Chwong 6: Cdc wrng dung ciia tich phdn

MUCIUC .. 1
6. MOT VAI UNG DUNG CUA TiCH PHAN......eeeeesccsrrrenen 3
6.1. Dién tich gilra hai AWOMNE.............cccooviiiiee e 3
6.1.1. Dién tich gilta CAC QUONE ....c.vveeeeiiieiiie ettt e 3
6.1.2. Tinh dién tich bang cac dai thing AUNE ........ovevveeeeeeeeeeeeeeeeeeeeeeean. 6
6.1.3. Tinh dién tich bAng cAc dAl NANG .....v.cveveeeeeeeeeeeeeeeeeeeeeeeee e, 8
6.2 THE tHCR c..oooveoerieee ettt 10
6.2.1. PRUONE PRAP JAL CAL ..o 10
6.2.2. Phuong phap vong dém (vt thé tron X0aY) ..........ceeeeeeeeeveeereeeereeans 12
6.2.3. PRUONE PRAP ONE T 16
6.3. Dang cuc va di€n tich ... 20
6.3.1. HE t0Q A CUC .ttt aeeeeeeaeeeeeeeeesennenes 20
6.3.2. DO thi CUC...everriereiereriecees ettt 21
6.3.3. TOm tit cic AUONE CONE dANG CUC ......v.veeveeeeeeeeee oo 22
6.3.4. Giao cua cac duong cong dang CUC .......cc.eeervieeriieeriieerieeeeieeeeiee e 24
6.3.5. Dién tich trong t0a d0 CUC........ccoviiiiiiieiiieeee e 24
6.4. Py daicung vadién tichmat ... 27
6.4.1. Bg dai cung ctia mOt AUONE CONG ...vvvveeriieiieeeiie e 27
6.4.2. Dién tich cua mOt MAt trON XOAY.....ccuveeerureeeriieeriie e eeieeeeieeeeiee e 29
6.4.3. Bg dai cung va dién tich mat trong dang cucC.........ccccvveeeveeeeieeerreeennnen. 30
6.5. Cac rng dung vat 1y: cong, lwe chét 16ng va trong tam ................coccocooeeene... 31
0.5. 1. COME ettt ettt ettt et e et e st et e st e e be et e enbeenaeeneenaeenee 32
6.5.2. M6 hinh hoa 4p suat va Iuc Chat 10N ..........o.oovveeeeeeeeeeeeeeeeeee e 34
6.5.3. M6 hinh hoa trong tAm ctia mot mién phang............coveeveveeveeeeveeeeeeeeanss 37
6.5.4. Dinh 1y thé tich cUA PAPPUS ... 39
6.6. Ung dung vao thwong mai, kinh té va khoa hoc doi song ..................c........... 40
Trang 1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 6: Cdc wrng dung ciia tich phdn

6.6.1. Gia tr1 trong lai va gia tri hién tai cia mot dong thu nhap.................... 40

6.6.2. Thay d6i tich 1ily va 107 NhUAN TONE.......v.oveeeeeeeeeeeeeeeeeeee e 41

6.6.3. Thiang du ctia khach hang va nha SAn XUAt ...........ccooeveveveeeeeeeeeeeaen, 43

6.6.4. SONG SOt VA AOL MG 1. 45

6.6.5. Dong mau di qua dong mach...........ccceeveiiiiiiiiiriec e, 46

Bai tAp CAUONZ ... e s 49
Trang 2

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 6: Cdc wrng dung ciia tich phan

Chuong 6
MOT VAI UNG DUNG CUA TICH PHAN

Cich duy nhit dé hoc todn la lam todn.
Paul Halmos,

Hilbert Space Problem Book

6.1. Dién tich giira hai dwong

6.1.1. Dién tich giira cac duong

a b

[Area between y = f(x) and y = g(x)] _ [Area under y = f(x)] : [Area under y = g(x)]

Figure 6.1 Area between two curves
Ta can tim dién tich cia mién R nam gitta hai duong cong y = f(x) va y = g(x)
tinh tr duong thing x = a dén duong thing x = b . Chon phin hoach {x, =
a, Xy, Xy, ., X, = b} trén khoang [a,b] va ldy mot dai dién x; tr mdi khoang con
[Xx_1, X ]. Tiép theo, véi mdi k, k = 1,2, ...,n, ta xdy dung mot hinh chit nhat c6 chiéu
rong Axy, = X — X,_; vachiducao f(x;) — g(x;). Chiéu cao nay bang v6i khoang cach

dung giira hai duwong tai x = x;. Ta goi hinh chit nhat xap xi ndy 1a mot dai thang dung.
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Chwong 6: Cdc wrng dung ciia tich phan
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a. Approximating rectangles b. A typical vertical strip

Figure 6.2 Using Riemann sums to find the area between two curves
Hinh chir nhat dai dién c6 dién tich
AAy = [f (xx) — g (x) 1A%y

Khi d6, tong dién tich giita hai duong y = f(x) va y = g(x) c6 thé duoc udc

lwong boi tong
Ap = Lie=1 [f (i) — g (xi) ] Axy

Khi phan hoach P cang bi chia nho sao cho [|P|| dan vé 0 thi viéc uéc lwong dién

tich cang chinh xac. Do d6 dién tich giira hai dudng cong duoc viét 1a

A= lim ¥, [f(x) — g(xi)]Ax

[1P]|-0

Day chinh 1 tich phan caa ham sé f(x) — g(x) trén doan [a, b].

Dién tich giira hai dwomng cong Néu f va g lién tuc va thoa min f(x) = g(x) trén
khoang déng [a, b] thi dién tich giira hai duong cong y = f(x) and y = g(x) duogc cho
badi
A= [} 1f(0) - g()]dx.
Néi cach khac, dé tim dién tich giita hai duong trén khoang déng [a, b] ta c6 thé dung
cong thirc sau

A= ;’ [PUONG PHIA TREN — DPUONG PHIA DUOT]dx
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Chwong 6: Cdc wrng dung ciia tich phan

Chi y: Ta khong can phai yéu cau ca 2 dudng cong nam trén truc hoanh nira. Thét ra, sau
nay ta s& thdy rang cac dudng cong nay tham chi c6 thé cit nhau trong mién tinh dién tich
va trong mot phan thi dudng nay s& nam trén va trong phan khac né s& nam dudi.

Vi du 1 (Dién tich giira hai dwong cong)

Tim dién tich cia mién nam giita cac dudng cong y = x> va y = x? — x trén khoang

[0,1].

Figure 6.3 Area between
curves

Gidi. Mién can tinh dién tich duoc minh hoa nhu Hinh 6.3

Phuong trinh hoanh d6 giao diém: x® = x> —x © x = 0.

Vay A = [} [x* — (¢ — )] dx = = (dvd).

(duong nam trén y = x3, duong nim dudi y = x% — x)
Vi du 2 (Dién tich cho b&i ham s6 ¢6 @6 thi nim bén duéi truc Ox)

Tim dién tich cia mién tao boi dudng cong y = e?* — 3e* + 2 va truc Ox.

Trang 5

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chuwong 6: Cdc wng dung ciia tich phin
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Figure 6.4 Graph of f with
area shaded

Giai. DO thi cia ham s y = f(x) = e* — 3e* + 2 duoc chi ra nhu trong Hinh 6.4
Ta tim giao diém cua duong cong véi truc hoanh, bang cach giai phwong trinh hoanh
do giao diém:
e?* —3e¥+2 =0 x =0 hoic x = In2.
D@ thay rang, véi x € [0; In2] thi f(x) < 0. Do d6, dién tich mién can tim 1a:

A= [ [0 = (¥ —3e* +2)] dx = — 2In2 (dvdy).

(duong nam trén y = 0, dudng nam dudi y = e?* — 3e* + 2)

6.1.2 Tinh dién tich bing cac dai thing dirng

Height = &
R R Height
f(x) - g(x)
" g(x) = f(x)
Height
| f(x) - g(x)|
Width Ay = g(x) y = gl A.
AX VN
Ay ]
a b X
a. A typical vertical strip b. Approximation by strips

Figure 6.5 Area by vertical strips
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Chwong 6: Cdc wrng dung ciia tich phan

Phuong phap toan hoc ding din duy nhat dé thiét 14p mot cong thirc tich phan 1a
tinh tong Riemann va ldy gii han. Tuy nhién, ta c6 thé mé phong qua trinh ndy bang cach
dung céc dai Xép xi. Viéc nay dac biét hitu ich khi tim di¢n tich cua céc mién phtrc tap duoc
tao boi hai dudng cat nhau nhiéu lan. Trong trudng hop ndy, chiéu cao cac dai thang ding
c6 thé duoc dai dién boi |f(x) — g(x)| va dién tich cua dai nay 13

AA = [f(x) — g()|Ax = |f(x) — g(x)|dx

va ta c6 cong thure tich phan mai cho dién tich 1a

A= [C1f(x) - g(®)ldx.

Luru y: Ta khong thé sir dung cong thic A = [ [f — g] dx truc tiép & day vi giai thiét
f = g khong théa min. Dé s dung cong thic A = [ |f — g| dx, ta phai nhd rang
If —g| c6thé 1a f — g trén phan nay ciia mién va g — f trén phan khac cua mién tiy

theo dudng nao nam phia trén.

Vi du 3 (Dién tich sir dung cac dai thing ding)

Tim dién tich cia mién bao boi duong thang y = 3x va dudng cong y = x3 + 2x2.

Figure 6.6 Interactive Area
between curves
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Chwong 6: Cdc wrng dung ciia tich phan

Gidi. Mién can tinh dién tich duoc minh hoa nhu Hinh 6.6
Phuong trinh hoanh d9 giao diém: x3 + 2x? = 3x © x € {—3;0;1}. Dya vao
Hinh 6.6, ta thy rang trén doan [—3;0] dudng cong y = x3 + 2x2 nam trén
duong thiang y = 3x, con trén doan [0; 1] dudng thing ¥y = 3x nam trén dudng
cong y = x% + 2x2. Do d6 dién tich ctia mién can tim Ia
A= [2 [(* +2x%) — (30)]dx + [ [3x — (x* + 222)]dx = = (dvd).

Vi du 4( Dién tich sir dung tinh déi xing)

Tim di¢n tich ctia mién dugc bao bdi duong cong y = sinx va truc Ox gitra hai duong

T b3
X =——Vvax=-_.
2 2

Figure 6.7 Areaof a
symmetric region

Gidi. Mién can tinh dién tich duoc minh hoa nhu Hinh 6.7

Dién tich cua mién cin tim 1a A =[x (0 — sinx)dx + [2 (sinx — 0)dx = 2
2

(dvdt).
(Hodc: A =2 fog (sinx — 0)dx = 2 (dvdt).)

6.1.3 Tinh dién tich bing cAc dii ngang

Trang 8
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yA ‘ f
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Figure 6.8 Area by horizontal strips
Dbi vi mot sb mién, viée xap xi bang cac dai ngang s& dé dang hon cac dai dimg.
Ta ki hiéu chiéu rong cua cac dai nim ngang nay 1a Ay. Chiang han hai dudng cong cit
nhau tai y = b v6i b nam trong khoang [c, d], khi d6 dién tich dugc tinh nhd vao cong
thirc sau
A=[160) - F@) dy
Luwu y. Cong thtc trén c6 thé duoc viét lai thanh

A= [[6) - F)ldy + [ [F) — G(0)] dy

G nam trwéc F F ndm truéc G

Vi du 5( Tinh dién tinh bing cac dai nam ngang)
Tim dién tich ctia mién R nam giita duong parabol x = 4y — y? va duong thang

x =2y —3.
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Figure 6.9 Interactive Area
of R using horizontal strips

Gidi. Mién can tinh dién tich duoc minh hoa nhu Hinh 6.9
Phuong trinh tung d6 giao diém: 4y — y? = 2y — 3 & y = —1 hodc y = 3. Dua

vao Hinh 6.9, ta thay di¢n tich ciia mién can tim la

A= [’ [(4y —y?) — 2y — 3)ldy = 2 (dvdy).

6.2 Thé tich

Phuong phap sir dung trong muc 6.1 dé tinh dién tich bang tich phan c6 thé dugc
diéu chinh dé tinh thé tich cia mot mién dic. Chung ta s¢€ bat dau voi truong hop mién dic
c6 mot mit cat da biét.
6.2.1 Phuong phap lat cit

Cho S 1a mot khéi dic va gid s voi a < x < b thi 1at cit caa S vudng goc véi
truc Ox tai x c6 di¢n tich la A(x).

Pé tim thé tich cia S , trudc hét ta chia doan [a,b] thanh

Xo = @, X1, X5, X3, ..., X, = b va chon mot dai dién x; trong mdi khoang con [xj_q, X].
Tacatkhdi S tai x = x; valay ra mot lat mong c6 dién tich bé mat1a A(x;) vabé day la

Ax;, nhu hinh bén dudi

Trang 10

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 6: Cdc wrng dung ciia tich phan

Figure 6.11 Volume of solids with known cross sections

Ta thiy

Axy = X — X1
va thé tich 14t cit nay 1a

AV, = A(xy)Ax.
Gop thé tich tt ca céc lat ct lai, ta duoc Xfip xi thé tich cta khéi S 1a

V, = 55, A(xp)Ax,

Khi bé rong cua phan hoach ||P|| cang tién vé 0, thé tich ciia S cang dugc xap xi chinh
xac, nghia la

V= lim Y% . A(x:)Ax
”P”_)OZk—l () Axy

va day chinh Ia tich phan xac dinh f; A(x)dx. Tom lai,

Thé tich ctia khoi dic c6 dién tich mat cat da biét Mot khdi S v6i mit cit co dién tich 13
A(x) vudng goc véi truc Ox tai mdi diém trén khoang déng [a, b] c6 thé tich 1a

V=[] A(x)dx

Vi du 1 (Thé tich ciia khdi diic sit dung cac lat cat hinh vudng)

Day cua mot khoi dac 1a mién nam trén mdt phang Oxy dugc tao boi: truc Oy va cac

Trang 11
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Chuwong 6: Cdc wng dung ciia tich phin

duongthing y = 1 —x, vy = 2x + 5 va x = 3. Cac lat cit vudng goc véi truc Ox déula

hinh vuéng. Tim thé tich cta khdi dic trén.

VA
12 4

)

A k
o
i
4 -
Ax
a. Two-dimensional graph of b. Three-dimensional solid ¢. Cross-sectional representa-
the base tive element AV = L*Ax

Giai. Khbi dic can tinh thé tich duoc minh hoa nhu Hinh 6.12. Dya vao hinh v& trén, tai
mdi x € [0;3] bat ky, dién tich cta lat cit hinh vuéng ma vudng goc véi truc Ox la
A(x) = (3x + 4)2. Vay thé tich cta khéi ddc can tim 1a

V= [’ (3x +4)%dx = 237 (dvtt).

Vi du 2(BTVN). Mot khéi chép déu véi ddy hinh vudng c6 canh L va dinh nam & d6 cao

H don vi tinh tir tim ctia déy (nhu hinh v&). Chimg t6 ring, V = - HI?.

Figure 6.13 The volume of a pyramid

6.2.2 Phuong phap vong dém (vét thé tron xoay)
Mbt khoi tron xoay la mot khdi dic S co6 duoc béng cach xoay mién D trén mat

phing Oxy xung quanh dudng thing L (con goi 13 truc xoay) ndm ngoai mién D hodc

Trang 12
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Chwong 6: Cdc wrng dung ciia tich phan

nam trén bi€n cia D. Mot s0 vi du vé khoi tron xoay

i A m /’/T —

A
Axis of revolution v U

Figure 6.14 Solids of revolution

Phwong phap dia Phuong phap dia dugc str dung dé tim thé tich ctia khdi sinh ra khi mot
mién D quanh tryc L vudng gdc voi mot dai xap xi dic trung trong D. Gia st D 1a mién
bao bai dudng y = f(x), truc Ox, va cic dudng thing x = a, x = b. Khidénéu D duoc

xoay tron quanh truc Ox s€ tao thanh mot khdi co thé tich la

V= ff wy?dx = ffﬂ[f(x)]zdx.

Chi y. So d6 dudi day co thé giup ban nhé cac ¥ twong chinh cta phuong phap dia.

Cong thirc d3 biét| Phan tir dai dién | Céng thuc tich phan

Thé tich cia dia AV = my2Ax V=n["[fC)]? dx
a
V = Bh = nr?h

Vi du 3 (Thé tich tao béi dia) Tim thé tich ciia khdi S tao thanh khi xoay mién D nim

dudi duong y = x? + 1 trén khoang [0,2] quanh truc Ox.

Trang 13
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e
9 |

a. The region, D b. The solid of revolution, S
Figure 6.16 Interactive Volume of a solid of revolution: The disk method
Giai. Mién can tinh thé tich dugc minh hoa nhu Hinh 6.16. Ap dung phuong phép dia, thé
tich can tim 14
V= nfoz (x? + 1)%dx = %ﬂ (dvtt).
Diéu chinh mot chiit phwong phép dia 13 ta c6 thé tim thé tich cia mot hinh dic sinh
ra bang cach quay quanh truc Ox mot mién nam gitra hai dudng cong y = f(x) va

y:g(x) voi f(x)Zg(X)ZO volia<x <bh.

vA

Figure 6.17 The washer method

Trang 14
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Chwong 6: Cdc wrng dung ciia tich phan

Phuwong phap vong dém Phuong phap vong dém duogc sir dung dé tim thé tich cta khoi
sinh ra khi quay mot mién nam giira hai duong cong quanh mét truc vudng goc véi dai xap
xi. Cu thé, gia st f va g 1a cac ham lién tuc trén [a, b] voi f(x) = g(x) = 0.Néu R la
duong ngoai y = f(x) va r 1a duong trong y = g(x), khi d6 xoay mién tao thanh boi
cac duong y = f(x), y = g(x), x = a, x = b quanh truc Ox, thi thé tich khéi duoc tao
thanh 1a

b
V= [, n([f()]* - [g(x)]*)dx.
voi f(x) 1a ban kinh ngoai, g(x) 1a ban kinh trong.

Luwu y. Trong thue hanh, diéu ndy c6 nghia 1a 14y khdi ngoai trir di khéi trong, giéng nhu 1a

lay rudt ctia mgt qua tao.

Phuong phap dia va phuong phap vong dém cling ap dung khi truc xoay khong phai
la truc Ox.
Vi du 4 (Thé tich tao béi vong dém) Cho D 13 mot mién kin bao bdi parabol y = x? va

duong thang y = x. Tim thé tich cua khdi sinh ra khi xoay D quanh:

a.) truc Ox b.) truc Oy c.) duong thang: y = 2

A ,’/ T
+ » / #
N ~
\ // ;
L/ f

e . ﬂ‘;__ } W A

AT \ v

// 05+ I t v >

b. y-axis G liney =2

Figure 6.18 Interactive Volume by washers

Giai. Mién can tinh thé tich dugc minh hoa nhu Hinh 6.18.

Trang 15
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Chuwong 6: Cdc wng dung ciia tich phin

a) V=mf; [(x?) — (x?)]dx = = (dvit).

b) V =mf; [(/3)?—y*ldy =% (dvt).
)V =mf) [2-x%)? - (2—x)})]dx == (dvt).
6.2.3 Phwong phap ng tru
Poi khi viéc tinh thé tich bang cac dai xap xi song song vdi truc quay thi d& hon
(tham chi 13 can thiét) viéc tinh thé tich bang cac dai vudng goc véi truc quay. Hinh dudi
cho thdy mot mién D dudi duong cong y = f(x) = 0, trén doan [a, b], cting voi mot dai
ding dai dién.

VA

Circumference
Radius x 2nx

=Y

a Ax b

a. Vertical strip b. When the strip (part a) is revolved
about the y-axis, a shell is
generated

f(x)

Ax

2nx

¢. The “unwrapped” flattened shell d. Approximating a solid of revolution
has volume AV = 2xx f(x)Ax using cylindrical shells

Figure 6.20 Method of cylindrical shells

Trang 16
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Phwong phap 6ng tru Phuong phap éng tru duoc sir dung dé tim thé tich cua khéi sinh ra
khi xoay mién D quanh mot truc L song song voi mot dai xap xi dic trung trong D.

Cu thé, néu D 1a mién nhu hinh 6.21, bao boi duong y = f(x) = 0, truc Ox, va dudng
thing x = a, x = b voi 0 < a < b, thi khdi sinh ra khi xoay D quanh truc 0y cé thé

tich la

V= f: 2mxf (x)dx.

:f _\.q,_ ______ =
| N
R ,,, | f(x)
|
‘ |
‘ }— W A -
‘ a Ax b X

Figure 6.21 Shell method

Vi du 5 (Thé tich tao béi 6ng try) Tim thé tich cua khéi dic tao thanh khi xoay mién bao

boi truc Ox vacacddthi vy = x3 +x2 + 1, x = 1, va x = 3 quanh truc Oy.

) 4
//
60 )
50 + /
40 (3 %7)/
30 //J
20 + ~\“, ’
10 +(1, 3) ,/’ﬂ/}v-wr(.n
r R g J
| 1 3 | ‘+“-4.—¥’W ——

l

Figure 6.22 Shell method
about y-axis
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Chwong 6: Cdc wrng dung ciia tich phan

Giai. Mién phang duoc minh hoa nhu Hinh 6.22. Thé tich can tim:

V=2m ff x(x®+x% + Ddx = %7‘[ (dvtt).

Vi du 6 (Thé tich cé dwoc khi xoay theo truc thing dimg hoic truc nim ngang) Tim
thé tich cua khdi dic tao thanh khi xoay mién bao bdi dudng y = x~2va truc Ox véi

1 < x < 2 quanh duong x = —1.

!

Figure 6.23 Shell method about x = —1

Giai. Mién D dugc minh hoa nhu Hinh 6.23. Thé tich can tim:

V=2m [ (x+1)dx = 2min2 + 7 (dvt).

Trang 18
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Chuwong 6: Cdc wng dung ciia tich phin

Bang 6.1 Thé tich cta vat tron xoay khi truc quay 1 truc x hodc truc .

CuuDuongThanCong.com

Truc quay nam ngang Truc quay thang ding
Phuong phap lat cat | A . . P .
Hinh Chﬁ nhﬁt dai dién YA Horizontal axis of revolution b Vertical axis of revolution
vuong goc VvOi truc J
quay. Truc quay la bién
cua mién
: . » »
a Ax b = =
I o he) of / Length of rectangle
engin (neight /{,"n'n angie 4 A
V=ax [ [1—(\‘)}. II'(, v n [ [.w,\ )] dy
Phudng phép vbng ¥ 4 Horizontal axis of revolution
dém Hinh chit nhat dai
dién vudng goc vai truc
quay. Truc quay khong
thudc bién cua mién )
[
Uy x
ver [ [f@] -[s0] ver [ [f0)] -[0)] o
Length of rectangle  Width Length of rec Iu‘”d('
PhlIOng phép fmg tl'u \‘ Vertical axis of revolution
Hinh chit nhat dai dién | ., >
song song vdi truc quay d
Ay
ol r —la_Ax b 2
Horizontal axis of rcvolutign = :
Length (height)
Lengii & reciangle . rb ot ‘}
S V =2 x| flx dx
V=2r /,_\' [,g‘(_\'):l dy ! ./, ) [ il -
vo 'ff . Distance to axis Width
Distance to axis Width
Trang 19
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Chwong 6: Cdc wrng dung ciia tich phdn

6. 3 Dang cuc va dién tich
6.3.1 HE¢ toa dd cuc
Trong hé toa d6 cuc, cac diém duoc xac dinh so v6i mot diém cb dinh O, dugc goi 1a
gbc hay cwe va mot tia ¢b dinh di tir gbc duoc goi 13 truc cwe. Mdi diém P trén mit phing
khi d6 duwoc gin v6i mot cip xép thu ty P(r,0), véi r 1a khoang cach tir O t6i P va 6 1a
gbce do tur tryc cuc to1 tia OP. Sé r duogc goi l1a ban kinh cua P, va 6 1a goc cwe. Goc cuc
dugc xem 1a duong néu do theo ngugc chiéu kim dong hd tir truc cuc, va am néu do theo
chiéu kim ddng hd. Gbc O c6 ban kinh 14 0 va goc cuc 6 bat ki.
Chuy
« Mbi diém trong hé toa do cuc co vo sd cach biéu dién. Vi du nhu (5,37”),
(=5, %) va (5,— %) dai dién cho cung 1 diém trong hé toa do cuc.
« Toa do cuc khong nhat thiét phai co thanh phan dau 1a sb duong. Chang han
(1,2 va (—1,%) biéu dién ciing mot diém.
C6 mot mbi lién hé hinh hoc don gian gitra toa hé do cuc va hé toa do vudng goc.
Néu ta gia st rang goc cta hé toa do vudng goc chinh 1 cuc va truc x duong chinh 14 truc
cuc thi toa do vudng goc (x,y) cua mot diém va toa do cuc (r,0) cuiand co mdi lién hé

nhu sau

Poi toa @9 Qui trinh dé chuyén tir mot hé toa d6 sang mot hé toa do khac.
Buwéc 1 Dé chuyén tir dang cuc sang dang vudng goc ta ding cong thirc
X = rcosf y = rsinf

Buwéc 2 Dé chuyén tir dang vudng goc sang dang cuc ta ding cong thirc

r=.x%+y? tan9=§

néu x # 0.

Chii y Dé tim 6 thi ngoai cong thirc tand = % ta con phai cha y dat no trong ding goc

phan tu bang cach chi ¥ ddu caa x va y.

Trang 20
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Chwong 6: Cdc wrng dung ciia tich phan

VA

\ :

Vidu1l (Chuyén tir toa dd cwe sang toa dd vudng géc)

2 A 5 A A ;
Chuyén toa d6 cuc (-3, Tn) sang toa d0 vudng goc.

3v2 342

, £ 2
bép so: (f’f)'

Vidu2 (Chuyén tir toa dd vudng géc sang toa dd cuc)

1YY A LR , N N , . ,5V3 5
Viét dang toa do cuc cho diém c6 toa do vudng goc la (T\/_ ,— E)'

Dap sb: (—5,5?”).

6.3.2 Do thi cue

Po thi cia mot phuong trinh trong hé toa do cuc la tap hop tat ca cac diém P ma toa do

cuc (r,0) ctano thoa man phuong trinh da cho.

Vidu3 (Védwdng tron, dwong thiang va tia)

Vé: a.r=6 b.@zg.

bép so

y A

e
i

a. The circle r = 6

b. The line 6 = -

o N

CuuDuongThanCong.com
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Chuwong 6: Cdc wng dung ciia tich phin

Vidu4 (Vébang cich chuyén qua hé toa d vudng goc)
V& d6 thi ctia phuong trinh r = 4cos@ bang cach chuyén né tir dang cyc vé dang vudng
gbc trude.

bap so

ViduS (Vé hinh cardioid)
Ve r = 2(1 — cosB).
Dap sb

(2.83,2)
(3.98, 3)./( (0.919, 1)
T | O s
& NNA 5 (0.08, 6) X
| (1.43,5)
(3.31, 4) 3T
.4 -+
<

6.3.3 Tém tit cac dwong cong dang cuc

Bang 6.2 Danh muc cac duodng cong cuc

Trang 22
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Chuwong 6: Cdc wng dung ciia tich phin

LIMACONS -

=bxacosd and r =b+asinfd

a-b

A

r =b—acose.l—7 <1
a
standard form, inner loop

CARDIOIDS

y 1}

S

b
r=b-acosb, 1 < - <2
a

standard form, dimple

vA

-
LD

r=a-—acosé

standard form

ROSE CURVES
r=acosnt and r = asinn@

ya

Y
5

r = acosé; circle

standard form; one petal

=Y

=Y

sk
Ly

r=a+acosf

7 rotation

4

a

=

r = asin @; circle

3 rotation; one petal

\_

b
r=b-acosfl, - >2
a

standard form, convex

r=a(l £cosf) and r = a(l & sinf) Limagons in which a = b

r=a-asiné

i .
> rotation

LEMNISCATES
r* = a®co0s 20 and r? = a®sin 26

YA

r=b-asind, I—) <1
a

o] H

rotation; inner loop

a

r=a+asinf

3n .
=~ rotation

a

r? = a?cos 20
standard form

r* = a’sin20

= rotation
- 10!
4
yA _Nr YA y
a
5 a -
X X X X
r = acos36 r = asin36 r=acos26 r=asin2f
n z n .
standard form; three petals 3 rotation; three petals standard form; four petals T rotation; four petals
P 4
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Chwong 6: Cdc wrng dung ciia tich phan

6.3.4 Giao cua cac duwong cong dang cue
Trong h¢ toa do cuc, trong quan 1-1 gitra mdt cap toa do théa man mdt phuong trinh
va mot diém khong con nita. Do d6, khi tim giao diém cta hai dudng cong trong hé toa do

cuc, ta can thiét phai vé hinh dé khong bo sét giao diém.

Tim giao diém ciia cac dwdng cong cuc
Buéc 1 Tim tit ca cac nghiém chung cta cac phuong trinh duge cho.
Buéc 2 Xac dinh xem diém cuc r = 0 c6 nam trén hai d6 thi hay khong.

Budc 3 Vé cac duong cong dé tim céc giao diém khac.

Vidu6 (Giao diém ciia cac duwdng cong cue)

. , . 94 ) . \ 3 \ 21
Tim cac giao diém cua hai duong cong r = P cosf va 6 = 5

Pap sb: (2,5, (—1,).

6.3.5 Dién tich trong toa d¢ cuc

Pé tim dién tich cia mot mién duogc bao béi mot dudng cong cuc, ta st dung téng
Riemann giéng nhu khi ta xay dung cong thtrc tich phan cho dién tich mot mién dugc mo ta
b1 duong cong trong hé toa do vuong goc. Tuy nhién, thay vi st dung cac hinh chit nhit co

so thi trong dang cuc, ta st dung dién tich cua hinh quat tron.

Trang 24
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Chwong 6: Cdc wrng dung ciia tich phan

Dién tich ciia mgt hinh quat Di¢n tich cia mdt hinh quat ban kinh r duoc cho boi
A=>720
2

v6i 6 1a goc & tam cua hinh quat do bang radian.

Pinh ly 6.1 Dién tich trong toa do cuc
Cho r = f(8) x&c dinh mot duong cong cuc, voi f lién tuc va f(0) = 0 trén
khoang dong @ < 0 < B, véi 0 < B — a < 2. Khi d6 mién dugc tao boi duong cong

r=f(0) vacactia 8 = a va 8 = 8 c6 dién tich

a==f"r2a0 == 7 [£(6)]2d0

Vidu7 (Tim dién tich mdt phin ciia cardioid)

Tim dién tich cua ntra trén (0 < 6 < m) cua cardioid r = 1 + cos6.

\\h
\
4l

+

Giai. Duong cardioid duge minh hoa nhu Hinh 6.39.
Dién tich can tim: 4 = %fon (1 + cosB)?do = %ﬂ (dvdt).

Vidu8 (Tim dién tich bao phit béi mdt hinh hoa bén canh)Tim dién tich bao phu bai

hinh hoa bén canh r = cos26.
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Chwong 6: Cdc wrng dung ciia tich phan

Giai. Duodng hoa hong bdn canh dugc minh hoa nhu Hinh 6.40.

Dién tich can tim: A = 8[ [* cos?20d6] == (dvdt).
Vidu 9 (Tim dién tich ciia viing nim giira hai dwdng cong cwec)Tim dién tich cua
mién chung gitra hai dudng cong r = acosf and r = asiné.

v

Gidi. Phan tinh dién tich duoc minh hoa nhu Hinh 6.41.

Dién tich cén tim: A == [# a®sin?0d0 + - [ a’cos?0d6 = ~a?(m — 2) (dvdy).
4

Vidu 10 (Tim dién tich gitra m¢t dwong tron va mot limacon)Tim dién tich gitta duong
tron r = 5cosf va limacon r = 2 + cosf. Lam tron két qua theo don vi dién tich dén

hang phan tram.
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Chwong 6: Cdc wrng dung ciia tich phan

Dap sb: ?—: — /3.

6.4 D) dai cung va dién tich mat
6.4.1 D9 dai cung ciia m¢t duwong cong

Néu mot ham sé f c6 dao ham lién tyc trén mot khoang thi f duogc goi 1a kha vi
lién tuc trén khoang d6. Mot phan cua do thi cia mot ham kha vi lién tuc f nam giira

x =a va x = b duoc goi 1a cung cta dd thi trén doan [a, b].

Do dai cung Cho f 1a mot ham c¢6 dao ham f” lién tuc trén doan [a, b] va kha vi trén
(a,b). Khi d6 d9 dai cung, s, ciia d6 thi ctia y = f(x) giita x = a va x = b dugc cho
baoi tich phan

s= [ JI+[FOPF dx

Tuong tu, véoi dd thi cua x = g(y), voi g’ lién tuc trén doan [c, d], 46 dai cung tir y = ¢

dén y=d 1a

s= [T+ g dy

Vi du 1 (P9 dai cung ciia mdt dwong cong)Tim do dai cung (Iam tron dén hang phan

trim) ciia duong cong y = x3/2 trén doan [0,4].

Trang 27
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Chwong 6: Cdc wrng dung ciia tich phan

L Y I SV N~

J J l
v T T

| 1 2 3 4

Giai. D0 thi cua duong cong dugc minh hoa nhu Hinh 6.45.

\ 1
D6 dai cung can tim: s = [ [1+ Gx2)?dx = - [10%2 — 1] ~ 9.0734 (dvdd).
Vi du 2 (D¢ dai cung ciia duwong cong x = g(y))
Tim dg dai cung ctia duong cong
_ 1. 3 1 4
X=3VT ALY
try=1dén y = 3.
. . 1 1 _ / 4y*t-1
Giai. Taco x = g(y)) = §y3 +2y Lsuyra g'(y) = 17

4y4—1
4y2

Do dai cung can tim: s = [ 1+ (229)2dy == (dvdd).

Vi du 3 (Uéc lwong dd dai cung sir dung tich phén s)

Tim d¢ dai cung xac dinh boi y = sinx trén [0,27].

171 | i
/Zr:

t f T
) 1 2 \‘\ 4 b
\

(51 \
\\/ /
1.0+ Ny

bép so:

Trang 28
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Chwong 6: Cdc wrng dung ciia tich phan

Phuong phap (n = 4) Xap xi
Hinh chir nhat

Dau mat trai 7.584476
Dau mit phai 7.584476
Trung diém 7.695299
Phuong phap hinh thang 7.584476
Phuong phap Simpson 7.150712

6.4.2 Dién tich cia m¢t mat tron xoay
Khi cung ctia mot dudng cong dugc xoay quanh mot dudng thing L nd tao ra mot
mat duoc goi 1a mat tron xoay. Dic biét, néu cung duoc xoay la 1 doan théng thi hinh

duoc tao ra 1a hinh nén cut.

a. The surface generated by revolving b, The line segment of length £ generates
the curve C about a line L the frustum of a cone

Dién tich mit Gia st f’ lién tuc trén doan [a, b]. Khi d6 mat tao ra khi xoay quanh truc

Ox cung cua duong cong y = f(x) trén [a, b] c6 dién tich mat

S=2n [ fFOONI+ [ dx

Vi du 4 (Dién tich ciia mgt mat tron xoay)
Tim dién tich ctia mit duoc tao ra khi xoay quanh truc Ox cung ctia duong cong y = x3

trén [0,1].

Trang 29
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Chwong 6: Cdc wrng dung ciia tich phan

Giai. Do thi cua duong cong duoc minh hoa nhu Hinh 6.51. Ta ¢6 f(x) = x° suy ra
f'(x) = 3x2. Dién tich ctia mit can tim 1a
$ = 2m f; %31+ (3x2)2dx = = (10vI0 — 1) (dvd).

Vi du 5. (BTVN) Tim cong thtic tinh dién tich mat cau ban kinh 7.

VA

L_\_ryp

-r

Dap s0: 4mr?.

6.4.3 DO dai cung va dién tich mat trong dang cuc

Do dai cung trong toa d¢ cwe DJ dai cua mét cung cuc r = f(0) véi a < 0 < f duoc

cho boi tich phan

s=[F r2+(2—;)2 do

Vi du 6 (Tinh d¢ dai cung cuc)Tim do dai cia duong tron r = 2sinf.

Trang 30
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Chwong 6: Cdc wrng dung ciia tich phan

Gidi. DO thi cua duong cong dugc minh hoa nhu Hinh 6.55. B§ dai cua dudng tron:

d
s=J, [r2+ (55)2d6 = 2m (dvdd).

Dién tich mit tron xoay trong toa dd cwe Néu mot duong cong cuc r = f(8) véi

a < 0 < [ duogc xoay quanh truc x thi né tao ra mgt mat co dién tich Ia

P
A=2m ff (rsinf) ,rz + (Z—;) do

Vidu 7 (Tinh dién tich mat trong toa do cuc) Tim dién tich ctia mat dugc tao ra khi xoay

quanh truc x ntra trén cua cardioid r = 1 + cosf.

Giai. DPuong cong cardioid dugc minh hoa nhu Hinh 6.56. Dién tich cia mat can tim la
T . ar 32w
§ =2m [ rsind /rz + (55)?d6 = — (dvd).

6.5 Cac ing dung vt Iy: cong, lwc chit 16ng va trong tim

Trong phan nay: Cong, mé hinh hoa ap suat va lyc chit 16ng, mo hinh hoa trong tim
ciia mdt mién phang, dinh 1y vé thé tich cua Pappus.

Tich phan déng mot vai trd quan trong trong nhiéu linh vyuc cia vat Iy. Co hoc 13
mot linh vuce vat 1y vé tac dung cia céc luc 1én cac vat thé. Trong phan nay, ta s& trinh bay

céch 1am thé nao sir dung tich phan dé tinh cong va lyc do chét 1ong gay ra.

Trang 31
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Chwong 6: Cdc wrng dung ciia tich phdn

6.5.1 Cong

Trong vat 1y, "luc" 12 mot tac dong c6 xu hudng lam cho vat chuyén dong.

Cong thue hién béi moét e khong doi Néu mot vat thé di chuyén mot khoang cach d
theo hudng ciia mét lyc tic dung F thi cong W thuc hién la

W =Fd

Vi du nhu, cong thyc hién khi nang mot bao xi mang ndng 90 Ib Ién 3 ft 1a W = Fd =
(90 1b)(3 ft) = 270 ft — Ib. Ta cha y ring néu khong c6 chuyén dong thi khong c6 cong.

Bang 6.3: Cac don vi thuong dung cho cong va luc

Khoi lwong | Khoang cich Lue Cong
kg m Newton (N) Joule

g cm dyne (dyn) erg

slug ft pound ft-1b

Pé tim cong thyc hién bai mot vat chuyén dong dudi tac dung ciia mot lyc thay doi

thi phai can dén tich phan.

Cong thwre hién b&i mét hwe bién thién Cong thyc hién boi mot lyc bién thién F(x) khi
di chuyén mot vat doc theo truc x tr x = a dén x = b dugc tinh bﬁng

W =[] F(x)dx

Vidul (Céng sinh béi mét I bién thién)
Mot vat dattai x ft tinh tor mot diém c6 dinh duoc cho di chuyén doc theo mgt duong théng
bang mot lyc F(x) = (3x2 + 5) Ib. Cong thuc hién bai lyc dé di chuyén vt 1a bao nhiéu

trong cac truong hop sau

Trang 32
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Chwong 6: Cdc wrng dung ciia tich phan

a. qua 4 ft du tién? b. tir 1 ft dén 4 ft.
Dap s6
a. W= [ (3x*+5)dx =84 ft—Ib.

b.W=[ (3x*>+5)dx=78 ft—Ib.

Pinh luat Hooke Khi mot 10 xo bi kéo khoi vi tri can bang x don vi thi c6 mot luc dan hoi
F(x) = kx kéo 10 xo trd lai vi tri cAn bang. Hang sé k trong cong thirc nay duoc goi 1a d

curng cua 1o xo.

j A= — NNV

0.5 0 0

A spring at rest (equilibrium position) A spring stretched x units past equilibrium
Vidu2 (Mo hinh céng sir dung dinh luat Hooke)
Do dai ty nhién ctia mot 16 xo 1a 10 cm. Néu can mot cong 1a 2 ergs dé kéo 16 xo ra thanh 18
cm, thi bao nhiéu cong sé dugc thuc hién dé kéo dan 16 xo dén dd dai 1 20 cm?
Giai.
Gia sur rﬁng Vi tri can béng dat tai vi tri 0 trén truc s6, va x 1a vi

tri ciia dau ty do cua 10 xo. Vi luc kéo gian 1o xo la F(x) = kx nén cong

P
thuc hién khi kéo 10 xo b cm khoi vi tri can béng la § :
_ b _ b _ l 2 é o
W= [y F(x)dx = [ kx dx =_kb £ Q9
r b \
Vi gia thiét W = 2 khi b = 8 ta suy ra k = —. Khi chiéu dai cia 1o <
N
x0 1a 20 cm, n6 dugc kéo dan b = 10 c¢m, va cong thuc hién la i
W =—(10)% = 3.125 ergs D¢
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Chwong 6: Cdc wrng dung ciia tich phan

Vidu3 (M6 hinh cong thue hién khi bom nwéc ra khéi mot bon chira)

Mot bon nude ¢6 hinh ndn tron ding cd chiéu cao 1a 12 ft va ban kinh 1a 3 ft duoc chon
xubng mit dat voi dinh huéng xubng va ddy ngang voi mit dat. Néu bon chira nudce (méat
d6 khéi luong pg = 62.4 1b/ft3) dén @6 cao 6 ft thi bao nhiéu cong s& duoc thuc hién
dé bom tat ca nude trong bon 1én mit dat? Pidu gi thay doi néu nhu nude duge bom dén do

cao 3 ft so véi mat dat?

6 fi
of water

Y L

a. A conical water tank b. A disk of water is 12 — y;
units from the top

DPéap sb: 2106w ~ 6616 ft—1b. Néu bom dén 3 ft so voi mat dat thi két qua la
9263 ft—1b

6.5.2 Mo hinh héa ap suit va hrc chit léng

Néu ai d3 timg lan xudng nudc han di thdy rang ap suat (ttc 1a do 16n cua lyc trén
mot don vi dién tich) do khdi lwong cia nudc ting 1én theo do sau. Quan sat ki hon ta s&
thdy rang ap suat nudc tai mot diém ty 18 thuan véi d6 sau tai diém d6. Nguyén tic ndy ciing

ap dung cho cac chat 1ong khac.
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Chwong 6: Cdc wrng dung ciia tich phan

liquid

Compressed tﬁj

Trong vét 1y, nguyén 1y Pascal phat biéu rang 4p suat chat long bang nhau theo moi
huéng (xem hinh 6.62). Diéu nay c6 nghia 1a 4p suit phai nhu nhau tai moi diém trén mot

mat phang dugc nhing nam ngang. Va khi d6, luc chat 16ng duoc cho boi cong thirc sau.

Lurc chat 16ng Néu mot mit phang c6 dién tich A dugc nhiing ngang xuéng mot do
sau h trong mot chét long thi trong lugng cua vat tao ra mot luc la
F = (4psuit)(diéntich) = §hA = pghA

trén mat phang do, voi § 1a trong luong riéng, p 1a khdi luong riéng, va g 1a gia téc trong

truong. Pay goi 1a lwe chit 16ng hay luc thiy tinh.

Bang 6.4: Trong luong riéng, § = pg (Ib/ft 3).

Chit léng Trong lugng riéng
nudc 62.4

nude bién 64.0

xang 42.0

dau lira 51.2

Dau SAE 20 57.0

stra 64.5

thuy ngan 849.0
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Chwong 6: Cdc wrng dung ciia tich phan

Luu y. Luc chat long khong phu thude hinh dang hoac kich thudc cua binh chira. Vi du
nhu, mdi binh chta trong hinh sau ¢6 ciing p suat 1én day vi chat 1ong c6 cing do cao h

va day co6 cung di¢n tich A.

Hoan

Tuy nhién khi mit phing dwgc nhung thiang dimg hodc theo mot goc nghiéng thi

cong thic don gidn nay khong con 4ap dung dugc. Trong truong hop nay ta s€ dung tich

phan dé tinh luc chit 1ong.

Luwec chit 16ng (thiy tinh) Gia st mot mit phiang ( mot dia) dugce nhung dimg vao
mot chét 16ng co trong lugng riéng 6 = pg b ft* va phan ngap cuadialate h = a téi
h = b trén tryc tung. Khi d6 luc toan phan F tao ra boi chat long dugc cho boi

F = [ phL(h)dh

v6i h 1a.d6 sdu va L(h) la chidu dai twong tmg ctia mot dai xap xi ngang.

Vidu4 (Lwc chit 16ng trén mot mit phing ding)
Mit cit ngang ciia mot mang 13 mot tam giac can 14t nguoc ¢ chibu cao 13 6 ft va day 1a 4

ft. Gia str mang chira nuéc dén do sau 3 ft. Tim tong lyc chat 1ong 1én mot dinh.

hi
Ah g 6 ft

Yh b A

a. A trough with half-filled b. Side view of trough c. \L xnml ir triangles to find
triangular cross sections / - h
4 6
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Chwong 6: Cdc wrng dung ciia tich phan

Giai.

Trude hét, ta dung mdt h¢ truc toa do ma tryuc hoanh nam & mat chat long va truc
tung duong (truc h) huéng xudng. Sau d6 ta tim biéu thirc cho chiéu dai va chiéu siu cua

mot dai mong ngang theo cac bién. Giai sir 1a dai c6 do day 1a Ah va chiéu dai L. Dung
tam gidc dong dang ta c6

A

nén L=§(3—h)

L 3-h
4 6

Ta thay rang dai xap xi c6 dién tich 1a AA = 2(3 — h)Ah. Cubi clng, ta nhan tich
nay voéi trong luong riéng cta chat 1ong tai mot do sau cho truée ph va lay tich phan trén

khoang d¢ sau cua dia dung.

F=[ 26n(3—h) dh=187.2 lb

Vidu5 (Mo hinh lyc tac dong 1én mot mat dé)

Mot bon chtra nude dén dinh ctia mot dap. Néu dap co6 hinh dang cua mot parabol cao 40 ft

va rong 20 ft & dinh thi tong luc chat 1ong tac dung 1én mit ctia dé 13 bao nhiéu?

|
\ |
40 -y \ |
Vo | )
\ Dam Y \ x X |/
Parabolic — 40 ft \ :' A) 40 fi
L \ / /
an
> \ / y \ ,"
\ J \ ’,’
\ |/
A& Y \V/ , A
X
a. Cross section of a dam b. A typical horizontal strip is
40 — y ft below the water

Pép sb: 532.480 1b

6.5.3 M4 hinh héa trong tim ciia mdt mién phing

Trong co hoc, doi khi ta can x4c dinh diém can bang ctia mot dia ¢ hinh dang phire
tap. Moment lwe do xu hudng quay ctia mot vat va phy thude vao luc va diém tac dong cua

lyc vao vat do. Tu thot cia Archimedes, nguoi ta da bi€t rang diém can bang cua mot vat

Trang 37

CuuDuongThanCong.com

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 6: Cdc wrng dung ciia tich phan

xdy ra tai noi ma cac moment triét ti€u nhau.

Khéi lwgng cua mdt vat 1a mgt do do cua quan tinh cua vat do; nghia 1a, xu huéng
ctia vat duy tri trang thai nghi hodc chuyén dong déu. Mot dia moéng cé vit chat phan bd
déu, sao cho khoi lugng riéng p cua nod (khéi lugng trén mot don vi dién tich) la héng $0,
duoc goi 1a phan bé déu. Piém can bang ctia mot vat phan bd déu nhu vay dugc goi 1a
trong tadm cia nd. Ta s& thiy rang trong tim co thé tinh dwoc bang tich phan nhu thé nao.

Xét mot vat thé phan b déu bao phit mot mién R tao boi cac dudng y = f(x) va
y = g(x) trén doan [a, b], va xét mot dai dimg mong xap xi & trong R.

v A

) -+
o

Ta c6 cac két qua sau

Cho f va g lacac ham lién tuc va thoa man f(x) = g(x) trén doan [a, b], va xét
mot dia mong phan bd déu cé khdi luong riéng 13 hing sé p bao phu mdt mién R nim
giita d6 thi cia y = f(x) va y = g(x) trén doan [a, b]. Khi d6

Khéi lwrgng cua R 1a: m = p f; [f(x) — g(x)] dx

Trong tim cia R 13 diém (X,%) thoa min

oMy A0-g@) ax
m 2 [f)-g(0)] dx

va

My _ 3l @I -9} dx
m P Ur@-go) ax

}7:

trong d6 M, va M, 1an lwot 13 moment cta vat theo truc x va y.
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Chwong 6: Cdc wrng dung ciia tich phan

Vidu 6 (Trong tam cia mdt dia méng)
Mot dia phan b déu R c6 khdi lugng riéng p = 1 va duogc tao bdi parabol y = x2 va

duong thang y = x. Tim khdi lugng va trong tim R.

Pép s6: m = %; (x,y) = G,é)

6.5.4 Dinh Iy thé tich ciia Pappus
Dinh 1y sau day cua Pappus of Alexandria, nha hinh hoc vi dai cudi cing cua Hi

Lap, cho ta sy lién h¢ gitra trong tam va thé tich cta vat tron xoay.

Pinh Iy 6.2: Dinh Iy thé tich cia Pappus
Vit rin tao ra bang cach xoay mot mién R quanh mot dudng thing nim ngoai bién cta né
(nhung trong ciing mit phiang) c6 thé tich V = As, v6i A ladiéntichciia R va s 1a quing

duong di cua trong tam cua R.

¥4  The approximating solid
ey of revolution has volume
AV =2nx(AA).
Area
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Chwong 6: Cdc wrng dung ciia tich phan

Vi du 7 (Thé tich ctia mdt vong xuyén sir dung dinh 1y thé tich ciia Pappus)
Khi mot hinh tron ban kinh r dugc xoay quanh mot dudng thiang trén mit phang chua
duong tron dat cach tam cua ndé R don vi (R > r) thi vat ran tao ra dugc goi la mdt vong

xuyén. Hiy chimg minh rang vong xuyén nay co thé tich 1a V = 2m?r?R.

6.6 Ung dung vao thwong mai, kinh té va khoa hoc doi song
6.6.1 Gia tri twong lai va gia tri hi¢n tai cia m¢t dong thu nhap

Nh6 lai & Chuong 2 rang khi P, d6-la dugc dau tu voi 13i suat lién tuc hang nam 1a
r thi sau d6 t nam, tai khoan c6 tri gid A = Pye"™ do6-la. Luong A duogc goi la gia tri
tuong lai cua gia tri dau P, d6-la, nhung gia tri twong lai s& 14 bao nhiéu néu nhu tién
khong phai dugc dau tu mot 1an véi tong gia tri 14 Py ma duoc dau tu lién tuc trong ca qua
trinh? Kho khan nim & chd 1a tai mot thoi diém bat ki, tién cii dwoc du tu trude thi da co
141 nhiéu hon 14 tién méi dugc dau tu sau. Chung ta s& giai quyét bai toan ndy trong Vidu 1.
Vi du 1 (Tinh gia tri twong lai cia m¢t dong thu nhap lién tuc)
Tién duge chuyén vao mot tai khoan lién tuc véi tbe d6 1a 1500 do-la/nam. Néu tai khoan
c6 13i suat lién tuc 14 7 % thi gia tri twong lai cta tai khoan sau 5 nam 14 bao nhiéu?
Giai.

Chia khoang thoi gian 5 nim thanh n doan, mdi doan c6 d6 dai 1a At = (5 —
0)/n, vavéi k = 1,2,---,n, dit t,_, 1a diém dau cta doan con thir k, [tx_, t;]. Khoan
tién dau tu trong khoang thir k 13 1500A,t. Dé xap xi, ta gia st rang tat ca tién ndy duoc
dau tu tai thoi diém t,_,. Khi d6 vi con 5 — t,_; nim nén sb tién ndy s& ting lén
(1500A4,,t)e%7(~tk-1) §6-la; nghia la

Gia tri twong lai ciia tién dau tw trong doan thir k = 1500e%07G-tk-1A ¢

> 1500 ¢:07G-1_D A 1
lﬁ()().\,i' >

5

-
=

A

-
>
f

—
—

P
—

n
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Chwong 6: Cdc wrng dung ciia tich phdn

Gi4 tri tuong lai ciia toan bd dong thu nhap c6 thé dugc xap xi bang tong cla gia tri
tuong lai cua tién dau tu trong ca n doan con. Do do, ta co
Gia tri twong lai clia tién dau tw = Y 7_; 1500e%07G-tk-DA ¢

= lim yn_ 1500e%07G-tk-DA ¢

= [ 1500760 gt

= 8980.02

Nhé lai trong Chuong 2 rﬁng gia tri hién tai, PV, cia A d6-la duoc dau tu voi 1ai
suat tich liiy lién tyc hang ndm r trong khoang thoi gian T nam 1a luong tién PV = Ae™ ™t
ma phai duge dau tu hom nay voi ldi suat nhu trén dé co dugec A do-la vao luc ddo han.
Ciing nhu vay, gid tri hi¢n tai cia mot dong thu nhap f(t) duoc tao ra lién tuc voi mot tde
d6 cb dinh trong khoang thoi gian dinh trude 1a luong tién ma di phai duoc dau tu vao dau

thoi ki véi 13i sut nhu trén dé tao ra dong thu nhép trong ca thoi ki.

Gia tri twong lai va gia tri hién tai Cho f(t) 1 lugng tién dau tu tai thoi diém t
trong khoang thoi gian [0, T] trong mot tai khoan c6 14i suat hang nam 1a r duoc tich lity
lién tuc. Thé thi gia tri twong lai cua dong thu nhap trong khoang thoi gian trén dugc tinh
bang

FV =[] f(t)e ™ dt
va gia tri hién tai cua dong thu nhap d6 trong khoang thoi gian trén la

PV = [ f(t)e™™ dt

6.6.2 Thay déi tich lily va loi nhun rong
Trong mdt sb ung dung, ta duogc cho tbc d6 bién thién Q'(x) cua mot dai lugng
Q(x) va duogc yéu cdu tim thay doi thue Q(b) — Q(a). Pinh Iy co ban cua giai tich cho ta

biét ring luong thay d6i thuc nay dugc xac dinh boi tich phan
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Chwong 6: Cdc wrng dung ciia tich phan

Q) — Q@ =[] Q'(x) dx

Tich phan nay ciing c¢6 thé duoc coi nhu thay déi tich lily. Mot ing dung trong
thuong mai 14 loi nhuén rong ctia mot qué trinh san xuat. Gia strrang C(x) biéu dién tong
chi phi san xudt x don vi hang hoa va R(x) biéu dién loi nhuan tao ra khi ban nhiing hang
héa nay. Khi d6 E(x) = R(x) — C(x) biéu dién lgi nhuan, va loi nhugn rong cho sd sin
phim a < x < b duoc cho bi tich phan

E(b)—E(@) = [, E'(x) dx = [ [R'(x) — C'(x)] dx

Loi nhuan rong c6 thé duoc biéu dién hinh hoc thanh dién tich giira cdc dudng cong chi phi
bién va loi nhuan bién.

YA A A 74

-t /

. / /
I

=Y

Vi du 2 (Tinh lgi nhuén rong)
Trong mdt qué trinh san xuat, chi phi bién va lgi nhun bién (tinh bang ngan d6-1a) khi san
xuat x don vi san phém 1an luot 1a
C'(x) =01x*+4x+10 va R'(x)=70—x
Tinh lgi nhuan rong cua qua trinh khi x dithe x = 0 dén x = Xm, VO1 X, 1a muc san xuét
ma tai do6 chi phi bién béng lo1 nhuan bién.
Giii.
Trude hét, chi ¥ rang chi phi bién bang loi nhuan bién khi
01x*+4x+10=70—x

Giai ra ta dugc hai gia tri x = —60,10. Loai d1 gia tr1 am thi x,, = 10, do do loi
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Chuwong 6: Cdc wng dung ciia tich phin

nhuan rong khi x di tir 0 dén 10 1a

10 10

E(10) — E(0) = f [R'(x) — C'(x)] dx = f [70 — x — (0.1x? + 4x + 10)] dx
0 0
950
B
YA
500 +
400 +
300 +
200 +

=Y

=
p

6.6.3 Thing dw ciia khach hang va nha sin xuit

Trong mot nén kinh té canh tranh, tong sb tién ma khach hang phai tra cho mot mat
hang thuong it hon téng s6 tién ma ho sin sang bo ra dé mua mit hang d6. Hiéu giira hai s6
tién nay co thé dugc xem nhu mot khoan tiét kiém cho khéach hang va trong kinh té hoc
duoc goi 1a thang dw cta khach hang.

Willingness to spend - Actual expenditure = Consumers’ surplus
PA P 1\ PA

Py Py

49 g 9 1 90 4

q0 q0 *q0
/ D(q)dq - f po dq = / [D(q) — poldg
Jo 0 (

JO
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Chwong 6: Cdc wrng dung ciia tich phdn

Thang du cua khach hang Néu qo don vi cia mQt mdt hang dugc ban véi gia la
po d6-la mot don vi, va néu p = D(q) 1a ham cau cua khach hang cho mit hang d6 thi
Thang dw cia khach hang = [s6 tién khach hang muén tra cho g, don vi]

—[s6 tién thwc sw khach hang tra cho g, don vi]

¢S = [° D(q)dq — poqo

Thang du cua nha san xuét chinh 1a mat con lai cta déng xu ma mat kia la thang du
cua khach hang. Pac biét, mot ham cung p = S(q) cho ta gia cia mdt don vi ma nha san
xudt sdn sang chap nhan dé cung cdp g don vi ra thi truong. Tuy nhién, bat ¢t nha san xuét
nao san sang chip nhan it hon p, = S(q,) d6-lacho g, don vi thi dugc loi khi gia thuc sy
1 p,. Thing dw ciia nha san xuét chinh 13 hiéu giita gi4 nha san xuat sin sang chap nhan

khi ban g don vi va gia thuc su.

Thiing dw ciia nha san xuit Néu g, don vi cia mot mit hang duoc ban véi gia p,
d6-la mot don vi, va néu p = S(q) 13 ham cung ctia nha san xuit cho mit hang d6 thi
Thang dw ctia nha san xuit = [s6 tién khach hang thuc sw tra cho g, don vi]

—[s6 tién nha san xuit san sang chip nhan khi ban g, don vi]

PS =poqo — J,° S(q) dgq

Vi du 3 (Tinh thing dw ciia khach hang va nha san xuit)
Mot nha san xuét 16p xe wéc tinh rang q (ngan) 16p tron s& duoc mua béi dai 1y khi gia 1a
p = D(q) = —0.1¢* + 90
d6-1a/16p, va cung s luong 16p nhu vay s& duoc cung cip khi gia 1a
p=5(q) =0.2q*>+q+ 50
d6-1a/16p.
a. Tim gia can bang (tirc 13, khi cung bang cau) va sé luong cung va ciu tai gia do.

b. Xac dinh thing du cta khach hang va ctia nha san xuét tai gia can bang.
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Chwong 6: Cdc wrng dung ciia tich phan

Gidi.
a. Cung bang cau khi
0.2¢* + ¢ + 50 = —0.1g* + 90
Giai ra ta dugc mot gid tri duongla g = 10,va p = S(10) = D(10) = 80. Do d9, gid can
bang 1a 80 d6-1a/16p, khi cung va cau 1a 10000 1p.

P A(dollars)
100 4+

90 _7:
80 *1( -

10 20 \q (units)

b. Str dung p, = 80 va g, = 10, ta tim dugc thdng du cua khach hang la % va thang du

, . X, 1, 550 < , ) N N . A, 1A . Y
cua nha san xuat la - Thang du cta khach hang va nha san xuat lan luot 1a cac mién duoc

danh ddu CS va PS trén hinh.

6.6.4 Song sét va doi mai

C6 mét loai bai toan quan trong trong d6 ham sdng sot cho ta ty 16 c4 thé trong mot
nhom dan sé duoc dy dodn con 6 lai trong nhom va ham ddi méi cho ta ty 16 ma cac cac thé
méi duoc dy doan 13 s& tham gia vao nhém. Céc bai toan séng sét va doi méi nhu vay xuat
hién trong nhiéu linh vuc. Trong tai chinh, "dan s6" 1a s6 tién trong mat tai khoan dau tu va

"song sot va do1i méi" dugc dung dé noi dén két qua cua viéc dau tu.

Vi du 4 (M hinh héa sy ding ki kham bénh sir dung song sét va d6i moi)
Mot phong kham vira mo ctra. Thong ké tir nhirng phong kham twong ty cho biét rang ty 16

bénh nhan ma van con diéu tri tai phong kham t thang ké tir lan kham dau tién duogc cho

Trang 45

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 6: Cdc wrng dung ciia tich phan

boi ham s6 f(t) = e~*/?°. Phong kham ban dau nhan 300 ngudi dén kham va du dinh s&
nhan bénh nhan méi vai tée d6 10 ngudi/thang. Khoang bao nhiéu ngudi s& van con diéu tri
tai phong kham sau 15 thang nira?

Giai.

Vi £(15) 14 ty 16 bénh nhan c6 thoi gian diéu tri tiép tuc it nhat thém 15 thang nita,
ta suy ra rang voi sd lugng hién tai 1a 300 bénh nhan, chi c6 300£(15) s& con tiép tuc diéu
tri sau 15 thang ntra.

bé Xép xi s& bénh nhan méi ma van con duge diéu trj sau 15 thang nira, ta chia
khoang thoi gian 15 thang ra thanh n khoang con c6 d6 dai 1a At thang va dat t;_; la
diém dau ctia khoang con thr j. Ta suy ra rang s6 lugng bénh nhan méi ma van con diéu tri
sau 15 thang ké tir bay gid c6 thé duoc xap xi bdi tong

n_ 10£(15 — t;_;)At

10 At - 10A1f(15=1)

0 \1 15

J J | 4 ! -
' >

A

Cong thém voi s6 lwong bénh nhan dang c6 ma van tiép tuc diéu tri sau 15 thang nira
ta duoc tong
P =300f(15) + lim 10 (15 — ¢;_)At
n—-oo
=300f(15) + [, 10f(15—¢) dt
=300e%/* + 10e™3/4 [1° ¢t/20 d¢

~ 247.24
Nghia 13, sau 15 thang nita, phong kham s& con diéu tri cho khoang 247 bénh nhén.

6.6.5 Dong mau di qua dong mach
Vi du 5 (M6 hinh h6éa dong mau)

Tim mét biéu thirc cho luu luong theo thé tich (theo cm 3/s) ma méau chay qua mot dong
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Chuwong 6: Cdc wng dung ciia tich phin

mach ¢6 ban kinh R néu tdc d6 cia mau tai khoang cach r cm tur truc chinh gitra dong
mach 1a S(r) = k(R? —r?), v6i k 1a hang sé.
Giai.

Inner layer
Outer AL

covering

Middle

Inner

channel /\"

Cross section
Chia doan 0 < r < R thanh n doan bang nhau c6 chiéu day 1a Ar cm va goi 7 la
diém bét dau cua doan thtr j. Nhirng doan con ndy tao nén n vong dong tim. Néu Ar nho
thi dién tich ctia vong thtr j xap xi dién tich ctia mot hinh chit nhat c6 chiéu rong 1a chu vi
ctia bién (trong) ctia vong va c6 chiéu day 1a Ar. Tuc 13,

Dién tich cta vong thir j ~ 2mr;Ar

Nhan dién tich ctua vong thir j (cm 2) véi tbe d6 (cm/s) ciia mau chay qua vong nay,

ta duoc
Luwu lwgng theo thé tich ctia dong chdy qua vong j

= (dién tich cta vong j)(toc d6 mau qua vong j)
= (2mr;Ar)S(7;)
= (2nrAr)[k(R? — )]
= 2mk(R?r; — 1) Ar

Luu lugng theo thé tich qua ca mit cit 1a tong cia n s hang nhu vay, nghia 1a

Luwu lwong theo thé tich = =1 an(Rzrj — 1‘]-3)Ar

= lim Y7, 2mk(R?*r; — 1*)Ar

n—-oo
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Chwong 6: Cdc wrng dung ciia tich phdn

= fOR 2wk (R*r —r3) dr

mkR*
2
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Chwong 6: Cdc wrng dung ciia tich phan

BAI TAP CHUONG 6

Bai 6.1. Phac hoa mién bi gi61 han bdi cac duong cong dugce cho sau day va tim dién

tich cua no:

y=xty=x,x=-1,x=1
y=6x%,y=0,x=1,x=5
y=4x’, y=0x=1,x =4

y=x) y=x,x=-1,x =1

y =x%y=x3

y=x%y=3x
y=x’—-1l,x=-1,x=2,y=0
y =x*—3x%, y = 6x2

x =8 —y%, x = y?

y =x%+43x -5, y==<x24+x+7
y=2x3+x*—x=1,y=x3+2x2+5x — 1
y=sinx,y =cosx, x =0, x = J

y=snx, y=NSinZx, x=0,x=n

y=|x|, y= X% —6

y=l4x =1|,y=x2-5,x=0, x =4
Bai 6.2. Chirg minh rang, mién phang duoc xac dinh boi cac bat dang thuc sau:
x+y7<8, x>y, y>0 codién tich bang 7 (dvdt).
Bai 6.3. Tim dién tich ciia mién duoc giéi han boi duong cong: Vx + \/; =1 vacac
truc toa do.
Bai 6.4. Mot cong ty S da tim ra ham chi phi dé san xuat ra san pham thit x dugc

100

——+50.
Nx+25

Hoi tong chi phi dé san xuat ra 2000 san pham 13 bao nhiéu?

cho bdi cong thue: C(x) =
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Chwong 6: Cdc wrng dung ciia tich phdn

Bai 6.5. Doanh thu bién va chi phi bién theo ngay (don vi: $) duoc xac dinh theo
thang thir t bai cong thirc: R'(r) =500 va C(t)=50-0,1t. Hiy tinh tong loi
nhuan trong nam dau tién.
Bai 6.6. Tinh thé tich cta vat thé dugc tao ra khi quay mién bi gii han bdi cac
dudng cong sau quanh truc Ox:

1. y=+x ,véi 0<x<1 2. y=3x ,véi 0<x<38

3 y=x,y=2x,x=1 4.

x=0,x=Ly=x+1, y=x+2
5. y:sinx,y:cosx,OSxS% 6 y=e,y=e", 0<x<2.

Bai 6.7 Tinh thé tich cta vat thé duoc tao ra khi quay mién bi gi61 han béi cac duong

cong sau quanh truc Oy:

1. y=2x, y=1 vatruc Oy 2. y=+/x,y=1 vatruc Oy
3 y=1-x* truc Oy va tia Ox 4., y=x*,y=1-x"truc Oy,
x=0

5. y=e" ,y:% va truc Oy.
Bai 6.8. Tinh thé tich cua vét thé duoc tao ra khi quay mién bj gidi han boi cac
duong cong sau quanh mot dudng thiang tuong Gng:

1. y:2—%x,y=0,x:1,x=2 quanh Ox.

2. y=+x-1,y=0,x=5 quanh Ox.
3. x=2y,x=0,y=9 quanh Oy.
4. x=y-y*,x=0 quanh Oy.

5. y:%xz,y=5—x2, x>0 quanh Ox.
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Chwong 6: Cdc wrng dung ciia tich phdn

6, y=x>,x =y> quanh duong thang: y=1.
7. y=x’,y=4 quanh duong thang: y=4.

8. y=Il+secx,y=3 quanh dudng thang: y=1.

9. y:sinx,y:cosx,OSxS% quanh duong thang: y=-1.
10. y=x*x=y* quanh dudng thang: x=-1.

11. x=)*x=1-y* quanh dudng thang: x=3.

12. y=x,y=0,x=2,x=4 quanh dudng thang: x=1.

Bai 6.9. V& d6 thi cua cac duong cong sau trong toa dd cuc:

T
_ T . _
1. r=3, oses/z 2. 6=-2, 0<r<3
r=20, >0 4., r=60+1, 00 <~
r =2cosd 6. r=5s1in360
7. r*=16co0s20 8. r:3cos3(0—%j
9. r=500s3(9—£j 10. r=sin(29+1J
4 3
11. r=2+cosf 12. r2=160032(6’—%j
13. r=1+siné 14. rcos@ =2
15. r=1+3cosé@ 16. r=-2sind
Bai 6.10. Tim tat ca cac diém giao nhau cta cac dudng cong cuc duoc cho boi:
{ r =4cosé@ 5 ryr =4sin 6
' r = 4sin @ ' r =72
r’=9cos26 r=30
3. 4. T
r=3 g = =—
3
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Chwong 6: Cdc wrng dung ciia tich phdn

5 r:2(1+sin0) ‘ r? =sin 26

' r:Z(l—sinQ) r:\/?sinﬁ
r=2(1-cos®) ,/:L

7. ~ " 8. l-cosé
r=4sin r =2cosé@

Bai 6.11. Tim dién tich cia mién phang dugc gidi han boi cdc duong cong cuc:

f(0), 6=a, 6=b, véi a<0<b,bitt:

1. f(0)=sind, OSHS%

2. f(0)=cosb, OS@S%

. (0)=sect, “7/[<057
4. [(6)=+/sind, %ﬁes%
5. £(0)=¢”, 0<0<2x

6. f(0)=sin@ +cosé, oses%

7. f(@):%, 0<0<2rx

92
8. f(0)=—. 0<0<2x

Bai 6.12. Tim dién tich tao bai ctia mot thong long ciia dudng hoa hong bdn canh:
r =2sin26

Bai 6.13. Tim dién tich ciia mién duoc giéi han boi duong hoa hong ba canh:
r=asin36.

Bai 6.14. Tim dién tich ctia mién nam bén trong duong tron: r=4cos@ va nim bén
ngoai dudng tron: r=2.

Bai 6.15. Tim dién tich ctia mién nam bén trong dudng trdn: »=a va nam bén
ngoai duong cardioid: r=a(1-cosd).

Bai 6.16. Tim dién tich cua mién nam bén trong duong tron: » =6cosd va ndm bén
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Chwong 6: Cdc wrng dung ciia tich phdn

ngoai duong cardioid: r=2(1+cosd).

Bai 6.17. V& dd thi cua dudng cong cuc: r =4+ 2sin% va tim dién tich cua mién

duoc gidi han boi dudong cong nay.

Bai 6.18. Tim dg dai cung cua cac duong cong y = f(x) trén doan dugc chira nhu

sau:

. f(x)=3x+2 trén [-1;2]
[-2:0]

3. f(x)=1-2x trén [1;3]

[0:1]

5. f(x)z%x% +1 trén [0;4]
[1:4]

7. f(x)=§(2+x2)% trén [0;3]
[1:4]

11
9. =—x"+—x" trén [1;2
[ =% +x [:2]

[1;2]

1. f(x):x%—%x% trén [4;16]

[1:2]

13, f(x)=ve™ =1—sec”'(e") trén [0;In2]

2. f(x)=5-4x trén

4. f(x)=1-3x trén

6. f(x)z%x%+2 trén

trén

10. f(x)= éxz —Inx trén

12. f(x)=x +%x1 trén

Bai 6.19. Tim d¢ dai cung ctia duong cong: 9x* =4y° giita cac diém (O;O) va (2\/3;3) .

Bai 6.20. Tim d¢ dai cung ctuia duong cong: (y + 1)2 = 4x° giita cac diém (0:-1) va (1;1).
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Bai 6.21. Tim d¢ dai cung cua duong cong xac dinh boi _[\/t2 —1dt trén doan [1;2].
1

Bai 6.22. Tim d¢ dai cung cua dudng cong xac dinh boi _[\/tz +1dt trén doan [0;1].
1

Bai 6.23. Tim dién tich cua mat tron xoay duoc tao thanh khi quay cac duong cong sau

quanh truc Ox:

I. f(x)=2x+1 trén [0;2] 2. f(x)=2x-1 trén [1;2]
3. f(x)=+/x trén [2;6] 4, f(x):%x3+%xl trén

[1;2]

Bai 6.24. Tim d¢ dai cung cua cac dudong cong cuc sau:

1. r=cosé 2. r=sin@+cosb
3. rzew,OS@S% 4. r=¢€"%,0<0<1
5. r=0*0<6<1 6. r:coszg
7. r:sinZQ.
2

Bai 6.25. Tim dién tich cia mat tron xoay duoc tao thanh khi quay cac duong cong cuc sau

quanh tryc Ox:

1. r=5,0£9£§ 2. r=l-cosf, 0<O<x

V4
<0< — 4. r=cos’—, 0<0<rx

3. r=csch,
3 2

Bai 6.26. Tim dién tich cua mat tron xoay duoc tao thanh khi ta quay cung cua
duong cong: y = %x3 +(4x)", véi 1<x<3 quanh tryc:

a.) Ox
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b.) Oy
Bai 6.27. Tim di¢n tich clia mat tron xoay dugc tao thanh khi ta quay dudng cong:
x:%y% —%y%, vol 0< y<1 quanh:

a.) truc Oy b.) truc Ox C.)
duong thang y=-1.
Bai 6.28. Tim dién tich cia mat tron xoay dugc tao thanh khi quay cac cung cta cac duong

cong sau quanh truc Oy:

5 f(x)=§(12—x) trén [0:3]
2. f(x)z%x% trén [0:3]

3 () :é&(s—x) trén [1:3]

4, f(x)=24J4-x trén[1;3]

Bai 6.29. Chtrng minh rang, dién tich cia mit tron xoay khi ta quay phan do thi cua

b
ham s y= f(x), vOi a<x<b quanh tryc Oy la S:27zj'x,/1+[f/(x)]2dx :
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