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Chuong 8
CHUOI VO HAN

Nguwoi khong dém sé khéong biét dém.
Anatole France
Tom tit

Liéu tong cua vo han cac sé khac khong co thé 1a mot sé hiru han? Khéi niém
c6 vé nguoc doi nay dong mot vai trd quan trong trong toan hoc va c¢6 nhiéu ing dung
quan trong. Muc dich ciia chuong nay 13 khao sat Iy thuyét va cic ung dung cia tong
vo han, cai ma s& duge nhic dén véi cai tén chudi. Cac chudi cép s6 nhan, dugc gioi
thiéu trong muc 8.2, 1a mot trong cac chudi don gian nhat ma ta gip va, theo cach nao
do, quan trong nhat. Trong muc 8.3 - 8.6, ta s€ phat trién cac tiéu chuan hoi tu, cai ma
cung cap cac cach thire dé xac dinh nhanh mét chudi c6 tong hitu han hay khong.

Ké tiép, ta s& chuyén hudng su quan tdm ctia minh dén cac chudi trong d6 mdi
hang tir 1a cac ham thay vi cac sb. Ta sé& dic biét quan tim dén cac tinh chat cua céac
chudi lily thira, cai ma co thé duoc xem nhu cac da thic bac vo cung, du mdt vai dac
diém cua ching hoi khac véi cac da thic nhu vay. Ta s& thdy rang nhiéu ham phd
bién, chdng han e*, In(x+1), sinx, cosx va tan™ x c6 thé duoc biu dién boi chudi
Iy thira, va chung ta s thdo ludn mot vai khia canh quan trong thudce 1i thuyét va tinh

toan cua loai biéu di€n nay.

Mé dau

Chudi, hay tong, nay sinh theo rat nhiéu cach. Vi du, gia sir rang mot chat gay
6 nhidm duoc xa vao khi quyén hang tuan va n6 bi phan hay véi toc d6 2% mdi tuan.
Néu m gam chit 6 nhiém duoc xa ra mdi tuln thi tai thoi diém bat dau tuan dau tién,
c6 S, =m gam chit d6 trong khong khi, va tai thoi diém bat dau tuan tha hai, s& co
0,98m gam chét 6 nhidm “cii” con lai cong véi m gam chit 6 nhiém “mai” vira duge
xa ra. Téng cong luc nay ta c6 S, =m+0,98m gam chit 6 nhiém. Tiép tuc nhu vy,

tai thoi diém bat dau cua tuan thir n, s€ co
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S, =m+0,98m+(0,98)" m+...+(0,98)"" m gam chit do.

That 1a tu nhién dé tu hoi réng lugng chat 6 nhi®m s& tich tu lai trong thot gian
dai (khi n — o) 12 bao nhiéu? Nhung mot cach chinh xac, mot tong nhu vy néi 1én
diéu gi, va néu téng 14 mot con s6 hiru han, lam thé nao dé tinh gia tri cia n6? Ta sé€
thu dugc cau trd 101 cho nhiing cau hdi nay trong chuong nay.

8.1. Day s6 va giéi han cia day so

Hau hét cac hién tuong ta da khao sat xdy ra moét cach lién tuc, nhung thuc té,
trong mdi linh vuc khao sat, cé nhiing tinh huéng ma c6 thé duge mo ta bai viée danh
muc hoa cac dbi twong riéng biét theo mot danh sach cac sd. Trong chwong ndy, ta
dinh nghia mdt cong cu toan hoc, dugc goi la day s6, dé thuc hién viéc danh muc hoa
nay, va sau d6 dinh nghia gidi han cua day sd.

San xuat mot bd phim 13 mot qua trinh phirc tap, va bién tip tit ca cac phim
vao trong cting mot bd phim yéu cau rang tit ca cac khung hinh ctia mot hanh dong
duogc dan nhan theo mot thir ty thoi gian. Vi du R21 - 435 ¢6 thé co nghia la canh thr
435 cta cudn phim thir 21. Mot nha toan hoc c6 thé dé cap dén qua trinh dan nhan cho
cac khung hinh ctia mot nha bién tap phim bdi viéc néi rang cac khung hinh dugc sip
xép vao mot day.

8.1.1. Diy sb

Mot diy sé 1a mot day lién tiép cac sd duge sip xép theo mot quy tic cho

trude. Pic biét, néu 7 13 mot sé nguyén duong, diy sb co phan tir thir # 13 s6 a, co

thé duoc viét dudi dang
Hay don gian hon,

SO a, duogc goi 1a s6 hang tong quat ciia day. Ta s€ chi lam viéc véi day so vo
han, vi vay moi so hang a, c6 mét so lién sau a,,, va mot so lién trude a, | voi n>1.

, s en z x. X ~ ;. . , 1 ,
Vi dy, boi viéc gan moi s6 nguyén duong n véi nghich ddo — cua no, ta dugc
n

mot diy ki hiéu boi {l} dai dién cho diy lién tiép cac sd 1%1 S6 hang tong
n n
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e 1 ., 2 . S A At ,
quét duoc ki hiéu boi a, =—. Vi dy tiép theo minh hoa ki hi¢u va thuat ngir dugc su
n

dung v6i day so.

Vi du 8.1. Tim s6 hang thtr nhat, tht hai va thtr 15 cua ddy s6 {a, }, trong d6 so hang

l n-1
an = — .
)

1 0
(Ej =1. Tuong tu,

téng quat 1a

Giai

Néu n=1 thi al=(

| =
;/’_
0

Il

Cau hoi nguoc lai, tim s hang téng quat khi biét trudc vai sé hang ctia mot
diy, 1a mot nhiém vu khé hon, va tham chi néu ching ta tim thdy mot sd hang tong
quat, ta khong c6 gi dam bao rang sb hang tong quat 1 duy nhat. Vi du, xét diy sd
2,4,6,8,...

Diy nay dudng nhu c6 sb hang téng quat a, =2n. Tuy nhién, s6 hang tong
quat

a,=(n-1)(n-2)(n-3)(n-4)+2n
c6 4 s6 hang dau tién gibng nhu vy, nhung a; =34 (khong phai 10, nhu ching ta
mong muén tir diy 2.4,6,8).

Doi khi, that hitu ich dé bat dau mot day sb véi a, thay vi a,; c6 nghia 1a, dé
c6 mot diy sb co dang

Ay, @y, Q...

Hon nira, ta da thao luan khai niém day s6 mot cach khong chinh thic, khong

c6 dinh nghfa. Ta da thay ring mét dy {a,} gdn métsd a, véi mot s nguyén duong

(hay c6 thé 13, khéng 4m) n. Do d6, mot day sb that sy 1a mot ham sé c6 mién xac

Trang 5

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chuwong 8 : Chudi vé han

dinh 1a mot tip cac sb6 nguyén duong (hay khong am).
Pinh nghia 8.1. Mdt day s6 {an} la mét ham s6 ma mién xdc dinh la mét tdp hop cdc
6 nguyén khéng am va mién gid tri la mot tdp con cia tdp hop s6 thue. Cdc gid tri
cia ham sé a,,a,,a,,... duwoc goi la cac s hang cua day 56, va a, dwoc goi la 56
hang thir n, hodc sé hang tong qudt ciia day so.
8.1.2. Gi6i han caa diy sb

Ngudi ta thuong muén xem xét sy bién doi cia mét ddy {a, } cho trudc khi 7

da 16n. Vi duy, xét day

n
a, = .
n+1
. 1 2 3 , f A s X N A oA A
Vi g, = E,az =—,a, = 2 chung ta c6 thé v€ céac sO hang ctia ddy nay trén mot truc

sb, nhu trong hinh 8.1a, hoac day c6 thé dugc vé theo hai chiéu, nhu trong hinh 8.1b.

Y } 1 11 1 11¢
e ®
o0 ®
08+ o ®
&
i
0.6+
1 a ¢
¢
1 143 0.4+
< $ —e—e—e-eoite——— -
0.2 0.4 0.6 0.8 1 02+
ay
bttt
1 23 4 5 6 7 8 9 10%

a. Graphing a sequence in one dimension b. Graphing a sequence in two dimensions

Hinh 8.1. Do thi diy a, =

n+1
Nhin vao d6 thi & hinh 8.1a hay 8.1b, ta thdy ring cdc hang tir cua ddy {a,}
ngay cang gan s6 1. Nhin chung, néu céc hang tir cuia diy ngdy cang gan sé L khi n
tang vo han, ta noi rang day hoi tu vé giéi han L va viét

L=Ilima,.

n—>x0

Bo1 viéc nhin vao hinh 8.1, ta doan trudc

=1.

lima, = lim
n—o n—o 4+ 1

Ta c6 dinh nghia giéi han chinh thirc nhu sau
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Pinh nghia 8.2. Day s6 {a,} hoi tuvé s6 L, va ta viét

L=Ilima,

n—>x0

néu voi moi € >0, ton tai mot so nguyén N sao cho

an—L|<£ voi moi n> N .
Néu khéng, diy sé phén ki.

Diéu nay noi 1én rang ki hiéu L = lima, c6 nghia la cic hang tir cua day {a,}
c6 thé duoc 1am cho gan L tuy y boi viée 1dy n da 16n.

Mot minh hoa hinh hoc cho dinh nghia nay duoc biéu dién trong hinh 8.2

v A
» 0990
7 n “ﬂ" g
e *
4 T® W»
-] »
i'f'u
ag asay ay a a
- —
f L—¢ f L+
(17 ay -
:
a. One dimension b. Two dimensions

Hinh 8.2. Minh hoa hinh hoc cua mgt day hi tu
Chii y rang cac s6 a, c6 thé & bat ki dau khi # nho, nhung, khi 7 du 16n ching
phai chum lai gan gié tri gi¢i han L .
Dinh i vé gi61 han cia cac ham ) cling thuc hién dugc ddi voi cac day. Ta co
cac két qua hitu ich sau.

Dinh li 8.3. Néu lima, = L va limb, =M thi

Ludt tuyén tinh lim(ra, +sb,)=rL+sM.
Ludt tong lim(anbn) =LM.

A . a L z
Ludt thuong hmb—” = neu M #0.
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Ludt can limgja, =X L néu %la, xdc dinh voi moi n va YL ton

n—>0
tai.

Vi du 8.2. Tim gi6i han ctia mdi day so6 hoi tu sau

(2

3nt+n-1
5nt +2n* +1

Giai YA
" | +®
. \ \ P 100 ~ \ \ , \
a. Khi n ngay cang 16n, s€ ngay cang nhd. Vi Lt
o
vay, 0.6+
&
lim—1 00 =0. 04T
n—wo n 2
0.2 %
D6 thi minh hoa duoc biéu dién trong hinh 8.3. N L Tt
| I - | >
T 1 T 1 -~
200 600 1,000 1.200 *

Hinh 8.3. D6 thi biéu dién day o 1%

n

b. Ta khong thé dung luat thwong cta Dinh 1i 8.3 boi vi ca hai giéi han trén tir va

dudi mau déu khong ton tai. Tuy nhién A
2n2+5n—7_2+5 7 181
n3 n n2 n3 161
144+ @
va boi viée dung luat tuyén tinh, ta thay rang 21
o R
. 2n*+5n-17 .1 .1 .1 8+
lim—————=2lim—+5lim— - 7lim— ¥ ®
n—0 n n—» p n—-» p n—» p 0.6 T ®
A 0.4+ .
=2.0+5.0-7.0 0 L1 ®o0
=0 ) i s e s v«
. . .2 v 2 4 6 8 10 12 14 167
thi minh hoa dugc bi€u dién trong hinh 8.4.
P 2n*+5n—17
Hinh 8.4. Do thi cia a, =————
n
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. 5 A \ X A 4 ~ \ A 5 ’ - R ’
c. Chia tr s6 va mau s6 cho n, lliy thira cao nhat cia n c6 mat trong biéu thuec,

deé duoc :
.
| -
1 1
3+———
3nt+n-1 ) n nt 3 0.8 +
im—————=1lim ==.

oSt + 20"+ o g 2 1 5 v
+ n2 + n4 06T 00000000

Do thi minh hoa duge biéu dién trong hinh 8.5 04 Te

| } | | | } | }
I U T T T T T T

2 4 6 8 10 12 14 167

4
Hinh 8.5. D3 thi ciia  a, =" "~1
Sn”+2n" +1

Vi du 8.3. Chtrng minh ring cac ddy s sau phéan ki
a. {(-1)'}
nnt+2
L Y
Tn" +n" +3
Giai
a. Day dugc xé4c dinh bai {(—1)”} 1a —1,1,—1,1,... va ddy nay phan ki béi cac phan

tir cia n6 ctr dao dong gifra -1 va 1. Vi vay, a, khong thé ngay cang gan mot con sb L

cu thé nao khi n ngay cang lon.

1+ ! +—2
5 3 P 3
b. lim n4+n2+2 =lim—2 1
oo In” +n° +3 naooz+ 1 + 3

3 5

n n o n

Tir s6 c6 xu huéng tién vé 1 khi n — o, va mau s6 ngay cang gan 0. Do d6
thuong so s€ tang khong bi chan, va day phai phan ki.

Néu lima, khong ton tai vi cac sO a, ngay cang 16n mai khi n — oo, ta viét

n—>0

lima, = .

n—>0
Ta tom tit diéu ndy mot cach chinh xac hon trong dinh nghia sau

Dinh nghia 8.4.

lima, =00 co nghia la voi moi so thuc A bat ki, ta co a, > A voi moi n du lon.

n—x0

Trang 9
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limb, = -0 cd nghia la véi moi $6 thwe B bat ki, ta ¢6 b, < B voi moi n du

100

lon.

Viét lai cau tra 161 cho vi du 8.3b theo ki hiéu nay, ta co
lim nwan+2 _

4 2 =©.
- Tp® +n” +3

Vi du 8.4. Xac dinh sy hoi tu hay phan ki cua ddy sd {\/ n +3n— n} .

Giai

14
A2

S& khong dung dé ap dung luat tuyén tinh cho cac diy sé & day (boi vi ca

limvn® +3n va limn déu khong ton tai). Ciing khong ding dé dung diéu nay nhu

n—0 n—o
mot 1i do dé€ ndi rang gidi han ctiia ddy so khong ton tai vi vo cung trir vo cung l1a dang
vO dinh. Ban c6 thé thir mot vai gia tri cia n (nhu trong bang so li€u 8.6) dé doan

rang c6 mot gidi han nao do.

Y =VX? + 3X - X
vy A
’ X = 1 4
* L] 20+
6 1.348469
7 |1.3666 Ls4
= GEGSORRED
8 1.380832 POV T Lo ddd
9 [1.392305 ,le*
10 |1.401754
11 |1.409674 |
12 |1.416408 -
13 |1.422205 INEEEER
14 |1.427249 ™ sTelolr
15 [1.431677
16 |1.435596
17 |1.439089
18 | 1.442222
19 |1.445048
20 |1.447611

Bing 8.6. Pdy la do thi ciia mét diy héi tu hay phan ki?
Tuy nhién, dé tim gi61 han, ta s€ dung bién ddi dai sb dé viét lai sb hang téng
quat nhu sau:

\/n2+3n—n—(\/n2+3n—n) n’ +3n+n _ n’+3n-n" _ 3

2 +3n+n _\/n2+3n +n _\/ 3

I+—+1
n

Do @0,
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lim(\/n2 +3n —n)=lim4=%.
1+§+1
N\ n

Chu y d6 thi cua ddy trong vi du 8.4 trong bang sé liéu 8.6. D6 thi cia mot diy
1a su ndi tiép cta cac diém riéng biét. Do thi nay co thé dugc so sanh véi dd thi cua

) A
y=x"+3x-x,x>1, !

20T
mot duong cong lién tuc (xem hinh 8.7)
. A X .~ . N 151
Su khic bi€t duy nhat gita lima, =L va T
n—0 Lo+ ‘/’
lim f (x) =L 1a n phai la mot sO nguyén. Bi¢u d6 duogc
x>0 0.5+

phat biéu trong gia thiét ciia dinh i sau.

X

>
8

Il
I
7

=
= A
W
=)

Hinh 8.7. Do thi ciia ham y =~/x* +3x —x,x>1

Pinh li 8.5. (Dinh Iy vé giéi han ciia ham lién tuc). Cho trudce ddy sé {a,}, goi f la
mot ham sé lién tuc théa man a, :f(n) véi n=1,2,.... Néu limf(x) ton tai va

lim f'(x) =L thi day s6 {a,} hoi tuva lima, =L.

X—0 n—»0

Chung minh

Lay €>0. Vi limf(x) = L nén ton tai mot s6 N >0 sao cho

e
‘f(x)—L‘<g véimoi x> N.
Dic biét, néu n > N thi n6 kéo theo rﬁng
‘f(n)—L‘ =|an —L| <eg.
Hay chéc rﬁng ban hiéu dinh li nay mot cach chinh xéac. Pac biét, chu y rfmg no

khong néi néu lima, = L thi lim f(x)=L (xem hinh 8.8b).

n—0 X—0

Trang 11
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l
I P g
/ \\ / b /
/ | \
¥ / \\ ,"’ \ / “i
/ \/ \/ \
a. If lim f(x) =L, then lim q, =L b. £ If lim a, = L, then lim f(x)
n—00 n—>00 X—>00
does NOT necessarily equal L

X—>00

va lima, trong d6 f(n)=a, véi n=1,2,...
n—»0

Hinh 8.8. So sdanh db thi ciia lim f(x)

2 2
Vi du 8.5. Biét diy s6 { ——— | hoi tu, tinh lim .
1-¢" no] —e"
Gidi
x2
bat Lzlimf(x),trongd(') f( )=1 —.
X—>0 —_ e
2 N ~
bang voi lim f(x), mién

nawl_e”

Vi f(n)=a, véi n=1,2,... Dinh li 8.5 néi rdng lim

1a giéi han phia sau t6n tai. Vi ham s& flién tuc v6i moi x#0, ta dung quy tic

L Hospital.
2
lim—— = lim =% = lim—— = 0.
x>0 ] — e x>0 @ x—w _ex
Do do, theo dinh i 8.5,
2
lim1 —=lim f(x)=L=0.
n—o0 — e X—>00

Quy tic kep co6 thé dugc viét lai theo ngdn ngit cua diy nhu sau
Pinh li 8.6 (Pinh li kep cho diy). Néu a,<b <c, voi moi n>N, va

lima, =limec, =L thi
limb, = L.

n—»0
n—>0

. n!
b. im—
n—»ow n”

a. limn""
n—>0
Trang 12
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Giai

a. Dit L=1limn"", khi d6 ta dat f(x)=x"". Him s0 f lién tuc véi moi x>0

n—>0

nén ta c6 thé ap dung quy tic L Hospital.

Ta co
1
1nL=1imln—n=limln—x=1imi=O
now g xow oy xow |
Do do,
L=e"=1

Ta khong thé dung quy tic L’Hospital vi x! khong duoc dinh nghia nhu mot
ham s so cap khi x khoéng phai 1 sé nguyén. Thay vao do, ta dung dinh li kep cho

~ r o A A \ 1 7. . 7
day. Theo @0, chu y rang néu lay a, =0 va ¢, = —, vé1mo1 n, ta co

n
b, Cy
a, =~
~ nl 1
0<—<—
n" n

Bit dang thirc bén phai dung boi vi

nl_n(n=1)(n=2)... (

n

|
Vi lima, =0 thi limc, =0 nén theo dinh Ii kep ta c6 lim— = 0.

n—»0 n—»0 n—>0 n
8.1.3. Ddy bj chiin, don diéu

Ta gi6i thiéu, ciing v6i mét vi du don gian, vai thuat ngir gan voi day so {a, }

Tén Diéu kién Vi dy

ting ngit | ¢, <a,<..<q, , <q <.. 1,2,3,4,5,...

tang a,<a,<..<a,_,<a, <. 1,1,2,2,3,3,...

tiam ngat a>a,>..>a, >a, >.. l,l,l,l,n-
234
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Chwong 8 : Chudi vé han

giam az2ay,2..2a,_ 2a ..

bi chan | a <M vé6i 1,2,3,... 1
trén boi M 34
Cha y M=2,M =3 la cac

su chon lua khac.

bi chin | m<a, véi 1,2,3,... m=1voi 1,2,3,...
dudi boi m Cht ¥y m=0,m=-1 la céc

lua chon khéc.

bi chin b6 1a vua bi chan trén, vua bi ! 111
chin dusi. ‘2347
m=0,M =1. Vay diy sb bi
chan

Ta ciing n6i rang mot diy 1a don diéu néu no ting hodc giam va mot diy la
don diéu ngit néu no ting ngit hoic giam ngit.

Nhin chung, kho dé noi réng mot chudi sd cho trude 1a hoi tu hay phan ki,
nhung nho dinh i sau day, ta sé d& dang xac dinh mot ddy sé 1a hoi tu hay phan ki néu
ta biét n6 don diéu.

Pinh li 8.7 (Pinh Ii bi chiin, don diéu, hdi tw). Mot day s6 don diéu {a,} hoi tu néu
no bi chan va phan ki néu nguoc lai.
Chimng minh

Lap ludn mdt cach ndm na dudi day, ta s& gia dinh rang {a,} 1a mot ddy tang.
Ban s& mudn thiy ring ban c6 thé dwa ra mot lap luan twong tu trong trudng hop diy
giam hay khong.

Vi cac hang tr clia ddy thoa man a, <a, <..<q, , <a, <..., ta biét rang day bj
chin dudi béi a, va dd thi clia cac diém twong ing (n,a,) s di 1én trong mit phing.

Hai truong hop c6 thé xay ra dugc biéu dién trong hinh 8.9.

Trang 14
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Chuwong 8 : Chudi vé han

y Ar VA
M .
o . .
< e L
. g ®
T & T £ ?
T Fal e O *
a- + ® - @
a1+ e + o
——— > —+—+—t b
L X . X
a. If a, <M for n=1,2,-., the graph b. If {a,} is not bounded from above,
of the points (n,a,) will approach a hor- the graph rises indefinitely

izontal “barrier” line y = L
Figure 8.9 Graphical possibilities for the BMCT
Gia sir diy {a,} dwoc chan trén béi mot s6 M, cho nén a <a, <M véi
n=12,....
Do d6 db thi cua céc diém (n,a, ) phai di 1én lién tuc (b6i vi ddy 1a don diéu),
nhung né phai nim dudi dudng thing y =M (trong d6 L <M ). Cach duy nhat dé
didu nay c6 thé xdy ra d6 1a d6 thi ngay cang gan mot duong thang “chan” y =1L

(trong d6 L <M ), vataco lima, =L, nhu biéu dién trong hinh 8.9a. Tuy nhién, néu

day khong bi chan trén, dd thi s& tang khong xac dinh (hinh 8.9b), va céc phé‘m tr cua
ddy {a,} khong thé ngay cang gan bat ki s hitu han L nao.

‘ 13.5..(2n-1
Vi du 8.7. Chirng minh ring diy 135..(2n-1) hoi tu.
24.6..(2n)

Giai

Céc s0 hang dau tién cua day nay la

1
611:5
1.3 3
a2=—=—
24 8
135 5
a3:—:—
246 16
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Chwong 8 : Chudi vé han

Vi % > % > % , ta nhan thiy diy ndy ting (c6 nghia 13, n6 don diéu). Ta c6 thé

chirng minh diéu nay boi viée chirarang a ., <a, vé1 moi n >0, hay mt cach twong

duong, Gt (Chti y rang a, #0 v&i moi n).
a

n

135..[2(n+1)-1]

a,, = 246.[2(n+1)]
a,  135.(2n-1)
2.4.6...(2n)

C135.[2(n+1)=1] 2.4.6..(2n)
©246.[2(n+1)] 135..(2n-1)

B 2n+1
2n+2

<1

voimoi n>0.

Do do, a,,, <a, véimoi n,va {a,} 1a mot diy giam. Vi @, >0 v6i moi n nén
{a,} bichin dudi béi 0. Ap dung dinh 1i 8.7, ta thiy rdng {a,} héi tu, nhung dinh 1y
8.7 khong néi cho ta biét didu gi vé gidi han cua day.

Dinh 1y 8.7 ciing dung ddi véi cac diy c6 phan sau don diéu. C6 nghia 13, day
{a,} hoitu néu n6 bi chin va ton tai mot sé nguyén N sao cho {a,} don diéu voi
moi n>N.

Dang mé rong cua dinh ly 8.7 dugc minh hoa trong vi du sau.

. |
Vi du 8.8. Chirng minh rang day {ﬂ} héi tu.

Jn
Giai

Mot vai gié tri dugc néu ra trong bang 8.10.

Trang 16
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Chuwong 8 : Chudi vé han

Y = (1n X/VX)
3R 10000000000] | E

X Y .
20 0.6698661 ™,
30 0.6209708 ¢ ® e &
40 0.5832631 o o4 {
50 0.5532436 5,
60 0.5285776
70 0.5077923
80 0.4899255 il
90 0.4743216 HEER NSRS N
daa 4 %602l 7 10 20 30 40 50 60 70 80 90F
1000 0.2184424
10000 0.0921034
100000 0.0364071
1000000 0.0138155
10000000 0.005097
10000000000 |0.0002303

. . Inn
Figure 8.10 Interactive Sequencea, = %

Su noi ti€p céac sO goi y rang day dau tién tang va sau do giam dan. B¢ kiém tra

dic diém nay, ta liy

va thdy ring

&(ij—(lnx)(zxmj _ 2\/5—\4;11”

X 2x

Tim gia tri té1 han:

2\[;——\ﬂ;h1x B
. =

—— =0

2x
2\ﬂ;::\ﬂ;h1x
Inx=2

2
X=e€

Vi vay, x=e’ 13 gia tri téi han duy nhit, va ban c6 thé ching minh ring
f(x%d)wﬁx>ez¢)2—mx<0\wix>f.D@un%angmﬂéflém&hﬁn

.o 7. 2
giam vo1 x >e”.
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Chwong 8 : Chudi vé han

Inn

In

Do d6, diy { } phai giam v6i n>8 (boi vi € nam giita 7 va 8). Ta thiy

Inn

rang diy { \/_} bi chin dudi vi
n

0<{h1_n} véimoi n>2

Jn

Do do, day da cho bi chan dudi va c6 phan sau giam, cho nén n6 phai hdi ty.

Dinh 1y 8.7 12 mot cong cu i thuyét cuc ki c6 gia tri. Vi du, ta da biét dinh

lim(l +lj =e.
n—o0 n

Nhung dé lam nhu vdy, ta di gia sir rang gidi han nay ton tai. Bay gio, ta c6 thé

nghia s6 e bdi gidi han

C s : : 1Y :
ching minh rang gid sir nay dugc dam bao la ding, bdi vi day (1 +—j tang va bi
n

chan trén. Do @6, dinh 1y 8.7 dam bao cho chung ta day sb hoi ty, va diéu nay dam bao
su ton tai ctia gioi han. Ching ta két thic phan nay voi mot két qua rat hitu ich trong
cong viéce tiép theo cua ching ta.

Pinh 1i 8.8. (Sw hdi tu cia mét diy liiy thira). Neu r la mét so ¢é dinh sao cho

|r| <1 thi imr" =0.

Chimng minh
Truong hop khi #» =0 1 tAm thuong. Ta s& ching minh dinh 1i trong truong
hop 0<r <1 va dé truong hop —1 <7 <0 lai nhu mot bai tap.
0<r =rr<r.

Day {r”} don diéu va bi chan nén c6 giéi han. Hoac limr" =0 hoac

n—>0

limr"=L>0.Giadsu

n—>0

limr" =L

n—0

rlimr" =nlL

n—»0

limrr" =rL

n—>0

Trang 18
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Chwong 8 : Chudi vé han

limr"' =rL <L

n—>0

Nhung lim7""" =lim#" = L theo dinh nghia gi¢i han. Do 46 L =rL < L 1a diéu

n—>0 n—>0

khong thé, vi vay lim7" =0.

n—co
8.2. Gi6i thi¢u vé chudi vé han; chudi cip s6 nhin

Ta dinh nghia mot chudi nhu mot giéi han ciia mot loai diy dic biét. Sau do ta
nghién ctu vai dac diém co ban cua chudi va khao sat chudi luong giac, mot loai
chudi dic thu voi rat nhiéu tng dung.
8.2.1. Pinh nghia chudi vé han

Mot cach dé cong mot danh sach céc sb 1a tao ra céc téng thanh phﬁn cho dén
khi nao sb cudi cung cua danh sach dugc dugc cham dén. Mot cach tuong tu, dé dua
ra nghia ciia mot téng vO han

S=a,+a,+a,+a,+..
Mot cach tu nhién, ta khao sat cac téng thanh phﬁn
a,a,+a,,a,+a,+a,,a,+a,+a,+a,,..

Néu tong vo6 han co gid tri, ta du doan rang cac tong thanh phan
S=a +a,+a,+a,+..+a, s& ngay cang gan gia tri 46 khi n ting khong bi chan.
Céc ¥ twong nay dan ta dén dinh nghia sau.

Pinh nghia 8.9. Mot chudi la mét tong hinh thire ¢é dang
a+a,+a;+..= Y a
k=1
vd téng riéng thir n ciia chudi la

n
S =a+a,+ta,+a,+..+a, =Zak.
k=1

Chudi dwoc goi la h$i tu véi tong S néu day cdc tong riéng {Sn} héi tu vé S. Trong

trieong hop ndy, ta viét

o0

> a4, =1imS, =S.

=1 n—»0

Néu day {Sn} khéng hoi tu, chudi Zak phén ki va khéong cé tong.

k=1

Trang 19
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Chwong 8 : Chudi vé han

Cdi nay néi lén diéu gi? Mot chudi hoi tu néu diy cac tong riéng cia né hoi tu va
phan ki néu nguoc lai. Néu n6 héi tu, téng cua no dugc dinh nghia 1a gidi han cua day
tong riéng.
Ta s€ dung ki hiéu Zak dé ki hiéu chudi a, +a, +a, +... bat ké chudi nay hoi
k=1
tu hay phan ki. Néu dy céc tong riéng {S,} héi tu thi

>0, ~lin( S0

n—»o0
k=1

00
va ki hi¢u Zak dugc dung dé biéu dién ca cho chudi va cho tong ctia no. Ta cling s€
k=1

xem x€t cac chudi ma diém khoi dau khong phai 1a 1; vi du, chuoi

1 1 1
—+—+—+...
3 4 5
A . 1 <N |
¢o thé duoc ki hiéu boi Z— hoac Z—
=k Sk+1

Dy x. o 1 .
Vi du 8.9. Chirng minh rang chuoi Z? hoi tu.

=)
Giai

Chuoi nay c6 nhitng tong riéng sau

5oL
2
521,13
2 4 4
S3:—+l+l:Z
2 4 8 8
Sn:l+l+...+L
2 4 2"
137153163 127 .
Diy cac tong riéng 1a —,—,—,—,—,— ... va noi chung (theo quy nap toan

2°4°8°16°32°64°128°
hoc)

Trang 20

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

S —1-—4
2}’1

n—0

Vi lim(l —%J =1 nén ta két ludn rang chudi hoi tu va co tong 1a S =1.

Vi du 8.10. Ching minh rang chudi Z(—l)k phan ki.
k=1

Giai

Chudi c6 thé dugc khai trién (viét 1 ra) nhu sau
(1) ==1+1-1+1-1+..
k=1

va ta thdy rang tong riéng tht n cta chudi 1a

-1, n=2k
S = )
0, n=2k+1

Viday {S,} khong c6 gi6i han, chudi da cho phai phén ki.

Mot chudi duge goi 1a chudi rit gon dwge (telescoping series hay collapsing

series) néu cac tong riéng co theé rat gon dugc, nhu minh hoa bdi vi du sau day.

Vi du 8.11. Ching minh rang chudi z hoi ty va tim tong ciia no.
k=1

Kk’ +k
Giai

Dung ki thuat phan tich phan thirc thanh téng cac phan thirc don gian, ta thiy
rang

bt . -t
K+k  k(k+1) k k+1

Do do, tong riéng thir n cua chuodi da cho co6 the biéu dién nhu sau

()

Trang 21
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Chwong 8 : Chudi vé han

1
n+1

:1—

Gidi han ciia diy tong riéng la

lim§, = lim{l— 1 }zl
n—e n— n+1
nén chudi hoi ty, voi tong S =1.
8.2.2. Cic tinh chit tong quat ciia chudi
Tiép theo, ta s& khdo sat hai tinh chét tong quat cua cac chudi. O ddy va nhirng

noi khac, khi diém bdt dau cia mét day khéng quan trong, ta sé ki hiéu chudi boi

Y a, thayvi iak.
k=1

Pinh li 8.10. (Tinh chit tuyén tinh cia chudi).
Néu > a, va »b, la cic chudi hgi tu thi chudi Y (ca, +db,), véi ¢, d la

hang so ciing hoi tu va

Z(cak + dbk) = cZak +d2bk .
Ching minh:
So sanh tinh chat nay véi tinh chat tuyén tinh trong Dinh 1i 5.4 & chuong 5, cac
tinh chét gid1 han 1a cho céc téng htru han, va dinh li nay la cho céc téng vO han.
Chung minh cua dinh li nay twong tu ching minh cua Dinh 1i 5.4, nhung trong
truong hop nay, noé dugc suy ra tir luat tuyén tinh cua diy (Pinh 1i 8.3). Chi tiét duoc

dé lai nhu mot bai toan.

Vi du 8.12. Ching minh rang chudi Z{ 4 k 2%} hoi ty, va tim tong cta no.
+
Giai
- B - 1 A A 12 LA
va Z—k deu hoi tu voi tong
=1 K-+ it 2

bang 1, tinh chét tuyén tinh cho ta viét chudi da cho nhu sau

o0 o0 1

Zk2+k sz

k=1 k=1

Bay gio ta co6 thé ket luan rang chuoi hdi tu va rang tong cua no la

Trang 22
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Chwong 8 : Chudi vé han

o0

46 =4()-6(1)=2.

k=1

Tinh chét tuyén tinh ciing cung cp thong tin hiru ich vé mot chudi co dang
> (ca, +db,) khi chi mot trong hai chudi Y a, hodc » b, phan ki; c6 nghia la, mot
héi tu va cai con lai phan ki.

Pinh li 8.11. (Sw phin ki ciia tong ciia mdt chudi hdi tu va mét chudi phan ki)

Néu chubi Zak hodc Zbk phdn ki va chudi con lai héi tu thi chudi
> (a, +b,) phai phan ki.

Chtirng minh:
Gid st > a, phankiva Y b, héi tu. Khi d6, néu chudi Y (a, +b,) ciing hoi

tu, theo tinh chit tuyén tinh thay rang chudi
> [(a,+b,)-b]=>a,
phai hoi tu, mau thudn véi gia thiét. Diu d6 kéo theo rang chudi Y (a, +5,) phan ki.

Vi du dinh li nay cho ta biét ring chudi

S

00

~1)" phan ki

phai phan ki vi mdc du
k=1

(Vidu 8.9).
8.2.3. Chudi cip s6 nhan

Chiing ta van con co rat it cac ki thuat dé xac dinh ré'mg mdt chudi cho trude 1a
héi tu hay phan ki. That su, muc dich cta phan 16n chuong nay 1a dé phat trién du cac
ki thuat dé xac dinh diéu nay. Ta bit dau cudc tim kiém nay béi viée xem xét mot loai
chudi dic biét quan trong.
Pinh nghia 8.12. (Chudi cip sé nhén). Mot chudi cdp sé nhin la mot chudi trong
dé ti s6 giita cdc s6 hang lién tiép nhau trong chudi la mét hang s6. Néu hang sé ndy
la r thi chudi cé dang

Zark:a+ar+ar2+ar3+...+ar"+... (a;tO).
k=0

Trang 23
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, 3 3 3 \ A X A A A 1 X A N A 5 A
Vidy, 3+—+—+=+... 1a mot chudi cap s0 nhan vi moi s6 hang bang mot ntra so

hang dimg ké trudc. Ti s6 ctia mdt chudi cap so6 nhan co thé duong hodc am.

Vidu,

> 2 2 2 2
Z—k=2——+———+
w0 (-3) 3.9 27
12 mot chudi cap sé nhan véi r:—g.

Dinh li sau day cho ta biét lam thé nao dé xac dinh mot chudi cap s6 nhan hoi
tu hay phan ki va néu n6 hdi tu, tong ctia n6 la bao nhiéu.

Pinh li 8.13. (Pinh li chudi cip s6 nhin)

o0
XX A A k 7. A s A < A A 7.
Chuoi cap so nhan E ar” voi a # Ophdn ki néeu |r| >1 va hoi tu néu |r| <1 voi
k=0

tong
= a
Sark =9
k=0 l-r
Chting minh:
Chu y rang tong riéng thit # ctia chudi cap so nhan 1a
S =a+ar+ar’ +..+ar"”’
_ 2 3 n
rS, =ar+ar” +ar +..+ar

rS =S, :(ar+ar2 +ar’ +...+ar")—(a+ar+ar2 +...+ar"_l)

(r-1)S,=ar"-a

a(r" —l) _
S =N ) khirel.
r—1
Néu |r|>1 thi day c4c tong riéng {S,} khong c6 gi6i han vi r" khong b chan

trong truong hop ndy, vi vay chudi cap sd nhan phai phan ki. Tuy nhién, néu |r| <1,

dinh 1i 8.8 cho ta thy rang 7" — 0 khi n — oo, do d6 ta co

S ar' =1imS, zlima(rn _11} a(0-1) __a

n—»o n—»0
k=0

Trang 24
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Chwong 8 : Chudi vé han

Dé hoan tat chirng minh, ta can chi ra ring chudi cap s6 nhan phan ki khi |r| =1

, va ta dé budc cudi cung nay lai nhu mot bai toan.
Vi du 8.13. Xét xem modi chudi cap so nhan sau hoi ty hay phan ki. Néu chudi hoi tu,

tim tong cua no.

Giai
. 3 .. . n X A 1s
a. Vir= > thoa man |r| >1 nén chudi phan ki.
Je 1 A \ X+ A A A A .7 . A A 5 \
b. Tacd r= -3 nén |r| <1, va chudi cap s6 nhan hoi tu. Gia tri dau tién cua £ la

2 (khong phai 0), nén gia tri a (gia tri dau tién) la

2
a=3(—lj _3
5) 25

va

0 k ~
R
=\ 5) 1-r 1_( 1) 10

8.2.4. Ung dung ciia chudi cip s6 nhan

Chudi cip sb nhan c6 thé dugc sir dung theo rat nhiéu cach. Ba vi du tiép theo
ctia ching ta s& minh hoa mot vai tng dung bao gém chudi cip s nhan.

Nhiéc lai ring mot s6 hiru ti 7 12 mot s6 c6 thé viét dudi dang r=p/q véip la
s6 nguyén va ¢ 1 sé nguyén khac 0. Nguoi ta c6 thé ching minh rang bt ki sé nao
nhu thé déu c6 biéu dién sb thap phan tudn hoan. Vi du,

i=0,5 =0,50
10

% =0,454545..= 0,45

Trong d6 thanh ngang chi rang cac sb dudi thanh ngang lip lai v6 han lan. Vi

Trang 25
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Chwong 8 : Chudi vé han

du sau day cho thiy chudi cap sb nhan c6 thé duoc dung nhu thé nao dé dao nguoc
qua trinh nay boi viéc viét mot sé thap phan tuan hoan cho trude dudi dang mot phan
s9.

Vi du 8.14. Biéu dién mét sé thiap phan tuin hoan dwéi dang mét so hiru ti

Viét 15,423 dudi dang mot sb hiwu ti 2.
q

Giai

Thanh ngang phia trén 23 chi rang khdi cac sé nay duogc lip lai, co nghia 13,
15,423 =15,4232323... .

Phan lap lai cia $6 thap phan co thé duoc viét dudi dang mot chudi hinh hoc
nhu sau
15,42_3=14+%+%+%+%+

=15+—+—|1+—+—7+...
10 10°[ 10> 10* }

4 23 1 4 231100
=15+—+— =15+ —+—|—
10 10 l—i 10 10" 99
L 100
4 23 15269
=15+—+—=—.
10 990 990

Vi¢c gidm tru thué, tirc viéc tra lai mot khoan tién nao d6 cho nguoi ndp thué
6 thé dan dén viéc khoan tién nay duogc dung rat nhiéu 1an. Hién twong nay duoc biét
dén trong kinh té nhu 13 tdc dpng nhdn. N6 xay ra boi vi phan tién giam trir dwgc xai
boi mot ca nhan lai trd thanh thu nhdp cua mot hoac nhiéu nguodi khac, nhitng nguoi
ma dén lugt minh lai xai mot phan cia khoan tién do, tao ra thu nhap cho cac nhan
khac dé tiéu xai. Néu ti 1¢ thu nhap duoc tiét kiém lai 1a mot hang sb khi qua trinh nay
tiép tuc mot cach vo han, téng s6 tién duogc xai nhu 13 hé qua cia sy giam tru thué
chinh 13 tong ctia mot chudi cap sb nhan.
Vi du 8.15. Bai toan mo hinh: Tac dong nhén trong kinh té

Gia sir rang trén toan qudc xap xi 90% cua tat ca cac thu nhap dugc dung va

10% duoc tiét kiém. Mic tiéu dung tong cong duoc phat sinh bai 40 triéu tién giam
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Chwong 8 : Chudi vé han

trir thué s& 1a bao nhiéu néu thoi quen tiét kiém tién khong thay d6i?

S tién (ti) duoc xai boi ngudi nhan truc tiép tién mién trir 1 36. Khoan tién
nay trd thanh khoan thu nhap méi, ma 90% trong d6 hay 0,9 (36) duoc ding. Pén luot
minh, khoan tién ndy lai sinh ra khoan tiéu xai 1 0,9 [0,9 (36)], va van van. Tong s6
tién duogc tiéu xai néu qua trinh nay tiép dién v6 han la

36+0,9(36)+0,97(36)+0,9°(36) +...=36[ 1+0,9+0,9° +.. ]

:3620,9":36£ 1 j:360.
= 1-0,9

- Y,

Tong s6 tién tiu xai duoc phét sinh bai 40 ti d6 la giam trir thué 1a 360 ti d6 la.
Vi du 8.16. Bai toan mé hinh: Tich liiy thudc trong co thé

Mot bénh nhan duoc tiém 10 don vi thuée mdi 24 gio. Thude duge bai tiét theo
s6 mil nén luong thude con lai trong co thé bénh nhan sau 7 ngay 1a f(¢)=e¢"". Néu
viéc diéu tri van duoc tiép tuc mai, khoang bao nhiéu don vi thude s& dugce tich Iy
trong co thé bénh nhan ngay trude lic tiém?
Giai

Chi 10e™” don vi thudc cta lidu ddu tién con lai trong co thé bénh nhan sau
ngay dau tién (ngay trudc 1an tiém thir hai). C6 nghia 13,

S, =10e™"”

Luong thudc trong co thé bénh nhan sau 2 ngay bao gdm lwong con lai tir 2 1an

—-2/5

tiém dau tién. Chi 10e™” don vi cua liéu tiém dau tién con lai (vi 2 ngay da troi qua),

—1/5

va cua liéu tiém thr hai con lai 10e” don vi thuoc:

S, =10e™"” +10e7".

Tuong tu, sau n ngay,
S, ==10e"" +10e° +..+10e™"° =>"10e **
k=1
Luong thude S tich tu trong ngudi bénh nhan trong thoi gian dai 1a giéi han coa

S, khi n — 0. D6 14,

Trang 27

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

0 -1/5
S=1lims, = > 10e™** = 1108—1/5 ~ 45,166566.
—e

e k=1
Ta thay rang khoang 45 don vi thubc con tich liiy trong co thé bénh nhén.
Chu y
Nhu mdt chu ¥ cudi cing, hiy nhd rang mot ddy 1a sy ndi tiép cta cac sb hang,
trong khi mot chudi 14 tong ciia cac s6 hang nhu vay. Pung 14n 16n giita hai khai niém
vi chiing ¢6 nhiing tinh cht rat khac nhau. Vi du, mot day céc sb hang c6 thé hoi tu,
nhung chudi cac sé hang d6 ¢ thé phan ki:

1+l mot day E,i,g,ﬂ,..., day nay hoi tu dén 1.
2" 2748’16

i(Hinj la chudi >+ 42+ ... , chudi nay phan ki,
— 2 2 4 8
8.3. Tiéu chuin tich phan ; p-chubi

Bay gid ta chuyén sang phat trién mot vai tiéu chuan dé xét sy hoi tu ciia mot
chudi cho trude. Cac tiéu chuin nay tién loi ¢ chd chung khong yéu cau biét cong
thirc cu thé (nhu cai ma ta da tim v6i chudi cip s6 nhan) cho S, (tong riéng thir n) va
bét tién & chd chung thuong khong thé dung dé tim téng thyuc sy ctia mot chudi hoi tu
duoc.

Su hoi tu hay phan ki ctia mot chudi duoc xac dinh bdi su bién ddi cua céac S,
tong riéng thir n cta chung khi n — oo . Trong Muc 8.2, ta da thdy cac phuong phap
dai s6 c6 thé thinh thoang dugc ding dé tim cong thirc cho tong riéng thir n clia mot
chudi nhu thé nao. That khong may, thuong kho hodc khong thé tim mot cong thirc cd
thé st dung duogc cho téng riéng thir n cia mot chudi, va cac ki thuat khac phai dugc
dung dé xét sy hoi ty hay phan ki.

8.3.1. Tiéu chuén phan ki

Khi khao sat chudi »  a, , rat d& nham 1an day c4c sb hang tong quat {a,} véi

ddy céc tong riéng {S,} trong d6

n
S, = Zak
k=1

Vi ddy {a,} thuong d& tiép can hon {S,}, s& thuan tién néu su hoi tu cia diy
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{S,} c6 thé duoc giai quyét béi viée xét

lima, .
k—x

Maic du ta khong c6 mdt tiéu chuan don gian, dat khoat cho sy hoi ty, dinh 1i
sau day cho ta biét rang néu nhiing diéu kién nao d6 duoc thoa, chudi phai phan ki.

Pinh li 8.14. (Tiéu chuin phan ki). Néu lima, #0 thi chudi . a, phdi phan ki.

Cdi nay ndéi lén diéu gi ? Tiéu chuan phan ki chi c¢6 thé cho ta biét rang chuoi

Zak phan ki néu , nhung n6 khong thé dwgc dung dé chimg minh sy hji tu cia

A R A A ’ ’ ~ 2 M X 1 A 1 - \
mot chuoi. Mot trong so cac vi du sau ta s€ chi ra rang chuoi Z; phan ki mac du

liml =0.
k%ook

Chimng minh
Gid sir ddy cac tong riéng {S,} hoi tu v6i tong L, cho nén lim S, = L. Khi dé ta

n—>0
cling co

limS,  =L.

n
n—0

Vis§, -§,,=qa, nén

lima, =lim(S, -S,_,) =lim§, ~lim$, | =L-L=0.

k— k—

Néu chudi Y a, hoituthi lima, =0. Vay néu lima, # 0 thi chudi Y a, phai
k—0 k—

phan ki.

Vi du 8.17. Chirng minh rang chudi Zw phan ki.
im0 4k +750

Giai

Lay gi6i han cua s6 hang tha & khi & — oo, ta thay
k—-300 1
m———=—.
k>= 4k +750 4
Vi gi6i han khac 0, theo tiéu chudn phéan ki ta ¢6 chudi phai phan ki.
8.3.2. Chudi cac s6 khong am; Tiéu chuén tich phin
Chudi ma cac sd hang déu la cac s khong am doéng mot vai tro quan trong

trong li thuyét chudi tong quat va trong cac timg dung. Muc dich tiép theo cta chung ta
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1a phat trién cac phuong phap dé xét sy hoi tu cua cac chudi cac s6 khong am, va ta
bat dau boi viée thiét 1ap quy tac tong quat sau.
Pinh li 8.15. (Tiéu chuan héi tu cho chudi cic sé6 khong am)
Mot chuoi Zak trong do a, 20 voi moi k hoi tu néu day cac tong riéng cua
no bi chan trén va phan ki néu nguoc lai.
Chtrng minh
Gia sir ) a, 1a mot chudi cac sO khong am, va ki hi¢u tong riéng thir n cua
chudila S,; taco
n
S =Zak =a,+a,+..+a,.
k=1
Vis§ ., =S8 +a, vavia, 20 véimoi k nén

S . =S

n+l —

V6imoi 7, chonén {S,} 1a mét ddy tang. Theo dinh ly 8.7, ddy tang {S,} hoi
tu néu no bi chin trén va phan ki néu nguoc lai. Do dé, vi chudi Zak dai dién cho
gi6i han cua ddy {S,}, chudi D a, hoity néu day {S,} bichan trén va phan ki néu nod
khong bi chan.

Tiéu chuén hoi tu ndy thuong khé dé 4p dung vi khong d& dé xac dinh xem diy
céc tong riéng {S,} c6 bi chin trén hay khong. Muc tiéu tiép theo 1a khdo sat nhiéu
tiéu chuan hoi ty. Pay la céc tién trinh cho phép chung ta xac dinh mot cach gian tiép
mot chudi cho trudc hoi tu hay phan ki ma khong phai tinh giéi han cua diy tong
riéng.

Ta bt dau voi mot tiéu chuan hoi tu ma lién két sy hdi tu ctia mot chudi véi su
héi tu cua mot tich phan suy rong.

Pinh li 8.16. (Tiéu chuén tich phén)

Néu a, = f(k) voi k=12,..., trong do f la mt ham theo bién x, duong, lién

tuc va giam voi x 21, khi do

o0 o0

Zak va _[f(x)dx cung hoi tu hodc cung phan ki.

Ching minh:
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Ta s& dung 1ap luan hinh hoc dé chi ra ring day c4c téng riéng {S,} cua chudi
D" a, bi chin trén néu tich phan suy rong Lw f (x)dx héi tu va n6 khong bi chan néu
k=1
tich phan phan ki.

Theo d6, Hinh 8.14 a va Hinh 8.14b biéu dién d6 thi ciia mot ham giam lién tuc
f thoa man f(k)=a, v6i k=1,2,3,.... Cac hinh chir nhdt dugc xdy dung tai cac
khoang don vi trong ca hai hinh, nhung trong Hinh 8.14a, hinh chit nhat thi & ¢6 chiéu

cao f(k+1)=a,,, trong khi trong Hinh 8.14b, hinh chit nhét trong tmg ¢ chiéu cao

f(k)=a,.

=Y

I 2 3. n

a. The kth rectangle has height b. The kth rectangle has height
fk+1) =ar4i f(k) = ay

Figure 8.14 Interactive Integral test
Chu ¥ rang trong Hinh 8.14a, cac hinh chit nhat v& bén dudi duong cong sao cho
Dién tich (,-1) hinh chir nhat diu tien < D180 tich phan ven duei y = (%) wen [1,n].
a,+a,+..+a, <j‘f(x)dx.
1
=a +a,+a,+..+a, <aq +Lnf(x)dx.
Tuong tu, trong Hinh 8.14b, cac hinh chit nhat dugc gidi han sao cho

Dién tich phin bén duéi y= f(x) trén [I,Vl + 1] < Dién tich ctia n hinh chir nhat dau tién-
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n+l
L f(x)dx<a +a,+a,+...+a,.
Pit S, =a, +a, +a, +...+a, 1a tong riéng thit n cta chudi, ta co
n+l n
L f(x)dx<S, <a +Il f(x)dx.
By gi0, gid st tich phan suy rong jl“’ f(x)dx hoi tu va co gia tri I ; co nghia I3,

Ilwf(x)dle.
Khi do,
S <a, +.[1nf(x)a’)c<a1 +-[lmf(x)abc:a1 +1.

N6 kéo theo rang diy cac tong riéng bi chin trén (boi a, +1), vati€u chuan hoi

o0
tu cho chuoi cac so0 khong am cho ta biét rang chuoi Zak phai hoi tu.
k=1

Mit khéc, néu tich phan suy rong Lw f(x)dx phén ki thi

lim [ £ (x)dx = oo

n—>0

Dicu nay kéo theo rang limS, = vi

n—>0

n+l
J.l f(x)dx <S,.
Diéu nay c6 nghia la chudi phai phan ki. Do d6, chudi va tich phan suy rong
cung hoi tu hodc cung phén ki, nhu da phat biéu.
Mot chudi nay sinh lién quan dén 4m diéu hoa sinh ra boi mot soi ddy dang dao
dong la
il: 1+l+l+l+...
=k 2 3 4
Chudi nay duoc goi 1a chudi diéu hoa, va trong vi du tiép theo, ta s& dung tiéu
chuén tich phan dé ching minh ring chudi nay phan ki. Mot chimg minh khac khong
dung tiéu chuan tich phan c6 thé dugc tim thiy trong cac bai toan bd sung & cubi
chuong.

. X &1
Vi du 8.18. Xét sy hoi tu cua chudi diéu hoa ZZ'

k=1
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Giai
\ 1 [N \ .5 7 y <A A 5 [N A
Vi f (x) =— duong, lién tuc va giam véi x > 1, cac dicu kién cua ti€u chuan
X

tich phan duogc thoa.

wldx =lim bldx = lim[lnb—lnl] =,

1 X b—od1 X b—
Tich phan phan ki nén chudi diéu hoa phan ki.
, . n , x. ~ k
Vi du 8.19. X¢ét su hdi tu ctia chudi ZW
k=1
Giai

. x . . e
Ham f(x)= =xe " duong, lién tuc v6i moi x> 0.
ex/S

Ta thay rang

S t6i han duoc tim thay khi f '(x) =0, nén ta gidi phuong trinh
(1—1}3“5 0= 1-Z=0x=5,
5 5

Ta thay rang f'(x) <0 voi x> 5, nén né kéo theo rang f ting véi x>5. Do
d6, diéu kién cho tiéu chuan tich phan dugc thoa, va chudi da cho va tich phan suy
rong cung hoi tu hodc cung phan ki. Tinh tich phan suy rong, ta thiy

o b
I xe Pdx =lim | xedx
5 b—w0d5
b b —x/5
- Jl (s |

b
5

b—0

=lim [—Sxe_"/ >

_ yg}o[_sxeﬂ/s _ 2567”5}

- lim[—Sbe’b/S — 2575 4 50e*1]

b—
=50e".
Vi vay, tich phan suy rong hdi ty, cai ma dén lwot minh dam béo sy hoi tu cua
chudi di cho.

8.3.3. p-Chudi
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X s A \ 1 \ A \ - A 5 A X A r
Chuoi dieéu hoa Z% la mot truong hop dac biét cua mdt dang chuoi tong quat

hon goi 1a p-chudi.
Pinh nghia 8.17. (p-Chudi). Mot chuéi cé dang
=1 1 1 1

=—t—t+—+...

ipr TP pr o 3p

trong dé p la mét hang sé dicong diege goi la mét p-Chudi.
Chudi diéu hoa & vi du 8.18 1a truong hop khi p =1.

Dinh li sau day cho théy su hoi tu ctia mot p-chudi phu thude nhu thé nao vao
giatricuap.

2 " - | ) .
Pinh li 8.18 (Tiéu chuan p-Chuoi). p-Chuoi Zk_p hoi tu néu p >1 va phan ki néu
k=1

p<l.
Cdi nay néi lén diéu gi?

NP VRS IO\, . . . . X
R& rang tat ca cac ham dang y =— voi p >0 giam, nhung vi sao cac chuodi
X

1 2 1A . A o 1N A A o 5 1
Zk_” chi hoi tu khi p >1 ? Cau tra 101 nam trong toc do gidm cua y = — -
1 X

Néu p >1, duong cong y = Lp giam du nhanh dé dam bao rang dién tich phai
X
dudi duong cong khi p >1 hitu han (xem Hinh 8.15a, trong khi néu p <1, duong
cong y =Lp gidm chdm hon, va dién tich bén dudi duong cong 1a vé han (Hinh
X

8.15b).
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f

=Y

o+

a. Areas are bounded b. Areas are not bounded

Figure 8.15 Graphs for the p-series test
Chung minh:
. e 2 N /). . .
Ta dé lai cho doc gia viéc kiém tra rang f (x) 3 lién tuc, duong va giam khi
X

x>1va p>0.Tabiét chudi diéu hoa (p = 1) phan ki. Véi p>0, p#1,tacod

o 5_ neu p >1
E im [ 7y =lim2——L 21 TP
1 xp b—wodl b—x© 1_ p

o neu(<p<l
C6 nghia 13, tich phan suy rong nay hoi tu néu p >1 va phan kinéu 0< p<1.

Véi p =0, chudi tré thanh

\ A ro1: l A X A 3 c A A A 3
Vanéu p<0,taco Il{lmk—p =0, cho nén chuoi phan ki theo tiéu chuan phan ki
-

(Pinh 1i 8.14). Do d6, mdt p-chudi hoi tu chikhi p >1.

Vi du 8.20. Xét sy hoi tu ctia cac chudi sau

Giai

a. Tacod \/F=k3/2,nén p=%>l , va chudi hoi tu.
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(1 1 L. s o Xe A A
b. Z(—k——j Ta cha ¥ ring Z—k hoi tu, vi n6 1a chudi cap s6 nhan véi
k=1 k=1

¢ Jk e
|r| — < 1 va Z Tk phan ki vi n6 1a mot p-Chudi véi p = % <1. Vi mot chudi

hoi tu con chudi con lai phan ki nén chudi di cho phan ki (Pinh 1i 8.11).
8.4. Cac tiéu chuan so sanh

Thudng mot chudi cho trude cé cung dang tong quat voi cac chudi khac ma
tinh hoi tu da dugc biét. Trong trudng hop nhu vay, that 1a thuan tién dé ding céc tinh
chit cua cac chudi di biét dé xac dinh cac tinh chat cta cac chudi duogc cho. Muc tiéu
cuia myc nay la khao sat ba tiéu chuén so sanh dé thuc hién viéc xac dinh nay.
8.4.1. Tiéu chuén so sanh truec tiép

Cai dau tién trong cac tiéu chuan so sanh dugc goi 13 tiéu chuan so sanh truc tiép.

Pinh li 8.19 (Tiéu chuén so sanh truec tiép)

Gia s 0<a, <c, voi moi k . Néu ch hoi tu thi Zak cing hoi tu.

Gia sir 0<d, <a, v6i moi k. Néu idk phan ki thi iak cting phan ki.

k=1 k=1
Cdi nay néi lén diéu gi?

Cho Y a,, > ¢, va > d, lacac chudi céc s6 duong. Chudi > a, hoi tu néu
né “nhé hon” (bi troi hon bdi) mot chudi hdi tu ch d3 biét va phan ki néu n6 “lén
hon” (tréi hon) mdt chudi phan ki Zd , da biét. Co nghia 13, “nho hon hdi tu 1a hoi
tu”, va “ 16n hon phan ki la phan ki”.

Chiing minh

Gia su Zak 1a mot chudi khong am cho trudce bi troi hon boi chudi hoi tu

D ¢, voi, thre 1a 0<a, <c¢, v6i moi k. Khi do, vi chudi Y c, hoi ty, day cac tong

riéng cua nod bi chan trén (bdi M), va ta cod

i <ch <M véimoi n.

k=1
Do d6, diy céc tong riéng cua chudi nhd hon Zak cling bi chén trén boi M ,

va no cling hoi tu.
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Mait khéc, gia st chudi di cho Zak troi hon mot chudi phan ki de , tire 1a
0<d, <a,.Khi do vi day cac téng riéng cua Zd . khong bi chan nén day cac tong
riéng ctia chudi Y a, ciing khong bi chan, va chudi )_ a, cling phai phan ki.

Chii y: Dinh li phia trén ciing diing néu bat dang thirc chi dung véi tit ca k> N, trong
d6 N 1a mot sb duong nao dé boi vi mot chudi hoi tu hay phan ki chi phu thudc vao
diéu gi xay ra khi k rat 16n. C6 nghia 13, D a, hoi ty khi va chi khi ) a, hoi tu véi
k=1 k=N
moi sé nguyén N.
, . a \ R |
Vi du 8.21. X¢ét sy hdi tu cua chuoi Zk—
o3 +1
Giai

Vi k20, tacd 3 +1>3" >0, va 0<—— < Do db, chudi da cho bj tri

3* 41

o x A T
hon béi chudi cép s6 nhan hoi tu D — (hoi tu vi r=§).
k=1

Tiéu chuén so sanh truc tiép cho ta biét chudi da cho hdi tu.
Vi du 8.22. Xét sy hoi tu clia chudi i 1
‘ ¥ Y ¢ ~ \/% _ 1

Giai
Voéi k>2,taco
1 1
Tk

Do d6 chudi da cho trdi hon p-Chudi phan ki )| !

1/2
k=2

>0

(phéan ki vi p :%<1).
Tiéu chuan so sanh truc tiép cho ta biét chudi da cho phan ki.
. . a \ x. o 1
Vi du 8.23. X¢ét su hdi tu ctiia chudi 2—
o k!

Giai
Ta s€ so sanh chuoi da cho véi mot chuoi cap so6 nhan. Pac biét, chl y rang néu

k>2thil/k!>0 va
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K'=k(k=1)(k=2)..32.122.22...2.2.1=2"",

k—1lan

. , 1 1 . X ax A . X A A 1A
Do do, ta co O<FSF’V3 vi chuoi da cho bi trdi hon bdi chudi cap s6 nhan

) <N . A
hoi tu Z N (voi r= %), né cling phai hoi ty.
k=1

8.4.2. Tiéu chuén so sanh gi¢i han

Khéng phai luon d& hoidc tham chi khong thé so sanh truc tiép hai chudi twong

tu. Vi dy, ta mong muon chuoi Z hoi tu vi nod rat giong chudi cap so6 nhan hoi

2k_5

am voi k=1 va

1 R , , X , A 5 . ;v
tu Zz—k D¢ so sanh cac chudi, ta trudc hét phai cha y rang o

k =2 va dwong voi k >3. Do d6, néu k>3,

11

0< i
2k T2k 35

1
2k_5

r ~ \ A X A 1 s \ A [N A
Co nghia 13, Z tro1 hon chuoi hoi tu Zz—k, cai ma cho thay tiéu chuan

< A A A \ A ’ . A 5 X 1 M
so sanh truc tiép khong thé dugc dung dé xac dinh sy hoi tu ctia chudi Z 5 bang

2k
. . 1 4 4 . 9

viéc so sanh voi Zz—k Trong nhitng tinh hudéng nhu thé nay, ti€u chuan sau thuong

htru ich.

Pinh li 8.20 (Tiéu chuin so sanh gi6i han)

Gia su a, >0 va b, >0 voi moi k du lon va rang

limZe = [,
k—o bk

trong do L hitu han va dwong (0< L <). Khi do Zak va Zbk cung hoi tu hodc
cung phan ki.
Cdi nay néi lén diéu gi?

Ta c6 tién trinh sau dé xét sy hoi tu cua z a, .

Buée 1. Tim chudi Zbk d3 biét tinh hoi tu va c6 cac s hang tong quat b, co ban
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Chwong 8 : Chudi vé han

la giong voi q, .

. - R M .. a Y N
Buoc 2. Kiém tra rang hmb—" ton tai va duong.
k—o0
k

Buoce 3. Xac dinh Zbk héi tu hay phan ki. Sau dé tiéu chuén so sanh gid1 han cho
ta biét rang Z a, cling nhu vay.

1
2k_5"

Vi du 8.24. Xét sy hoi tu cua chudi )
k=1
Giai
3 X ~ ) \ A , 7. X+ A A A A 1
Vi chudi da cho c6 cung dang tong quat véi chuoi cap s6 nhan hdi tu Zz—k,

tinh gi61 han

1
2 k
lim2—2 = lim———=1.
k—o0 1 k—>oo2 _5

2k

Gi6i han nay hiru han va duong, do d6 tiéu chuin so sanh gi6i han cho ta biét
N X , N , A A Q) 1 \ ~ X ~ s
rang chuoi ¢6 cung tinh chat hoi tu véi Zz—k Vi vay, chudi da cho héi tu.

Vi dy 8.25. Xét sy hoi tu cita chudi S — 22 +2
=Tk (3k-5)
Giai
Véi céc gia tri k 16n, s6 hang tong quat ctia chudi di cho
4 = 3k+2
© k(36 -5)
Co vé tuong tu voi

3k 1

KRN TE N

Dé ap dung tiéu chuén so sanh gi6i han, ta phai tinh gi¢i han

3k+2

k(3 -5
fim e < i YECES) 32
ko b koo 1 k> 3 —5

NG
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Chwong 8 : Chudi vé han

Vi gi6i han nay hiru han va duong, n6 kéo theo rang chudi dd cho c6 cing tinh

chat véi chudi Zl Ik , mot p-chudi phan ki (p = % ). Ta két luan ring chudi da cho

phan ki.
Vi du 8.26. Xét sy hoi tu ctia chudi g% .
Véi k 16m,

_ 7k+100

a —_—
k k/5
e =170

Co vé c6 dang gidong voi

Va that sy, ta thay rang

7k +100 s
TS 7k +100
e -70 =lime ( )_7

lim =
e ko k-0 k(ek/s _ 70)
ek/S
. G\ s x. ko .. oA in
Trong vi du 8.19, ta da ching minh rang chuoi ZW hoi ty, va vi vay tiéu
e

chuén so sanh gidi han cho ta biét biét chudi da cho cling hai tu.
Thinh thoang, hai chudi » a, va » b, ¢6 vé co tinh chét hi tu twong ty nhau,
nhung hoa ra
fim 2
k
bing 0 hodc oo, va tiéu chudn so sanh giéi han vi vy khong ap dung duoc. Trong
nhirg trudng hop nay, tiéu chuin tong quat sau cia tiéu chuidn so sanh gi6i han
thuong hiru ich.
Pinh i 8.21 (Tiéu chuin so sanh giéi han zero-vé cing)
Gia sir a, >0 va b, >0 voi moi k du lon.

A4 A \ P . P
+ Néeu lim—-~ =0 va Zbk hoi tu thi Zak hoi tu.

k—o b
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Chwong 8 : Chudi vé han

+ Néu lim - = va Y b, phan ki thi Y a, phan ki

k—o b

Vi du 8.27 . Su hdi tu ciia chudi g —log
, . N x. wInk . A \ A 13 A < aA 14
Chtrng minh rang chudi 27 hdi tu néu ¢ >1 va phan ki néu ¢ <1. Ta goi day la
k=1

chudi g —log.

Giai

Ta s& tién hanh chimg minh nay trong 3 truong hop.
Truwong hop 1: (q > 1)

Goi p lamotsb thoa 1< p<gq, va dat

Ink | 1
" _7 a bk _k—p.
Khi d6
Ink
fim % — Jim K" — Jim 2K
k= k>0 1 k—w Jp47P
K
1
k

Vi Zl / k? héi tu (p-chudi véi p>1), chudi hoi tu theo tiéu chuén so sanh gidi
han zero- vo cung.
Trwong hop 2: (q<1)

Bay gio, lay p thoa man ¢ < p <1, Khi d6 v6i a, va b, dugc xac dinh nhu

trong truong hop 1, ta co

lim % = im 12K _ lim[ (Ink)k"™ | =co.

k—o© bk k—o kq p k—o

= 1 4 A . A A r A
Vi Zbk = I phan ki (ta biét p <1) nén theo ti€u chuan so sanh zero- vo
k=1

£
k=1
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Chwong 8 : Chudi vé han

> Ink :
cung, Z% phan ki khi g <1.
k=1

Truwong hop 3: (¢=1)

% an x. o Ink A \ . 2 , A v K <
O day, chuoi E —— phan ki theo ti€u chuan tich phan vi néu ta dat
k=1

1
u=Inx;du=—dx,taco

X
Zb
J~wlnx leim(lnx) Y
1 x X—>0 2

8.5 . Tiéu chuan ty s6 va tiéu chuin cin
Trong muyc nay, ta phat trién thém hai tiéu chuin 13 tiéu chuin ti sé va tiéu
chuén cin
8.5.1. Tiéu chuan ti s6
Mot cach truc quan, mot chudi cac ) duong Zak héi tu khi va chi khi day
{a,} giam di nhanh vé 0. Mot cach dé do toc d6 ma day {a,} gidm do6 1a xét ti so
a . . A , A A 3 X A e 5
— khi k 16n dan. Cach tiép cin nay dan dén két qua sau:
a,
Pinh 1i 8.22 (Tiéu chuén ti sd)

Cho chuoi Zak voi a, >0, gia sur rang

. a
lim—L = .
k—o0 ak

Khi do
+ Néu L <1 thi Y a, hoi tu.
+ Néu L >1 hodc L v han thi Zak phdn ki.
+ Néu L =1 thi tiéu chuan chua két ludgn dwoc.

Ching minh

Theo mdt cach hi€éu nao doé, ti€u chuan ti s6 chinh Ia ti€u chuan so sanh gidi
han trong dé Z a, dugc so sanh véi chinh nd. Ta s€ dung ti€u chuan so sanh tryc tiép

dé chirng minh rang Z a, hoitu néu L<1.
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Chwong 8 : Chudi vé han

Cho R sao cho 0< L < R<1.Khido6 tdn tai s6 N >0 nao do6 sao cho

a o
< R véimoi k> N.
a

k

Do 3o,
a

N+1 < aNR

ay,, <ay,R<a,R’
ay,<ay,R<a, R <a,R’.
Chudi cap s6 nhan
k _ 2 n
Y ayR' =ayR+ayR* +..+a,R" +...
k=1

hoi tu vi 0< R <1, c6 nghia la chudi bi troi hon béi
D Ay = Ay F Ay Tt Ay,
k=1

cling hoi tu theo tiéu chuén so sanh truc tiép. Do do, Zak hoi tu, vi ta co thé bo bot

mot sb hitu han céc sb han (k<N).

Chtng minh ctia phan thir hai twong tur, ngoai trir bay gid ta chon R sao cho

. a
lim—&L =L >R>1
k—o ak

va chi ra rang ton tai M >0 nao d6 & a,,,, >a, R".
bé chung minh rang tiéu chuan ti s6 khong c6 két ludn néu L =1, chi can cha
1

: 27 3a3 =1 o T
y rang chuoi diéu hoa 2— phan ki véi zlclm Gt _ le k i|—1 ~1
k=1 > oa, >0

k

1

(k+1)° L

: MR B T A
trong khi p-chudi ;kz hoi tu voi ]11&1) = 1133 ]
= k .
k2

<. & 2F
Vi du 8.28. Xét sy hoi tu ciia chudi » .
o k!

Giai

Trang 43

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

< 25
bat ak:? va chu y rang

2k:l
k+1)!

L= lim s~ g { k)

k—o0 a, k—>0 2

k!

| k+1

=1imLk=1im—=o

ko (k+1)12° ko k+1

Do dé, L <1, va theo tiéu chuan ti sb, chudi di cho hdi tu.

0 k
Vi du 8.29. Xét sur hoi tu clia chudi Z%.
k=1 M=

Giai
k* .
bit a, = o va chu y rang

(k +l)k+1

k+1)!
kk
k!

' k+1 k
= imw=lim(l+lj =e>1
ko [ (k+l)! ko k

. a )
L =lim—*L = [im (
k—o© ak k—o0

Vi L >1 nén chudi di cho phén ki theo tiéu chuan ti sd.

Vi du 8.30. X¢ét sy hoi tu cua ;
= 2k-3
Giai
9 1 R
Dat g, = va tim
2k —
B S
2(k+1)-3 —
L= limuz limM: .
k—o0 1 k—o Dl —1
2k -3

Tiéu chuén ti s6 khong dua ra két luan gi. Ta c6 thé dung tiéu chuan tich phan

hay tiéu chuan so sanh gidi han dé xét sy hoi tu. Ché y rang
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Chwong 8 : Chudi vé han

| o x o1

——— tuong ty v6i chuoi phan ki da biét Z—,
k=2 2k - 3 k=2 2k
Vi vay ta két luan chudi da cho phén ki.

Vi du 8.31. Tim tit ca cac s6 x >0 ma tai d6 chudi
ilka =x+2°x" +3x +...
k=1
hoi tu. Chudi nay goi 1a chudi lily thira, va s& duoc thao luan chi tiét hon trong Muc
8.7 va 8.8.
Giai

Xem nhu x cb dinh (c6 nghia 13, nhu mot hing s6), ta 4p dung tiéu chudn ti

k 13 k+1 3
PR (L) im(%} 3

k—o0 k3xk
Do d6, chudi hoi tu néu L=x<1 va phan ki néu L=x>1.Khi x=1, chudi
tr¢g thanh Zk3 , phan ki theo tiéu chuan phan ki.
k=1
8.5.2. Tiéu chuin ciin
Trong tat ca cac tiéu chuan chung ta di phat trién, c6 18 tiéu chuan phan ki dé

ap dung nhat vi n6 don gian chi bao gom viéc tinh lima, va quan sat gidi han do co
k—

bang 0 khong. Nhung khong may, hau hét cac chudi “tha vi” co lim a, =0, cho nén

k—
tiéu chuan phan ki khong thé duge dung dé xac dinh xem ching hoi tu hay phén ki.
Tuy nhién, két qua sau day cho thiy rang c6 thé phat biéu nhiéu hon vé su hoi
tu cua Z a, boi viéc xem xét diéu gi xay ra cho % a, khi k — oo. Tiéu chuan nay s&
dac biét hiru ich véi mot chudi bao gém mot iy thira cép k.
Pinh li 8.23. (Tiéu chuén ciin)

Cho chuoi Zak voi a, >0, gia sur rang

lim4ja, =L.

k—
Khi do
+ Néu L <1 thi Zak hoi tu.
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Chwong 8 : Chudi vé han

+ Néu L >1 hodc L v han thi Zak phan ki.

+ Néu L =1 thi tiéu chuan chua két ludgn dwoc.

Vi du 8.32. Xét sy hoi tu ctia chudi ) 1 -
=2 (Ink)

Giai

bit a, = — vachuy rang

(Ink)

L =1lim —11m lnk —hm—:O.
k—)oo\/7 k—ow lnk

Vi L <1 nén chudi di cho hoi tu theo tiéu chuan can.

00 kz
Vi du 8.33. Xét sy hoi tu cia Z(l +%) .

k=1
Giai
Ta co

| 2 Uk . .
L=1lim [1+—) :lim(1+—j =e>1.
k—0 k k—0 k

Vi L >1 nén chudi phan ki theo tiéu chuén can.

Ta thay rang tiéu chuan ti s6 dic biét hiru ich véi chudi Z a, ma s6 hang tong
quét a, chua céc giai thira hay Iy thira, va tiéu chuén cin 4p dung mot cach tu nhién
néu a, chira mot liiy thira cap k .

Tuy nhién, ca ti€u chuan ti s6 va ti€u chuan can khong thé ap dung duogc voi

A \ e Xe A .y 2 X 1 N
mot vai chuoi rat don gian chang han p-chuoi Zk_” vi

lim 5| :[limk”k}_p _1P =1,
k—>o0 kp k—o0

Vi du 8.34. X¢ét sy hoi tu cua chudi sau
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Chwong 8 : Chudi vé han

- 1! 2! 3!
Y =l+—+ + +
imo 1.4.7... 3k+1) 1.4 147 14.7.10

K
147 (k1)

Vi a, bao gom k!, ta thu ti€u chuén ti s6.

(k+1)!
a ., 147 [3(k+1)+1]
a, k!
1.4.7...(3k +1)

(k1) [147..3k+1)] k41
 K[147.(3k+4)]  3k+4

Vi vay,

L—hm = lim k+1 =

1
k»wa 23k +4 3

Vi L <1 nén chudi di cho hoi tu theo tiéu chuén ti sb.
, , n \ x. w k
Vi du 8.35. X¢ét su hdi tu ctia chudi Z—k
k=1
Giai
k!

S6 hang tong quat a, = F bao gdm mot lily thira cap k, cai ma goi y dung tiéu

chuan can, nhung sy ¢c6 mat cua k! cho thay viéc dung tiéu chuan ti s6 hop 1i hon.

(k+1)!
VRN |k
Lz}inolo (k;l') =kin£}o (/’c+1)./’i+1
- "o - k!(k+l)
kk

k
= lim(Lj :lim;:l<l
k= \ o +1

Vi L <1 nén chuoi hoi tu theo ti€u chuan ti so.

8.6. Chudi dan dau — Hi tu tuyét ddi va hoi tu c6 diéu kién
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C6 2 dang chudi dan dau nhu sau

+S6 hang c6 chi s6 1¢ am: Z(—l)kak =—a,+a,—a;+....
k=1

+ 86 hang c6 chi s6 chan am: Z:(—l)k+l a,=a,—a,+a;—..
k=1
trong ca 2 dang thi a, >0
8.6.1. Tiéu chuin hoi tu ciia chudi dan diu

Mot cach tong quat thi diéu kién lima, =0 chwa khang dinh chéc chan dugc vé

n—>0
~ 0 ~ r r
tinh hoi tu cua chudi » a, . Tuy nhién véi chudi dan dau thi nd s& hoi ty néu tri tuyét
k=1
doi cac so hang don di€u giam vé 0. Ta c¢6 dinh 1y sau

Pinh 1y 8.24 (Tiéu chuén Leibniz).
Mot chubi dan ddu dang Z(—l)k a, hodac dang Z:(—l)]”'1 a, hoitu néu 2 diéu
k=1 k=1

kién sau dwoc thoa man

1. lima, =0

k—o
2. {ak} la mot day giam, nghia la a,,, <a, voimoi k
Chtrng minh
Chung ta s& chi ra rang khi chudi dan dau 2(—1)]‘+1 a, thoa man 2 yéu ciu cua
k=1
dinh 1y thi no6 s€ hdi ty, nghia la ta gia st

lima, =0 va a,,, <a, v6imoi k

k—w
Chung ta can chimng minh ring day tong riéng {S,} hoi tu, trong d6

n+l

S, zi:(—l)k+1 a,=a,—a,+a,—a, +...+(-1)" a
k=1

Trudc tién ta ching minh day tong riéng c6 chi s6 chdn {S,,} 1a day ting va hoi
tu vé& gié tri L nao d6. Sau do tiép tuc chimg minh day tong riéng c6 chi sd 1¢ {S,, .}

cling hdi tu vé L.

D¢ hiéu duoc tai sao ta phdi tach ddy tong riéng{S, } thanh 2 phan (tong riéng
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c6 chi s0 chan va tong riéng c6 chi so 1¢), hay xem xét hinh 8.16.

Bit dau tai géc toa do

a, | o

a. First term b. First two terms

Y

“

Y

. ) ) |
Sequence of even Sequence of odd
panial sums (S, ) panial sums (8, )
15 Increasing 15 deereasing

0 S, .\'4 . 5.1 3,09¢°8, S

¢, First eight terms

Hinh 8.16

Vi a, >0 nén S; s& & bén phai s 0 nhu hinh 8.16a. Ta biét rang a, <a, (ddy
giam), do d6 S, s& & bén trai S; va bén phai s6 0 nhu hinh 8.16b. Tiép tuc qué trinh
nay ta thdy cac tong riéng s& dao dong “t6i va lui”. Vi a, — 0 nén cac budc tiép theo
s& tré nén nhé dan nhu hinh 8.16¢

Chu ¥ rang diy tong riéng co chi sé chin cta chudi dan dau thoa man

S,=a,-a,

S, =(a,—a,)+(a,—a,)
Sy, =(a,—a,)+(ay—a,)+..+(ay, , —a,,)
Vi {a,} la ddy giam nén mdi (az2 Ly j) 1a khong am, va n6 kéo theo rang

{S,,} la day tang
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Hon ntra, boi vi
S,=a,—-a,<q

S, =a1—(a2—a3)—a4 <a,

S,, =aq —(a2 —aS)—(a4 —as)—...—(azW1 —aZH)—aZH <a
nén diy tong riéng ¢ chi sb chdn {S,,} bi chan trén béi a;, va vi n6 1a day ting nén
theo dinh ly 8.7 day nay phai hoi tu, goi gidi han 1a L, nghia 1a
limS, =L

n—0
Tiép theo, xét {S,,,}, ddy tong riéng c6 chi so le. Vi S, -8,  =a, va

lima, =0,suyra §,, , =S,

n—>00

n _a2n va

lim§,, , =lim§S,, —lima,, =L-0=L
Vi day tong riéng c6 chi sé chin va ddy tong riéng co chi sé 1é ciing hoi tu vé L
nén diy {S,} ciing hoi tu vé& L, va chudi dan dau hoi tu (thuc té 1a ciing vé L)
Chii y: Khi kiém tra tinh hoi tu cta chudi dan déu » "(—1)"'a, nguoi ta s& bat dau
k=1

tinh llcim a,. Néu llcim a, #0 thi ngay lap tuc két luan chudi phan ky (theo tiéu chuin
phan ky). Nguoc lai néu llcim a, =0 thi chudi dan déu s& hoi ty bang cach chi ra day

{ak} la day giam.

o ( 1\k - .

Vi du 8.36. Xét tinh hoi tu cua chudi Z( kl) (day duoc goi la chuoi diéu hoa dan
k=1

diu)

Giai

o — k 2 4 e
Chudi z ( kl) c6 thé dugc viét dudi dang Z(— l)k a, ,trong do a, :%
k=1 k=1

L a1 <
Tacd lim—=0 vavi

k—o0 k

1 1
—<
k+1 k
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v6i moi k>0, ddy {a,} gidm. Do d6 theo tiéu chuan chudi dan du thi chudi da cho
phai hoi tu.

oo 1\ktl
Vi du 8.37. Xét tinh hoi tu cia chudi Z%
k=1

Giai

Bi¢u dién chudi da cho & dang > (—1)*"'q,, trong d6 a, = % (cht ¥ ring

k=1

a, >0 voi k>1).

Do thi ham f(x) = Inx duoc cho ¢ hinh 8.17. Ap dung quy tic L’Hospital ta
X

co Vi
03t
1 ar
. Inx . / %0
lim —= = lim ££ =0 0714
x—00 X X—00 '
) . 0.6 4+
Van dé con lai la ddy {a, } phai giam. Ta g5
2 . - \ N . o 9 04 T
c6 thé ching minh di€u nay bang cach xét ham 03 -
Inx | I \ 0.2
f(x)=—— vachu y rang dao ham P |
X j
Pttt
. l-Inx 10 20 30 40 S0 60 70 80 ¥
f@=— |
X
5 ~ ' . . \ X e x Inx
théa man f'(x) <0 véimoi x> e . Hinh 8.17. Do thi ham f(x)=——
X

Vi vay, day {ak} giam v6i moi k > 3> e .Gia thiét cua tiéu chuan chudi dan

dau duoc thoa man va vi thé chudi di cho phai hdi tu.

00 1
Vi du 8.38. Xét tinh hoi ty cta chudi ) (—1)"e*

k=1
Giai
Vi
P4 fim L
/}Lrgloe k= gk =’ =150

nén chudi da cho phéan ky theo tiéu chuén phan ky.
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)k+1

Pinh nghia 8.25. (p_chudi dan dau). Chudi sé cé dang Z(_k duoc goi la

p_chudi dan dau

)k
Vi du 8.39. Chtng minh rang p-chudi dan dau Z ( k) héi tu véi moi p > 0.
Giai

Néu a, = kip thi lima, =0 véip > 0. Dé chimg minh day {a,} 1a ddy gidm,

akJr1 /k+1 k? -1

k” (k1)

nén a, >a,,,. Do d6 p_chuoi dan dau hoi ty véi moi p > 0.

ta chli y rang

8.6.2. UGc lwong sai sé ciia chudi dan diu

Véi moi chudi hoi tu c6 téng L, ta mong mudn tdng riéng thir n cua chudi 1a
mot xép xi cua L khi n tang. Nhin chung rat kho dé xac dinh duoc do 16n cta n dé dam
bao ring x4p xi s& dat dén d6 chinh xac can thiét. Tuy nhién, néu chudi sd cia chung
ta thoa min diéu kién cua tiéu chuan chudi dan diu thi dinh 1y sau day s& cung cip
cho ching ta mot tiéu chuén tin cay cho vi¢c xac dinh nay.

Pinh 1y 8.26. Gid sir chudi dan diu dang
> (=D*a, hogc dang Y (—1)"a,
k=1 k=1
théa man cdc diéu kién cua tiéu chudn Leibniz, nghia la ;im a, =0 va{a,} la day

giam (a,, <a,).
Néu chudi cé tong la S thi
|S—8,|<

n+1’
trong dé S, la tong riéng thir n ciia chudi.
Ching minh
Ta sé& chimg minh két qua cho dang thir 2 cua chudi dan dau va dé lai dang 1

cho ban doc chung minh.
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Dt S=> (-1)""q, va s, => (-D)"q,
k=1 k=1

Bit dau véi S — S, :

(_ 1)" [an-H - an+2 + an+3 - an+4 + ]
= (_ 1)" [anﬂ - (an+2 — 4,3 ) - (an+4 s ) - ]
Viday {a,} giam, taco a, —a,,, >0 véi moi k, va diéu nay kéo theo rang

|S—38,

a1~ (an+2 —a4,3 ) - (an+4 — 4, ) - ‘ < a1
vi mdi sb hang trong ngoic don déu duong.
Y nghia
Néu chudi dan diu thoa tiéu chuin Leibniz thi ta c6 thé xap xi téng cta chudi
béang tong riéng thir n ca nd véi sai sé khong vuot qua sé hang a,.

0o k+1
Vi dy 8.40. Xét chui dan du hoi ty S D)
k=1

4
a) Udc lugng tong cua chudi trén bang cach ldy tong ciia 4 s6 hang dau tién. Panh
gid dg chinh xac cia udc lugng nay?
b) C6 bao nhiéu sb hang can thiét dé uéc luong tong ctia chudi voi do chinh xéac 3
chir s6 thap phan. Khi d6 uéc lugng tong cta chudi 13 bao nhiéu?
Giai
= 1 A N A 5 X. , . X N
a) bit a, = = va §'1a tong thuc su cua chuoi. Udc luong sai so cho ta biét rang

|S—8,|<a;
trong d6 S, 13 tong 4 s6 hang dau tién cua chudi.

Str dung may tinh ta co
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1 1 1 1 . 1
S, :1_4_?-1-3—4—4—4%09459394 va a :5—4:0.0016

S6 hang dau tién bi bo di mang ddu duong. Khi d6 néu ta udc lugng S bang
S, ~0.9459 ta phai chiu sai s6 12 0.0016, nghia la
|S—8,|]<0.0016

0.9459394 < § <0.9459394 +0.0016
0.9459394 < § <0.9475394

b) Vi ta muén xap xi S boi tong riéng S, v6i o chinh xac 3 chit s6 thap phan nén

sai s6 khong dugc vuot qua 0.0005. Theo dinh 1y 8.26, ta can tim gi tri chi sé n sao

cho
a,,, <0.0005
nghia la
1
—— <0.0005
(n+1)
<(n+1)
0.0005

Y2000 <n+1

6.687403—-1<n
Vi vay, n>5.687403 hay ta can tbi thiéu 6 sb hang dé dat duoc do chinh xac
theo yéu cau.
Ta co

s=t Lyl L 11094677
6 64

S6 hang dau tién bi bo di (% ~ 0.00042) 12 s6 duong nén

0.94677 < § <0.94677 +0.00042
0.94677 < § <0.94719

Hai bién déu gin 0.947, do d6 S ~ 0.947, véi do chinh xac 3 chir sb thap phan.
8.6.3. Hoi tu tuyét ddi va hoi tu c6 diéu kién
Tiéu chudn hoi tu cia chudi dan ddu & trén khéng ap dung dugc dbi v6i chudi

s6 c6 dau bat ky. Khi d6, chung ta s& sir dung két qua sau
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Dinh ly 8.27. (Tiéu chuan hdi ty tuyét ddi). Chudi s6 thuc Y a, bdt ky hji tu néu

k=1
- o0
chuoi Z|ak| hoi tu.
k=1
Chimng minh
Gia sir chudi f:|ak| hoi tu va dit b, =a, + |ak| v61 moi k.

k=1

Chu y rang

, a, >0
b, = 0
, a, <0

Khi d6, ta ¢6 0 < b, <2|a,| véi moi k. Vi chudi f:|ak| hoi ty va ca hai chudi f:|ak|

o0 o0
va zbk la cac chuo6i khong am nén theo tiéu chuan so sanh tryc ti€p thi chuodi Zbk
k=1 k=1

cling hdi tyu. Cudi cung, bdi vi

a, =b, —|ak|

va hai chudi 2|ak| va Zb hoi tu nén kéo theo chudi Zak phai hoi tu.

k=1
Vi du 8.41. Xét sy hoi tu ctia chudi

11 1 1 1,1 . 1 1 1
It~ ———t—f—F————— ..
4°9 16 25 36 49 64 81 100

Giai
Ta thay chudi trén khong phai chudi sé duong ciing khong phai chudi dan du
nhung ta thiy chudi tri tuyét d6i cua né c6 dang

11 1 1 >
=ttt —=t=> —
49 16 25 i

va nod hoi tu.
Vay theo tiéu chuan héi tu tuyét ddi ta suy ra chudi di cho ciing hoi tu.

sink

Vi du 8.42. X¢ét sy hoi tu cia chudi Z

k=1

Giai
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Vi sink nhan ca gia tri duong va gia tri am nén ta khong thé ap dung cac tiéu
chuan cho chudi duong duoc. Hon nita, chi y rang chudi nay cling khong phai la
chudi dan dau:

+00 o1
S SK 42140227 +0.018 - 0.047 — 0.030 — 0.004 + 0.005 + ...

=
k=1

Chudi tri tuyét d6i twong tng c6 dang

+00

2

k=1

sink
2k

x. 4 % X 1 . .
bi trdi hon bdi chuodi cap sO nhan — vi [sink| <1 vd1 moi k; nghia la
2k
k=1

sink

0< =

1 .
<— vOimoi k.
2

Vi thé, tiéu chuén hoi tu tuyét d6i dam bao rang chudi da cho hoi tu. PO thi ciia ham

_ sinx

X

duoc cho ¢ hinh 8.18

sin x

X

Hinh 8.18. Dé thi ham

+0o +00
Néu chudi ) ~a, hoi tu thi chudi ) |a,| c6 thé hi ty hodc phan ky. Hai
k=1 k=1

truong hop nay duoc ndi dén voi nhitng cai tén dic biét sau day

Pinh nghia 8.28. (Hoi tu tuyét ddi va hdi tu c6 diéu kién)

+00 +00
+ Chuoi Zak dwoc goi la hoi tu tuyét doi néu chuoi Z|ak| hoi tu.
k=1 k=1
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Chwong 8 : Chudi vé han

+00 +00
+ Chuoi Zak dwoc goi la hoi tu co diéu kién néu chuoi Zak hoi tu nhung
k=1 k=1

+00
chuoi Z|ak| phan ky.
k=1
Chi y:
Mot chudi hoi tu thi hodc 13 hoi tu tuyét dbi hodc 13 hoi tu co diéu kién nhung

khong thé 1a ca 2 trudong hop.

© ( 1\k )
Vi du 8.43. Chudi ZQ hot tu theo tiéu chuan Leibnitz nhung

k=1

(=D"
k

>

k=1

00 o0 _ k .
= Zl phan ky nén » d)) goi 12 hdi tu c6 diéu kién.
k=1 k k=1 k

Tiéu chuan ty s6 va tiéu chudn cin dbi voi chudi sé duong co thé dugc tong
quat hoa d6i voi mot chudi bat ky nhu dinh 1y sau
Pinh 1y 8.29. (Tiéu chuin ty sé tong quat)

+00
Xét chuoi Y _a,, gid sir a, =0 véi n>1 va dit
k=1

A

a;

lim =L

k—x

trong do L la mot 6 thue hodc w. Khi d6

+00
+ Neu L < 1 thi chuoi Zak hoi tu tuyét doi va do do no hoi tu.
k=1

+00
+ Neu L > 1 hoac L vo han thi chuoi Zak phan ky.
k=1
+ Néu L = 1 thi tiéu chudn khong két ludgn dworc.
Chiing minh

+00
Gia st L < 1, khi d6 chudi dwong » |a,| hoi ty bdi tiéu chuan ty s6 va hién
k=1

+00
nhién chudi » a, hoi ty tuyét doi.

k=1

Gia sir L > 1, khi d6 day {|a,|} ting, nghia la {a, } khong thé hoi tu vé 0 khi
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Chwong 8 : Chudi vé han

+00
k — 00, do d6 chudi » a, phan ky bdi tiéu chuan phan ky.

k=1

Truong hop L = 1 xem nhu bai tap.

Vi du 8.44. Tim tit ca cac gia trj cia x dé chudi kak hoi tu.

k=1

Dit a, = kx*
k 1 k+1
L = lim M = lim %
k—o0 ak k—o0 kx
R N s N 1
—,EE?O[T] | = dim 1+
=

Vi thé, theo tiéu chuan ty sb tong quat, chudi da cho hoi tu khi |x| <1 va phan

ky khi [x|>1

Néu x = 1 chudi tré thanh ) k(1) hién nhién phan ky boi tiéu chuin phan ky.
k=1

Tuong ty, néux = -1, > k(- l)k cling phan ky do tiéu chudn phan ky. Tém lai, chudi

k=1
da cho s& hoi ty khi |x| <1 va phan ky khi |x| >1
8.6.4. Tém tit cac tiéu chuin hgi tu

Khong c6 mot quy tac nao trong viéc lya chon tiéu chuan dé xét sy hoi tu cua

mot chudi sb bat ky Zak . Tuy vay, ching ta c6 thé tham khao bang huéng din sau.
k=1

o0
Bing 8.1. Bing huéng din cich xdc dinh sy hi tu ciia chudi sé Yy _a,
k=1

Ciac chudi ma tinh hoi tu da biét

x. 4 2 . X, |phan ky néu |r|21 va hoi tu néu |r|<1 Vol tong
Chudi cap so6 nhan Zar
k=1
a
S_

-
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p—chudi Zip
ok

hoi tu khi p > 1 va phan ky khip < 1

Chudi diéu hoa Z%

1a truong hop dic biét cua p—chudi khi p = 1. Do d6 nod

k=1 phan ky.
x. < Ink ho1 tu khi g > 1 va phan ky khi g <1
Chuoi g-log -
k=1 k
Tiéu chuan phan ky tinh lima, va néu no6 khéc 0 thi chudi phan ky.

Cac tiéu chuan hdi tu cia chuoi so dwong

Ti€u chuan so sanh gidi

han

[0
A4 4 L ~ \ \ X
néu lim—* =L véi L hitu han va duong thi chuoi Zak
k—o bk pa

va chudi Zbk cung hoi tu hoac cung phan ky.

k=1

Ti€u chuan ty s6

ap dung khi a; lién quan dén k!, k7, c° va dat

lim % = 7. Khi d6 chudi Y a, hoi tukhi L < 1, phan

k—
*a k=1

ky khi L > 1 va khong két luan dugc khi L = 1.

Tiéu chuan can

ap dung khi tinh m@ = L mdt cach d& dang. Khi d6

chudi ) a, hoi tu khi L < 1, phan ky khi L > 1 va

k=1

khéng két luan duoc khi L = 1.

Tiéu chuan tich phan

néu f1a ham lién tuc, dwong, giam dan va a, = f(k)
v6i moi k thi chudi > a, va tich phan f f(x)dx clng
k=1 !

hoi tu hodc cung phan ky. Tiéu chuan nay 4p dung néu
ham f dé dang tinh dugc nguyén ham hoic khi a; lién
quan dén ham logarit, ham luong gidc hodc ham luong

giac nguoc.
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Ti€éu chuan so sanh truc

tiép

+Néu 0<a, <c¢, va » ¢, hdituthi ) a, hoitu.

k=1 k=1

+Néu 0<d, <a, vay d, phanky thi ) a, phanky.
k=1 k=1

Ti€u chuan so sanh khi
giéi han bang 0 hodc vo

cung

‘ a = ) = .
+ Neéu lim—%=0 va b, hoi tu thi a, hoi tu.

k=1

+Néu lim™ =co va ) b, phanky thi > a, phan ky.
k=1

k
—>00 b =

Tiéu chuan hdi tu cia chuoi bat ky

Hoi tu tuyét ddi

liy tri tuyét ddi cua timg sd hang trong chudi va ap

dung cic tiéu chuin danh cho chudi duong dé xét tinh

hoi ty ciia f:|ak|. Khi d6
k=1
1. Néu fj|ak| hoi ty thi iak hoi ty
k=1 k=1

2. Néu fj|ak| phan ky thi iak khong hoi tu
k=1 k=1

tuyét d6i nhung van co thé hoi tu ¢ diéu kién.

Ho6i tu cua chudi dan dau

(hoi ty co diéu kién)

Chudi dan diu dang Z(—l)k a, hoac dang

k=1
x r
Y (=D"'a, hdi ty néu a, <a, v6i moi k va
k=1

lima, =0

k—o0

8.6.5. Sip xép lai cac sé hang trong chudi hdi tu tuyét doi

Co thé ban sé rat ngac nhién khi bi€t rang néu cac s6 hang trong mdt chudi hoi

tu c6 diéu kién dugc sap xép lai thi chudi méi co thé s& khong hoi tu hodc hoi tu veé

mot tong khac véi tong cua chuoi ban dau.

Vi du ta dé biét rang chudi dan diu diéu hoa

k=1
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hoi tu ¢6 dicu kién, va ta c6 thé chirng minh rang

1—l+l—l+l—l+l—l+é—m=ln2 (chirng mimh xem nhu bai tap)

Tuy nhién néu ta sap x&p lai chuoi nay thi ta s€ cd dieu bat ngd nhu sau

1 11 1 1 1 1 1 1 1. 1 1 1 1
l-——+———t———t ==l == +—=-
2 345 6 789 2 4 3 6 8 5

1y 1 (1 1) 1
=|l-—=|—=+|——|——= +
( 2) 4 (3 6] 8

I 11
=———+t———+
4 6 8

o0
Nhin chung, ¢é thé thay rang néu chuoi Zak hoi tu co6 diu kién thi s€ ludn co
k=1

cach sip xép lai cac sd hang ciia chudi sao cho tong cua né 1a bat ky mot con sb hitu
han nao do.

Thong tin ndy c6 thé hoi bat on, béi vi s& hop 1y hon khi ta mong doi tong s&
khong bi anh huong boi thir ty sap xép. Chudi hoi tu tuyét doi thi chac chin theo
mong mudn cua ching ta. Tirc 13, néu chudi f:ak hoi tu tuyét d6i vé tong S thi véi

k=1
bat ctr su thay ddi nao vé& vj tri cua céac sd hang trong chudi thi chudi méi van sé hoi tu
tuyét d6i vé téng S. Tuy nhién diéu nay khong dung véi cac chudi hoi tu c6 diéu kién.
Mot thao luan chi tiét hon vé van dé nay s& phai yéu cau dén mot sé ky thuat cia giai
tich cao cap.
8.7. Chudi lity thira

Chudi lity thira 1a chudi ma cac phan tir ciia nd 1a cac ham lily thira c6 dang
a, (x — c)k .Ta s& xem xét cac tinh chit cua loai chudi nay va vé6i nhimg diéu kién hop
1y, ta co thé 1dy dao ham va tich phan timg sé hang cua chudi.

Chudi v6 han c6 dang

Sa(x—c) =a,+a(x—c)+a,(x—c) +...
k=0

duogc got la chuoi luy thira theo (x — c) . Trong 46 a,,a,,a,,... goila hé sé cua chudi
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Iy thura.

Néu c¢=0 ta c6 chudi luy thira chuan Zakxk =a, +ax+a,x’ +... dugc

k=0

xem la mot sy mo rong cua da thire theo x.
8.7.1. Su hoi tu ciia chudi liy thira

Vi gia tri ndo cua x thi chudi lily thira s& hoi tu? DPinh 1y sau s& tra 16i cau hoi
nay trong truong hop ¢ = 0.
Pinh ly 8.30. (Sw hdi tu ciia chudi liiy thira)
Xét chudi lity thira Zakxk . Khi d6, mét trong cdc diéu sau la diing

k=0

1. Chudi héi tu véi moi x.

2. Chudi chi héi tu tai x = 0.

3. Chudi héi tu tuyét doi véi tat ca cac gia tri cua x nam trong khoang (—R,R) va
phdn ky voi |x| > R. Va chudi cé thé héi tu hodc phan ky tai 2 dau miit x = -R
vax =R
Tap hop cac gia tri ctia x 1am cho chudi hoi tu goi 1 tap hdi tu cua chudi. Va

tir dinh 1y trén ta biét rang d6 chinh la mot khoang hoi tu.

00 k
Vi du 8.45. Ching minh rang chudi liy thira Z% hoi tu v6i moi x.

k=0
Giai
Véi x = 0 thi chudi qua tim thuong va di nhién hoi tu.

Vé6i x =0 ta ap dung tidu chuan ty s tong quat dé tim

U
| k+1

L:limﬂznmx—k!k:nmﬂ:o
koo )%! ool (k+1)Ix* | k41

ViL =0vadoddL <1 nén chudi hdi tu véi moi x.

Vi dy 8.46. Chimng minh ring chudi lity thira » _k!x* chi hoi tu véix = 0.

=1
Giadi

St dung tiéu chuan ty sé tong quat dé tim
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k+1
L= lim w
k'x

k—00

= lim k+1 |x|

k—>oo

Vi moi x khac 0 ta c6 L = oo . Do d6, chudi lily thira di cho chi hoi tu khi x = 0.
Vi du 8.47. Tim tit ca cac diém hoi tu cta chudi lity thira Z \/_

Giai

Str dung tiéu chuan ty s6 tong quat ta tim

L=1m /“k+ = lim

k—o00 / k—o0
i

Chudi liy thira hoi tu tuyét ddi néu |x| <1 va phan ky néu |x| > 1. Ngoai ra ta phai

JE |
b=

kiém tra 2 diém dau mut cia khoang |x| <l,nghialax =-1vax=1

k
> (—1 . x .
E —k) hoi tu (theo ti€éu chuan chuoi dan dau)
k=1

1 1
——<—=va lim—
k+1 ko ke \/_
= (1)" o .1
Z— phan ky (p-chuoi vé1 p=—<1)
- vk 2
Do d6, chudi da cho hoi tu véi —1 < x <1 va phan ky & khoang ngugc lai.
Theo dinh 1y 8.30, tap hop cac diém 1am cho chudi Zakxk hoi tu la mot
k=0
khoang ¢6 tim 12 x = 0 ma ta goi 1a khoang hdi tu ctia chudi lity thira. Néu khoang
ndy c6 d6 dai 2R thi R duoc goi 1a ban kinh hoi tu ctia chudi lily thira, nhu hinh vé
8.19.

Hinh 8.19. Khodng héi tu ciia chuéi liiy thiva
Néu chudi liy thira chi hoi tu tai x = 0 thi R = 0, con néu né hoi tu v6i moi x

thi R = oo.
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) ) .. S 2k k
Vi du 8.48. Tim ban kinh hdi tu va khoang hoi tu cua chuoi Z al

k=1

Giai

Str dung tiéu chuin ty s6 tong quat ta tim

2k+1 xk+l
b= fimf g b=
k

Khi d6, chudi lity thira hoi tu tuyét doi néu 2|x| <1, tic la

1 1
——<x<=
2 2

. 1 2 o
Bankinh héitula R = R Kiém tra hai dau mut ta co

1o&2q( 1) & (=)L )
xX=——": Z— —— :Z : hoéi tu (chuoi dan dau di€u hoa)
k=1

2 =
A \ T | 1
Vay khoang hoi tu la 3 <x< >
N 00 2k Xk
Vi du 8.49. Tim ban kinh héi tu va khoang hoi tu ctia chuoi Z
k=1
Giai
St dung tiéu chuan ty sb téng quat ta tim
k41 _k+1 ‘
k+1)!
L=lim : k( O i |2 x|=0
koo| 2 x4' ‘ koo |k 41

Do d6, chudi lily thira hoi tu tuyét dbi v6i moi x va ban kinh hoi tu 1a R = oo

Vi dy 8.50. Tim béan kinh hoi ty cia chudi Z[%] x*
k=1
Giai

Str dung tiéu chuén can dé kiém tra tinh hoi tu tuyét ddi ta c6
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Vay chudi lity thira hoi tu tuyét dbi khi e|x| <1; nghia 12‘1—l <x< 1 Piéu nay kéo
e e

theo réng ban kinh hoitula R = l
e

Trong mdt s6 ing dung chiing ta c6 thé gip chudi lily thira dang
Zak(x—c)k =a,+a(x—c)+a, (x—c)2 +....

v6i ¢ 1a hang s6. Khi d6 khoang hoi tu cua nd c6 dang —R < x —c¢ < R bao gém kha

ning c6 2 daumitla x=c—R va x=c+R

k
.S 1

Vi du 8.51. Tim khoang hdi ty cta chuodi ()Hk— )
Giai

Str dung ti€u chuin ty $b téng quat ta tim

(x + l)kﬂ/
. 3k+1 .
L3 e =gl

k—o00 (.X' + l)k/ k—o00
3k

Do d6, chudi hoi ty tuyét doi khi
1
5|x+1| <l=|x+1]<3
=-3<x+1<3
=—4<x<2
Kiém tra 2 dau mut ta c6
00 4 1 00
— 4. Z + =3 (=1)" phan ky (tinh dao dong)
k=1 k=1

2+1

Mg

Z (1) phan ky (tiéu chudn phan ky)

k=1

=~
Il

1
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Chwong 8 : Chudi vé han

Vay khoang hoi ty 1a (—4, 2)
8.7.2. Pao ham va tich phan tirng s6 hang ciia chudi liiy thira.
Chudi liy thira Zak (x—c)" c6 thé duge xem nhu 1a mot ham trén khoang hoi
k=0
tu ctia nd. Mot cach hop 1y néu chung ta dat cau hoi rang néu ham kha vi va kha tich
thi dao ham va tich phan cua chudi lity thira d6 dugc tinh nhu thé nao? Diéu nay rat co
loi vi chiing ta c6 thé xay dung cic chudi méi tir viéc ldy dao ham hodc tich phan ctia
nhirng chudi di biét.
Néu chiing ta xem chudi liiy thira nhu 12 mot “da thirc v6 han” thi chiing ta c6
thé hy vong 1a 1dy dao ham va tich phan cta no theo tirng sé hang,
Pinh Iy 8.31. (Liy dao ham va tich phan tirng s6 hang ciia chudi liiy thira)
Chudi lily thira Zakxk véi ban kinh héi tu R > 0 ¢6 thé dwoc ldy dao ham
k=0

hodac tich phan theo tirng s6 hang trén khoang hoi tu —R < x < R cua nd. Cu thé néu

f(x)= iakxk VOi |x| < R thivoi |x| <R taco
k=0

f(x)= Zkakxk_l =a,+2a,x +3a,x" +4a,x’ +...
k=1
va
x)dx = C>Oaxk: Y axkdx:mixk“—kC
Jreode= [3axt =3 fa'de=3 2
Vi du 8.52. Cho ham f xac dinh boi chudi lily thira
00 xk
f(x)=> — v&imoix.
2
Chtng minh rang £ (x) = f'(x) véi moi x va tir d6 suy ra f(x) =e".
Giai

Chudi lity thira di cho hoi tu véi moi x (xem vi du 8.45) va dinh 1y 8.31 cho ta

biet rang n6 kha vi véi moi x. Pao ham tirng so hang, ta cé
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2 3 4
) . X X
fix)=—1+x +2'+3'+4'+

2x  3xF  4x°
=0+1+—+—+—+..
21 31 4!

2 3 4
= 1+x+2—!+§+4—!+...
=/ (x)
O chuong 5 ta da biét phuong trinh vi phan f(x) = f'(x) c6 nghiém tong quat
la f(x)=Ce". Thay x = 0 vao chudi liiy thira cua f(x), ta co
f(O)—1+0—I—(;+(:'—I— =1
Va giai phuong trinh 1=Ce’ tasuyra C=1;do d6 f(x)=e"
Mot chudi liy thira c6 thé 1dy dao ham theo ting sé hang nhiéu lan trong

khoang hdi tu cua nd. Va néu

v6i R 1a ban kinh hdi tu ctia chudi bén vé phai thi chuoi dao ham
o0
k—1
= Zkakx
k=0

cling ¢6 ban kinh hoi tu R va hon nita dinh 1y 8.31 ciing dung ddi voi chudi dao ham;

nghia la

Zk —1 ak 2 véi |x| <R

k=0
Tuong tu ta ciing tinh duge £ "(x), f“(x),... va cac dao ham cap cao hon cua f.
Vi du 8.53. Ta biét rang chudi

Zx hoi tu tuyét dbi vé ham f(x) =

k=0

L e x| <1
—X

Do d6, dao ham ting sb hang ctia chudi ta co

i[ xk]:kak_1:1+2x—|—3x2+...
dx i = -
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hoi ty vé ham f'(x) =

1 .
> voi [x| <1
(1—-x)
Tiép tuc dao ham tirng s hang ta c6 dao ham cép hai

dzook_iookq_oo Va2
{52l e

k=0

[\

hoi ty vé ham £ "(x) = v6i x| <1.

(1=x)

Nhitng ¥ tudng trén s& duge minh hoa trong cac vi du tiép theo sau déy.

0o [ 1Nk 2k
Vi du 8.54. Cho ham f xéac dinh boi chudi lily thira f(x) = Z((;)—k)x'
k=0 .

vO1l moi X.
Chung minh rang f"(x) = —f'(x) v&i moi x.

Giai

Trude tién ta st dung tiéu chuén ty s dé ching minh rang chudi lily thira di cho hoi

tu tuyét ddi v6i moi x.

(_1 k+1 xz(k+1)
. 2+ | L (o))
k—oc (_l)k xzk oo [2(/{—}—1)]' xzk
(2k)!
2
— lim al —0

ke (2k+1)(2k +2)
Vi L < 1 nén chudi hoi tu véi moi x.

Tiép theo, ta dao ham ting sb hang cta chudi

Cudi cung, tiép tuc dao ham timg sd hang ta c6
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dl x ¥ X
"X)=—|——F+———F+
S de| 1! 31 5! ]
3x% 5xt
=—14+4———+4
3! 5!
2 oxt X
B TR A

Vi du 8.55. Bing cach lay tich phan ting s6 hang ctia chudi cip sé nhan hiy chimg

minh rang

00 karl
> ——=—In(l—x) véi —1<x<1
o k+1
Giai
. x4 = 1 :
Lay tich phan chudi cap s6 nhén Zuk :1— ting sO hang trong khoang
k=0 -

—1<x<1 taduogc

- C
L[l_udu:[[;uk]du
](1+u+u2—|—u3+...)du

0

2 3

X X
=Xx+—+—++...
2 3
00 k+1
= al , —l<x<l1

Ta ciing biét

X

f ! du:—ln(l—x), —l<x<l1
0l—u

Do @6

X

o0 k
—ln(l—x):f ! a’u:;x
f —

1—u k+

+1
, —1l<x<l1
1
Néu kiém tra 2 dau mut, ta thdy chudi thuc sy hoi tu khi —1< x <1
Vi du 8.56. Tim chudi lily thira biéu dién ham tan~'(x)

Giai
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Ta biét rang

tan_lxzfi2
o 1+1¢

Biéu thirc trong dau tich phan dugc xem nhu 1 mot chudi cép sé nhan

1 % k
1=t =5 (1)
e 2t =1+ kz:;( )t

Do @6

tanflx:f dtz
o 1+1¢

:f(l—t2+t4—t6+...)dt
0

=SS = Sy
k=0 0 k=0 2k+10
S e <
p 2k +1°
X3 )CS )C7
=x——+———+.., |<1
35 7

Néu ta kiém tra hai diu mut thi chudi héi ty véi [x <1

Chudi biéu dién tan ' x dwogc goi 1a chudi Gregory sau khi nha toan hoc nguoi
Anh, James Gregory (1638 — 1675) phat trién n6 vao nim 1671.
Vi chudi hoi ty tai x = 1 va x = -1 nén né c6 thé duoc str dung biéu dién

tan”'x trén [—1,1] . Vidy, taix = 1

T O 1 1 1 1

—=tan l=l——4—-——=—4+——...

4 3 5 79
35 79

Day chinh 13 cong thirc Leibniz cua sé 7
8.8. Chudi Taylor va chudi Maclaurin

Trong phan niy, ta s& tim cach biéu dién mot ham s nhu 1 mét chudi vo han
sao cho gid tri cia ham sd tai x = ¢ va gia tri cta chudi sd biéu dién n6 sai khac nhau

khéng dang ké.
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Chuwong 8 : Chudi vé han

8.8.1. Da thirc Taylor va da thirc Maclaurin

Xét ham f kha vi n 1an trén khoang 7. Muc dich cua chung ta 4 tim mot ham
da thie c6 thé xap xi ham f tai diém ¢ thudc mién xac dinh ctia n6. Dé don gian ta xét
mdt truong hop dic biét khi ¢ = 0. Vi du sau xem xét ham f(x)=e¢" tai x = 0 nhu

hinh 8.22.

Hinh 8.22. Pé thi ham f(x)=e" va cdc da thirc xdp xi ciia né.

Pé x4p xi ham f{x) bang da thirc M(x) tai x = 0 ching ta bat dau tir diéu kién
M (0)= f(0). Tanoi da thirc M(x) c6 tam tai 0.

C6 nhiéu da thtrc c6 thé duoc chon dé x4p xi ham £, ching ta s& xuit phat tir
tuong 13 hé s6 goc cla fva M tai x = 0 1a bang nhau, nghia 13

M'(0)= 1"(0)

D thi ¢ hinh 8.22 cho ta thdy ring ta c6 f(x)=e", do d6 f'(x)=e" va
f(0)=f(0)=¢"=1

Pit

M (x)=a,+ax=M,(x)=aq,.

Theo yéu cau thi M,(0)=1, M,;(0)=1 .Vi M,(0)=a,=1va M, (0)=a, =1

M (x)=1+x
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Chwong 8 : Chudi vé han

Ttr @6 thi hinh 8.22 ta thiy M () =14x la mét xap xi tét v6i nhimg gia tri x
gan 0. Tuy nhién néu xét cac diém tir (0,1) tré ra xa thi M, khong con 1a mot xap xi tbt
nita. Dé cai tién diéu nay nguoi ta thém yéu cau 1a gia tri cua dao ham cip 2 taix = 0
ctia f'va M phai bang nhau. Do d6

M,(x)=a, +ax+a,x’
= M,(x)=a, +2a,x; M,(x)=2a,

1
Vi f"(x)=e"va f"(0)=1nén 2a, =1 hay a, = 5
Do do
1,
Mz(x):1+x+§)€
Tuong tu chiing ta c6 thé tim dugc cac da thirc bac cao hon

M3(x):1+x+lx2 +lx3
2 6

M4(x):l+x—|—lx24—lx3 —{—Lx4
2 6 24

Ms(x)zl—i—x—l—lx2 —|—lx3 —{—ix4 —I—Lx5
2 6 24 120 .-

2 n

M (x)=1+24+2 4. 42
2! n!
Da thirc bac n x4p xi ham f'tai x = 0 duwgc goi la da thire Maclaurin bac n cia

ham f.
Néu chiing ta lap lai cac budc nhu trén véi x = ¢ thay cho x = 0 thi ta ciing thu

duoc da thuc xép xi bac n c6 dang

2 n
E(x):ec+x cech(x ) e"HH..—{—Me"
1! 2! n!

duogc goi 1a da thire Taylor bac n cua ftai x = c.
8.8.2. Pinh ly Taylor

Thay vi dimng lai & s hang thir n, chung ta ban dén viéc x4p xi ham f{x) bang
mdt chudi vé han.

Ta néi ham /' dugc biéu dién bang mot chudi lity thira trén khoang 7 néu
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Chwong 8 : Chudi vé han

f(x):iak(x—c)k =a,+a(x—c)+a, (x—c)2 +...

k=0
vO1 moi x thudc /.
Viéc biéu dién ham fthanh chudi ity thira ¢ rat nhiéu loi ich. Tuy nhién trudc
khi ban dén cac loi ich 46, chiing ta hiy tra 101 2 ciu hoi sau day
1. Sw tdn tai: Vi diéu kién nao thi ham f's& duoc biéu dién thanh chudi liy
thura?
2. Sw duy nhit: Néu ham f dugc biéu dién thanh chudi liiy thira thi chudi d6
c6 duy nhat khong? Va néu c6 thi n6 dugc tim nhu thé nao?
Dinh 1y 8.32. (Pinh 1y vé sw biéu dién duy nhét ciia chudi liy thira)
Gid sir ham f(x) khd vi v6 han lan va cé thé biéu dién dudi dang chudi luy
thira
f(x)= iak(x—c)k =a,+a,(x—c)+a, (x—c)2 +....
k=0
voi —R<x—c<R
Khi d6 cdc hé s6 théa man

(k)
a =L O ko012,
!

Chiing minh
Dinh 1y vé tinh duy nhét ¢ thé duoc thiét 1ap bang cach 1iy dao ham timg sb
hang ctia chudi lily thira va udc tinh cac dao ham tai c.

Ta bat dau véi
[ =) a(x—c)
k=0

va thay x = c ta co

f©=a,+a(c—c)+a,(c—c) +..=aq,
Tiép theo, dao ham ting sé hang chudi ban dau ta c6

f'(x)=a, +2a, (x— c) +3a, (x— 0)2 +....

va

f©)=a +2a,(c—c)+3a,(c—c) +..=q,
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Dao ham tiép tuc va thay x = ¢ ta c6

f"(c)=2a, dodd a, = f "2(c)

Tong quét, dao ham bac k ctia f'tai x = ¢ cho bai

()
k!

Céau hoi ve su ton tai cia viée bi€u dien ham fthanh chuo6i Iy thira sé dugc tra

) =kla, dodb a, =

101 khi ching ta xét dén ham dw Taylor
R,(x)=f(x)—T,(x)
Chung ta thdy ring ham f dwoc bicu dién thanh chudi Taylor clia né trong
khoang I néu va chi néu
fim £, =0
vO1 moi x thudc 1.
Mdi quan hé giita ham £, da thirc Taylor ctia né 7,(x) va ham du Taylor R, (x)
dugc tom tat trong dinh 1y sau day
Dinh Iy 8.33. (Dinh Iy Taylor)
Néu f(x) va tdt ca cic dao ham ciia né ton tai trong khoang I chira c thi véi
moi x thuoc I ta co

f

" (n)
f(x):f(c)—|—f'(c)(x—0)+%(3€—C)2.--+f !(c)

- (x—c) +R (x)

trong do

ntl
R,(x)= —f(; fl),) (x=c)

Véi z, phu thudc x va nam giika ¢ véi x.

Cong thirc cuia R,(x) goi 1a dang Lagrange ctia ham du Taylor. C6 nhiéu dang
ham du khac nhau nhung trong phan nay chung ta chi xét dang Lagrange.

Khi 4p dung dinh 1y Taylor, ta khong mong doi c6 thé tim dugc chinh x4c gia
tri cia z,. Tuy nhién, ta thuong co thé x4c dinh dugc mot chin trén cua |Rn (x)| trong
mot khoang mé. Chung ta s& minh hoa diéu nay & nhing phan sau.

8.8.3. Chudi Taylor va chudi Maclaurin
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Chwong 8 : Chudi vé han

Dinh 1y vé tinh duy nhét cho ta biét ring néu ham f dugc biéu dién bing chudi
lity thira tai ¢ thi n6 phai 1 chudi

f( )( c)+—f“2('c)(x—c)2...+—f(:'(c)(x—c)"—I—....

fe)+
va dinh 1y Taylor noéi rang f(x) dugc biéu dién bing mot chudi ma phan du
R (x) — 0 khi n — o0 Piéu nay dan dén thuat ngit sau day
Dinh nghia 8.34.
Chudi Taylor: Gid sir c6 mét khodng mé I chira diém ¢ ma trong dé ham f(x) va cdc

dao ham cia né ton tai. Khi dé chudi liiy thira

LO )y LO (e L7

> x—c) +....

f+

dwoc goi la chudi Taylor ciia ftai x = c.

Chuédi Maclaurin: Truwong hop ddc biét khi ¢ = 0 thi dwoc goi la chudi Maclaurin

cuaf

O SOy SO,
2! n!

AQURS

Vi du 8.57. Tim chudi Maclaurent ctia ham ham f(x) = cosx

Giai

Ta thiy f(x)=cosx kha vi v6 han lan tai x = 0. Ta c6
f(x)=cosx= f(0)=1
f'(x)=—sinx= f'(0)=0
f"(x)=—cosx= f"(0)=—
f"(x)=sinx= f"(0)=0
fPx)=cosx= fP0)=1

Ta c6 chudi Maclaurent ctia f(x) 1a

2 4 6
X

X
X —cosx—l——+————|—
/() 21 41 = (2k)'

Chiing ta s& ban dén moi quan hé giita chudi Maclaurin va da thirc Maclaurin.

Hinh 8.23 m6 ta d6 thi ham f(x) = cosx véi mot sé da thirc Maclaurin ciia no. Ta sir

dung ky hi¢u M (x) dé biéu dién cho (n + 1) sd hang dau tién cta chudi Maclaurin
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trong Gmg. Chi ¥ cac da thirc nay kha gin v6i ham sb tai nhimg diém gin x = 0

nhung khoang cach nay s& 16n dan khi x di chuyén xa gdc toa dd.

=y A y ”
1.5+ f” / ’ 1.5 T / »

1] [
' [ d

1
I\ /
0.5+ / ). |
/
- - — 4 J
A=\ > | JVEE
0.5+ \\ \ )5 t
\ x 1
0 \ .»l f(X) = COS x ‘“T‘ f(x COS X
\ |
\ l M, ﬂ il |
' | -
a. Interactive My, M|, M», and M3 b. Mo

Hinh 8.23. Ham f(x)=cosx va cdc da thirc Maclaurin ciia no

Vidu 8.58. Tim da thirc Maclaurin M (x) cho ham f(x)=e" va dung da thic d6 dé
xap xi gia tri cua sd e. Ap dung dinh 1y Taylor dé xac dinh d6 chinh xac cua xap xi
nay.

Giai 430
400 +
350 4
300 4
. 250 4
f=e )= o

150

fl=e 0=
=)=t

Dau tién ta tim chudi Malaurin cho ham f(x) = e

23456 787"

x. . ) N . . Comparison of fand M
Chuoi Maclaurin ciia ham f(x)=e" la : '

00 k

e":1+lx+lx2+lx3+...zz’“— fix) = e
1' 2' 3' k=0 k' 2718~ Ern)lrul
X=
DO dé 2716=
2714~
2 3 4 5
M(x)=lx+ o T T ne 2712
2 6 24 120
|
Mot su so sanh cua f (x) va M, (x) duogc chi ra ¢ hinh 0996 1.000 1,004
8.24. b. Zoom showing the error at x = |

Figure 8.24 Comparison of

Chu y rang tir 40 thi nay ta thay sai s duong nhu tang khi f(x) = & and Ms(x)
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x di chuyén xa gdc toa do. DPé xac dinh do chinh x4c nay ta st dung dinh 1y Taylor

1 1 1 1
e=1+l+—+—+—+—+R(l)
2 6 24 120

=2.716 + R, (1)

Phan du cho boi

Rs(l): e’ (1)5+1

(5+1)!

voi mot sO z; ndo d6 nam gita O va 1. Vi 0<z, <1,tacod e* <e, vavi e<3, kéo

theo rang
R(1) <% <2 ~0.00417
6! 6!

Vay, s6 e thoa man
2.716667 —0.004167 < e < 2.716667 4+ 0.004167
2.712500 < e < 2.720834

Vi du 8.59. Tim chudi Taylor cia ham f(x) =Inx taic = 1.

Chay f(x) kha vi vo han lan tai x = 1. Ta co

f(x)=Inx f(1)=0
) = - (1) =

S == f(1)=1
n __L " —_

S === fr(1)=-1

fm(X):% fm(l)zz

X
= U ()=-6
X

o= CUEZE o oy

k
X

Khi 6, st dung dinh nghia cta chudi Taylor ta viét

Trang 77

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

1 1 2 2 3 6 4
lnx=0+1—!(x—l)—2—!(x—1) +§(x—l) —4—!(x—1) +...
:(x—l)—%(x—l)z+%(x—1)3—l(x—1)4—1—

Gid st ham f kha vi vo han tai c. Nhu vay chung ta s€ c6 2 dai lugng toan hoc
1a f va chudi Taylor ctia né véi cac tinh chit sau:
1. Chudi Taylor cia f c6 thé hoi tu vé& f trong khoang hdi tu cia nd
—R<x—c<R (nghiala|x—c|<R)
2. Chudi Taylor c6 thé chi hoi tu duy nhit tai x = ¢ va trong trudong hop nay nd
khong thé biéu dién ham f trén bat cir mot khoang nao chira c.
3. Chudi Taylor c6 thé ton tai ban kinh hdi tu R > 0 ( thdm chi R = o). Tuy nhién
né c6 thé hoi tu vé ham g khong bang ham f'trén khoang |x —c| < R.
Vi du 8.60. Chimg minh rang ham f(x)=Inx xéac dinh ludn tai nhitng diém ma
chudi Taylor tai ¢ = 1 ctia nd khong hdi tu.
Giai
Ta d3 biét ham Inx xac dinh v6i moi x > 0. T vi du 8.59, ta biét chudi Taylor cta

Inx taic=11a

ey

k=1

Ta tim khoang hoi tu cuia chudi nay

(_ 1)k (x B 1)k+1

L= lim|— A+l | im[ £ ]|x—1|:|x—1|
ST
k

Diéu nay co6 nghia 1a chudi lity thira hoi tu tuyét d6i véi
|x—1|<1 hay 0 <x <2
Kiém tra hai diu mut
x=0: f: = l)klk(o )] = i[—%) phan ky (chudi d6i cta chudi diéu hoa)
=

k=1 1
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Chuwong 8 : Chudi vé han

k-1 k k—1
r=2: oY k(z Y _ > = 2 hoi tu (chudi diéu hoa dan dau)
k=1 k=1

Vay chudi chi hdi tu trong (O, 2] nhung ham Inx lai xac dinh v6i moi x > 0.

k—1
Ham sb dugc so sanh véi da thirc Taylor bac 6: T, (x)= Z (_2 (x— l)k nhu hinh
k=1

ve 8.25

Interval of
convergence f1v) = Inu

Figure 8,25 Interactive
Comparison of
f(x) =Inx and Tg(x)

Vi du tiép theo sau day s& giéi thiu moét ham ma chudi Maclaurin ciia né
khoéng biéu dién ham sb trong bat ky mot khoang nao

1

Vi du 8.61. Cho ham f x4c dinh boi f(x) =1¢ <, x=0
0, x=0

Chtrng minh rang chudi Maclaurent cua £ chi biéu dién dugc n6 tai duy nhit mot diém
x =0.
Giai

C6 thé thiy ring fkha vi v6 han tai 0 va f%)(0)=0 véi moi k. Khi d6, f 6
chudi Maclaurin

O—ng—kgx2 +2x3 +....
1! 21 3!

hoi tu dén ham f(x)=0 véi moi x va do d6 né chi biéu dién f(x) tai x = 0. DS thi
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Chuwong 8 : Chudi vé han

cua f'va chudi Maclaurin duogc thé hién & hinh 8.26.

YA

Maclaurn sernes

u...
-
T
2

-

Figure 8,26 Interactive Graph of f and its Maclaurin series aty = 0

8.8.4. Cac phép toan ciia chudi Taylor va chudi Maclaurin
Theo dinh 1y vé sy duy nhét thi chudi Taylor cta ftai x = ¢ 1a chudi lity thira

theo (x — ¢) ¢6 dang
F@) =Y ax o)

v61 moi x trong khoang nao dé chira c.

Céc hé sd trong chudi ndy c6 thé duoc tinh bang cong thirc

ok

Tuy nhién ddi khi cac hé s6 nay c6 thé tim duoc bang cach van dung khéo 1éo

M

(k)
f—'(c) k=0,12,...

cac phép toan dai so.

Trong mét sb vi du sau chiing ta s& van dung phuong trinh

" ! :iuk, |u|<1

dé xay dung chudi Maclaurin cho mot s6 ham hitu ty.

Vi du 8.62. Tim chudi Maclaurin bing cich thay thé mdt chudi cAp s6 nhan
1
1+x°

Tim chudi Maclaurin cho ham f(x) =

Giai

oo
Ta mudn mot chuodi co6 dang Zakuk biéu dién ham trong mot khoang

k=0 14 x°
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Chwong 8 : Chudi vé han

chura 0.
Ta c6 thé lam tryc tiép bang cach st dung dinh nghia ciia chudi Maclaurin,
nhung & day ta s& sira d6i mot chudi da biét.

Ta biét rang néu |u| <1 ta c6 thé viét

=l4u+u’+u’+..

—u
Thay u = —x’ tacd

1 1

= = 1_(_x2):1—x2+x4—x6+...

vé6i ‘—xz‘ <1;nghiala —1< x <1 .Do do, tir dinh 1y vé tinh duy nhat, biéu dién mong
muén 1a

1+1 . :i(—l)kx“ Vi —l1<x<1
X k=0

Vi du 8.63. Tim chu6i Maclaurin bang cach sira do6i mgt chuoi cap so nhan

5—

x. . X o, .. , N o
Tim chuoi Maclaurent cho ham f(x)= > va xac dinh khoang hoi tu ctia nd.

Giai

ciia mot chuoi cap so6 nhan

Muc tiéu cta chiing ta 1a viét lai f(x) ¢ dang

5-2x _ n 8
3+2x 3+ 2x
8

=8 2 )
S
;3 3
8 16 32 , 64 ,
=—l4+—-——x+—x"——x
39 27 81

© k
Khoang hoi tu cho f(x) tuwong tu nhu cho chudi Z[—%x] ,cu thé 1a
k=0
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Chwong 8 : Chudi vé han

3 3
<l hyy——<x<—
2 2

2
—=X
3
Vi du 8.64. Tim chudi Maclaurent cho cac ham

a. f(x)=-cosx’
b. g(x)=cos’x
Giai
a. O vidu 8.57 ta da biét

2 4 6
u

cosu=l——+———+4... véimoiu
2! 4! 6!

Do d6 bang cach thay u = x” ta co

@) ) (@)

cosx’ =1— + — 4., (u:x2>
2! 4! 6!
X X"
21 41 6!

vO1 moi x.
b. Véi ham cos’ x ta c6 thé st dung dinh nghia ctia chudi Maclaurin, nhung thay vi

nhu thé ta s& sir dung cong thirc nhan doi cua luong giac nhu sau
1 1
cos’ x = — +—cos2x
2 2

l l 1_ (2x)2 n (2x)4 B (2x)6 i
2 2 2! 4! 6!

(u = 2x)

vO1 moi x

Vi du 8.65. Tim chudi Maclaurent cho ham f(x) = ln[i R

] va st dung n6 dé tinh
In2 chinh x4c dén 5 chir s6 thap phan.
Giai

Véi ham nay, dau tién ta sit dung tinh chat ctia ham logarithms

Trang 82

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

f(x)= m{i“] —In(1+x)—In(1—x)
Tu vidu 8.59 ta c6
Inx= (x—l)—%(x—l)z +§(x—1)3 .

Vi vay

ln(1+x):(H—x—l)—%(l—{—x—l)z—I—%(l—i—x—lf—....

2 3 4
X X X

—x -
2 3 4

Bang chudi thay thé, ta dugc
f(x)=In(1+x)—In(l—x)

. 1 1
Tiép theo, gidi phuong trinh 1+x:2, ta dugc x:§. Vi vay ta sé tim dugc gia tri
—X
cho ham ln[l+x khi x:l .Nghia la
1—x 3
1 13) 3 111y 11y
n2=2—4+2L 4321 4 =24 || +=|=| +..
33 5 3 3[3] 5[3] }

Theo dinh ly Taylor, ta cé

2 21y 2(1Y 2 (17" 1
In2==+={=| +=|=| +..+ | +R|=
3 3(3] " 5(3 2n+113 3
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Chwong 8 : Chudi vé han

trong d6 R, [%] 1a phan du. Pé udc luong phan du nay, ta chi ¥ rang R, [%] 1a phan

duoi cua chuoi vo han cua In2. Do do

R [l]_ 2 [l]2n+3+ 2 [l]2n+5+ 2 [l]2n+7+
"(3) 2n+3(3 2n+5(3 2n+713

2 [l]2n+3+ 2 [l][l]2n+3+ 2 [i][l]2n+3+
2n+3\3 2n+319)13 2n+3(81)(3

<
2 1 2n+3 1 1
= - I+=4+—+...
2n+313 9 81
Vi chudi cép s6 nhan trong ngoac hai tu dén ] :2 ,taco
1——
9

n

2 9 2n+3

Cu thé, dé dat do chinh xac 5 chir s6 thap phan, ta phai chic chan rang sé hang bén
phai phai nho hon 0.000005. Sir dung may tinh ta c6 thé thiy néu n = 4, ta co

11
2 [2][1] =0.0000012
2(4)+318)13

Do d6, ta xap xi In2 véi n = 4:
3 5 7 9
m2~7 | L= 2 2L 2L 2L 2L L o.6031460
3) 3 33/ 513) 7(3) 913
Ma sai s6 khong vuot qua 0.0000012; vi thé
0.6931460 —0.0000012 < In2 < 0.6931460 +0.0000012
0.6931448 < In2 < 0.6931472

1

Lam tron dén 5 chir s6 thap phan ta co
In2 ~ 0.69315
Ta c6 thé kiém tra bang may tinh (chinh x4c dén 10 chit sé thap phan) rang
In2 =~ 0.6931471806
Chung ta can phai quan tdm dén két qua sau ddy. N6 chinh 1a sy tong quat hoa
cho dinh 1y vé nhj thirc dugc phat hién boi Issac Newton ngay tir khi 6ng ta con 1a

sinh vién tai dai hoc Cambridge.
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Chwong 8 : Chudi vé han

Pinh 1y 8.35. (Chudi nhi thirc). Néu p la mét so thwe bat ky va —1< x <1 thi

(1+x)p:1+px+p(p_l)x2+p(p_1)(p_2)x3.”:2 p o
2! 3! —\k
trong do P L Vvéi p va k la cdc s6 nguyén théa p >k >0
k) k(p—k)!

Chudi nhi thic s& hdi tu trong khoang —1 < x <1 nhung sy hdi tu cia n6 tai 2
dau mat x=—1 va x =1 phu thudc vao sé mil p. Trong trudng hop dic biét ching ta
c6 thé thiy rang néu —1< p <0 thi chudi s& hoi tu tai x=1; néu p >0 chudi s& hoi
tutaicd 2 diu x=—1va x=1

Hon nita néu p 1a s6 nguyén khong am thi chudi s& két thuc sau mot s6 hiru han
Lk P i v x A a2 C o R \
cac s hang (vi . =0 vbi k> p) va s€ quy vé sy khai trién nhi thirc thong thuong

va di nhién chuoi s€ hoi vo1 moi x.

Bing 8.2. Chuéi liiy thira cho mét sé6 ham co bin

Tén Chubi Khoang
hoi tu
Chudi U u" (—o0,00)
e =l4+u+—+...+—+...
ham mi 2! n!
’ c c \ —00,00
ex:1+e‘(x—c)+%(x—c)2—|—...—|—e—'(x—c) +... ( )
! n!
Chudi 2 4 u* —
cosu=1——+2 _  f(=1y (—o00,00)
Cosin 204l (2n )'
—c) —cy —00,00
cosx:cosc—(x—c)sinc—(x 2'0) cosc+(x 3'6) sinc—+... ( )
Chubi ) woow w! (_OO’OO)
sinu=u——+——...+(=1) ———
Sin 3! 5! (2n +1)'
—c)? —c) —00,00
sinx:sinc+(x—c)cosc—%sinc—(x 'c) cosc+... ( )
Chudi —
N (L I S (=L1)
cap so| 1—u
nhan
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Chwong 8 : Chudi vé han

Chudi
sy — =) £ (0.2)
nghich X
dao
Chudi (x—=17  (x—1) (x—1)" (0,2]
Inx=(x—-1)— — (=D
Logarit nx=(x-1) 2 * 3 D *
u2 u3 n_1un (—1 1]
In(4+u)=u——4+——...4(-1D)" —+... ’
2 3 n
2 n
mx:hw+xx_d—Jx_9 +“44—D“Ax_? ... (0.2¢]
c 2c nc
Chudi 3 5 20+ 11
tanflu:u—u——i—u——...—i—(—l)” U +... [ ’]
Tan™ 3 5 (2n+1)
Chuoi - w1340 1.3.5.2n —3)u*"" [—1,1]
sm u=u+—++ 4.+
Sin™ 23 245 2.4.6.2n—-2).2n—1)
Chudi _ _ _
uo1 O+uy:1+pu+p07lhﬁ+pu91Xp 2.5
nhj thirc 2! 3!
Vi du 8.66. Tim chudi Maclaurin ctia hAm f(x) =+/9 +x va khoang hoi tu ctia né.
Gidi
Yy 2
Ta ¢ f(x):\/9+x:(9+x)2:3[1+§]
Vi vay
Y
«/9+x:31+§]

:31+iw— L L o
1 648 11664
gl Lo Lo
6 216 3888
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. 1 . X . X1 A
Viso mi p= 5 thoa p >0, p khong phai s6 nguyén, theo dinh 1y 8.35 chuoi hdi tu

X

v6i |={ <1 nghia la [x| <9
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Chwong 8 : Chudi vé han

BAI TAP CHUONG 8

Bai 8.1. Viét 5 s6 hang dau tién (bit dau tir n = 1) cua cac ddy sb sau

a. {1+(-1)']

b {n sin ﬂ}
' 2

an} trong d6 a, =256 va a, =\/a, | v6i n>2

13

2 .
d. an} trong d6 a, =1 va a, =(an71) +a,  +1véi n>2

Bai 8.2. Tim gidi han cua cac day hoi tu sau

. {8n2+6n+4000} N {(n+4)%} c.{ 3Wn }

n+1 m
d. {V”JFS\/;_\/;; e. {l:_zn} f. (lnn)%;

Bai 8.3. Chirng minh rang cac diy sb sau hoi tu bang cach chi ra ring no 1a diy ting
bi chan trén hoac né la day gidm bi chan dudi
{ (n+lj} {3;1—2}
a. {Inj — b.
n n

n
C. |5
Bai 8.4. Giai thich tai sao cac ddy s sau phan ky

n—Tn+5 n
a. {M} b. {1+(—1) } c. {cosmz}

Bai 8.5. Cac ddy sb sau hoi tu hay phan ky

oot

Bai 8.6. Thudc duoc dua vao co thé sao cho ¢ cudi mdi gio, luong thude hién tai bang
mot nira luong thude ¢ thoi diém cubi gio trude d6. Hoi lugng thude 13 bao nhiéu ¢
cudi gior thir 4 va cudi gio thir n.

Bai 8.7. Xac dinh xem cac chudi cip s6 nhan sau hdi tu hay phan ky. Néu hoi tu hiy

tim tong cua chung.
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k=1 k=2 3k_3
I 1 1 1

€. LTI T AT T A T
2 22 2 2

f 2+\/§+1+L+ .....

V2

(1Y 1y (1)
g —FH | H | |t
4 \4 4 4
Bai 8.8. Vi mdi chudi sau day, tim S, 13 tong riéng thir n cta chudi va xac dinh xem

chudi hoi ty hay phan ky bang cach kiém tra li_l;Ilsn

a. T T w1 c.
kZ_I: s (k+1)°’1] kz_(; k+1) k+2)
> 1
b Zln(1+—j
P k
Bai 8.9. Hiy biéu dién cac sé thip phan v6 han tuan hoan sau day dudi dang sb hitu
ty.
a. 2231 b. 1.405 c. 41.2010
k-1

Bai 8.10. Cho chudi sb Z e

a. Tim cac sO 4, B sao cho

k=1 _ Ak B(k+1)

okt ? okt
k-1

b. Tinh tong cua chudi Z =

Bai 8.11. Tinh tong cac chudi sb sau

© a 3— . . ©
a )= biét ring Y a, =0.54
k=0

k=0
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Bai 8.12. Mot banh may bay quay & tbc do 500 vong/phit va chdm dan theo cach ma
mdi phit sau né s& quay tron véi tbe do bang 2/3 tc do cua phit trude d6. Tim tdng
s6 vong quay ma banh may bay nay quay duoc trude khi nd dimg han.

Bai 8.13. Mot qua bong duoc ném tir d6 cao 10ft. Mdi 1an qua béng nay 1én thi nd sé
1én cao mot khoang bang 0.6 1an d cao trudc d6. Hoi tong quing duong di chuyén

cua qua bong 1a bao nhiéu?

Bai 8.14. Gia st mot bo phan cua may tri gia $10000 va mdi ndm nd bi mat gia 20%
$0 voi gia tri hién tai ctia nd & dau nam d6. Néu sy mat gia nay du kién 14 vo han thi
téng thiét hai s& 13 bao nhiéu?

Bai 8.15. Mot bénh nhan duoc tiém 20 don vi thuéc mdi 24 gio. Thude bi phan huy
theo quy ludt cia ham mii sao cho lugng thudc con lai trong co thé bénh nhén sau ¢

ngay la
—1
f(r)=e"
Néu qua trinh diéu tri kéo dai thi c6 khoang bao nhiéu don vi thudc trong co thé bénh
nhan trudce khi tiém.
Bai 8.16. Cac chudi sd nao sau diy c6 thé ap dung duoc tidu chudn phan ky? Vi sao?

0 k 0 7% 0 1 —k
a. b. Ze C. Z 1+—
k=1 k=1 k

= k+1

d. D ket e. i k f iCOSkﬂ'
k=2

k-1 =0

:

Bai 8.17. Sir dung tiéu chuén tich phan dé kiém tra xem cac chudi sb sau hoi tu hay

phan ky.
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0 B (tan’1 k)2
+ kz; 2k+3)° “ ;W
2 1 2
k —k
b k:2k(h’lk)2 d o ©

Bai 8.18. Xét su hoi tu cua cac chuoi so sau

S~ Ink > k—sink i 1
— —_— ksin—
s b. ;3k+25mk © kz_; k
= 2Y N < 2k* 43
d. 1+—j . f
;( k © kz_;k Ink ; i©
o 1 - 1 (1 1
e ] kYo
k=1 2k\/% ! ;ekJre_k ;(2k kj

Bai 8.19. Tim tat ca cac gid tri ctia m dé cac chuoi so sau hoi tu.

" Y b X

= (kz—l) = k(]nk)m

Bai 8.20. X¢ét sy hoi tu cua cac chuoi sO sau bang tiéu chuan so sanh truc tiép

NI ST
;COS (6j ¢ kz_;\/Zlnk

5 N i Ink
45 13 — 2k +3

N

Bai 8.21. Xét sur hdi tu cta cac chudi sb sau bang tiéu chuin so sanh gii han

2k
Zk4 _4

0
k=1

NgE

b
Il

I~
MS
=~
(3]
L
o
M=
©)
=~
(3]

bl

. 4 C-
1 + k=1 k —4

© © ( o
¢ ;1/1( (k+1) o2 ' ; k+2

Bai 8.22. Xét su hoi tu cua cac chuoi so sau

=
Il

=2k +k+1 &
S Syevern © 2 E i

o i Nk
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k+2 k+3) 2, iy
d ) k7*

o0
. 32U
k=1
Bai 8.23. Str dung tiéu chuan ty s6 hoac ti€u chuan can dé xét sy hdi tu cia cac chuoi
sau

0 k' 0 5 o0 k102k
a. = b. Z— C. Z i

3k k
k=1 2 k=1 10 k=1

:Zl(skkﬂ)k c Z% : Z(%j

Bai 8.24. Xét sy hoi tu cta cac chuoi so sau va cho biét ban da sur dung ti€u chuan nao

dé xét.
2\ 5k +2 z 2%kt = kil
a ; K2 b. ; it © kz_;kz(k2+2)
> Jk! = (42 = |cosk
25 SR 25

Bai 8.25. Xac dinh gia tri cua x dé cac chudi s sau hoi tu.

0 +05

x2k 0 X
— b.
; k ; Nk

Bai 8.26. Xac dinh xem cac chudi s sau hoi tu tuyét ddi, hoi tu co diéu kién hay phan

c + “ + - k!
o S « XV

par K +1 pr =
d g(—l)"(iﬁ)l e 2 DIC I
CEerG) e kﬂ(,ﬁJ‘ k-
S (-1

Bai 8.27. Vi mdi chudi s sau dy hiy

1. Uédc tinh tong cua chudi bang cach 1y téng 4 sd hang dau tién va cho biét sai
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s6 cua udc lugng nay.
2. Can it nhat bao nhiéu sé hang ctia chudi dé udc lugng tong ctia né dat do chinh
xéc 3 chit s6 thap phan. Tinh udc lugng nay.

k+1

a. ki(;zlk)kzl b 3 px c. i(——)

k=1 k=1

Bai 8.28. Sir dung tiéu chuén ty s tong quat dé tim tit ca cac gia tri cua x sao cho céac
chudi sd sau hoi tu.
5 (2x) 5 2k x*
a. b.
= K = k!

k=1 1

Bai 8.29. Tim khoang hi tu ctia cac chudi lily thira sau

ik(kﬂ)x" S K2 (x-2)" . i( 1)kt
= k+2 =l & ='In(k+2)
o0 0 o 1.k _k

d. Z 2x-1) e Yk (x+1)" g YR
k=0 k=1 k=1 k'

Bai 8.30. Tinh cdc dao ham f'(X) cta cac ham sau

[
~
—
=
N—
Il
s
VR
N | =
N—
L
Ips
»
+
[\

Zolk+1

k=

Bai 8.31. Tinh tich phan _[f (u)du cua cac ham sau
0

v 1= b /()= 2

k=0

Bai 8.32. Ap dung dao ham ting s6 hang cua chudi cdp sb nhan dé tim mot chudi liy

thira biéu dién ham
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1
(=)

Véi gi tri nao cua x thi chudi lity thira ndy hoi ty.

f(x)=

Bai 8.33. Tim ban kinh hdi tu ctiia chudi

= (k+3)1xt 123,k (—x)""
o S p S A
pa k!(k+4)! pa 1.3.5....(2k—1)
Bai 8.34. Cho ham f x4c dinh boi chudi lily thira
- (—l)k x2k+1

fx)=2 (2k+1)!

k=0

v6i moi x. Chirng minh rang f"(x)=—71(x) véi moi x.
Bai 8.35. Tim chudi Maclaurin cho cac ham sau day. Gia st « 13 hang s6 bat ky va tat

ca cac dao ham moi cap deu ton tai tai x = 0.

a f(x)=¢" b. f(X):Sing c. f(x)=e"+e*
1
d. f(x):1+4x e. f(x)=In(3+x) £
1
f(x):a2+x2’ a#0

Bai 8.36. Tim 4 s0 hang dau tién cta chuoi Taylor cia cac ham sau tai gia tri ¢

a. f(x)=Inxtaic=3 b. f(x)=sinx taic=%
: 3 :
c. f(X)=\/;talc=9 d. f(x)= taic =2
2x—1
Bai 8.37. Khai trién cac ham sau day thanh chudi nhi thirc va tim mién hoi tu cta no.
_1
a. f(x)=(4+x)é b. f(x)= *
1-x°
\s . x. s 1
Bai 8.38. Tim chudi Maclaurin ctia ham f(x)=————
X" —=3x+2
xZ

Bai 8.39. Tim chudi Maclaurin cta ham f (X) =

(x+2)(x2 —1)

Trang 94

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chwong 8 : Chudi vé han

x 1+2
Bai 8.40. Tim chudi Maclaurin ctia ham f(x)= m[ al }

1-3x+2x*
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