Todn chuyén nganh Ham phirc va Todan tiv Laplace

CHUONG I: HAM GIAI TICH

§ 1 SO PHU'C VA CAC PHEP TOAN TREN TRUONG SO PHUC
I. Dang dai so: , ,
1. Binh nghia: Dang dai s6 cua s6 phirc ¢6 dang: Z=X+1y
x=Rez: phan thuc
y=Imz: phan ao
1: donrvi 40, i2 -1 ’
Tap tat ca cac s6 phuc goi la Truong s6 phure: ky hiéu C.
2. 2 s0 phtic bang nhau:
(x X

2 |y, "y
3. S6 phirc lién hop:
So phure lién hop cua z=x+iy la z = x iy
4. Céc phép toan vé sb phuc:

* Phépcong:

Zl+ 22: $1+ iji§1+ Y, -

e Phép tru:

7 Tz :ﬂl_xzjisl_yzf

e Phép nhan:

22, = % Ty Ty Ty,
— 2 + yZ
e Phép chia:

Zz = X

Z_l: lez
Z2 ZZZ
Vidu: Tinh A = ! \Zf_gi}ﬂ/:SjLi
' €3 K+ 2 26 26
Vi du : Rat gon
B:i+i2+i3+i“+i5:i—l—i+1+i:i$—i::i+1
1t 1t 2 2

IL.Biéu diqén hinh hoc va dang lugng giac
1. Mat phang phurc
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

y (Imz)—»

M(X;y)e>z=x+iy

3x (RezT

Mé&t phéng phtrc

2. Dang luong giac:

z:x+iy:r$os‘/’+isin P

= 2 2
r=.x Ty

? = Argument (z) = Arg (z) = arg( z) T k2!, €- 0,¥1,%2,... -
¢ la ham da tri
arg(z) 12 gid tri chinh € 1T < arg( z) < T -

[
| arctan — x>0
| X
| T+ arctan L x<0,y~0
‘ X
arg( z) = 9~ T+ gretan = X <0,y <0
| X
| I1
| — X=0,y~0
2
| I
L - — Xx=0,y <0
2
Vi du:

Biéu dién sb phutc z=-1-I vé dang luong giac:

r:\/;

11 3H
ag z = " *actan 1=+ —=-"_
4 4
I1 11
~ 3 3 W
= z_\/Z(cos—_isin—
\ 4 4 )
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Todn chuyén nganh

Ham phirc va Todan tiv Laplace

3. Phép nhan va chia sb phu:c duoi dang luong giac:
z,z, T r.x, Ls ‘ te. 3 isin ‘ te

~ -~
!os LT ¢ Zisin ‘1“‘92-4

Z 2

4. phép Iy thira va phép khai can
e =1 ks $o +isin S0 -

o + I o + H—|
o ;= \/_|cos[ <2 ]*isin[i} =0:n "1

n n

Vay can bac n ciia s6 phtic z gdbm n gia tri
Vi du:

5. Dang mu
Cong thtc Euler:

z re
Vi du:
z:_l_i:\/;e_ij
5. M6t s6 mién trong mat phang phtrc:
z,|: Khoang céch gifra 2 s6 phtre.

7 =

1

e |z ~z |7 r:Duodng tron tam Zy, ban kinh r.

® |z =z [<r:Hinh tron md tdm Zy, ban kinh r ( hinh tron khong tinh bién)

IA

e 7 T2

e |z —z|>r:Phan ngoai hinh tron mo tam Zg, ban kinh r.
BAI TAP

1. Viét dudi dang mil va dang lugng giac cac so phuc sau:
a)z=-5 b)1-iv3 c)-2+2i  d) -3

2. Tinh va viét dudi dang dai so:

o) £+ iz c)( i) d){“'\/—] &)3i

4~ 3i |) i

2t

a)

3.Tinh va viét dudi dang mii:

a)y1-iv3 b)y-a+i3
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Todn chuyén nganh Ham phure va Todan tie Laplace
4. Tim va biéu dién hinh hoc cac s6 phuc théa: z = z°

GIAL:
I— r=o0
i — i2? - — i20 r=1
S e Trle” D e Trle” ©|rei3w:1®j K o1
L t‘/’:—,kzo;l;Z
3

5. V& tap diém xac dinh béi

)z 1ti[=1b)eil<3 c)re S -i=2d) ez i[=4 €) |t 17|z ]
6. V& mién trong ctia mp phirc x4c dinh bai:

a)0<Rez=Imz b)|z~1=Rez.
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

§2 HAM 1 BIEN PHUC

I. Mién va bién trong mp phirc:

Mién trong mp phtc 13 tp D cé tinh chét sau:
1. DIataspmé< vz¢p,3s$r =D
2. Dliénthdong = Yz,,z, € b c6 thé ndi z3, Z, bang dudng gap khiic ndm tron
trong D.
3. Bién cta D la duong cong kin C: gdm céc diém cta mp phirc thoa:
a) c"p=%
b) 3 hinh tron néu chtra 1 diém cua C thi nd s& chta it ra 1 diém ctia D
4. D = DV c goi la mién déng
I1. Him bién phirc
1. Pinhnghia: s © ¢ ,Hams6 f: s > ¢ 1a 1 quy tic cho mdi z € s tuwong tng 1
phan tir duy nhat t € = ¢ . Ham bién phuc nay goi 12 ham don tri.
2. Trong ly thuyét ham phtc ta thudng gip cac ham da tri nghia 13 tng voi mdi z
c6 thé c6 nhiéu f(z2).
3. Phan thyuc va phan ao ctia ham bién phuc:
z 5 xt iy = w?™ fS}ui;y}ivx;y/
Vi du:
Chow=€=x*~y*+i%+ y’ Tinh f(1+2i)
GIAT:
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

Vi x=1, y=2 ta c6 f(1+21)=-3+5i.

Vi du: N
Cho w = t €= z%. Tinh u(x;y), v(Xy)
GIALIL:
- - ( = 2 2
VERE SEERCERTENL S
—_— —— ( vV 2xy

u Vv
III. Gi6i han va lién tuc
1. Giéi han: w, goi la Giéi han ciaham w = t €-khi z > 2, © V&> 35>
sao chokhi |z =z |<9 = |w~w,|<¢
Ky hiéu: 1im  f$=w

77z 0

0

2. Liéntuc: f(z) goi la liéntuc taizo < 1im €= 1€ -
17 2
0
3. t€$=u%y 3 ivEy-liéntuc © Cac ham u(x;y), V(X;y) cling lién tuc.
IV. Cac ham so cap co ban
1. Ham mi:
e ¢’ :don tri va giai tich ¥
e ¢’:c6théam.

~
SZ —=¢?

2.Ham luong giac

{e'Z:coserisinz R S
U = s z- ——,sin z =
{ Tz - _ .. 2 2i
e cos z ~isin z
- -
] sos Z—~ T sin z,gn Z—~ CoS z
3. Ham Hypebolic:
V4 - _ .
_ette f et F _ sinh z _ cosh z
chz = ———— shz = — tghz = ,coth z =
2 2 cosh z sinh z
4. Ham Logarit:
_ i? _ . \ N
7=re' = Lnz =Lnr T €Tkl €I <p<II_

e Vay Lnz la ham da tri.
e V61 k=0 ta dugc nhanh chinh cua Lnz.
BAI TAP:;
1. Tinh gia tri cac ham phurc sau:
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

a)l-n(\/zﬂ 2-Db) Ln . 3-C) Ln{_éJri%]

2. Viét cac ham sau vé dang dai so:

a)ch(1-i) b)sin(1+i) ¢) €= i 2" d)i' e) €+iZ7 f) €21 g) 32"
h)sin {;* iLn $+ \/Ejf)
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

§3 PAO HAM
1. Binh nghia: Pao ham cua ham bién phirc f(z) tai z néu giéi han sau ton tai
SRR R &
f ’ = lim
Az Ag
2. Quy tac
a) ﬁvl * W _= Wi Wy

3. biéu kién dé ham bién phtrc kha vi tai 1 diém:
Dinh ly: Choham f €= u %y & iv €y -, néu cac ham 2 bién u(x;y), v(x;y) c6
cac dao ham riéng lién tuc va thoa didu kién Cauchy-Riemann:

(o
|
.
1€
t

Tal diém z=x+iy thi f(z) kha vi tai diém nay.
4. Piéu kién dé ham bién phic giai tich tai 1 diém:
Dinh ly: Néuham t $=u %y 3 v € y-khavi tai moi diém trong lan can nao do
ctia diém z, thi f(z) giai tich tai z.
NHAN XET:

e Trong 1 mién thi tinh kha vi va giai tich 1 twong duong nhau.

e Nhung tai 1 diém thi tinh giai tich doi héi diéu kién nhiéu hon tinh kha vi.
Pinh1y: Choham € = u %y 5 iv €y -, néu cac ham 2 bién u(x;y), v(x;y) c6
céc dao ham riéng lién tuc va thoa didu kién Cauchy-Riemann:

[ @
j %y
10
t
Trong mién D la diéu kién can va du dé ham f(z) giai tich trong mién D va khi d6

dao ham cua f(z) cho béi cong thirc:
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
. ~_au _av_av _au
€ s i - i—

oy o

5. Lién hé gitta ham giai tich va ham diéu hoa
Ham u(x;y) goi 1a ham diéu hoa trén mién D néu n6 thoa pt LPLACE:

2 2
V226V+8V=0
u
0x2  0y2

52 Pinhly:ham + $=u %y 3 iv €y - giai tich trén D < phan thuc va phan 4o
]a nhitng ham diéu hoa trén D va thoa diéu kién C-RVi du: xét tinh giai tich va tinh
dao ham cua cac ham sau:

a)fi; xZ = y%+2iy D) t €= o* Lo y Yisin y-

GIAL
a)au‘z 8v‘z av_2 6Ju‘—z
72X, T2y, 2x,7—" "2y
EN dy dy dy
. . oA . ' h aU aV
Cac dao ham riéng thoa diéu kién C-R= ¢ & a—+ia—:2x+2iy =2z.Vay
X X
( ™
22 2= 2,

Gu: xaV:. XaV: xaU:_. y
by=— C0S ye ,-— " sin ye ,— 7T cos ye ,—— sin ye
), oy dy oy
Cac dao ham riéng thoa diéu kién C-R=

2 oy [

' ~ u A —
i€ = —*ti—=e"(cos y Tisin y)=e’.Vay e’ ~=¢*

aX aX )

Vi du: xét tinh kha vi cua cac ham sau:
8 f€=x2-3y3+oiy D) 1S =62¢) t€ =% i7" iz

GIAIL
ay _ Ay Ay y _

_ — _ 2
a)——Zx,——9y,——9x,—— 9y
Oy Oy dy dy
Pé ham s6 kha vi khi va chi khi diéu kién C-R duoc thoa ta c6 hé pt:
( 2X T 9x x 0
— ™~ =
<:>{ry"0© S'OJ $.1’
_ 2 — _ ’ ’

[ Y Y [ y -1
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Ham phirc va Todan tiv Laplace

Pé ham s6 kha vi khi va chi khi diéu kién C-R duoc thoa ta c6 hé pt:

(2x2_2x (x =0 ~
] < 4 QS;O/
T2y T2y L
C)f!::xz_yz_y+i§2+y2+2xy_X'
0

aU_ aV_ aV_ u _
— T 2x,—~2xt 2y 1, —=2ytox,—= "2y "1
Oy Oy y dy
Dé ham s6 kha vi khi va chi khi diéu kién C-R dugc thoa ta c6 hé pt:
[ ax=2y+ [y =
y 72X y~—0 -
] < < f;Oz

la2xt2y —1=2y+t1  [x=1

Vi du: Tim ham giai tich f(z)=u(x;y)+iv(x;y) biét
v:3x2y +ox? - y3 - 2y2; f 5::1 b)u =e*cos y, f(0) =1 C)u = In( x% + y2)

GIAL:
a)
e Kiém tra v 1a ham diéu hoa
f\ A2 0 62
Oy 0%y v Vv
— = 6xy tax > =4+tey-1,—= "3y%*t3x? 4y, =
Oy 0,2 8y ayz
02 02
= V+ V:O
0y 2 ay2

Ta ¢4 V 12 ham diéu hoa

[au aV
‘—:a—:3x2_3y2_4y
\ ';\ A 14 N X
e Tudicukién C-Rtacohépt:+ Y 5
| u__ 9% _ _ B
- - 6xy ~ 4x
L Oy Ox
Ta co:
B

~ u '
uzj(6xy T 4x dy +g(x):_3xy2_4xy tg(x)™ —:_3y2_4y+g (x)

dx

:3x2_3y2_4y:> g’(x):3x2:> g(x):x3+C
( ™~
= f(2)= 3wy 2 “Axy TxPtct IxPytoax?i-yiooy?iy

L

Because :f(O):C:1,so:f(z):_3xy2_4xy +x3 T 3 yt2

GIAI:
a)

e Kiém tra v Ia ham diéu hoa
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

2 2
auzx jav_x av___ Xav:_ X
— T e cos y e’ cos y,— = Tsin ye cos ye
Oy 0y 2 é’y ayz
02 02
= V+ V:0
0g2 2
Ta c6 V 1a ham diéu hoa
( ﬁu_ﬁ o
‘ — - —T e cosy
A 1A . 1A x Oy
e Tirdicukién C-Rtacohépt: 1, 5
|9u _ _ 9% _ oy
-— — e’ sin y
oy o
dy ,
v =le*sin ydx T g(y)=e’sin ytg(y)™ —=e cos yt g (y)
dy

Tacd: ~e cos y= g(y)~o= 9(y)~¢C

= f(z)"e’cos yt esinytci

~

Because : f(0)=iC T1=1= C =0,s0:f(z)=e"cos y ™ e sin yi

c)
e Kiém tra v 12 ham diéu hoa |
au: 2y N 52u22§/2_x2/5u_ 2y 52u:21y2+x2
A ~ A~ ’ N
0y )2+ 2 0y 2 (2+ zﬁay 2+ 2 0,2 (2+ 2 2
X y X y
02 02
= V+ V—O
0x2  0y2
Ta c6 v 1a ham diéu hoa
(au:‘?v: 2X
L o ‘ax 2y 2+ g2
e Tudicukién C-Rtacohépt: 1, 5
|Ju_ v 2y
Lay Oy x2+y2
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2
= _I—ydx * g(y)~ ~2acrtg [
24,2

=———2 g(y)T0= g(y)=¢C

Ham phirc va Todan tiv Laplace

y dy x2+y?

= f(z2)~ In(x2 + y2)+{_ 2 arctg {LJJFC}
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Todn chuyén nganh i ] . Ham phirc va Todn tir Laplace
BAI TAP~ HAM GIAI TICH- HAM KHA VI-TINH PAO HAM
1. Viét moi ham sau day thanh 1 da thirc theo z=x+iy

a)f’jz §Z_y2_2y+1/:2i§y+x:b)f’:= X2~ 3xy 2 "y
c)f!:: x2+y2_y+2’*i$_2xy:d)f’:: !xy+2x_1/_ix —yZ oy
2. Tinh dao ham:

a)w = —27% + 37+ 4,b)w = 522 — 47+ 2,c)w = 23,d)w = ‘z‘z,e)w = fz

3. Tim cac diéem ma tai d6 ham f(z) thoa dieu kién C-R

fi::xy2 +ix2y

4. Ching minh rang cac ham sau théa PT: LAPLACE:

a)Re z° & Im z2,b)Re z° & Im 2°,c)Re z* & Im 2*

5. Tim ham giai tich: f{z)=u(x;y)+iv(x;y) biét

X
a)Ju=2x " 2xy ~———— f(i)=i,b)v=In X2 T yi A x" 2y
)2+ g2
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84 PHEP BIEN HINH PHAN TUYEN TiNH

I. Dinh nghia:
1.Anh xa phan tuyén tinh c6 dang:
az T b
o = ,ad “bec 7O
cz td
~ b a bc
2, Td,z :—ja’zng”b{Z:a(z —szz—(chr—\z2
Zq K a) CK a)
a bc a bc ~ ad a bc ~ ad
= —(cz tdt—- d}z2 = -2, "t ——m—z, T =t ———1,
c a c a c a

2.Vay phép bién hinh phan tuyén tinh 13 hop ciia 3 phép:
1). z; = cz * d 1a phép co va phép tinh tién.

1 .. . . ,
2). z, = — la phép nghich dao.

21
a , bc " ad . , . T X
3). ®=—* ———7, l1a phép co va phép tinh tien.

c a
3. Anh xa phan tuyén tinh c6 tinh chét:
a) Anh xa phan tuyén tinh c6 tinh chat bao giac.
b) Anh xa phan tuyen tinh bién duong tron thanh duong tron.
C) Anh xa phan tuyén tinh bién mién thanh mién.
d) Anh xa phéan tuyén tinh bién cac diém doi xg thanh diém doi xtng.
4. Anh xa phan tuyén tinh bién 3 diém tuong Uing thanh 3 diém:
w1 %

29,2p,23 T ?1.9,.9%
@O Oy T Oy 172y 137 1,
Py @ 9T, Z3 11 1 I,
vi du:
1) Tim PBHPTT bién 3 diém -1,0, 1— 0, 1, 31
+ - @ i - + ® +
z 1.1 0=_.3| o Z l=2 ®”=3iz 1
1t1 z70 3i @~ 217 3 @~ 37z
2) Tim PBHPTT bién 3 diém 1,0, -1— i, * , 1
— — a)_. — 0 —_ . J— +. +._
zl._lz I.l o p=1 1z 1+i:$|/2‘|1
-2 z 17§ @ - *® 2 z 212
BAI TAP:
Tim cac PBHPTT sau:
) 1 ) T O )
a)o,l,i > ~—,0,71%i, b)0,i,”i ™ i1, —i c)0,1,i 7 i, , % d) 1,017 "1,7i1
2 2 2
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CHUONG II TiCH PHAN HAM BIEN PHUC

§1 TICH PHAN PUONG CUA HAM PHUC

I. Pinh nghia va cong thirc:

1. Pinh nghia: Cho duong cong C dinh hudng, tron tung khac va trén C cho
ham phurc f(z). Tich phan duong cua f(z) doc theo C duge tinh theo cdng thirc:
1. 4+ !;z = § Cax ~ vdy > i Cax + udy -

C c C )
A . A [X:X$’ L. . ,
2. Néu C cho dué6i dang tham so: {1 « véi @ =<t¢=F_ khi d6
y =yt
ﬂ —
2(t)=x(t)+y(t). Taco § 1 S = |1 NG €
C 104
IL. Tinh chat: Cac tinh chat cua tich phan duong loai II ctia ham thuc van con
dung cho ham phuc:
a)dli $ 50 € 4 =adiSa T0dgSa
C C C
b) ¢ 9= drSat JfrSd wihc Nc,=@
c,vc, C, C,
c) o(f’;z:_ c[f’;z
AB BA
)|t S ar|= 4t Jar|=m
C C

L:dodaiciaC, M = max [f$Fzec
Vi du: Tinh cac tich phan sau:
a)l, = §€24q k=12 trong d6 C; 1a doan thang néi O— 1+i
Cy

q C, la duong gap khic ndi O—1&1—1+.
GIAL
W \ 2 [y Tx Tt
Tham s6 héa dudng thang C;: y=X< 1

lost=1
Z(t)=x(t)+iy(t)=t(1+i)

12 ) - 12 —~ Zf_l‘t‘
1, =2 i 2 iat = [12€ - 2iat -
0 0
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
AY

1+i

C2

¥

(x=to0<t< -
y~-o0
[_1,OSS -~
12119 9 e =1+t
L y =t
1 1
fiva [T DTN
' 1 t 2i 4
'2:It2tdt+f$—itzidt:— +fl(‘zn‘t = —Tigt"it" T — | T—71—
3 3 L 3J 3 3
Vidu

Tinh céc tich phan sau 1, = g(‘z ‘dz Trong d6 C; 13 duong thang AB

Cy
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
Cy, Cs 1a cdc nira cung tron don vi (|z|=1) ¢6 cung diém dau va diém cuoi va
chiéu nhu hinh vé.

GIAL
x~—0
Tham sb héa duong thang C;: AB< y =
T1StS1

Z(t)=x(t)+iy(t)=ti

1 1
1= Jx2+ yZiae =i Jefae =
1 -1

0
I—tdt + ftdt +
1

0
[ it = it
|Z re
Tham s0 hoa nira duong tron C,; < oF ~ 1
| T 3l
<. <
5
2 2
STl
v o[t~ 2 2 (o P )
3 3
1, = Jie"dt =e"[2 =lcos —*isin — |~ lcos —*isin —|= i~ i="2i
mn = U 2 ) U ) 2
2
I
| z re
Tham s6 hoa ntra dudng tron C3: < 1 1~ 1
| gl - 11
- <. <
.
2 2
I
T — IT
S ST NN SIS L Ui
1, = Jie"at =e™| 2, =1 cos * isin = | cos * isin =i 0= 20
ST 3\ 2 2 )\ 2 2
e 2
2

vi du: Tinh tich phan sau v6i C la bién nua trén hinh vanh khan

_ - [z
c=c,Yc,YecyY ey <£jdz
CZ
GIAL
z z z z
1=t tagta, T g(jolz+ desz dez”f dez
z z z
C, c, c3 c,
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Todn chuyén nganh

C3

C4

Ham phirc va Todan tiv Laplace

x Tt
Tham s6 héa duong thang C,: BC= § | =g
l1=e=2
Z(H)=x(t)+iy(t)=t
1
N S R
, ft—dt ), =1
2
X =t
Tham s6 héa duong thang Cq: DA® ¢ =g
“25ts 1
Z(H)=x(t)+iy(t)=t
—2
S R
l, ft—dt t; =1
1
) |[z:reit:2eit
Tham s6 hoa nira duong tron C1: < 4 =,
2% oon
T THPSHC P (0 M S
|1=f —2ie' dt = —e"' == '—e° A -
0 2e " 3i 1 3 3
|fz it = it
Tham s6 héa ntra duong tron Cg: < I
[ 0S¢<n
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Todn chuyén ngc‘mh Ht‘lm phirc va Toan tir Laplace

i 2
= J ie ! dt —I—eslt SS - 0’*‘
3i 3

1
o€ o 3
. _ 2 .4 _ 4
Vay 1=7171- -t —=~—
3 3 3
vi du: Tinh tich phan sau véi C la bién nua trén duong tron don vi

| = J‘z‘z_dz
C

Tham s6 hoa ntra duong tron Cs: < 1 =,
<

I1
— I1

1, = Jie'e Mat =it
0
vi du: Tinh tich phan 1 = $7dz véi C 1a duong nbi tir z=0—z=4+2i trong
C

:

cac truong hop sau:
a) C; la duong x =y
b) C, 1 dudng gip khic tir 0—21 & 2i—4+2i

2i y C2 4+2j

<y
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Ham phirc va Todan tiv Laplace

Todn chuyén nganh

[ _ .2
i | X~ t
a) Tham s6 héa duong cong C;< 1 y =t
[o St=2
Z(t)=x()+iy(t)=t> * it
2
2 ~ 4 .3 2 :
I = ft(z—it{t““iat:t—‘lt—““t— =10~
. 2 3 2] 3
x~0
b) Tham s6 hoa duong thang C,: AB< 1 vy =
{0 St=2
Z(t)=x(t)+iy(t)=it
2 2|2
t
1, = [=itiat = —| =2
2
0 0
X =t
Tham s hoa dudng thang C,: BC= ¢ y =2
05t=4

Z(O)=x(t)+iy(t)=t+2i

4 2 4
1, =€ 2id="-2it| =s-8i= 1=2+8-8i=10 ~si
0 2 0
BAITAP:
I.Tinh 1, = §§+y &
Cy

vaia) Cy :0—i& i—1+i 9
b) C,: 0—1+i theo duong thang: y=x

€) Cs: 0—1+i theo dudng thang: y = x 2
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

§2 TICH PHAN CAUCHY CHO MIEN PON LIEN& DA LIEN

I. Cac dinh ly

1. Pinh 1y 1

f(z) giai tich trong mién don lién D, thi ¢ ¢ § 4 dbi véi moi dudng cong trong
C

mién nay c6 cung diém dau va diém cudi s& c6 cing gia tri:

i €n-§iSan-T1Ca

2. Pinh 1y 2
f(z) giai tich trong mién don lién D va C la duong cong kin tron timg khuc bat ky

trong Dthi 4 € dz =0
C

3. M6 rong cua dinh ly 2:

Néu D 1 mién gi6i ndi voi bién C thi 41§ a2 = 0
C
3. Nguyén ham va tich phan bt dinh
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Todn chuyén nganh Ham phure va Todan tie Laplace
~ ~
[t € =€ 3¢
Vi du:
)
a)sz t4cos zdz =z° T 4sinzt C

a
byla¥d =——+¢
In a

4. Cong thirc Newtons-Leibnitz:

b -
f(z) giai tich trong mién don lién D, Ya,b€ D, f $az = F SE ~-rS =€

a
5. Cac phuong phap doi bién so va tich phan timg phan van diang cho tich phan ham
phtrc.
Vi du: Tinh
5.
1% -
a)l = | €+ 67
0
[u:z+2:>du = dz
] ) eiz
[ v~ Ie'zdz - —
i
+.
\eiz L 11+| _ \eI7 ) At -
| =€+ 2 | -Z Jeltg=Crg i -2+l =€l
i i i i 0
0 0
1t -
oy = | €12 44
1
i i rtzz tzﬂi L |
t=z 1= dt=dz = 1= [t2 Crrer = 12 +P0q; =| Ly P S G
| 22 21 | 22 21
0 0 0
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Todn chuyén nganh Ham phvec va Todn tiv Laplace
5. Tich phan Cauchy cho mién da lién:
Dinh ly: DIa mién da lién, bi chin c6 bién la cac duong cong Cy, Cy, ..., C,, trong
dé Cy bao cac duong cong kin Cy, ..., Cp.
f(z) 1a ham giai tich trén D ta co:

J1€a =€+ i€+~ {i€a

Co c, C, Cn

Page 24

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Ham phirc va Todan tiv Laplace

§3 CONG THUC TiCH PHAN CAUCHY

Todn chuyén nganh

I. Cac dinh ly: ‘
1. Binh ly 1: Gia su f(z) giai tich trén mién don lién D( gidi ndi va bi chan), lién

tuctrén D ,Yz € D, taco:

1 1 Lt
€= |
2Hi t ™z
C
e H¢ qua:

Gia st f(z) giai tich trén mién don lién D( giéi ndi va bi chan), lién tuc trén
D,"z, € D, taco:
t € -
$ =20 €, -

z z
C 0

C
2. Dinh ly 2: Gia str f(z) giai tich trén D, véi bién C tron timg khiicVa € D ,f(z)

c¢6 dao ham moi cép ta co:
fﬂ,s} n! 4 fSﬂ'z

2H|Cs_aE+l

e He¢ qua:
Gia su f(z) giai tich trén mién don lién D( gidi ndi va bi chan), lién tuc trén

D,Va €D, taco:

i €4 211 € g —~
J = - BAE SR TEe
Cs_a/n 1 n!
CHU Y:
(Zni if :n~1
J?L -4 )
- n 0 if :n”1
C zZ ZO
2

dz ,With :a)C, :‘z‘z 3,b)C, :‘z‘z 1

Vi du: Tinh tich phan 1, = d
z " 2i
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Todn chuyén nganh

Ham phirc va Todan tiv Laplace

A

2i

1 >

L
b

C1
2
_ . = 2 , \ \
a)ll—J dzwith : f $=22 giai tich trong hinh tron Cy,
z "~ 2i
Cl
2 - >
2, =2i€D, = 1,° 4 dz = 2Mir €i = 21 % 2= -l
z "~ 2i
Cl
2 2
_ z ~ z eoe L, \ \
b)l, = § dz ,Wwith : f 2= giai tich trong hinh tron C,,
7~ 2i z " 2i
C2
,2
I, = § dz =0
z "~ 2i

c 2
Vidu: Tinh tich phan

dz With :a)Cy:|z = 2i[= 2,b)C, :|2 * 2i|= 2,c)C4 [ * 2i] = 1

c, ? to 2
GIAT:
1
+ 3j — 1 cae L,
ayl, = 4 2 30q with - ¢ €= giai tich trong Cy,
7~ 3 z t 3i
c, .
r g ~ olj _ W
20=81€D, = 1,7 ¢ ——dz = 2lif G 7= —
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
1

1

by, = § 23 g witnh . 1 €

+ 3j z ~ 3i
r€_ ~ oIy W
Ty =y €3l =
+3i ~ 6i 3

giai tich trong C,,
c,?

20 = 73i€D, 7 1, = J

z
C»y

1

2
z° 1o

giai tich trong hinh tron Cs,

z
Vidu: Tinh tich phan 1 = $ | ° Wz ,With :C :‘z_i‘ZZ
2222~ 2% 2~

Cc
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

A
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

z zZ

e e
I :9( szgg -dz ~
c 2252_22+2/ c 2 - G2
With :Cl:‘z‘:rl,cz:‘z_$+i}r2,1_i¢D .
-~
fS/ z , 2(2—4 +4,
1, =4 dz , with :fi}—(e—\,GT in D, f §F" G
2 2 4 G 2
C, Z Z 212 2 R B R
= ('€ >
~ ™~
i € 2t ' g
We have :I1:J )dz: ! = 210,
1!
c, *
| J - dz with - f S = e’ GT D
2_ Z , WI — In 2
c,? _$+|: 22!_$_|:—
-~ + .
f$ IT.. 17i
We have :1, = § 11T e € -
z_$+i/ 2
Cs
~ ~ ~ 1 1+_ Hl —el+l,
$1 €= §1 €+ J1€a =2~ —Hjet i =
c c, o 2 2
eZ
Vidu: Tinh tich phéan 1 = Rz ,With :C |z~ 2i|7™ 3
L p ] ZTST/Z [ ‘Z I‘
GIAI:
2 i, € i€
I:JZ‘ el 0z T 1y 2:<£l 4 2 dz
c 27z t2i - 2i~ c, ? c,? 2i
~
z z7 Q2 _ + .
) ' 2 4 a1
wih f,$>=—6Tin D,&f,$F 2 L "= (g2
;24 sz+43 4
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Todn chuyén nganh i ] Ham phure va Todan tie Laplace
4 _oMig/ € 10
dz = ———~

We have :I1: 4

e ;2 1 2
i€ - :
1, = §—2" " g with 1, $F—"GT in D,
c,? - i— 22!+5|A
i, € ~ Mg

We have :I2: 2—~dz :ZHifzfi/:_ ¢

c z_!i/ 8

2

-2i

§1€a=-diSa- M;z:?_anem:

c c, c,
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

BAI TAP TiCH PHAN CAUCHY
Tinh cac tich phan sau trén cadc mién da chi ra:

z

- e _ L
a)l ~ ﬁdz,wnh :C :‘z |‘—4
C 22+H2/
z
b)l =4 — dz ,With :C :‘2_2‘:4
c €1 %+,°
f, %
c)l = dz ,With :C :‘2‘22
C32+15+32
iy
sin —
d)I:Q[—(Z—A'?!z,With c x2+ty?-2x=o0
cZ T 17
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

CHUONG III: CHUOI HAM PHUC

§1 CHUOI LUY THUA

Phan nay trén co s& cua chudi ldy thira ham thuc sinh vién d4 hoc & toan cao cap 3
Viée xét tinh hoi tu va tim ban kinh hdi tu dua trén cac tiéu chuan D’ Alembert va
tiéu chuan Cauchy. Do d6 bai nay khong néi lai ly thuyét, chi xét vi du va bai tap
1. Tiéu chuin D’Alembert

0
. ; - . X- \ - . a
Ban kinh héi tu ciia chuoi 2 a, 2" 1a R = lim
n=1 n_) 0 an+l
2. Tiéu chudn Cauchy:
0
1

Ban kinh hoi tu ctia chudi 2 a 2" 1a R = 1im
- n—>® Dl‘a ‘
n—1 n

Vi du: Tim R va hinh tron héi tu cia chuéi Iy thira sau:

[e’s) n [e’¢) ( N n o) i_ \n [e’e)

z 1—1z n 1-—- -

a) 2 —, )X ———, o) X d)24a"$-12
_ n _ n _ n _
n=1n4 n=1 n=1 3 n=1

GIAI:
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Todn chuyén nganh

Ham phirc va Todan tiv Laplace

a ﬂ+1;n+l
a)R = lim = lim =
N “lan+g n—® na"
- [} n 0 ‘Z‘n 0 4n 0 1
z
With zEﬁ=43>Z = > = > -3 2
n n n
n=1|n4 n=1n4 n=1n4 n:1n
MHT :|z|< 4
B a +1:_
b)R = lim lim =1
nﬁooan+l n*>OO n
o0 (_ \n [s’e) n 0
a 11—z Z 1
With zeﬁzlyz —ZuZZ_ phan
n=1 n=-1 n n:1n
MHT 2| <1
s A
n€' D
OWith 2 =z-12 X
n
n=1 3
+
_ a nSn !
R = lim lim — 3
n>?agr| 7 § 13l
j o0 ! [oe) 3n o0
nz n
With z€\§\=33>2 = 2 =20 phan  ky
n n
n=1| 3 n=1 3 n~-1
MHT ]z = 1| <3
[ee]
d)with z =z- 1= 24"
n=1
- a 4" 1
R = lim lim rpni
n—> ® an+1 n~)oo4n 1 4
With ze{‘z":—}z 2AlaP i B =12 e =2y phan  ky
4 — _ n -
=1 14 =1
1
MHT |z 1< =
4

BAI TAPCHUOI LUY THUA
Tim R va hinh tron hdi tu cua chuéi Iy thira sau:

© S'*'ZE 0 (1E ont1 © -
a)z —?, b)z S _Zi_ . ©) Zeﬁerl/n
n
n:1ﬁ+1/4 n=1 n-lv n=1
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

§2 CHUOI TAYLOR-CHUOI MACLAURIN

I. Chudi Taylor va Maclaurin

C

Ham {(z) giai tich trong hinh tron ‘z B a‘ <R,z€that square ta co:
© ﬂ D
-~ f 1 — -~ ~.
1€ > Y — "€~ , T (chudi Taylor)
n=o0 nt

Khi a=0 ta c¢6 chudi Maclaurin:
0 ﬂ D

~ i

f S = 2 2"

n=o0

Vi du:

fs}eZ=

n!

a
° €~ 4 B (chudi Taylor)

n!

™M s

n—0
Khi a=0 ta ¢6 chudi Maclaurin:

fi;ezz izn
=, n!

n-o0

8
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Todan chuyén nganh Ham phirc va Todn tir Laplace
I1. Khai triéen Maclaurin ciia 1 so ham so cap co ban

22 Z3 Zn o Zn

1)e2=1+z+—+—+---+—+---=2— V,ec
| | | |

2! 3! n! n=o N

,2 L4 6 _,2n o _ 20
2)cos z 1_—+—_—+...+(1/n +t..= X (1/n V,€¢

21 41 6! 2n! n=0 2n!

3 5 7 \22n+1 * \22n+1
3)sin z ~ z S+l -f 4+ €N v =) €0 V,€¢

3! 5! 71 2n T 1 1=0 2n T 1

4)$+21’! :1+az+a&—1:z_+a&—1}—2j_+”_+a6—1:.6—n+1:z_+m
21 3! n!

0 n
- ~Z
=Za({—14__ﬁ—n+1 VZEC

n-o0 nt
o
5)_1 R R LD I A A
17z n=o0
o
6)1+l EREREEEPER PV ST PLIIE SR ST 2| <1
A —

I11.Chudi Laurent va diém bat thudng cd 1ap ciia ham giai tich
1. Binh ly va dinh nghia

f(z)giai tich trén hinh vanh khanD: o = r < ‘z a a‘ SRS*®  V;€p,

+
ta c6 €= Za $-al (  Chudi  Laurent)  v&i
n=-—®°
— 1 f$/ — 4+, + T \ A \
a, = ¢ — dt,n=07%1,%2,.... € 1a duong cong bat ky bao
2H| (_ a/n 1
c

quanhava € < p
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

+ o0
o Chudi 1, $= X a_ € a"hoitutrén ‘z_a‘< R goi la phan déu.
n=o0
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

+...héi tu trén

e Chudi 1,$> X a $-al=
N z-a €-,2
‘z - a‘ > r goi 13 phan chinh.
2. Diém bét thudng c6 lap cua ham giai tich
a) DPinh nghia: Ham f(z) giai tich trén mién o < ‘z - a‘ <r thi a goi la
diém bat thuong c6 1ap ctia ham giai tich f(z). Khi d6 f(z) c6 thé khai
trién thanh chudi Maclaurin trén mién o < ‘z - a‘ <r

+ o + o — o
i € = Zani—aﬂ= an!_afn“L ans_a/n
n="-® n=o0 n="1
C
R , 1 P €2 1 1
NHANXET:a-, = —d§——— a=—dr€a=—JrSa
A SN 2t 2t

3. Phan loai
a) Cuc diém: Biém cb6 1ap bat thuong z=a duoc goi l1a cuc diém cap m
néu khai trién Laurent cua f(z) trong hinh tron o < ‘z - a‘ <r co dang:

_» +
~ = a- a- .+ a- =
= D - n = m + m*Tl 4+ 4 1+ > - n
t$= 2 o, 97at <« .7 <, 731 T T tat

n="1 a— a—~ n=

with  a-, 70

e Néu m=1 thi a goi 12 cuc diém don.

e Néu a la cuc diém cip m cua f(z) thi ! =
' P =) | tim C-a21€>a%0
z

b) Diém bdt thuong bo duoe

Diém bat thuong c6 1ap z=a cua f(z) goi la diém bat thuong bo duoc, néu

khai trién Laurent cia f(z) trén mién o < ‘z - a‘ <rco phan chinh triét
+ 0

tidu, ticla r$= Xa §-a’t
n=0
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Todan chuyén nganh Ham phirc va Todn tir Laplace
¢) Piém bdt thuong cot yéu
diém bat thuong c6 14p z=a cua f(z) goi 1a diém bat thuong cdt yéu, néu
phan chinh cta khai trién Laurent trén mién o < ‘z - a‘ <rcod vo sb sb

hang.
Vi du : Khai trién Laurent ctiia ham s6 tai diém bat thuong c6 1ap da chi
ra va goi tén cac diém bat thuong co l1ap do.

- e22
a)f’f—? at z72
- ,3
< e4e25—2/_ o4 § €,
€2 €-,3 n!
4 . L2 g -, ng_ . " 1
=_ € | +2§ 2 2 I 2/+m+2’—2/+_._|
<-,3| u 2! n' ]
_ e4 N 2e4 . 22e4 +23e4Jr
<€-,3 €-,2 $-75 3
{ lim €=
—
We have : 1 g 2? ~ 4
| tim €-,31€ =c%7#
272
Vay z=2 la cuc diém cap 3.
~ ~ 1
b)f’f"l{os a z~1
z 1
o _ 52n ')
- €,y <1JL=2<1,ﬂ L
n=0 2n! n=0 21 € -1 2071

z=1 la diém bat thuong cot yéu vi phan chinh c¢6 v6 so6 s6 hang

~ sin z _
c)fs; at z~0
z

< 2 - Z2n+1 ® ~ 20
€ =- Y €1 =2 €0
z - 1 Chtiv
n=0 n=0
f(z) khong c6 phan chinh= z=0 la diém bat thuong boé duoc

Vi du:

., R ~ 1 . x. ~ A .2
Khai trién t € = ——— thanh chudi Taylor trong lan cén diém z,=2
2" T4z
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

GIAT:
3 1 _1(1 1 \_1|1 1 1 1 |
;—\_—— — — — J—
1€+ 4\ 1+ 4) 4|2(1+z‘2\ 6(1+z‘2)|
L \ 2 )\ 6 )J
o ) o _.n o )
:EZ (1/”S 2 —LZ (1)n5 2 =2 €0 - 2
81=0 2" 24 = 6" =0 2" % - 246"
Vi du:
., .2 -~ 1 . x. o o .2 .
Khai trién 1 € = thanh chuoi Taylor trong 1an can diém zy=3I
17z
GIAT:
0 n
c€x 1 1 2 1 _ 1 z(z 3|)
1=z 173~ §$-3i— 1—3i(l_z—3i) 1731 -~ \173i/
N 1.
~
: |<1@‘z_3i‘<‘1_3i‘=\/10
17 3i
Vi du:
” -~ 2 _ ~ ”
Khai trién f $ =e?  *?"% thanh chudi Taylor trong lan cén diém zo=2
GIAT:
-~ — & - l *
fsfeS 2 =2 ’_ZZn,vz
en:0
Vi du:
Khai trién € —-— thanh chudi Taylor trong lan can diém z,=0
27 T4
GIAT:
™~ z 1 z . \(zzwn . \22n+1
fSJ_— 2=—Z(1/nL—J =Z(1ﬂ o
n
41+Z 4n:0 4 n=o0 4
4
Vidu

Khai trién f(z) thanh chudi Taylor trong lan c4n cac diém dé chi ra

S~z 1 — —
1)f$} at a~0,a"1
z 71

~ 1
2)f$;‘2— at a=0,a=2
7z t3z%2

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Todn chuyén nganh Ham phirc va Todan tiv Laplace

<19 |z1f<2= R=2

GIAI:
o0
LWhen :a=0,1f € =1- =122 €1 %" [f]<1@ r=1
1% 2 -
n-0
1 -1 1 -1 < ( -1)"
When :a—l,fs;’_l - - . _1— 2 <1J\
2tz 1 2,2 2 -, 2
2
© ( 1 nti1 1
_ =z j z
= 2 (l/nk condition e

2 2

2)When :a ~ 0, f ’/:

1 _
!+1:’+2/ zt1 2zt 2 -

n=o n=o0
0 1 ‘Z‘<l
= 2 <1/nzn(1_ - ],condition 1z < ‘z‘<1:> R™1
_ 2n1 [—<1
n—0 2
_ -~ 1 1 1 1 1 1
When :a_2,f!; n - n - - — = —
z "1 z "2 3(+z 2\ 4(+z ZW
1 1
{ 3 J \ 4 )
1 < ~(z-2\" 1 < ~(z-2)" & ~ ~[ 1
=2 ‘1L‘(Z } -2 (1/nkz } = 2 (1/'15—2/”[ — -
nT1
3,=0 3 4h=0 4 n=o0 3
[2_2
<1
| 2= 2|<3
3 z _
condition  : 1 -, = . Tlem2lcsmr=3
z -2 4
|[ <1 L‘Z ‘
4

BAI TAP: i 7
Khai trién f(z) thanh chu6i Taylor trong lan cén cac diém da chi ra
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

-1
Hi€=>  a a=i
YA

-
2)f$J_eZ at a = I

~ 1
3) 1 €= at a=3
372z

-
Hi1€=sin?z at a=o0

~ z
5)f$52— at a=i
27 T4
-~ -~
6)f$55in§z+1/ at a- "1
~ 3z7%1
nt€="2"" a4 a=o
2

-~ 1
8)f’f—2 at a~ 2

-~ 1
Hnf€=—"  a a=o0
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Todan chuyén nganh Ham phure va Todan tie Laplace

CHUONG |V: THANG DU VA UNG DUNG

§1 KHAI NIEM VE THANG DU VA CACH TiNH

I. Khai niém va dinh nghia:

C

1. Gia st can tinh ¢ 1 € a2 véi didu kién f(z) giai tich trén C, bén trong

C
C, trir diém bat thuong duy nhét a. Khai trién Laurent f(z) quanh diém bat
thuong a ta co:

+ ©
f’fzans_a/n:

1 -~

that a- :—Q[folz
Lol 1
II. Cach tinh thang duw i )
1. Thang du cua ham giai tich f(z) tai diém bat thuong ¢6 1ap a duoc dinh
nghia va ky hiéu:
re s I s:gz:LJf <
21T

1
C

Trong d6 C la duong cong tron hodc tron timg khiic, khong tu cét, bao
diém a, f(z) giai tich bén trong C, trén C trir diém a.

2. Céch tinh thang du

a) Tong quat: Néu khai trién Laurent cua f(z) quanh diém a c6 dang:

+ ©
-~ -~
r$> Zanﬂ—a)” thi Res‘f,/a—za—l

—

b) Néu a la cuc diém cap m cia f(z) thi o

~ - 1 ~ \ﬁ]_l’

Res‘Sfaf lim —a M €
>ath1e

¢) Néu a cuc diém don cua f(z) thi:

Re s ‘ Sfa—: lim E_ a —f

727 a
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

Vi du: Tim thang du cac ham s tai cac diém bat thuong co lap

- eZZ
a)f?f— at z7~ 2
~,3
4 4 2 4 3 4
fs} e " 2e +2e\+2e+m
-,3 €-,2 $€-;3 3!
as
7272
= lesfs;:z—:a—1:2e
1
b)f €5 €1 e at z=1
z 1
['e] _ }ZH 0
=€ X <1E—S ) M S - -1 -2
n=0 2n! n=0 2n!$—12”_1 ?‘131 Z!S_l/
- 1
jReslﬁ:l—:_—
2
Hr$=2%2 4 2=0
z
~ 1 2 - Z2n+1 ® ~ ,2n
€ =2 €10 = 2 €0
7z _ €ht1r $h+1r
n-0 n-0

f(z) khong c6 phan chinh = a-, -0 suyra= Res <€ o0

1
)€ " a4 =1
_, 2
1—-z
1%
1 1
Res‘s:l— lim —|$_12. | :Ilm[ —]:_1
2711 €-.2,] 271N g
e)fgl at z~0
5—14
~ - 1 —|
RES‘S/,O—:”IT]|Z |:1
7271 _122J
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Todan chuyén nganh Ham phure va Todan tie Laplace

II.UNG DUNG THANG DU TiNH TICH PHAN

Tich phan doc theo dwong cong kin:
f(z) giai tich trén mién dong D , gi6i han béi bién C 1a duong cong kin,
trir 1 s6 hiru han diém bat thuorng c6 14p ay, y,...a,. ndm trong D thi:

4f$;z=2HiZRes‘S,:ak:
C k=1
Vi du:

(l + 11 z ) N X
thanh chuoi Laurent quanh

a) Khai trién Laurent t € = z cos | )
z

diém bat thudng c6 1ap z=0.

I1
b)Tinh TP ¢ 7 cos (1 " de )dz With  C :‘z‘: 2

v oz )
i c
GIAI
[ 1
~ 1+ 11, 1 + 1
a)fsfzcos[ J:_zcos—:_z| 2 €1 |
z z Lnfo 2n1z2" ]
:—Z+i— L +(1E+1 1
2z 47° 2n1z?" 1t
1
:a_l—_
2
1+Hz) -~ -
chos( dz=2HiRes"/;O—=2Hiafl=Hi
v oz )
c
Vi du:

z
Tinh TP Jé—gz \With  C :‘z‘= 2
c 2 t1 %4
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

GIAI:

f(z)co3 cucdiem * i€ D,4¢ D

- — N | i II i
I:Res"ﬁjRes"f_i—: ¢+ 8
i~4 ita
Vi du:
Tinh TP
1
= ¢ 4z .k =1,2,3,4

c 1 €+22€-3;
that in C,:|z ~2|71,c,:|z "1|72,c 2 +2\=£,c4:\z\:4
2
A

3i C4
C2

C3 C1
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Todn chuyén nganh Ham phvec va Todn tiv Laplace
a)l, = ovi f(z) giai tich trén va trong C;.

1 < R
by1,= ¢ dz , f(z) c¢6 cuc diem don z=0 trong C,.
7 -\
c, €+ 2€- 32
-~ - - n I
1, =20ire s V€ 0 =2 tim # $= 21 lim =
270 :>0€+,2€-3_ 6
1 ; < A 4
C) 1y~ d = dz , f(z) c6 cuc diém cap 2, z=-2 trong Cs.
A SRR SX T
3 —
_ l 2 - |— —|, I .
~ WERD = 1 €60
1;=2Tire s F § 52 = 21§ jim :2HilimL - '
2> 2 11 oLz € 3i 338

d) C4 chtra 3 cuc diém: ] ]
I 4 = 11 ﬁe s"/,o,—Re s'!f_z,—Re s‘!fSi—j

M 1€y +16i_ -~ O T+ oM:€ 5 +ci_
IR 161 . € €S € r16i—, 21 €12 * 5
6 338 27 3i 6 338 507

Vi du:
2
, 2z2° %5
Tinh TP J( ~ gz with c:lz-2il=s
CzZJr4/’+2/z
A
2i
0
-2i

C chtra 4 cuc diém, clp 2: z=-2, z=0, cip 1: z=-2i, 2i

~ 4 - -
1= 1 €@ =20iXpres h €, -
C k=1
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Todn chuyén nganh Ham phirc va Todn tti’ Laplace

_
72 = [ 2 1
~ - l+2/f!; 272 +5 23
1:Res‘!,/_2—: lim = lim | ’ 3 =
2772 1 1> 2| ;272444 64
7 T~
~ - 2:€ - 5
|2:RESlSTO—: lim ——~ —
120 1 16
[ 2 ]
-~ - ~ & 2:° 75 3
;=Res N € 2i= tim € 2i1€= iim | |=- =
277 2i 222 26+ 2 2€+ 5 ] 128
r 2 1
-~ - 2:°t5 3
1, =res B S 2i= tim €+ 2i15 €= lim : = -
27 " 2i 2_>21L22’+27’_2|1 128
I_ZH_(szr 5 6 W_sni
1 | B
\64 16 128/ 4
BAI TAP
Tinh céc tich phan sau trén cac mién da chi ra:
d 3 “d
a)|=<§3Z ciax?*ty?=2 b)l_i% c:lzi[=4
CZ +1 2 C52+H2/
~
_g(sm 1,2 + o5 I Zd‘z 3 3 zdz o
. G c:lz|=2 d)l—ci C:lz-2[=4
. 1 $-3- -1 ¥+12
(£ ZZdZ J
e)l = = C:lz|=2  f)1= —(— C:is squarte T 2.2t 4i
0_52*1%*32 + 4
I—IZ
sin ——dz e 2 ds
gy =4—4 Cix?*ty?-2x=0 h)|=Jij—\ C:lz|=3
c z°71 sz 249+ 0~
z
d
m)l 4 ¢ C"Z_I‘ 2
€-1 %+3 2
2 * 3sin Hazd
n)I:<£ o C :is squarte - 3% 3i,3% 3]
c zg_l
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

CHUONG V: TOAN TU LAPLCE VA UNG DUNG

§1 KHAI| NIEM VE TOAN TU LAPLACE

I. Ham goc:
La ham phtrc bién thuc: f(t)=u(t)+iv(t) thoa:
1) f(t) lién tuc hay lién tuc tung khuc trén truc t.
2) f(t)=0 khi t<0.
3) f(t) c6 bac mil: IM > 0,52 0,7t > 0,[f ﬂ\f Me
Vi du:
a) Ham bac thang don vi (unit step function)
~ fo t<o0
u ‘/: 3
l1 t>o0
Ky hiéu: u(t) lal
D6 thi:

AU(1)

v

b) Ham bac thang don vi tré a don vi thoi gian

~ o t<
u!‘a/:% ?
1 t>a
Do thi:
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

AU(t-a)

v
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

¢) Hamloc:
U ap ‘J_uf_a/_u$_b’
Do thi:

AUab[‘t)

LA

II.LHam anh:
1. Pinh nghia: Ham anh cua f(t) 1a ham F(p) vd6i p=a+ib, F(p) xac dinh

boi toan tur Laplace:
+ o0
FO = Je Mi€a-L hC
0

2. Vidu:
a) f(tH)=1

_+oo_ |- B -|a
FG L= Te o= im L—ie th —‘i[ 1 ‘1]‘i 0o
P

— 4o pa
0 a 0 P\e p
a
b) f(t)=e""
- 4o a
il !“t _ Tt Yt - o "*p;1 _ 1 1
Fﬁ)/‘L = Je e dt = lim La e J = lim - — 1
— 40 - — 4o - -a
0 a P o @ Ple
1 -~

= >a
> ﬁep
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

BANG ANH CUA PHEP BIEN POI LAPLACE

-1
1)L!—:— Re p~ 0
p

- 1
2)Ll—:—2 Re p~ 0

p
le4 1
3)L!t—: Re p > @
p—a
- 1
4)Llnt—: Re p~ 0
17 p
5)L!ost—= pz Re p~ 0
17 p
-
e
6)L!$_ Re p~ 0
p

IIL. Cac tinh ché‘it co ban ciia phép bién dbi Laplace
1. Tinh chat tuyén tinh: )
L= G L 0 =cg Vo fec THEN

Lk G By € =ap $ e ﬁ)/
Vi du: Tinh

a3 ag - o gurbe gl €
2. Tinh chét dong dang ( thay d6i thang do)

a)L“tx— —F(p\

\a )
e, =1L
l p f(aJ
Vi du:
— 0} — P
a)L !n o = b) L !os O =
02+ 2 02+ 2
3. Tinh chét dich chuyén gbc:
L!?‘a:f$_a1: _paFﬁ)/
Vi du:
_ B 1
a)L!f‘a»sina’$_2A:e 2p W b)L e P L|:u$ 13_1—
w2+ p? p 2 |
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Todn chuyén nganh

4. Tinh chét dich chuyén anh:
L!atf$:—=|:$—a: rRe $—a—>0

Ham phirc va Todan tiv Laplace

Vi du:
)L!att_ ! b)L!at' Wy = ? )|_!at Wy = L
a - Sin - C Ccos -
$—a2 a)2+$—az w2+$—az
—1|r pt4 1|: —1|r pt4 1: —1|r p 2 n 3 1|:
d)L L = 2. =
[ p2-4p*13] | € -22+9] | € -22+9 $-22+9]

= e cos 3t + 2.e2'si 3t
5. Anh ctia ham goc tuan hoan:

\

0 @ 211 31 40 5

f(t) 1a ham gdc tudn hoan vé6i chu ky T
T

-~ - 1 — -~

X SN X SENELEN L ¥
1 e PT 0

6. Dao ham cua ham gég
LA oY SR I
L'”$:—: p2F$:_ pfs:_f'sj
Llw$j: p3F $:_ pzfs:_ pf,s:_ fﬂﬁj

L l ﬁ":-: pnF $:_ pn_lf 5:— p”_zf"ﬁ:—..- f ﬁ_l"B:
Vi du:

Giai phuong trinh viphan: y" - y=t €5y €51y €51
L4y anh Laplace 2 vé pt (1) ta cé:
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Todn chuyén nganh

LS = Lg =L
< plr Gy §= y'5}F$}%

p

 p2F % = p

_1_F$}L2

p

-
& (;)2_1d2$}%+

Ham phirc va Todan tiv Laplace

pti
p
~ 1 1 1
FD—~ +
- p2<2_1,p 12_1/ ¥
:>y(}L_ll$»fe_t+sht_t
7. Tinh chét dao ham cua anh (nhan cho t)
LR C=-F¢
L\I2f$;_=F"$:
Ltlgf?:-:—F'"ﬁ):
LRSI A
Vi du:
_ - ) ®
a)Llsin wt—:_F'$/: _( W = 2P ~
La’2+p2J $2+ 2 %

b)L\l;Ll‘_l;(lﬁ[i]nz n!
p

nt1
p
8. Tich phén ham gbc:
Lljfﬁdu :F$/ Re p~ 0
SRR
9. Tich phan ham anh(chia cho t)
?j +

IF ﬁflu

p

LtJ
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

Vi du:

|—Sint—| i — i a 1 a I
a)LL J: Fﬁﬂu: J du = lim j du = lim arctgu = — 7 arctgp
t l+u2 a = 1+u2 a ™ t© p 2
p p p
|_ ] I_rsin u1
|tsin u | = u 1 [ 11 _ 1
pyL! |2 —qu | = N
| u | P P
0
Page 54

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Todan chuyén nganh ] . Ht‘l?m phd’g va Todn tir Laplace
§2 TICH CHAP VA ANH CUA TICH CHAP
I. Tich chap
1.Dinh nghia: Tich chap cta 2 ham phtic bién thuc f(t) va g(t) voi o <t < *

t
Ky hiéu: f * g duoc dinh nghia: f * g =1+ € 4 €-

0
2. Vidu:
[ 2 1t 2
a)L* t_J.1$ |u_u—| -
2]
t t
b)et”‘lzjeudu:eu =el -1
0 0
t
c)sint 17 fsin udu =~ ~ cos u‘gzl_cost
0
N N t
d)t *sint~™ I‘ u -sin udu :_$_U£OS u‘;_fcos udu ~t " sin t
0 0

3. Tinh chét:
a) Giaohoan: f *g =g * f
b) Kéthop: $*g3n=t*C*n=f%g*n
c) Phan phéi: f * § + *

d) G 3g-c§g
) [t % g|= 1]

4. Anh cua tich chap

Dinh Iy Borel - -
{$AF$/ (L‘*g—:F$_£$/

THEN .

L!$AG$/
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Todn chuyén nganh Ham phure va Todan tie Laplace
Vi du:
a)Tim anh cia ham goc:

t
ff}5+t.sh 2t*e 2leos 3t + JedUsin K- uEu
0
~ 5 _ ! = [t - 1
F$}—+Ll.sh2t—+L 2t cos 3t—+L|Lje3usin ﬁ_uﬂuJ
P 0

4p +
(IO2 4/J $+22+9 p_3.p2+1

b) Tim goc cua ham anh

s Cov

s [

Al

| M

VG e
)

il

[ ]
_1Iii_ ! |:L_1[i]*|__l( JL( ! }1*t*sintl
L p n? p2+1J p Lpz Lp2+1
-~ t2
=1* € sint 1%t 1%sint=— 1% cos t
2
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Todn chuyén nganh Ham phvec va Todn tiv Laplace
Vi du : Giai pt tich phan:
t
y$/:2Jr [sin (‘u«yﬁdu
0
< y$/=2+ y?z*sin t

< L!?jZL!}L!?}sint:

oy=2+ b b =2y

1

=]
©
©
N
+
[EEN

> €=+ 2.[{%} Lt

BAI TAP:;
1. Tim anh cua cac goc
) f€=sin2t o) F€=css5t o)f€f=amt d) €=t )i C€=sin Zme

f)f 1:2003 th
GIAT:
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Todn chuyén nganh

Ham phirc va Todan tiv Laplace

= 2
a)F$f ”
4+p
STE S
25 T p
t+ —t ! ~ ~ |— _|
C)f$/:Cht:—:F$/:_ StﬁLgt,E_L + J: p
2 2 2Llp~1 pt1 p2 -1
e ™ J¢.~ T 1
= e ¢ ~1 )4 —ay 101
YT SRR S L Bty el
2 2 2 p—Ot p+a 2 _ g2

e) f ‘f sin 2 mt

CuuDuongThanCong.com

1~ 2 mt ~ 1 = Dl
:&DF$/:—!$/_L%OSZHT(J—
2
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

f)f?/:coszmt = M o F$/:—!$/+L$os 2mt —
2 2

[ ] 0%+
_l 1+ |_| 2m

—;L? am? + ZJ L! p 15J

2. Tim anh ctia ham géc:

a)e4t cos t b)eZtsin 3t c)eigtch 2t d)3cos 4t e)ch 3t ™ tsh 3t
f)sin 2t ~ 2tcos 2t

GIAT:

a)F $/ 4

1+$—4/

b)F$/—
9+$—2/

c)F f,,

$+32‘4
F§ =P
16+ 62
e)L‘f$:::L$h3t:+L$h3t::L—F'$:= P —( 3 W
p’ o p’ "9 Lpz‘gJ
_ p 6p 3_3p

p2_9 (2_92 (2_92

ST X SENE APEPIR SAPHE LIS S JL\
p?*a4 p?* a4 L

5 ~~
_ 2
2,2 p°— 16

2 2 2
p * 4 (pZ + 4~ (pz + 4~
2. Tim anh cua ham goc:
t t .
9 ay f f sm2t 17 cost . .
a)t'e b) Jsin udu c) Jcos 2udu d) ) ———— f)sin 7tsin 3t
) : t te'
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
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Todn chuyén nganh

b) Tim anh cua ham sau:

|fo t<0
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t €543 15¢<4
0 t=4

GIA; A A
A TN L SETENE S

= 3u $_1:_ 3u *‘4:
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BAI TAP
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§3 UNG DUNG CUA TOAN TU LAPLACE
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Todn chuyén nganh Ham phirc va Todan tiv Laplace
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Todn chuyén nganh Ham phirc va Todan tiv Laplace

Vi du: Giai phuong trinh vi phan:y" + 6y + 9y =9e®' y€ =0,y § =0

GIAT: . ‘
baty = F$/= L !/fx
BT BT L!3t9—
9

© p2y ~ py y’s:+6!)Y - ys:; 9Y = ——

¢ -3

9
S p?y tepy oy T ——

¢ -5

SRS TN Y PEVCTN PR
3y$/_Lll_9L g — 7|:9R sBGePM3-Res RGP -3
| ¢ -3 %+32]
- I _, st 1 st
- 3
R95!$€pt3—_llm| $\e =€
o3 -3 %+32] 36
!$\pt._:_ |r$+32 3t Tl ) I—_6te_3t_e_3t—lz IRELY A
Re s € ;7371 im — > im 5
>3 $-3%+32] po3l -32 | 36
L (S

Vi du: Giai phuong trinh vi phan:y" + 3y’ *2y=0 y$>0,y $>1
GIAI:

baty = F $;= L !/f;

AR NEPTE NN

e o2y -y §5 €33y - €0y =
< p?y +3py t2y “170

<y

_ 1 _ 1 _ 1
$+1%+2: $+1: $+2:

= yf} TR PEPLEEL

Page 69

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
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Todn chuyén nganh
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Ham phirc va Todan tiv Laplace
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