)2 =1+0

Do déw = 0 la diém cwc don cda f (%) hay z = o la diém cwc don cia ham f(z).
Bai 6.4 (bai 30,SGK, tr54): CMR ham f(z) = e? c6 mot diém bat thudong cot yéu & vo cuc.
Giai:

1

Détz=%=>f(z)=f(&)=e(%)2 = ew?

RG rang f (%) khéng xac dinh taiw = 0 nén w = 0 la diém bt thwong cla ham f (%)
Xét lim(w — 0)™ f (l) = lim(w — 0)" eﬁ = lim w" eﬁ =0
w—0 w/  w>o0 w=0
Do d6 khéng tén tai n nguyén duwong nao dé Vlyig})(w - O)”f(%) # 0 nénw =0 |a diém
bat thuwong cét yéu cdia ham f (%) hay z = oo |a di€ém bat thuong ¢t yéu cla ham f(2).
VIl. BAI TOAN TiNH TiCH PHAN
7.1. Kién thire b6 tro
a. Tich phén dwong

+Néu f(z) = u(x, y) + iv(x, y) thi tich phan dudng cla f(z) trén dudng cong C

ff(z)dz=f udx—vdy+if vdx + udy
c c c

GIAI TiCH PHUC

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

x = x(t)
y=y()

+ Néu dudng cong C c6é phuong trinh tham 56{ ;a <t < bthi

f F(2)dz = f (ulx(0), y®)] + iw[x(®,y O [x'(®) + iy’ ©]dt
C C

b. Dinh ly Green (dang phurc)

P(z,2),Q(z, ) lién tuc va cé dao ham riéng lién tuc trén mién D, khi d6 ta cé:
_ N g = , aQ | 9P - A
$. P(z,2)dz+ Q(z,2)dz = 2i [[, (E + E) dA, dA biéu thi yéu t6 dién tich dxdy.

c. Binh ly Cauchy cho mién don lién

Gia st ham f giai tich trong mién D don lién va f' lién tuc trong D. Khi d6 v&i moi dudng
cong don, déng C nam trong D, ta co:

gﬁc f(z)dz = 0.
d. Binh ly Cauchy-Goursat
Gia sir ham f gidi tich trong mién D. Khi d6 ta cé:

gﬁc f(z)dz = 0.
v&i mdii dwdng cong don, déng trong C.
e. Cdc hé qud cua dinh ly Cauchy

+ NEu ham f gidi tich trong mién D don lién va a,z 1a 2 diém thudc D thi fazf(z)dz khéng
phu thudc vao duwdng néi hai diém a va z.

+ Cho f gidi tich trong mién D giéi han b&i hai dudng cong kin C,C; (C; nam trong C) va
trén cac dwong cong nay, khi do:

I, f@dz =] f(2)dz.

0 khiz = andamngoaiC

dz
+Tich pha —={ :
e phan SﬁC z= 2mi khiz = anam trong C

a

v&i C la dwong cong don déng.

az_ _ {27” Khin =1 véi C 1a dudng cong don déng va z = a nam

+ Tich phan ¢ 0 khine1

C (z—a)n -
trong C .
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f. Céng thuec tich phdn Cauchy

+ Gia str D 1a mién da lién gi¢i han bdi cac duong cong C, va cac duong cong Cq,Cs, ..., Cy,
nam trong C,, f (z) gidi tich trong D va trén bién cla né, khi dé:

1D 4y = 2mi. f (zy).

C z-z,

+ f (z) giai tich trong mién D don lién, C 13 dudng cong don, déng nam trong D, khi d6:

f(2) 2mi
gBC ————dz = F.f(”)(zo).

(Z_Zo)n+1
7.2. Bai tap mau

lz]| =1
Im(z) =0

Bai 7.1: Tinh tich phan I = gﬁc |z|zdz trong d6 C 13 bién cia mién {
Giai:
Chia C thanh 2 duong
Ci:lz| =1vaCy:y =0
+TrenCytacdz=e%,0<t <m=dz=iedt
. , _ _ T _it: it — T _ .
Khi d6 fC1|Z|ZdZ = [, e tietdt =i [ dt = mi

+TrénCytacoz=x,—-1<x<1=>dz=dx
Khi d6 [ |zlzdz = [ |x|xdx = — [° x%dx+ [ x2dx =—=+2=0
C, —Ja - -1 0 - -
Vay I = §, |z|zdz = fC1|Z|Z_dZ + fczlzlz"dz = Ti.
Bai 7.2 (bai 3,SGK, tr86): Tinh I = fc zdztlr z=0 dén z = 4 + 2i doc theo dwéng cong
C duworc xac dinh béi:

a. z=t>+it
b. Puwongthingtlr z = 0 dénz = 2i, réitlr z = 2i dén z = 4i.

Giai:

a.voiz=0=>t=0vaz=4+2i=>t=2
Tacdz=t>+it=>dz= (2t +i)dt

Khi dé

_ _ _ 2, - . . _ 2 3 ., 2

I= [, zdz= [ (t*—it)2t+i)dt = [ (2t> —it* + t)dt
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2

=1t4—1t3+1t2| =10-3;
2 3 2 3

0
b.Gidsttz=x+1iy=>dz=dx+idy
Khido 1= [, zdz= [, (x—iy)(dx+idy) = [. xdx +ydy+i[. xdy— ydx
+ Doan thang di tr z = 0 dén z = 2i twong ng vdi duwdng thang di tir diém 0(0,0) dén
A(0,2), khi d6 trén OAthix = 0,0 < y < 2.
. 2 1 |2
= [,,xdx +ydy +1i [, xdy — ydx = [ ydy = ;y2|0 =2
+Doan thang di tir z = 2i dén z = 4 + 2i twong &ng véi duong thang di tir diém A(0,2)
dén diém B(4,2),khido trén ABthiy =2,0<x < 4
. 4 . 4 1 L% 4 .
= [pxdx+ydy +i[, xdy—ydx = [ xdx —2i [ dx = -x |0—21x| =8-8i
Vayl =2+ (8 —8i) = 10 — 8i.
Bai 7.3 (bai 4,SGK, tr 86): Tinh I = fc |z|2dz doc theo bién C cta hinh vudng cé cac dinh
(0,0),(1,0),(1,1),(0,1).
Giai:
Giasltz =x+ iy = dz = dx + idy, khi dé

I= [ lzI*dz = [, (x* +y?)(dx + idy)

= [ P +yHdx+if, (F+y>dy
+Trén doan OAthiy =0,0<x <1
1
= [+ yDdx+if, (2 +y?)dy = [ x?dx = §x3|0 -1
+Tréndoan ABthix =1,0<y <1
2 2 : 2 2 .l P . 1 3 1 4.
:IAB(X +y)dx+1fAB(x +Y)dy=lfo(1+)’)d)’=l()’+§y )|0=§l

+TréndoanBCthiy =1,0<x <1

1
= fBC(xZ + yZ) dx + ifBC(xZ + y2) dy = fol(xz +1dx = (§x3 + x)|0 _ %

Vayl ==+ 2i+2=1+2]
3 3 3 3
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Bai 7.4 (bai 5,SGK, tr86): Tinh I = fiz_i(?,xy + iy?)?dz trong cac trwdrng hop sau:

a. Doc theo dwong thang ndihaidiémz =ivaz =2 —i.
b. Doctheo dwongcongx =2t— 2,y =1+t — t2.

Giai:
a.Giastrz=x+1iy = dz = dx +idy, khido
I = fiz_i(3xy +iy?)2dz = fiz_i(3xy + iy?)?(dx + idy)
= fiz_i(9xzy2 — yHdx — 6xy3dy + i(fiz_i6xy3dx + (9x2y? — y4)dy)

Puong thang ditlr z = i va z = 2 — i tvong ng vdi dudng thang di tir diém A(0,1) dén
diém B(2,—1),khidotrén ABtacé:y = —x+1,0<x <2

=] = f02(9x2(—x +1)? = (—x + DHdx — 6x(—x + 1)3(—dx) +
+i foz 6x(—x + 1)3dx + (9x*(—x + 1)? — (—x + 1)*) (—dx)

= [ (2x* — 4x3 — 15x% + 10x — Ddx — i [ (2x* — 4x3 — 15x% + 10x — 1)dx
2

2
= (gxs—x4—5x3+5x2—x)| —i(%xs—x4—5x3+5x2—x)|
0 0

5 5
b.Taidifmz=i>t=1vaz=2—i=>t=2
Tacbz=x+iy=2t—2+i(1+t—t?>)=>dz=[2+i(1—-2t)]dt
Khi dé
=>1=["BQt-2)A+t—t)+i(1+t—tD?][2+i(1-2¢)]de
= ['[(~14¢3 +27¢% + ¢t — 13) + i(12¢* — 30¢3 + 10¢% + 14t — 4)]dt

2
=|(=Zt*+9t3 + 202 = 13¢) + i (Ze5 - Dt + e+ 702 — 4t

=(20+2i) - (-7+Zi)

—27+ ;.
30

1

Bai 7.5: Tinh tich phan I = ¢, %trong d6 C: (x —2)% + i (y-5)?2=1
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Giai:
Tacd f(z) = Ziz khong giai tich tai diém z = 0 nhung diém z = 0 khéng ndm trong va trén
C. Vay ham f (z) giai tich trong va trén C

Theo dinh ly Cauchy-Goursat ta co

Bai 7.6: Tinh tich phan I = fc (4z — 1)dz, véi C dugc cho nhu hinh vé
Giai:

Ta c6 f(z) =4z — 1 gidi tich trén todn mat phang phirc nén

ap dung hé qua 1 thi tich phan d3 cho khéng phu thudc vao

dwong ndi 2 diém z = i va z = —i nén ta cd thé thay C bang

doan thang C; n6i2 diém z = i vaz = —i. Khi dé ta cd

I=] (4z—Ddz=[ (4z—1)dz = [ (4z - 1)dz = 22 - 2)|'; = —2i

Bai 7.7: Tinh I = gﬁc zz:: dz, v&i C 1a chu tuyén nhu hinh vé
Giai:

, __8z-3 _ i E
Tacof(z) = ~ =t

C khéng la dwdng cong don nhung cé thé xem C |a hop
cla hai duwong cong don, déong Cy, C, nhu hinh vé

Khi dé

8z—-3 8z—-3 8z—-3 8z—-3 8z—-3
I=§ > dz=§ > dz+§ 5 dz=§ > dz—% > dz
c zZ°—z ¢, Z2°—2 c, 2°—2 ¢, Z2°—2 —, 2%~z

dz

dz dz dz
=5fC1;+3fC1?_5fC2;_3fC

2 Z

+z = 0 namtrong C;, z = 1 nam ngoai C; nén theo hé qua 5 ta cé:
dz N dz .
— =0va — = 2mi

fC1 z—1 fC1 z

+z = 1 namtrong C,, z = 0 nam ngoai C, nén theo hé qua 5 ta co:
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dz N dz
fC2;=2mva fC27= 0

Vay I = 3.2mi — 5.2mi = —4mi.

B3I 7.6: Tinh I = 6, (== — —

z+i z—2i

)dz,vé’i C:|z| =5;C: |z — 2i| =%

Giai:
+VGi C: |z| = 5. Ky hiéu G, |a mién bao bdi C
R& rang z = —iva z = 2i déu nam trong G,

Bao hai diém z = —i va z = 2i lan lugt bdi cdc duong tron Cy: |z + i| = 1va Cy: |z — 20| =
1, khido

I'= ﬁ: (zi-l-l B z—lzi) dz = C1 (zi-l-l B z—lzi) dz + S6(:2 (zi-l-l B z—lzi) dz

_ 356 dz dz 56 dz dz
C1 z+i Cy z-2i Cy z+i Cy z—2i

+z = —inamtrong C;, z = 2i nam ngoai C; nén theo hé qua 5 ta cé:

dz N dz
— = 2miva =0
56C1 zZ+i ¢C1 z—2i

+2z = 2i nam trong C,, z = —i nam ngoai C, nén theo hé qua 5 ta cé:

56C2 :—fi =0va ¢, Zcizzl_ = 2mi
Vay I = 3.2ni — 2mi = 4mi

+V6i C: |z — 2i| = % Ky hiéu G, 13 mign bao b&i C

R& rang z = —i nam ngoai G., z = 2i nam trong G,

Bao diém z = 2i b&i duong tron Cy: |z — 2i| = i khi d6

I'= 56C (ziﬂ B z—12i) dz = ¢, (ziﬂ B z—12i) dz =—9, Z(iZZi = —2mi

eZ

k z(z-3)

Bai 7.7:Tinh I = gﬁc dz trong cac trwong ho'p sau:

a.Clzlz—2|=% b.CZ:|z|=i c.C3:|z—§|=5

Giai:

eZ

dz=¢ Z_dz

C1 z-3

a.Tacdl = 56c1 pro—
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Datf(z) =<, 20 = 3

RO rang f(z) giai tich trong va trén C; nén 4p dung cong thirc tich phan Cauchy ta co

= 271 — i (& — 2.3
I—2m.f(3)—2m.(z)2=3— e>mi .
Lo e’ _ Ze__3
b. Ta coI—gfic2 2(2_3)dz—gﬁc2 £idz
o _ € _
Datf(z)_z_3JZ0_O

RO rang f(z) giai tich trong va trén C, nén ap dung céng thirc tich phan Cauchy ta cé

I=2mi.f(0) = (=)

z-3

2 .
= —-Tll.
z=0 3

c. Ta thdy z = 0 va z = 3 déu nam trong C3 nén theo dinh ly Cauchy-Goursat cho mién da
lién va theo cau a, cau b ta cé

—_ e _ e _ z 3. _ E . Z 3 _ .
703 2(2-3) dz =%, 2(2—3) dz + 5662 2(z-3) dz = e mi—-mi == (e’ — D)mi .

Bai 7.8: Tinh I = gﬁc %dz trong cac trwong ho'p sau:
an=1 b.n=2 cn=3 v@iC:|z| =1

Giai:

a.Voin=1tacol=§, 22d

zZ

Dat f(z) = cosz,z, =0

RS rang f(z) giai tich trong va trén C nén ap dung cong thirc tich phan Cauchy ta cé:
I = 2mif (0) = 2mi.cos 0 = 2mi .

cosz
z2 d

b.Voi n=2tacol =4,
Dat f(z) = cosz,zy=0> f'(z) = —sinz

RO rang f(z) gidi tich trong va trén C nén ap dung cong thirc tich phan Cauchy cho dao ham
ta co:

2mi [, _ .. _
Isz(O)——Zm.smO—O.

b Ly cosz
cVéin=3tacdl=¢ —-d
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Dat f(z) =cosz,zo=0= f'(z) = —sinz = f"(z) = —cosz

RO rang f(z) gidi tich trong va trén C nén ap dung cong thirc tich phan Cauchy cho dao ham
ta co:

I=22—n'if”(0) = —ZTm.cosO = —71i .

Bai 7.9 (bai 17, SGK, tr87): Tinh

eZz

sinwz% +cos z%
a. ] = Snrztcosms

¢ (@-1)@-2) b.1=4,

e Gt dz voiC:|z| = 3.
Giai:

a. Nhan thady z = 1 va z = 2 déu nam trong C nén ap dung theo dinh ly Cauchy-Goursat cho
mién da lién ta co

’=¢c% =S‘L% §C2%dz=ll+lz
Vi Cyilz — 1] = zva Cpilz — 2] = -

sinmz2+cos wz?

, sinmz?+cosmz? -
FTinh 1, = § Shmrreosnst o PRSP
1 (z-1)(z-2) €1 z—1
o sinmwz?+cosmz?
Datf(z)=—z . ,Zg =1

RO rang f(z) giai tich trong va trén C; nén dp dung céng thirc tich phan Cauchy ta co:

. sinm+cosm

I, = 2mi. f(1) = 2mi = 2mi
i 2, 2 sin mz% +cos mz?
, _ sinmz2+cosmz _ — -
+Tinh I, = 56c2 a2 dz 56c2 —=—dz
DAt g(z) _ sinnzitiosnzz,ZO 9

RS rang g(z) giai tich trong va trén C, nén ap dung cong thirc tich phan Cauchy ta cé:

. Sin4m+cos4m

I, = 2mi.g(2) = 2mi = 27i

Vay I = 2mi + 2mi = 4.

eZZ

(z+1)*

b.I =4,

Pit f(z) = e?%,zo = —1> f'(2) = 2e?? = ["(z) = 4e?? = f""'(z) = 8e?*
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RO rang f(z) gidi tich trong va trén C nén ap dung cong thirc tich phan Cauchy cho dao ham
ta co:

_ ﬂ "ne__ — ﬂ -2 _ i .
1—3! S(-1) 6.86 vz
zt
Bai 7.10 (bai 21, SGK,tr88): CMR — §. ——dz = sint, néut > 0 va C:|z| = 3.
2mi 'C z2+1
Giai:
. _ ezt _ ezt
bat/ = 56C z2+1dz T IC (z-i)(z+D)
Nhan thdy z = i vd z = —i d&u nam trong C. Bao hai diém z = i va z = —i lan lugt bdi cac

. . a1 I T ,
duongtron Cy: |z —i| = Sva Cy:lz +1i| = > Khidé tacéd

zt zt ezt

e

e
I=% e ¥~ b, e T b, e =hth
eZt
+Tinhl, = ¢, ——dz=¢. Zidz
! L7 (z-i)(z+0) T IC 2

. ezt .
Dat f(z) = —Zo =1

RO rang f(z) giai tich trong va trén C; nén dp dung céng thirc tich phan Cauchy ta co:

zt it .
I, =2mi. f(i) = Zni.(j—ﬂ,) e Zm'.ez—i = me't.
ezt
, _ e?t _ =i
+Tinh I, = 56C1 - dz = e, I dz

o e?t .
Pat g(z) = —Zo = —i

RS rang g(z) giai tich trong va trén C, nén ap dung cong thirc tich phan Cauchy ta cé:

. e—it
=2ni.— = —me
z=—1i -2l

—it

I = 2mi. g(~0) = 2ni. (<)

Z—1
Vay I = me't —me ™ = (et — e~ ) = m.2isint = 2mi sint

Suyra—1I = sint hay — § e
Y 2mi’ y2ni C z2+1

dz = sint (dpcm)

VIIl. BAI TOAN TiM SO NGHIEM CUA DA THU'C

8.1. Kién thirc bo tro
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Dinh ly Rouche:

Cho f(2) va g(z) giai tich trong va trén duwdng cong C don déng. |g(2)| < |f(z)|,Vz € C

Khi d6 f(z) + g(2) va f(z) cé cung s6 khéng diém trong C.

8.2. Bai tdp mau

Bai 8.1 (ciu 4, dé thi mén GTP — K18): Tim s6 nghiém cla da thirc
P(z)=2z°+2z>+9z+1

a. Trong hinh tron |z| < 1.
b. Trong hinhvanhkhan1 < z < 2.

Giai:
a.Datf(z) =9z,9(z2) =z°+ 222 +1
Trén Cy:|z| = 1tacd
9@ =125 +222+ 1| < |z|° + 2]z +1 =4 < 9 = |f(2)|

Do d6 theo dinhl y Rouche thi f(2) + g(z) = z5+ 22?2 + 9z + 1 = P(z) c6 cung s6 khong
diém véi f(z) = 9z trong C;: |z] < 1. Ma f(z) c6 mdt khéng diém trong C; nén suy ra P(z)
cling c6 mét khéng diém tire 13 c6 mét nghiém trong Cy:|z| < 1.

b.Pat f(z) = z5%9(z) = 2z°+9z+ 1
Trén C,:|z| = 2tacd
lg(@)| = 1222 +9z+ 1] < 2|z|? +9]|z| + 1 = 27 < 2° = |f(2)]

Do d6 theo dinh ly Rouche thi f(z) + g(z) = z5+ 222 + 9z + 1 = P(z) c6 cung s6 khong
diém vdi f(z) = z° trong C,:|z| < 2. Ma f(z) c6 nam khong diém trong C, nén suy ra
P(z) cling c6 nam khéng diém tirc 1a c6 ndm nghiém trong C,: |z| < 2

Suyra P(z)c65—1 = 4 nghiém trong hinh vanh khan 1 < z < 2.
Bai 8.2: Tim sd nghiém cua da thirc
P(z)=2z3-5z+1

a. Trong hinh tron |z| < 1.
b. Trong hinh vanh khin1 < |z| < 3.
c. Trong hinh vanh khan 2 < |z| < 3.

Giai:
a.bat f(z) = -5z,9(z) =z3+1
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Trén Cy:|z| = 1tacd
9@ =12 +1| < |zP+1=2<5=|f(2)|

Do d6 theo dinh ly Rouche thi f(z) + g(z) = z3 — 5z + 1 = P(2) c6 cung s6 khéng diém
véi f(z) = =5z trong Cy:|z| < 1. Ma f(z) c6 mot khong diém trong C; nén suy ra P(z)
cling c6 mét khéng diém tire 13 c6 mét nghiém trong Cy:|z| < 1.

b.Pat f(z) = z3,9(z) = —5z+1
Trén C,:|z| = 3tacd
lg(2)| = |-5z+ 1| <5|z| +1 =16 < 33 = |f(2)|

Do d6 theo dinh ly Rouche thi f(z) + g(z) = z3 — 5z + 1 = P(2) c6 cung s6 khéng diém
v6i f(z) = z3 trong C,:|z| < 3. Ma f(z) c6 ba khéng diém trong C, nén suy ra P(z) ciing
c6 ba khéng diém tire 13 c6 ba nghiém trong C,: |z]| < 3

Suyra P(z)c6 3 —1 = 2 nghiém trong hinh vanh khan1 < z < 3.
c.Patf(z) =-5z9(z)=z3+1
Trén C5:|z| = 2tacd

lg@)| =122 +1] < |zP+1=9<10 = |f(2)]

Do d6 theo dinh ly Rouche thi f(z) + g(z) = z3 — 5z + 1 = P(z) ¢6 cung s6 khéng diém
véi f(z) = =5z trong C,:|z| < 2. Ma f(z) c6 mét khoéng diém trong C5 nén suy ra P(2)
cling c6 mét khéng diém tire 13 c6 mét nghiém trong Cs: |z] < 2

Suyra P(z) c6 3 — 1 = 2 nghiém trong hinh vanh khan 2 < z < 3.

IX. BAI TOAN KHAI TRIEN CHUOI VA TiM MIEN HOI TU
9.1. Kién thirc bo tro

Mét sé chudi Maclouren thudong gédp

(o]

r_q z z° I z"
e’ = +E+Z+m_ g
n=0
. Z3+Zs i( oy Z2n+1
sinz=z——+——+.. = — R P ——
3! 5! : (2n + 1)!
n=
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2 4 had

_1 z z n
coSsz _E-*_Z_” Z(— )

2n

(2n)!

Mién hoi tu d6i v&i cac chudi trén 13 |z] < o

1 [ee)
=1+z+z2+---=Zz”
1—-2z
n=0
! =1-z+2z%- =Z( D"z
1—-2z

Mién hoi tu d6i v&i cac chubitrén la |z] < 1
9.2. Bai tdp mau

Bai 9.1: Khai trién chudi Taylor clia cac ham sau theo liiy thira z — z, . Xac dinh mién hoi
tu cGia chudi vira tim duoc

1
a. f(z) _22 s Z0=3 b. f(z) =329 = 2
c. f(z) =sin(z? + 4z),zy = -2 d. f(z) = #4717, = 2
Giai:
1 1 1
2 f@) = s =15
Ta co
L__ 1 1 1 _ _lyew (zZ3\"_ _yo 1 o
z-5  -24z-3  2'1-22 22”=°(2) - 2“”=02n+1(z 3)
A __1 1 _1lyw _qyn (%3 _an
z-1 2+4z-3 2 1422 2271:0( D) (2) 2“”‘)zn+1 (z=3)

= (@) =1[= - Siemm (2 - 3" - N oS (2 - 3] = — 2%, (2 - 3)”

1w w 1
= _Zzn Ozz_n(z By 3)211 ~ _Zn=0 J2n+2 (z - 3)211

Mi&n héi tu: |§3| <le|z-3|<2.

1
b. f(z) = =
Tacod
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1 1 1

z - 2+z—2 2 1+

Pao ham 2 vé ta cé

_ 1 Zoo n(-1)" (

z2  4AN=1 onis n+2

(n+) (-t (
2n+2

1 co
= f(2) =5 =-3%, z—2)"
o e z—2
Mién hoi tu: |T| <le|lz-2|<?2.

c. f(z) = sin(z? + 4z) = sin((z + 2)*?

Ta co
. 2 _ . _ n(z+2)4n+2
sin(z +2)? = Bao(- )"
(Z + 2)4n
cos(z + 2)? z 1"
(2 +2)'= ) D'
© (z + 2)4n+2
= f(z) = cos4z -
f() D G
n=
Mién héitu: |z + 2| < oo.

o 2%-azt1 _ z?-azra—z _ @D’
df(Z) — ez z+1 ez zZ+4-3 =
Ta co

—2)2 oo (Z_Z)Zn
e(z 2)° — Zn=0 —~
1 qoo  (z-2)*"

Mién héitu: |z — 2| < oo.

=1ve (-1 (D) = 2o

- 0 +1)(-1)"*?
2t = g P — (2 -

“(z—2)"

2n+1

2)"

— 4) = sin(z + 2)? cos 4 — sin 4 cos(z + 2)?

i H4Z( D" (z +2)*"

(2n)!

Bai 9.2: Khai trién chubi Laurent ctia ham f(z) = z(zl—l) taiz=0,z=1,z = .
Giai:
+Taiz=0
= — li e l [ee] n — [o'%e) n-1
f( ) z(z 1) z1-z ZZH=OZ Zn=0Z

Mién héitu: 0 < |z| < 1.
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+Taiz=1

f@) == o = ooz = D = = S2(z = D

Mién héitu: 0 < |z — 1| < 1.

+Taiz =0

itz =3 = f(2) = 1 () = iy =3 = Wiy = W BRow” = Zow™

n+2

= f(2) = T (3)

Bai 9.3: Khai trién chubi Laurent clia cac ham f(z) = trong cac hinh vanh khan

m
a.1<|z| <2 b.1<|z—-3|<2
Giai
af@) = =35 -2
Ta co
ﬁ = ;1;: _izgo:o(i)n = —Z%o=02n%zn
2

1 11 n 1
T =T 1 ZTL 0() =Z1?Lo=02n+1

z—-1 Zl—

= f(2) = —321?=02n1+1zn— 221?:0#
b. f(z )—m 3$—2ﬁ
Taco

1 1 1 1

— — _ 1 0 1 (="
e () e re

z—2 z—3+1 z-31+—
z-3

1 1 1 .
;=2+2_3—21+ 2 ==X (= 1)”( ) = 3o, S -3y
S f(2) =350~ 2y C0 ;g

n= O(Z 3)7‘L+1 n=0 2n+1 .

z%2-2z+5
(z—2)(z2+1)

a.1<|z| <2 b.0<|z-2|<1

Bai 9.4: Khai trién chubi Laurent clia cac ham f(z) = trong cac hinh vanh khan
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Giai:
z%2-2z45 1 1

aflz) =225 1 _,

(z-2)(z?+1) z-2 1+22

Tacod

1 1 1 1wow [(Z\" o 1
=iz = 0 (5) =~ Zhogme

z-2 2 1—5

1

1 1 n
= Zn 0( ) =Z7c;o=022n+2

1422 22 1+—

1 1
= f(Z) = - Z%o=0 on+1 z" =2 Z1€f’=022n+2

VA
<1
Mién hoi tu: |2| @{|Z|<2 {|Z|<2@{|Z|<2

o1zl <2

|Z_12| <1 |z%] > 1 |z]? > 1 lz| > 1
z2-2z+5 1 1
b. f(2) = (z-2)(z2+1)  z-2 2o s

Bai 9.5 (bai 19, SGK, tr118): Khai trién chudi Laurent ctia cdc ham tai z = z,

a. f(z) = W’ 0o=1 b.f(z)=(z- 3)sinz+i2,z0 =-2 cf(2)= m,zo =3
Giai:

a. f(2) = 1)3 ezez(z‘l)ﬁ

Taco

e’V =30, 2e-ulk = Y= 0 " (Z - "

n!

> f(@) = 2oTn R - ) = T, t e (- )

1)3

Mién hoi tu: |2(z— D<owe|z-—1| < o

1 1 L1
b. f(z) = (z—3) sin— = (z+2) sin— 551nz+2

Tacod

)2n+1 (_1)71. 1

2n+1)! (z+2)2n+1

[o'e] (_1)71. 1
5 Xin=o (2n+1)! (z+2)2n+1

G
—— _ n_z+2- (o]
Sln Z‘n O( ) (2n+1)' Zn:o(

>f@D=Z+2)X2, ((_1)n -

2n+1)! (z+2)2n+1
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(=" (-)" 1
= 2n= 0 2n+1)! (Z+2)2” 5 Xin= 0 (2n+1)! (z+2)2n+1

R A 1
Mién hoi tu: |Z+—2| <& |z4+2>0.

1 1
¢.f(z)= z2(z 32 (z-3)2 22
Tacé

1 1 1

= = = _Zn o(— 1)n( ) = Z%o=0 3n+1 ( - 3)"

z 3+Z—3 3 1422

Pao ham 2 vé ta cd:

1 w nED" +1)(=D™
S =Y (23 = —ye (2 - 3)n

3n+1 3n+2

(n+1)(-)"*t o @MFD(=1"+? -
= f(2) = — 3 WD (- 3y = 3 SHUCDTE (  gyn
Mign hoitu: |3 <1 |z - 3| <3.

Bai 9.6 (bai 21,SGK, tr 118): Khai trién chudi Laurent clia ham f(z) = m trong cac
mién d3 chira:
a.0<|z+1|<3 b.0< |z| <2
Giai
2 1 1 1
2 f@) = e =5 T3
Ta co
1 1 1 z+1 o 1
e i 12 (5) = Eiemm e+ D"
= f(z) = ;:——Zn 03n+1 (z+ 1™
b.

Bai 9.7 (bai 22,SGK,tr 118): Khai trién chudi Laurent ctia ham f(z) = trong cac

1
(z-2)(z-1)3
mién da chira

a.0<|z-2|<1 b.0<|z-1|< 1

Giai:
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1 _ 1 1
(z-2)(z-1)3  z-2(z-1)3

a. f(z) =

Tacod

=L =32 -z 2)"

1
z—1 14+z-2

= f(2) = ﬁZ%’:o(—l)”(z —2)" =YL (D" -2)"!

1 1 1

a. f(z) = = —

(z—2)(z—1)3 (z-1)3 z-2

Tacod
L T 1 — _ Yy _1\n
z-2 —1+z-1 (1—(2—1)) Zn=0(z — 1)

1
(z-1)3

= f(z) = — Yooz =D ==Y (z— D"

X. BAI TOAN PHAN LOAI DIEM BAT THUONG DUA VAO CHUOI LAURENT

10.1. Kién thirc bo tro

Gia s z, 1a diém bat thwdng co 1ap clia ham f(2) va f(z) c6 khai trién chubi Laurent

f@=Yr1a,(z—2z) "+ 1an(z—20)" (1)
phan chinh phan giai tich

+ Né&u phan chinh clia chudi (1) bang 0 (a_,, = 0, Vn) thi z, 13 diém b4t thudong bé duoc.

+ N&u phan chinh cla chudi (1) cé hitu han céc s6 hang thi z, 13 cwc diém cdp n (n = 1 thi
Zy la diém cuc don).

+ N&u phan chinh cta chudi (1) cé vé han cac s6 hang thi z, 1a diém bat thueong cot yéu.
10.2. Bai tap mau
Bai 10.1 (cau 5, dé thi GTP — K18):
a. Khai trién chudi Laurent cia ham sau trong 1an can cla diém z = 2:
_Z_
f(z) = ez-2
Xac dinh mién hoi tu ctia chudi vira tim.
b. Phan loai cac diém bat thwérng cia ham f(2).

Giai:
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a.bitu=z—-2=z=u+ 2, khido:

o (2\" .,
utz .2 2 a) 2n 1
f(Z):f(u+2)=eu =e u:e_euze_ZTzez_!u_n

n=0 n=0

Suy ra
(2) izn ! +Ze++ 2% + 1
) =e nl(z=2r -2 M (Z=2)" D
n=

R A 2
Mién hoi tu: |;| <= |z-2|>0

b. Ta thdy chudi Laurent (1) cGa ham f(z) c6 phan chinh gdm vé han céc s6 hang nén diém
z = 2 la diém bat thudng cét yéu cla ham f(2).

Bai 10.2: Cho ham sé f(z) = (z — ?,)sianri2

a. Khai trién chudi Laurent trong lan can z = —2.
b. Phan loai cic di€m bat thwéng cta ham f(z).

Giai:
a. Theo cau b bai 9.5ta co

(G (G 1
f(Z) Zn 0 - Zn 0(

(2n+1)! (z+2)2” 2n+1)! (z+2)2n+1

5 1 5

=1-—=— + + o (1)

z+2  34(z+2)2  3l(z+2)3

b. ta thay chudi (1) cia ham f (z)cé phan chinh gdm vé han cac s6 hang nén diém z = —2 13
diém bat thuong cot yéu cta ham f(2).

X1. BAI TOAN TiNH TiCH PHAN BANG PHUO'NG PHAP THANG DU
11.1. Kién thirc b6 tro

a. Cong thuc tinh thdng dw

+ Néu z, la cuc diém don cda ham f(2) khi d6:

Reslf(2).2 = 2] = lim [(z - 20)f (2)]

+ Néu z, la cuc diém cdp n cia ham f(z) khi d6:
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n-1

= D1

Res[f(2),z = zy] = [(z = zo)"f(2)]

b. Dinh ly thgng duw Cauchy

Gia si D 1a mién don lién, C 1a dudng cong don, déng nam trong D. f(z) giai tich trong va

trén C trir mot s6 hitu han cwc diém nam trong C, khi d6:
$. f(2)dz = 2mi. Xi_o Res[f (2),z = z]
c. Tich phdn dang foan(sin 0,cos0)d6, R la ham hitu ty

Phuwong phap:

v i dz
Pitz=e® 5do ==
iz
} ef_e=i0 771 e4e=i0  z4z71
sinf = —— = —— vacosl = =
21 21 2 2

Khi @ bién thién tir 0 - 27 thi z chay mdt vong trén duong tron donviC: |z| = 1
Tuong ty v&i tich phan dang foan(sin m6, cosmb)do.
d. Tich phdn suy rong I = f_t:o F(x)dx, F la ham hitu ty

e Né&u F(2) la ham hiru ty thoa:
+ Bac mau lon hon bac t&r it nhat 2 don vj
+ F(2) c6 hitu han n cyc diém ay, ..., a, nam trong nira mat phang trén
+ F(z) khéng c6 cuc diém nam trén truc thyc
== fj;o F(x)dx = 2mi Y.}—, Res[F(2),z = a;]
e Né&u F(2) la ham hiru ty thoa:
+ Bac mau lon hon bac t&r it nhat 2 don vj
+ F(2) ¢6 hitu han n cyc diém ag, ..., a,, nam trong nlra mat phang trén
+ F(z) ¢6 m cuc diém by, ..., b, nam trén truc thyc
== ["7F(x)dx = 2ni Y}_, Res[F(2),z = a,] + mi Y%, Res[F(2), z = b}]

e. Tich phdn dang I = f_+;° F(x)cosaxdxval = f_t:o F(x) sin ax dx
Theo cong thirc Euler ta co:
1= f_t:o F(x) cosaxdx = Re f_+;° F(x)e'®*dx

I=[""FQ)sinaxdx =Im " F(x)e®dx
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e Né&u F(2) la ham hiru ty thoa:
+ Bac mau lon hon bac tlr it nhat 1 don vi
+ F(2) c6 hitu han n cuc diém ay, ..., a, nam trong nira mat phang trén
+ F(z) khéng c6 cuc diém nam trén truc thyc
= f_+;° F(x)e'*dx = 2mi Y *_, Res[F(z)e'¥, z = a,]
e NE&u F(2) la ham hiru ty thoa:
+ Bac mau lon hon bac tlr it nhat 1 don vi
+ F(2) ¢6 hitu han n cyc diém aq, ..., a, nam trong nlra mat phang trén
+ F(z) c6 m cyc diém by, ..., b, nam trén truc thuc
n

+00 m
= f F(x)e'**dx = Zm'Z Res[F(2)e'*,z = a;] + niz Res|F(2)e'*,z = b;]
-® k=1 j=1
11.2. Bai tap mau

[ee] 2 K
Bai 11.1 (bai 10, SGK, tr 137): Tinh I = f_+oo = 1):(de -~ bang phwong phap thing du.
x“+ x“+2x+

Giai:
z2 z2
(22+1)2(z242z+2)  (z—0)2(z+0)2(z+1—i)(z+1+i)

Tacod f(z) =

Ham f(z) c6 2 cyc diémcdp hailaz =i,z = —iva2cycdiémdonz=—-1+i,z=—-1—1i
nhung chi cé cuc diém clp hai z =i va cyc diém don z = —1 +i nam trong nlra mét
phang trén. Khi dé ta cé:

+00 x?dx . . .
I=J__ T YT 2mi{Res[f(z),z = i] + Res[f(2),z = —1 + i]}

— i1 = —_ N2 — a —_ N2 z?
Reslf(2),2 = i] = o lim - [(2 = 0*f(2)] = lim 2| (2 = )? ]
— lim z? ] e 22(z+D)%(22422+2)—22[2(z+0) (22 422+ 2) +(2+1)? (22+2)]

21 dz L(z+0)2 (22 +22+2) z—i (z+1)4(22+22+2)>2
_ 2@+ (i2+2i+2)-i2[20+) (2 +2i+2)+(+D? (2i+2)] _ 16-8i-16—4i _ 3 9 .
- (i+0)*(i2+2i+2)2 T 16(4i-3) 25 100

72

(z2+41)2(z%2+22z+2)

Reslf ()2 = 1411 = lim, (x+1-0f(@) = lim, (z+1-1)

z? (—1+0)? —-2i 3 4

lim = = L
zo—1+i (22+1)2(z+1+40)  ((—1+0)2+1)2(-1+i+1+i) (-3-4i)2i 25 25

— = Zm'( ——+— +i—ii) =
100 25 25 50
Bai 11.2 (bai 12, SGK, tr 137): Chirng t6 rang:
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2w do 5m 27 cos%360d0 3
al=["—2 __>@ b, = [S7Eos30d0 _ 3m
0 (5-3sin@)2 32 0 5-4cos260 8
Giai:
. ; dz . z—z71 z%2-1
a.Pitz=e"? = df = =;sinh = —— ==
|74 21 2iz
2T dz 21 dz 4 (2T zdz
I'= fO 1, fO (10iz—3272+3)2 - __'IO (3z2-10iz—-3)?
iz(5— 3 i)’ iz T t L
iz —4Zz

z=3i
GPT:3ZZ—1Oiz+3=O(:>[2=1
3

? v 1 ? 7 - 1 .
Ham f(z ——cé hai cuc diem cap 2 la z = 3i,z = =i nhwng chi c6 diéem z = =i
f( ) (3z2-10iz-3)2 : P 3 g 3

nam trong hinh tron C: |z| = 1 va ndm trong nlra mat phang trén. Khi dé ta cé

2T zdz . 1.
fo (322-10iz—3)2 Zmi. Res [f(z),z T3 l]
1. 1 . d z
Res[f(z)2 = 1i] = 5im L|(-10) @) = im £ 1le ===
_1 —-z=30 _i
y z—>11 (z-3)3 256
f27r zdz _2.(_i)__i.
0 (3z2-10iz-3)2 T\"%6) = " 128™
~ 4 (2T zdz 4 5 . 5 .
Vay I =— ifO (322-10iz—3)%2 i (_ 128m) =5t
b. Lam tuong ty nhw cau a
00 dx

Bai 11.3: Tinh I = f bang phwong phap thiang du.

o (x2+1)(x2+9)
Giai:
Tacod f(z) =

1
(zZ+1)(22+9) (z=i)(z+10)(z—30)(z+30)

Ham f(z) c6 4 cuc diém don nhung chi ¢é z = i va z = 3i nam trong nlra mat phang trén.
Khi dé ta co:

I=[""—2 __ —2ni{Res[f(2),z = i] + Res[f(2),z = 3i]}

—© (x2+1)(x2%49)

Res[f(2),2 = i] = lim(z = D (2) = lim(z — ) ——

————=lim——=—
(z2+41)(2%249) z—i (z+1)(z%249) 161

Res[f(2),z = 3i] = lim(z = 30)f (2) = lim(z = 30) 7~ = lim — -1

2+1)(z2+9) z—3i (z2+1)(z+310) 48i
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=I=2mi(---=)=1
161 481 12
Bai 11.4: Tinh I = f0+°° i;l:: dx bang phwong phap thiang du.
Giai:
__ toxsinx _1 +oox sinx _ 1 +oo x ix . xsinx ., . >
I= ] — 5 dx =2 o dx=-Im I — ;€™ dx (do ham——1a ham [¢)
Z Z

Ta co f(Z) = 27249 = (z—30)(z+310)

Ham f(z) c6 2 cyc diém don nhung chicé z = 3i nam trong nlra mat phang trén. Khi d6 ta

Co:

[T Z_edx = 27i. Res[f(z)e?, z = 3i] = 2. lim (z — 31) f(z)e¥
Z—51

—00 x249

3 iz i ,—3
= 2mi. lim (z — 3i) 2= = 2mi. lim 25— = 2mi. 35— = &
z—3i z2+49 7—3i Zz+3i 6i e3

A _ l +o0o x ix — L
Vayl =-Im[ —e¥dx =—.
Bai 11.5 (cau 6, d& thi GTP - K18): Dung thiing dw dé tinh tich phén: I = [ xffl
Giai:

o dx 1 poo dx

I'= fo x6+1 E —00 x641

“ 1
bdt f(2) = ——

Gidi phuongtrinhz6 +1 =0 © z% = -1

Tacd —1 = cosm + isinm. Khi dé can bac 6 ciia —1 duoc xac dinh bédi:

T+2kTT . . T+2km

+ i sin

Z; = COS ,k=0,1,2,3,45

T, .. m™ 3 1,
+k=0=>Zo=C05g+151ng=7+§l

s P (4 .
+k=1=>zl=cos;+151n;=1

5t . . 5m V31,
+k=2>z,=cos—+isin—=——+-I
6 6 2 2
mo . . TW V31,
+k=3=>z3=cos—+isin—=———=i
6 6 2 2
31 , .. 3m ,
+k=4=>Z4=COS7+lSII’17=—l
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11mr ., . 11w 3 1,
+k=5=>Z5=COST+lSII‘lT=7—El

VAY 2o, Z1, Z3, Z3, Z4, Zs |a nghiém cla phuong trinh z® + 1 =0

Hay ham f(z) c6 6 diém cwc don nhung chicé 3 diém cuc don zy, z1, Zz, nam trong nlra mat
phang trén. Khi dé ta cé

foooo = = 2miRes [f(z) z= ? +—l] + 2miRes[f(z),z = i] + 2miRes [f(z) 7z = _£+
2]
i
Trong dé
V3 o1,
B - g _ V3 _ 1. _ i 2273
Res [f(z),z— . +21] h{g_nl'(z . 2l)f(z) = thgnl' pryw)
Zo ol z->—+00
= lim L=—t 16 __ 1 _ V3
z—>\/7§+%i 62° 6(\/75+%i>5 3(V3+D)S  3(=V3+i) 12
1 1 i
Res[f(z),z=i] = hm(z - Df(2) = hm625 =_—=-=-

Res[f(z),z=—§+li]= lim (Z+—3—li)f(2)= lim —
2 2 V3 o1 2 2 V3 1,625
rary arary

- 1 1 16 1 3=
N o1z RER 1) T 3(VE+DS | 3(3+) | 12
Z—)_7+El ( 2

= _OOOOx‘Zl— ( )+2m’( )+2 l(le)=2?n

VayI——f_ —g.

°°x5+1

Bai 11.6 (cau 5, dé thi GTP — nién hoc 2008-2009): Tinh bang thing dw

fn cosO
0 5+4cos0

Giai:
fn cosf _f cos 6

0 5+4cost9 7T5+4cost9

batt =0+ m > dt =do

| =

Poican:0 =—nm=>t=0; § = >t = 2m, khido:

[ = lf2n cos(t—m) _ lf2n —cost _ __f27r cost
270  5+4cos(t—m) 20 5-4cost 0 5-4cost
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o ; dz z+z"1  z%41
Pitz = et =>dt=i—z;cost =—=

+1

56 22 dz —56 z°+1 z
lz|=1 ¢ 2 iz 4iY1zI=12(222-5242)
T2z
zZ+1 _ z2+1
z(2z2-52+2) Zz(z—z)(z—%)

Ham f(2) =

Nhan thdy ham f(z) c6 3 cuc diém don nhung chi ¢ 2 cyc diém z =0,z = % nam trong

mién |z| = 1 khi d6 ta cé:

I = - 2mi{Res[f(2),2 = 0] + Res [£(2),2 =]} =

)

Reslf(2),z = 0] = lim(z = 0)f(z) = lim —-1 =
Res [f(z) z= —] = llm (z — —)f(z) = 1ZZZ(Z+12) —

S{Reslf(2),z = 0] + Res |f(2), 2 =

_1

5
6

Bai 11.7 (ciu 6, dé thi GTP — nién hoc 2008-2009) : Tinh thing dw

f+oo (x*+1)dx

-0 x641

Giai:

Xétf(z2) = 5

GPT:z+1 =0 2°=—1

6+1

Tacd —1 = cosm + isinm. Khi dé can bac 6 ciia —1 duoc xac dinh bédi:

T+2kT . . T+2km
Zj = COS + isin ,k=10,1,2,3,45
T ., . m™ <3 1,
+k=0=>2z,= cos€+ lSlng=7+El

T . . TT .
+k=1=>zl=cos;+151n;=1

5t . . 5m V31,
+k=2>z,=cos—+isin—=——+=i
6 6 2 2
mo . . TW V31,
+k=3=>Z3=COS?+lSIH?=—7—El
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+k=4>=2z,

31T . . 3T .
COS— 4+ i1SsiIn— = —1
2 2

11 ., . 1lm V3 1,
+k=5=>Z5=COST+lSIHT=7—El

VAy Z, Z1, 25, Z3, Z4, Zs |a nghiém cla phuong trinh z6 + 1 = 0
Hay ham f(z) c6 6 diém cwc don nhung chi cé 3 diém cuc don zg, z1, z, nam trong nlra mat
phang trén. Khi dé ta cé

Jre B niRes [f(2),z = 2+ i + 2niReslf(2),2 = i] + 2miRes|f (2),2 =

- x6+41
301,
_¥ + - l]
2 2
Trong dé
V3 1.\/ 4
3,1, . 3 1, . 2= —5t)(z"+1)
Res [f(z),z = £+—l] = lim (Z—£——l)f(Z) = lim ( - 2)
2 2 z—>\/—§+li 2 2 z—>\/—§+li 2041
2 2 2 2
V3 1) (¥3,1,)
— lim z4+1+4z3(z 5 2;) _ (2 .2;) +1 _ (V3+i)*+16 _ 8(1+\/§i) 4 i
Z_)%§+%i 625 6(%5%1-)5 3(\/3+0)5 3.16(—3+i) 24 6
Res[f(z),z =i] =lim(z —i)f(z) = lim Tz ewlla L L
SR T Z5i 625 T 65 60 3
4 3, _V3_1
3 1. . 3 1. . z*+1+4z°\z———-1
RES[f(Z),Z=—£+—l]= lim (z+£——l)f(z)= lim e 2)
2 z z—>—‘/—§+li z z z—>—‘/—§+li 62°
2 2 2 2
N R
(‘7*‘?) 1 (B+t+16 _ 8(1—VEY) 4 _ i
B 6(_%5%1-)5 T 3(—V3+)S | 316(V3+) 24 6
B = PPy (RO Y
- x641 3 6 3

Ao g 1o (x*+1)dx  4am
vyl _zf—oo x6+1 3"
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