Bai giang Toan 2
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6.1 Dién tich gitra hai duwong cong

6.1.1 Dién tich giita cac dwong
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Dién tich gitra y = f(x) va y = g(x) = [Di1€n tich dudi
duong y = {(x)] - [dién tich dud1 duong y = g(x)]
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6.1 Dién tich gitra hai duwong cong

6.1.1 Dién tich giita cac dwong

Phan hoach [a, b]. _-
Dai dung dac trung AN e

# A = S 5 x =) Height:
Dién tich dai dirng | Eiim _
Tong cac dién tich R P ot
G161 han tong Wiadh A,

a. Approximating rectangles b. A typical vertical strip

Figure 6.2 Using Riemann sums to find the area between two curves
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6.1 Dién tich gifra hai duong cong

6.1.1 Dién tich giita cac duong

Dién tich giira hai dwong cong. Néu f, g € C[a, b] va f
> g thi di€én tich gitra hai duong cong y ={(x) vay =
g(x) cho boi:

Chuy. Ta khong yéu cau cac dudng cong nam trén
truc hoanh.
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6.1 Dién tich gitra hai duwong cong

6.1.1 Di¢n tich giiva cdc dwong
Vi du. Tim dién tich cua mién nam gitra cac duong
congy =x3vay =x?-xtrén [0, 1]

Giai.

1 — \ 10 - /
= j |3 - - S \ /
A X X X —OX o \os + /
12 ..
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6.1 Dién tich giira hai duwong cong

6.1.1 Dién tich giita cac dwong

Vi du. Tim dién tich cua mié€n tao bo1 duong cong

y = e - 3eX + 2 va truc Ox

Giai.

In 2
. « -
A_.[e2 3e” T 2 dx ~

0

e
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6.1 Dién tich gitra hai duwong cong

6.1.2 Tinh dién tich bang cdc ddi thang dirng

y = f(x) | cao Cao W ety
/ v=flo] f(x) - gx) —_—— /
NSt A —— g(x) = f(x)

Cao

|f(x) = 2()|

r@ng\ \ viv) /,/A\

a b X

0% g e

a. Mot dai dung dac trung b. Xép xi bang cac dai ding

Tinh dién tich bang cac dai ding
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6.1 Dién tich giira hai duwong cong

6.1.2 Tinh dién tich bang cdc ddi thang dirng
Cac kich thudc cuia dai ding dac trung 1a: | r ! {;Axi
Cong thirc tinh dién tich: 4 = [ |f(x) — g(x)|dx.

Gia st cac duong cong y = f(x) va y = g(x) cat nhau tai
X = ¢ nhu hinh v€ thi cOong thire tinh dién tich la:
A Cff ?Ex - f f ?Qx

a


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.1 Di¢n tich giira hai dwdng cong

6.1.2 Tinh dién tich bang cdc ddi thang dirng

Vi du. Tim dién tich
clia mién bao bdi
duong thang y = 3x
va duong cong y =
X3 + 2X?

T
I
'\'_—}.:.h

'I .
(® + 227%) — (3x)|dx + [[32 — (23 + 227)|dx = ? (dvdt).
0 )

[ le]
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6.1 Dién tich giira hai duwong cong

6.1.2 Tinh dién tich bang cdc ddi thang dirng

Vi du. Tim dién tich cua mién dugc bao bo1 duong  #

cong y = sinx va truc Ox gitra hai duong théng: e

.\'41
10+

Giai

x

0 2
A= j (0 — sinx)dx —I—J sint — 0)dr = 2 (dvdt).
0

2

=Y

o
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6.1 Dién tich gitra hai duwong cong

6.1.3 Tinh dién tich bang ddi ngang

yA
¥ ‘.\'--G(y) /\ = Flv) x=G(y' L= 1w

dai
Iy - G(y)|

F(y) = G(y) ' .
A 2 | réng

b4

| dai
¥ G(») - F(y)
c
x=Fv)
xX= m
a. Xap xi bang cac dai ngang b- Mot dai ngang ddc trung

Xap xi dién tich bang cac dai nam ngang

I

Cong thirc: A

h |
[ 160 - Fondy+ [ 1F6) - Gol

i leading | f / (s
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6.1 Di¢n tich giira hai dwdng cong

6.1.3 Dién tich bang cdc gidi nam ngang

Vi du. Tinh dién tich ctia mién R nam gitta parabol
X = 4y - y2 va duong thang x =2y - 3.

Gidi: 4y -y? =2y - 3
—>y=-1;y=3

9
A= jua ) - |h;—3|rh_7fmdn
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6.2 Thé tich

6.2.1 Phwong phdp lit cat. Cho S 1a mot khoi dic va
g1a sir a < x < b thi lat cat cua S vudng goc vo1 truc ox
tai x ¢o dién tich A(x). Khi d6 thé tich V cua S cho
bo1:

b
V = [ Al(x) ex
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6.2 Thé tich

6.2.1 Phwong phap lit cat.

Vi du. Pay cta khoi dic 1a mién nam trén mit phang
Oxy duoc tao boi truc Oy va cac duong thangy = 1 - X,
y = 2x + 5 va x = 3. C4c lat cat vudbng goc véi truc OX
déu l1a hinh vuéng. Tim thé tich khoi dic trén

L

Ax
a. Two-dimensional graph of b. Three-dimensional solid ¢. Cross-sectional representa-
the base live element AV = L*Ax
Figure 6.12 A solid with a square cross secticn
Giai: = i

. i 442

Alz) = (3x+4)°.
(x) = (3 +4) j (3z + 4)*dx = 237 (dvtt).
0
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6.2 Thé tich

6.2.1 Phwong phdp lit cat
Vi du. M6t khoi chop déu véi day la hinh vuong cé
canh L va dinh & do cao H don vi tinh tir tm cua day.
Chirng to: | L

V = EHL .

H Al A

[

i
h
\i
L

Thé tich hinh chép ttr gidc déu
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6.2 Thé tich

H =]
= R s0 Lhat £ = (I — r,—I)L

. H , a
AV =CAR V= (| —-’-) L2dh
h
H

= (I - —) L*Ah ) 2 5
H = L“] | — —h+ —h~ ) dh
0 H o

h* h3 o
=L*|h-—
[ mt 3112]0
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6.2 Thé tich

6.2.2 Phwong phdp dia va vong dém (vit thé tron
xoay)

Mot khoi dic tron xoay 1a khoi S c6 duge bang cach
xoay mieén D thudc mat phang xy quanh mot truc nam
ngoai D hoac trén bién cua D

¥a
truc quay U‘

T

cac khoi dac tron xoay

O D
A
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6.2 Thé tich

6.2.2 Phuong phap dia va vong dém (vt thé tron xoay)
Gia st D 1a mién bao boi duong y = f(x), truc Ox, cac
duong thang x = a, x =b. Khi d0 n€u D dugc xoay
tron quanh truc Ox s€ tao thanh kho1 dac tron xoay co
thé tich 1a:

b b T
. & ] A

a a
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6.2 Thé tich

6.2.2 Phwong phdp dia va vong dém (vit thé tron xoay)
Vi du. Tim theé tich kho1 dac S tao thanh khi xoay D bao
bdiy = x% + 1 quanh truc Ox, vdi 0 S X < 2

i
(4

.. | 6

a. Mién D b. Khdi dic S khi quay D quanh
truc x

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.2 Thé tich

6.2.2 Phwong phdp dia va vong dém (vit thé tron xoay)

Giai. Mién cin tmh thé tich dude minh hoa nhu Hinh 6.16. Ap dung phuong phap dia, thé tich

2(0)
caintimlal = rf ) dr = U6 7 (dvtt).
0 15

Piéu chinh mot chit phuong phép dia 1a ta ¢6 thé tim thé tich cia mot hinh dic sinh ra
bang cich quay qucmh truc Oz mdt mién nam giita hai dudng cong y = f(x) vay = g(z) véi
flx) = glx) = 0viia <z <bh

Phuong phap vong dém

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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6.2 Thé tich

6.2.2 Phwong phdp dia va vong dém (vit thé tron xoay)

Phuong phip vong dém Phuong phip vong dém dudc sit dung dé tim thé tich ctia khoi
sinh ra khi quay mot mién nim gifta hai dudng cong quanh mot truc vudng goc véi dai xap
xi. Cu thé, gid st f va ¢ 1a cac ham lién tuc trén [a, b] v6i f(x) > g(x) > 0. Néu R 1a dutng
ngodi y = f(x) va r la dudng trong y = g(x). khi d6 xoay mién tao thanh bdi cdc dudng
y = f(z),y = g(x), z = a, = b quanh truc O, thi thé tich khdi dudc tao thanh 1a

h-
v =f m(l ﬁ.\'}lz—[ﬂﬂ]:} dx

il
ban kinh ngoai ban kinh trong
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6.2 Theé tich
6.2.2 Phwong phdp dia va vong dém (vit thé tron xoay)

Vi du 4 (Thé tich tao béi vong dém) Cho D 1a mét mién kin bao bdi parabol y = z? va
duong thang y = x. Tim thé tich ctia khéi sinh ra khi xoay D quanh:
a.) truc Ox b.) truc Oy c.) dudng thing: y = 2

=Y

a. lml\l\

b. v-axis

¢. line

Tinh thé tich bang phuong phap vong dém
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6.2 Thé tich

6.2.2 Phwong phdp dia va vong dém (vit thé tron xoay)

Giai. Mién can tinh thé tich dudc minh hoa nhu Hinh 6.18.
] . 27

a) V= [[(a?) — (2*)?|dx = —: (dvtt).
. 5

1
bV = [[(y) — y|dy = - (dvtt}

0

1
c)V=mx[[(2—2*)?—(2—x))]dx = 5 (dvtt).

il .].J
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6.2 Thé tich

6.2.3 Phwong phdp ong tru

Doi khi viéc tinh thé tich bang cac dai xap xi song
song song vai truc quay thi dé hon (thdm chi Ia can
thiét) viéc tinh thé tich bang cac dai vudng goc vai
truc quay. Hinh ¢ slide ké tiép cho thay mot mién D
dudi duong cong y = f(x) > 0 trén doan [a, b] cung
vo1 dar dirng dai dién.
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6.2 Thé tich

6.2.3 Phwong phdp ong tru

CuuDuongThanCong.com

ban kinh x

PN P

X)

a Ax h

=Y

a. Dai ding

b. Khi 1 dai dtrng quay
quanh truc y, mot vo duoc
sinh ra

Ax

2rx

. Thc ‘unwrapped” flattened shcll d. Approximating a solid of revolution

valiaia AV — Vw o Fled A usine cvlindrical shells

Metho
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6.2 Thé tich

6.2.3 Phwong phdp ong tru. Cho D bao bdi duong
y = f(x) > 0, truc Ox, cac duong thing x =a, x =b
v6i a < b, khi @6 khoi sinh ra khi xoay D quanh Oy
c6 thé tich:

y A

b
. i, %8 *

a

Phuong phap dng tru
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6.2 Thé tich

6.2.3 Phwong phdp ong tru

Vi du 5 (Thé tich tao béi ong tru) Tim thé tich ctia khéi diic tao thanh khi xoay mién bao bdi

truc Oz va cac dd thiy = 2* + 2>+ 1,2 = 1, va 2 = 3 quanh truc Oy.

Gidi. Mién phang dugc minh hoa nhu Hinh 6.22. Thé tich can tim: 4 ‘
: :: * (3,37 »o'"/
. 724
V= / p@+ 2 F o= R,
J ‘-.——_(;'%Q: 4’ ! “,
1
Hinh 6.22
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6.3 Dang cuc va dién tich

6.3.1 Hé toa do cuc

- Pinh nghia hé toa do cuc: truc cuc, cuc

- Toa do cuc ctia mot diém M(r, 0). Toa do ciia goc cuc
- M6i lién hé gitra M véi (t, 6). Dung M khi r < 0

- Poi tir toa d6 cuc sang toa d§ Descart va ngugc lai:

r=rcosf y = rsinf
r
y / |

r = /22 + 12 tant = — 0 X
A ?
- ' 2 mat phang

a - &
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6.3 Dang cuc va dién tich

6.3.1 Hé toa do cuc

Vidul (Chuyén tir toa do cuc sang toa do vudng goc)
Chuyén toa do cuc (—3, 2F) sang toa dd vudng goc.
3v2 :3.\/5}
V2 V2

bap so: (

Giau.

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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6.3 Dang cuc va dién tich

6.3.1 Hé toa do cuc

Vidu2 (Chuyén tir toa do vudng goc sang toa dd cuc)

Viét dang toa do cuc cho di€m 6 toa dd vudng goe la (22, —3).

Giai;

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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6.3 Dang cuc va dién tich

6.3.2 Do thi cuc

Nguyén tac: Khao sat va vé do thi r = f(0) nhu ham mot bién
trong toa d§ Descart. Xét mot sO trueong hop dac biét
Vidu3 (VE dudng tron, duong thang va tia)

V& ar=6 b.o==I

Dap s6

Yy . ES B . :'r
a, The circle r =6 b. The line f = —
§)
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6.3 Dang cuc va dién tich

6.3.2 Do thi cuc
Vidu 4 (Ve bang cach chuyén qua hé toa do vuong goc)

Vé dd thi ctia phudng trinh » = 4 cos # bing cich chuyén né tit dang cuc vé dang vudng goc trude.

Giai.
r=4cosé &)
r® = 4rcos@ o
.1.‘2 -[-}rz = 4x | -V/ i b
2 —dx +v2 =0 N S +> >
¥ L4 }'I - l 5 Z | \\ ) / & )
(x —2)° +y2 = 22 T s i
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6.3 Dang cuc va dién tich

6.3.2 Do thi cuc
Vidu 5. (Vé duong Cardioid)
o) :
Giai: Lap bang, vé cac di€ém —
- A /( . o ey 3 -+
dac biét nod1 lai :
(3.98, 3) (0.919, 1)
6 7% B (0.08, 6)
[: E‘)IB‘"}F}E:I 21 (143.3)
2 2832294 Pl ==
3 3979985 el
4 3.307287 *
5 1.432676

6 0.079659
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6.3 Dang cuc va dién tich

6.3.3 Tém tat dwong cong cuc

LIMACONS r=b+acosf and r=>b-+asind

y Ar ¥ A} y A

.\‘
/’\/U - b a (l
I}

2
r=b-acosf. — < |

=Y

=Y

/) ’) ) b
r=b-—acosf, |l < - <2 r=b-acosfl, - >2 r=b-asind, - < |
a a o
standard form, inner loop standard form, dimple

a
standard form, convex

L4 . .
5 rotation, mnner Il)l)p
\RDIOIDS r=a(l£cos@) and » = a(l £ sinf) Limagons in which ¢ = b
VA VA VA v A
o ¢ V\
a
RN Vl (1
\_/ \
= -acost F=a-+acost roe=a-—asing e da - asing
. . n . In
standard form 7t orotation 5 rotation

rotation
CuuDuongThanCong.com

-~
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6.3 Dang cuc va dién tich

6.3.3 Tom tit dwong cong cuc

ROSE CURVES LEMNISCATES
r=uacosnt and r = asinn r* = a’cos20 and r? = a?sin 20

VA

Rl , PO .
Ie o= q* sin 20

n :
== rotanon
4

Va

YA W Vv A
I o
X
2
. . 2 pd
I' = acosd;circle r = asin 0; circle 1" = a*cos 20
. b . .
standard form; one petal 5 rotation; one petal standard form
y VA VA
a
- . [“ -
- < X Y
r = asin 3¢ r=acos2f

r=acos3t
standard form; three petals

CuuDuongThanCong.com

T £ : :
3 rotation; three petals standard form; four petals

"= asin 20

by X :
— rotation: four petals

e o e P S 7T ComT el rerrerterte
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6.3 Dang cuc va dién tich

6.3.4 Giao cua cac dwong cong cuc

Bude 1 Tim tat ca cac nghiém chung ctia cac phuong
trinh dugc glao

Buéc 2 Xac dinh xem diém cuc r = 0 ¢6 nam trén hai
d6 thi khong.

Bude 3 VE cac duong cong dé tim cac giao diém khac

Vi dy. Tim giao diém cua hai dudng cong

|i__

r=2=—cosfvad 3
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Step 1 Solve the system by substitution:

r-—-g—cnszw—3 1 =2
S 2 302 2/

The solution is (2, 27“)
Step 2 I r = 0, the first equation has no solution because

0= — —coséf or cosé =

N W
[ W 'S

and a cosine cannot be larger than 1.
Step 3 Now look at the graphs, as shown in Figure 6.36.
We see that (—1,2) may also be a point of intersection. It satisfies the

. 2 p
equation & = =F, but what about r = % —cos?

Check (—I,%E) 23 s E

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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However, if you check an alternative representation of (-1, 27”), we find:

CuuDuongThanCong.com

| —

InJ

Diém nay
duoc tim khi
gial phuong
trinh

Piém nay duoc
tim khi nhin do
thi
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6.3 Dang cuc va dién tich

6.3.5 Dién tich trong toa cuc
Dinh ly. Cho r = {(0) xac dinh mot
duong cong cuc, vol f € Cla, B],
v6i 0 < B - o < 27, Khi d6 mién =/
duogc tao bo1 duong cong r = 1(0)

vacactiaf=avab=pcod dién ? i

tich
17 1 8 |
A= Ejn redl) = E/ﬂ | f(8)]°db

e
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6.3 Dang cuc va dién tich

6.3.5 Dién tich trong toa cuc

Vidu?7 (Tim dién tich mét phan ctia cardioid)

[im dién tich cua nua trén (0 < 6 < 7) cua cardioid r = 1 + cos 0,
v Ak

Giai. Puong cardioid duge minh hoa nhu Hinh 6.39.
Dién tich can tim: A = £ [(1 + cos0)?df = 2L (dvdt).
i
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6.3 Dang cuc va dién tich

6.3.5 Dién tich trong toa cuc

Vidu 8 (Tim dién tich bao phii bdi mét hinh hoa bon canh) Tim dién tich bao phti béi

nh hoa bon canh r = cos 26.

Giai. Puong hoa hong bon canh dude minh hoa nhu Hinh 6.40.

Dién tich cdn tim: A = 8[% | cos*26d6] = 5 (dvdt).
0
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6.3 Dang cuc va dién tich

6.3.5 Dién tich trong toa cuc

Vidu9 (Tim dién tich ctia viing nam giira hai duong cong cuc) Tim dién tich cta

mién chung gilta hai duting cong r = acos# and r = asin#.

Giai. Phéan tinh dién tich dudc minh hoa nhu Hinh 6.41.

Dién tich can tim: A = 1

Sy

a?sin*0df + 3 j a’cos?0df = %u.j{?r — 2) (dvdt).
T
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6.3 Dang cuc va dién tich

6.3.5 Dién tich trong toa cuc

¥ 4
1
Vi du 10) (Tim dién tich gira mot duong tron va mét limacon) Tim dién tich gitta duong

tron r = 5cosf va limacon r = 2 + cos f. Lam tron két qua theo don vi dién tich dén hang phin
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6.4 D0 dai cung va dién tich mat

6.4.1 Do dai cung cua mot duwong cong

Do dai cung Cho f 1a mét ham c6 dao ham f' 1ién tuc trén doan [a, b] va kha vi trén (a, b).

Khi d6 d6 dai cung, s, cia do thi cia y = f(x) gitta x = a v & = b dugc cho bdi tich phan

b
O [ VI[P d

Tuong tu, véi do thi cia z = g(y), vdi ¢’ lién tuc trén doan [c, d], d6 dai cung tif y = c dén

y=dla

o
5= f VITTOE dy
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6.4 D0 dai cung va dién tich mat

6.4.1 Do dai cung cua mot duwong cong

Vi du 1 (Dé dai cung ctiia mot duong cong) Tim do dai cung (1am tron dén hang phin trim)

ctia dudng cong y = x*? trén doan [0, 4].

Giai. D06 thi clia duong cong duge minh hoa nhu Hinh 6.45.

1
D6 dai cung cén tim: s = [ \/1 + (%I%)Ed:t = Z[10%2 — 1] = 9.0734 (dvdd).

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.4 D) dai cung va dién tich mat

6.4.1 Do dai cung cua mot duwong cong
Vidu. Tim d0 dai cung cua duong cong
1

3
Tr= -1y =+
37

1—[

EH y €[1, 3]

4yt —1

P6 dai cung cin tim: s = f \/1 )2dy = ‘i = (dvdd).

Giai. Tacor = g(y)) = lf;” + l!‘j_] suyra ¢'(y) =
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6.4 Do dai cung va dién tich mat

6.4.2 Dien tich mat tron xoav

a. Mit cong sinh ra khi quay = b. Mét non cut sinh ra khi quay "
duong cong C quanh duong doan thang I quanh duong thang L
thang L

Gia sur fe C[a, b], khi d6 mat tao ra khi xoay quanh truc
Ox cung cua duong cong y = {(X) co dien tich

b
y = 27 / flz)/1+ [f'(x)]? da
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6.4 DY dai cung va di¢m tich mgt

6.4.2 Dién tich mat tron xoay
Vi du. Tim dién tich cua mat duogc tao ra khi xoay
quanh truc Ox cung y = x3, X €[0, 1]

(0), O)

1
S =2m J]f 2?1+ (322)2dr = Z(10v/10 — 1) (dvdt).
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6.4 DY dai cung va dié¢m tich mgt

Vi du. Tinh dién tich mit cau ban kinh r

Giai: Ta co phuong trinh cua nua trén
duong tron ban kinh r 1a:

v
= 2 2
y \/r X

=20 [ VAR 1+ () /

-r
_2:1'[ Jr*—t) r? +1).-*_r
l’i-_l.:'i-
=lrrf rdx
-r

=2arir+r)

-

=4dnrr-
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6.4 T

¢ dai cung va di¢n tich mét

0.4.2 Dién tich mdt tron xoay

Do dai cung trong toa do cuc P06 dai cia mot cung cuc r = f(#) véia < # < 5 dudc

cho bdi tich phin

s [ \/ ff_f "

Vi du 6 (Tinh dé dai cung cuc) Tim do dai cia dudng tron » = 2sin .

Giai. E)-:;fu thi cua dudng cong dude minh hoa nhu Hinh 6.55. D6 dai cua duong tron: s =

f Edﬁ—ﬁ dvdd
_r{“’ 7 (dvdad).

CuuDuol
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6.4 Dy dai cung va di¢m tich mHt

6.4.2 Dién tich mdt tron xoay. Néu mot dwong cong
cucr=f(0)voia<0=p duoc xoay quanh truc x thi
no tao ra mot dién tich la

.3 / Ar B
A= En] {'r*s-;iuﬁ}v rz + (ﬁ) )
N a

Vidu. Tim di€n tich cua mat dugc tao ra khi xoay
quanh truc x ntra trén cua duong cardioid r = 1 + cos0O
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6.4 Dy dai cung va di¢n tich mt

Giai. Buiipg ¢ong cardioid dude minh hoa nhu Hinh 6.56. Dién tich ctia mit can tim la

§= Qﬂhﬁ'sinﬁﬁ [r? + (S0)2d0 = Z2 (dvd).
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

6.5.1 Cong. Cong thwe hién béi mét lwc khong doi.
Néu mdt vat thé di chuyén mot khoang cach d theo
hudng cua mot luc tac dung F thi cong W thuc hién la
W =Fd

Vi du nhu, cong thuc hién khi ning mot bao xi mang ning 90 1b 1én 3 ftla W = Fd =
(90 1b)(3 ft) = 270 ft — Ib. Ta chii y ring néu khong c6 chuyén dong thi khong c6 cong.
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

Pé tim cong thuc hién bot mot vat chuyén dong dudi tac dung cua mot luc thay doi

thi phai can dén tich phan.
Cong thwe hién béi mot lwe bién thién. Cong thuc

hién boi mot luc bién thién F(x) khi di chuyén mot
vat doc theo truc X tir X = a dén X = b duoc tinh bang

W = [ F(x)dx
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit

lémg va trong tAm

6.5.1 CONngQ

Bang 6.3: Cac don vi thuong dung cho cong va luc

Khoi lwong | Khoing cich Luc Cong
kg m Newton (N) Joule

g cm dyne (dyn) erg

slug ft pound fi-1b

Vidu1l (Céng sinh bi mét lwe bién thién)
Mot vatdat tai x ft tinh tir mot diém c6 dinh dwoc cho di chuyén doc theo mot duong théng
bang mot luc F(x) = (3x%2 + 5) Ib. Cong thuc hién bai e dé di chuyén vit 1a bao nhiéu

trong cac truong hgp sau

b. tir 1 ft dén 4 ft.

https://fb.com/tailieudientucntt

a. qua 4 ft dau tién?
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Pap s6
a. W= [ (3x?+5)dx =84 ft—1b.

b.W=[ (3x*+5)dx=78 ft—Ib.
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

6.5.1 Cong.

Dinh luat Hook. Khi mot 10 xo b1 kéo khoi vi tri can

bang x don vi thi c6 mot luc dan hoi F(x) = kx kéo 10
x0 tré lai vi tri can bang. Hé so6 k trong cong thirc nay
duoc go1 la do curng cua 10 xo.

} AL ] VSIS S S S Sy

- -

0

- Lo xo0 ¢ vi tri can bang Lo xo bi kéo khoi vi tri can bang x
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

6.5.1 CoNng

Vidu2 (Mo hinh cong sir dung dinh luat Hooke)
Do dai ty nhién cia mot 16 xo 1a 10 cm. Néu can mot cong la 2 ergs dé kéo 10 xo ra thanh 18
cm, thi bao nhiéu cong sé& dugc thuc hién dé kéo dan 16 xo dén dé dai la 20 cm?
Giai.
Gia su rﬁng vi tri can bf?mg dit tai vi tri O trén truc sé, va x 1a vi
tri ctia dau tir do cua 10 xo. Vi luc kéo gian 1o xo 1a F(x) = kx nén cong

thuc hién khi kéo 10 xo b cm khoi vi tri cin bang 1a

SIITTIE I T

b b 1
W = fn F(x)dx = fn kx dx = Ekbz
Vi gia thiét W =2 khi b =8 tasuyra k = 1—16 Khi chiéu dai cua 10

x0 la 20 cm, no dugc kéo ddn b = 10 cm, va cong thuc hién la

S AAAAAAVAAAS

W = —(10)? = 3.125 ergs
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.1 Cong
Bai tap.
Can ton mot cong la bao nhiéu dé cang mot cai 1o xo dan hoi ra 10cm, néu
luc 1IN cang 10 xo d6 dugc mot doan 1cm

Bang 6.4: Trong lugng riéng, § = pg (Ib/ft 3).

Chit léng Trong lugng riéng
nudc 62.4

nude bién 64.0

xang 42.0

dau ltra 51.2

Dau SAE 20 57.0

sitra 64.5

thuy ngan 849.0
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.1 Cong

Vidu3 (Mb hinh céng thuc hién khi bom nwéc ra khéi mot bon chira)

Mot bon nude ¢6 hinh nén tron dirng co chiéu cao 1a 12 ft va ban kinh 1a 3 ft dugc chon
xudng mit dat véi dinh hudng xuodng va ddy ngang véi mat dat. Néu bon chira nude (mat
d6 khoi lugng pg = 62.4 Ib/ft?) dén d6 cao 6 ft thi bao nhiéu cong s€ dugce thuc hién
dé bom tit ca nurde trong bon 1én mat dat? Diéu gi thay d6i néu nhu nurde duge bom dén do

cao 3 ft so voi mat dat?

Mat d6 khoi luong - Trong
luong riéng
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.1 Cong
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6.5 Mgt sb tmg dyng vit If: cOng, &p suit chit lng va
trong tam

6.5.1 Cong

Giai. Lap hé toa dd véi gbc & dinh hinh nén va truc y la truc hinh non.
Chia [0, 6] (nw&c chi cao 6ft) thanh n doan con. Chon diémy: dai dién
trong khoang con thtr k va xay dwng moét dia mong nwéc cach goc toa
do v, , do day Ay,. Ta sé xem lvgng nwoc trong bon 14 tAp hop cua cac
phién nwdc xép chong Ién nhau. Chung ta sé tim ra cong duwoc thye
hién dé& nang mot dia nwdce dién hinh va sau do tinh tdng cong bang
cach sr dung tich phan dé tinh tébng cong bom nuéc.

Nhan xét rang Iwc doi hdi dé& nang mot phién nwdc bang bang véi thé
tich ciia n6 nhan vai trong lwong trén mot khdi nwée. Pat x, 1a ban kinh
cua phién nwdc thér k. Dung tam giac déng dang ta co:

e
4

k
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6.5 Mgt sb tmg dyng vit If: cOng, &p suit chit lng va
trong tam

6.5.1 Cong

2
V4 R r d « K AN \ — * ? — y*
Do dé thé tich cda phién hinh trula; Av =7 ﬁk /Ayk B ”[—k ] Ayk
r > ll’\ V é \ y
Do do trong lwgng cua phién nuoc la: 62.47{—k J Ly
4

2
% ~
Cong dé nang phién nwécléndbcao 12 ~ y, la: ¢ 4”{”} ﬁ - y*Ayk
4

Céng dé bom ca lwong nwdce ra khdi bon:

T n ~ ~
G -yay, =22 nlijgozsziﬁ‘y;f*yk

P fper

N

. : y
W = lim ). 62 .MEK

Gy :
oo :

> /

62 .47 o
w = Jy? % -y 200 = 2106 7 * 6,616 - Ib
16

0
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6.5 Mgt sb tmg dyng vit If: cOng, &p suit chit lng va
trong tam

6.5.1 Cong

Céng dé bom ca lwong nwéc cao hon miéng bon 3ft la:

62 .47 | >
- Jye % -y S~ 0263 ft-1b

0

W
16
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa 4p suit va lwc chat 16ng

Néu ai da tirng lan xuéng nudc hin di thay rang ap suat (tirc 1a do 16m cua luc trén
mdt don vi dién tich) do khoi luong cua nudc ting len theo d¢ sau. Quan sat ki hon ta sé
thay rang ap suat nudc tai mot diém ty 1é thuan véi do sau tai diém do. Nguyén tic niy ciing

ap dung cho céc chat 1ong khéc.

Trong vt 1y, nguyén ly Pascal phat biéu rang ap suat chat long bang nhau theo moi
hudéng (xem hinh 6.62). Piéu nay c6 nghia 1a ap suat phai nhu nhau tai moi diém trén mot

mit phang dugce nhing nam ngang. Va khi d6, luc chat long dugc cho bai cong thirc sau.
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

6.5.2 Mé hinh héa dp sudt va lwc chit long

)

Compressed

J
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa ap suat va luc chat 16ng

Lirc chat 16ng Néu mét mit phang ¢ dién tich A duoc nhing ngang xuéng mot do
sau h trong mot chat long thi trong luong cua vat tao ra mét luc 1a
F = (apsuit)(diéntich) = 6hA = pghA

trén mat phang do, véi & 1a trong luong riéng, p 1a khoi luong riéng, va g la gia toc trong

truong. Pay goi la lwe chit léng hay luc thiiy tinh.

Lue chat long (thuy tinh) Gia sir mot mat phﬁng ( mot dia) dugc nhiung dung vao
mot chat 1ong c6 trong luong riéng 6 = pg b ft* vaphanngap cuadialatey h = a tdi
h = b trén truc tung. Khi d6 lyc toan phan F tao ra béi chat 1ong dugc cho bai

F = [ phL(h)dh

vGi h 1a do sau va L(h) la chiéu dai trong tmg cua mot dai xap xi ngang.
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.2 M0 hinh hoa ap suat va lyc chat long
Vidu4 (Luc chat léng trén mét mit phing ding)
Mt cit ngang ciia mot mang la mot tam giac can lat ngugc cé chiéu cao 1a 6 ft va day la 4

ft. Gia sir mang chira nuéc dén do sau 3 ft. Tim tong luc chat 1ong 1én mot dinh.

== )
A,
I‘ n
E 3 /.’ |
\ &

a. Mot cai mang voi b. Mit bén cua mang c. Dung cac tam giac

cac mit cat hinh tam * dong dang dé tim

giac ddy mot nira

I-h
6

L
4
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa ap suat va luc chat 16ng

—
i 1
Ah

h

b. Mat bén ciia mang
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa ap suat va luc chat 16ng

\ i 6 fl
A,
I. '}
‘ [ \ }
Y

c. Dung céc tam giac dong dang dé tim
L 3—h
4 6
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa ap suat va luc chat 16ng

Giai.

Trudc hét, ta dung mot hé truc toa do ma truc hoanh nam & mit chat long va truc
tung duong (truc h) huéng xuong. Sau d6 ta tim biéu thirc cho chiéu dai va chiéu siu cua
mot dii mong ngang theo cac bién. Giai sir 1a dai c6 do day 1a Ah va chiéu dai L. Dung
tam giadc dong dang ta c6

L _ 3-h

A 2
> nén L=;(3—h}

A - g = A @ r = r ) 2 A - A "
Ta thay rang dai xap xi co dién tich 1a AA = 3 (3 — h)Ah. Cubi cung, ta nhan tich
nay véi trong luong riéng cia chat long tai mét d6 sau cho truée ph va lay tich phan trén
khoang d¢ sau cua dia dung.

F=[’26h(3—h) dh=187.2 Ib
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.2 Mo hinh hoa ap suat va luc chat l1ong
Vidu5 (Mo hinh lyc tac dong l1én mot mit deé)

Mot bon chira nude dén dinh cia mot dap. Néu dap c6 hinh dang ctia mét parabol cao 40 ft

va rong 20 ft ¢ dinh thi tong luc chat 1ong tic dung 1én mat cua dé 1a bao nhiéu?

Il

? Dam /
Parabolic 40 ft
are

Ul

a. mat cat ngang cua dap b. mot dai ngang dién hinh
¢ 40 - y ft dudi mat nude
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.2 M6 hinh héa ap suat va luc chat 16ng

Thiét lap hé toa d6 nhu hinh v&. Parabol c6 thé biéu dién boi phuong trinh y = cx2. Vi khi y = 40 khi
x =10, suy ra:

> _ 2 _ 2
w=chH2=c=2= y = —x’
5 5
Dai dac trung ngang dat & do vi tri y trén truc x, tirc 1a @6 sau 40 -x dudi mat nude. Dai rong y va
N\ — '/( \ N\ 9 . 2 5 -
dai L = 2x. Viét L nhu 1a ham cua y: y= 2yt g - /_yé LSS 00 oy = Aas oy Ay
5 2

\ r A , )e elow sater 0 ;
va do d6 tong luc tac Depth below water @ I = 4 \

0
dong lén mdt deé la: N / § h  L(v)dy
(I e

Area of strip
“('I:,’l'.’a‘ densuy of water 6.4

40
= / 62.4(40 = y)/ 10y dy

JO

10 9 3 HD 2 0
— az.m/ﬁf (4(),\"/‘ —.\"‘/')d}' - ﬁz_d,mvj'ﬂ (? — E\)|
0 ' 2 o

= ()2.4\/]6]’3?).3/2 - %‘.S/Z-I.w = 532,480 Ib
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6.5 Mgt s0 trng dyung vit If: cOng, dp sust
chét 16ng va trong tim

6.5.3 Mé hinh héa trong tim ciia mét mién phing

Trong co hoc, doi khi ta can xac dinh diém can bang cta dia c6 hinh dang phtec tap.
M6 men luc do xu hudng quay ciia mot vat va phu thudc vao luc va diém tac dong
cta luc vao vat do. Tur thoi Archimedes, ngudi ta da biét rang diém can bang cia
mot vat xay ra tal no1 ma cac moment tri¢t ti€u nhau.

Khoi leong cua mot vat 1a mot do do quan tinh cua vat do, nghia l1a, xu huéng cua
vat duy tri trang thai nghi hay chuyén dong déu. Mot dia mong co vét chat phan bo
déu, sao cho khoi luong riéng p cua nd (khoi luong trén mot don vi dién tich) 1a
hang s6 dugc goi 1a phan b6 déu. Piém can bang ciia mot dia phan bo déu nhu vay
du,(jc goi 1a trong tdm cua nd. Ta sé& thay trong tdm co thé dugc tinh bang tich phan
thé nao?
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.3 M6 hinh héa trong tim ciia mét mién phang

Cho f va g lacac ham lién tuc va thoa man f(x) = g(x) trén doan |[a, b], va xét
mot dia mong phan bo déu co6 khéi luong riéng 1a hiang so6 p bao phii mot mién R nam
gitra do thi cia y = f(x) va y = g(x) trén doan [a,b]. Khi d6

Va
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.3 M6 hinh héa trong tim ciia mét mién phang
Goi M, va M, lan lwot 1a moment cla vat theo truc x va y

Chung ta c6 cac két qua sau:

’ \ 1o 2 )
M, = f-r[f{-r}m.yi-r}]dr va o=z [ 1F0F - P

¢
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.3 M6 hinh héa trong tim ciia mét mién phang

'/
Khéi lwong cliaR 1a: | = p / [f(x) — g(x)]dx
o

Trong tam cla R la diém (X, V) Thoaman:

M, [7xLf(x) ~ g(x)]dx

- SFORRas’ YR Ritha A0 L5

m ‘/::’[ fix) — g(x))dx
M, LIPSO = 1 ()P} dx
T om [P1f(x) = g(x)]dx
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6.5 Mgt sb trng dyng v§t If: cdng, p suiit chit
lémg va trong tAm

6.5.3 M6 hinh héa trong tim ciia mét mién phang

Vidu 6 (Trong tam ciia mot dia mong)

Mot dia phan bo déu R c6 khéi lugng riéng p = 1 va dugc tao boi parabol y = x? va
duong thang y = x. Tim khéi lugng va trong tim R.
: 3 2y
ni =A='[ﬂ (x —x")dx = (E_.T) "_E
I 5 I]- 1.4 ! |.
M, =j; vix —x")de = (-3— - T) n= 5

L

M, = —f (x° = x¥) dx
2 Jo
__I X
243 5
| l_I
T 2\3 5

|

I

0

I 5 https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.3 M6 hinh héa trong tim ciia mét mién phang

Bai tip Mot dia phan bd déu R ¢6 khoi lugng riéng p = 1 va dugce tao bai
nhitng parabol ax = y2va ay = X2 (a>0). Tim khéi luong va trong tdim cua R
Giai. R d6i xting qua dudng phan giac ciia goc phan tu thi nhat, vi vay trong
tdm nam trén dudng phan giac nay.

a 2 2
. pf{ﬁx_]dx e’
0

a 3

; X 3a°
M, = Ix.{\/aT—de e
0

a 20
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.4 Pinh 1y thé tich Pappus

Dinh ly. Vat ran tao ra bang cach xoay mét mién R quanh mét duong
thang nam ngoai bién cua né (nhwng trong cung mat phang) cé thé tich V
= As, v&i A la dién tich cua R va s la quang dwdng di cua trong tdm cua R
¥4 The approximating solid

el> of revolution has volume
AV =2nx(AA).

Area

AA
- X l

~Y
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.4 Pinh 1y thé tich Pappus

Vi du 7. (Thé tich ctia vong xuyén)

Khi mét hinh tron ban kinh r dwoc quay quanh mét dwdng thang trén mat
mat phang chra dwéng tron do dat cach tdm cha né R don vj (R > r) thi
vat ran tao ra dwoc goi la mot vong xuyén. Hay chivng té rang vong xuyén
nay coé thé tich V = 2n2r2R

Axis of revolution

The centroid travels 2:7R Units
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6.5 Mgt so tmg dyng v§t Ij: cdng, &p suiit chit
lémg va trong tAm

6.5.4 Pinh 1y thé tich Pappus

Giai. Hinh tron co dién tich A = nir?2 va tam cuta né (ciing la trong tam) di
chuyén 2nR.Vay:

V = (20RA = 27R(xr") = 27°r R

That tinh cc‘y, thé tich da tim dwoc trong vi du 7 §0’ dung dinh ly Pappus
da dwoc thay khi giai bai toan 56 cua muc 6.2 bang cach st dung vong
dém
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