Chuong 9

VEC TO TRONG MAT PHANG VA
TRONG KHONG GIAN

9.1. Vécto trong R-

9.2. Toa do va vécto trong R*
9.3. Tich vo hudng cua hai vécto
9.4. Tich c6 hudng cua hai vécto

9.5. Puong trong R’
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9.1 Véc tor trong R?

9.1.1 Gioi thiéu véc to

+ Véc to hinh hoc: cac dinh nghla su bang nhau
+ Cac qui tac cong, tru, nhan so..
+ Véc to khong

¢ U Diém cuoi

a=pf
o ﬂ\

\

p Diém dau \

a. Vecto PQ c6 do dai ||PQ| b. Hai vecto bang nhau



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.1 Véc to trong R?

9.1.2 Cac phép todan véc to

a. Quy tic tam gidc b. Quy tac hinh binh hanh c. Quy tic hiéu

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.1 Véc to trong R?

9.1.2 Cac phép toan véc to

Biéu dién hinh hoc ciia vecto
Vecto v duoc biéu dién trong mat phéng toa do nhu trong hinh vé 9.4, vol

diém bt dau 1a (0,0) va diém keét thic 1a (v,v,). Khidé v, va v, goi la cac thanh

phan chuan cua vecto v va ta viéty =(v,v,) .

vy A

=Y

(0, 0)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.1 Véc to’ trong R?

9.1.2 Cac phép toan véc to

Cic thanh phan chudn ciia vecto trong R’

Néu P(a,b)va Q(c,d) 1a céc diém trong mit phang toa do thi vecto PQ c6

bicu dién duy nhat cdc thanh phan chudn 14 PQ = (c-a,d-b)

_~—1 P(a b

&

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.1 Véc to trong R?

9.1.2 Cac phép todan véc to

Céac phép toan vecto co thé biéu dién ¢ dang thanh phan. Cu thé, ta co:
(al, bl> = (az, b2><:>al = b, a,= b,;
k{a, by =(ka , kb) , véik tuy y;

(a,b) + (c,d) = {a+c, b+d)
(a,b) —<c,d> = (a—c,b—d)

K&t hop tuyén tinh cua 2 veéc to u, v 1a au + bv trong d6 a,beR
Vidu Phép todn vecto: Cho cac vectou = (2, =3) vav = (-1, 7), tim

a. u + v b.éu C. 3u—lv
4 2

Ddp 56: a.{l, 4) b. (3/2, —9/4) c. (13/2, —25/2)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.1 Véc to trong R?

9.1.2 Cac phép toan véc to
Dinh ly 9.1. Cac tinh chat cua phép toan vecto

Cho cac vecto u, v, w trong mdat phdang va cac vo huong s vat. Ta co

Tinh chat giao hodn: Uu+v=v+u

Tinh chat két hop: (u +v) +w=u+ (v+w)
Tinh chat két hop ciia phép nhan: (st)u = s(tu)

Tinh déng nhat ciia phép cong: u+0=u

Tinh dao nguoc cua phép cong: u + (—u) =0

Tinh chat phan phéi cdc vecto: (s + t)u = su + tu

Tinh chat phdn phoi cdc vo huong: s(u+v) = su + sv

ongThanCong.com https://fb.com/tailieudientucntt
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9.1 Véc to trong R?

9.1.3 Phép biéu dién chinh tic véc to trong mdt phang

Cac vecto don vi 1= <l, O) v j = <O, 1} lan Iuot chi chiéu duong cua cac truc
Ox va 0y va duge goi I cac vecto co so chinh tic. Bat ky vecto trong mit phing
V=<W,V, > co thé duoc bicu dién nhu [a mot to hop tuyén tinh cua cac vecto i, j vi
= (vl,v2>: v, <1,0>+v2 <0,1>:vlz’+v2j
Phép bicu dién trén ddy goi 1a phép biéu dién chinh tic ctia vecto Vva 1 phép biéu
dién duy nhat qua céc vecto co sd chinh tic. Cac thanh phan V% duoc goi lan luot 13

thanh phan nim ngang va thanh phan thing dimg cta .

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.1 Véc to trong R?

9.1.3 Phép biéu dién chinh tdc véc to trong mdt phing
.\'ﬁ

(0. 1) A

Vi du 9.6. Tim bi¢u dién chinh tic ciia vecto
Néu u =3i+2j, v=-2i+5jviw =i — 4j thi biéu dién chinh tic cua vecto
u +5v - wlag?

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.2 Toa do va véc to trong R

9.2.1 H¢ toa dé ba chiéu

Dinh nghia Oxyz

Toa do cua diem P bat ky
Dung P biét toa do

Cong thirc khodng cdch 3 chiéu

Khoang cach |P{P2| gifta cac diem B(x,,),,z;) va Py (x,,1,,2,) 1a:

2

|}31P2> :\/(xz _x1)2 +(y2 —N )2 +(ZZ _Zl)

Vidu Tim khoang cich giira diéem P(10, 20, 10) va Q(-12, 6,12)

Ddp s6: 6\/6 :
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9.2 Toa do va véc to trong R

9.2.2 Do thi trong khéng gian

P6 thi ctia mot phwong trinh trong R’ 1a tap hop cac diém (x, y,Z) co toa do thoa
mén phuong trinh d6. Do thi ndy duoc goi 1a mot mit.

- Mit phang
- Mat cau
- Mat tru
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9.2 Toa do va véc to trong R3

9.2.3 Véc to trong khong gian
Mot vecto trong R’ 1 mot doan thang ¢ dinh hudng trong khong gian. Vecto BB véi
diém bat dau B(x,,7) va diem két thic B (x,,),2,) ¢6 dang bicu dién thanh phan Ia
PP =(% -1, = 5y =7)

i=(L0,0)  j=(0,L0) k=(0,0,1)

Hon nita, vecto B, v6i diém bit dau P ERARE diém ket thic B(x,,)5,2,) €6
dang biéu dién 13

B =%, =x)i+(3, = y)j +(z, -2k,

3 r A 1t 2 2 2
vaco do dai || KR, ”:\/(xz_xl) +(y,-y) +(z-2) .

lanCong.com https://fb.com/tailieudientucntt
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9.3 Tich vo hudng cua hai véc to

9.3.1 Dinh nghia tich vo huwong

Dinh nghia. Tich vo huéng cua vecto V=al+a,j+ak va vecto W=bi+bj+bk la
m_o"tsé thuc, ky hiéu la V'W, dwoc cho boi:

Vv-w=ah +ab +ab,

Vi du

a. Tinh tich vo huéng cuavecto v =—3i +2j + k vavecto w = 4i — j + 2k

b. Tinh tich v6 hudéng cta vecto v =<4, —1, 3) vavecto w = <—l, -2, 5)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.3 Tich vé hwéng cua hai véc to

9.3.2 Cdc tinh chit ciia tich vé hwéng - Géc giira 2 véc to
Dinh ly 9.2. Cac tinh chit cua tich vo hwong

Néu u, v, va W la cdc vecto trong R* hodc R’ va Cla mot s thiee thi

) vov=of

2) 0-v =0

3) veow=w-v

4) c(v-w)=(cv)-w=v-(cw)

Su-(v+w)=u-v+u-w

Dinh ly 9.3. Néu 0 (0< 0 <r) la goc gitta 2 vecto khac khong u va v thi

v.

’ ‘ | | | ‘ | | CuuDuongThanCong.com https://fb.com/tailieudientucntt

cosf =
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9.3 Tich v6 hwéng cua hai véc to

9.3.2 Goc giita hai véc to

Vi du 9.18. Cho tam gide ABC véi cic dinh 1d A(L 1, 8), B(4, -3, -4) i C(-3,1,5)
| Tim goc tai dinh A.

w/

Pép so: Xap xi 1.19 rad hay 68°

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.3 Tich vo hwéng cua hai véc tor

9.3.2 Goc giira hai véc to

Cong thirc dang hinh hoc cua tich vo huwong

Vew = ||v|| ||chos o)

trong do 6 (0< < r) la goc gitta cdc vecto v vaw.

Vidu 9.19. Cho cac vecto v vaw co do daila 4 va 6, va goc gilta chiing 1a %, tim v-w.
Dap so: 12
Dinh ly 9.4. Dinh Iy vé tinh truc giao

Hai vecto khac khong Vva W truc giao néu va chi néu v-w=0.
Vidu 9.20. Xac dinh xem cip vecto nao trong sb cac vecto sau truc giao:

u =3i +7j] -2k ;v =5 -3 -3k;w =) —k

ongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.3 Tich vo hwéng cua hai véc tor

9.3.2 Goc giita hai véc to

Hai vecto duoc goi la vudng goc hay truc giao néu goc giita chung 13 9= %

Dinh Iy 9.4. Pinh Iy vé tinh truc giao

Hai vecto khac khong Vva W truc giao néu va chi néu v-w=0.

Vecto 0 duoc xem la vudng goc vé1 moi vecto.
Vi du 9.20. Xac dinh xem cip vecto ndo trong sd cac vecto sau truc giao:
u =3i +7j -2k ;v = 35i -3 -3k;w =j —k

Dap an: Uva Vtruc giao, Vva W truc giao.
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9.3 Tich vé hwéng cua hai véc to

9.3.3 Goc dinh hwong va co sin dinh huwong
Cac goc dinh huong cua mot vecto khac khong V1a cac goc «,g,vay thudc [0, JT]

ma vecto V tao vdi cdc truc duong X, ¥, va :.

cosa,cos f#,vacosy duge gol la cosin dinh huong cua vecto v =< v, v,,v, >

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.3 Tich vo hwéng cua hai véc tor

9.3.3 Goc dinh hwong va cé sin dinh hwong

V- v,
cos = — =
||v|| IIIII ||v||
cos f3 =
||v|| ||J|| ||v||
V3
COoSy =
IIVII IIkH e

TacdO cos’a +cos” B +cos’ y=1.

Vi vay, ta dugc

)

v=_v,v,,v;) =(|V|cos a,

— ||v||<cos a,Ccos [3,cos 7)

Vidu 9.21. Tim cac goéc dinh hudéng cua vecto v = -2i+ 3/ + 5k

ongThanCong.com https://fb.com/tailieudientucntt
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9.3 Tich v6 hwéng cua hai véc to

9.3.4 Phép chiéu

Cho v va w chung gbc. Néu tir ngon cta v dung duong thang
vuong goc vo1 duong théng chira w tai diém, ta xac dinh duoc
vec to u, g01 1a phép chiéu cia v trén w, ky hiéu u = proj,,v, do
dai dai s6 cua u trén w goi 1a phép chiéu vo hudng cua v trén w,
ky hiéu comp,,V, ta co:

il W

. V-w
proj,v = ( R }w comp,v = m
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9.3 Tich v6 hwéng cua hai véc to

9.3.4 Phép chiéu

Vidu_ __ Tim phép chicu vecto va phép chicu vo huong ctia v = 2i + 3j + 5k xudng
w=2-2j-k.

- 14 147 7
Dap $0: roj v=—Ii+—j+—k; comp v=—
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9.3 Tich vo hwéng cua hai véc tor

9.3.5 Cong nhuw tich vo hwong

Cong nhw mot tich vo hwong

Néu liec F lam mét vit the chuyén dong tir diem P den diem O thi cong thue hién duoc la

W=F-PQ
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9.3 Tich vo hwéng cua hai véc tor

9.3.5 Cong nhuw tich vo huong

Vidu 9.23. Gia st mot con g16 thoi mot lue F 6 d6 1on 5001b theo hudng 30° Dong Bic
vio canh budm cta mot con tau. Hoi cong ma con g10 thuc hign dugc dé dich chuyén con

tau mot doan 100 ft theo hudng Béc. (Don vi cong 1a ft- Ib).
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9.3 Tich vo hwéng cua hai véc tor

9.3.5 Cong nhuw tich vo hwong

Lo1 giai:
Ta co ”F H = 500 /b va theo hudng 30° Dong Bic.
Do doiPo = 100/, vithe|PQ| = 100. Do do

F =500c0s60"i + 500sin60° j
=250i + 25043

Cong thu hign li: 1V = F-PQ=100(250v3) = 25,0003 = 43,301 (i~ Ib)
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9.4 Tich ¢c6 hwéng cua hai véc to

9.4.1 Dinh nghia tich co huong

Dinh nghia. Néw v = ai+a,j+ak vi w=bji+b,j+bk th tichcd hudng cia Vva W

la mot vecto, ky hiéu la VXW va dwgc xdc dinh boi

vxw=(ab—ab )i+(ah -ab,)j+(ab —abk

ik
VXw=la, a, da,
b b b

Vidu: Tim v x w biét v=2i—j+3k, w=7j—4k.
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9.4 Tich c6 hwéng cua hai véc tor

9.4.2 Biéu dién hinh hoc ciia tich cé hwéng
i
Cha y: VX W
- VX W truc glao vdi cav va w
- Céc xac dinh chiéu ctia v x w
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9.4 Tich c6 hwéng cua hai véc tor

9.4.2 Biéu dién hinh hoc ciia tich cé huwéng
Néu v va w 1 cac vecto khac khong trong B® va 613 goc gitta Vva W (0<A<r) thi

[ =]y| ] siné

Ta c6 do dai cua tich c6 hudng ||V><W|| bang dién tich hinh binh hanh véi vV va WIa céc

canh ké nhau.

Vi dy: Tim dién tich cua tam giac PQR biét rang
P(-2,4,5),0(0,7, -4)vaR( -1, 5, 0)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.4 Tich c6 hwéng cua hai véc to

9.4.3 Tinh chit ciia tich c6 hwing
Cho u, v, va w la cdc vecto va s,t la cdc hang so, khi do
1. (sv)x(tw) = st(v xw)
2.ux(v+w)=(uxv)+(uxw)

(u+v)xw=(uxw)+(vxw)

Vxw=—(wxv)

.vxv=0w=sy=>vxw=0

vx0=0xv=0

Nl =l = e

cux(vxw)=(wou)v—(vou)w
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9.4 Tich c6 hwéng cua hai véc tor

9.4.5 Tich hén tap va thé tich

DPinh nghia: Tich hon tap cua ba véc to u, v, w 1a mot s6 xac dinh
bol: (uxv). w

Gid st u=ayl +a,] + azk, v = b1 + b,] + bk, w = ;1 + C,] + C5K
thi ta co:

AT G s e =Y
I / g
_____ B
a]. a2 a3 ‘ / // //
/ // // //
J
/ /
(uxv)-w=|p b b, o f 14
f /
/ y / !
o A
G 6 G [ w7 s
‘/,’ = ™
j <= — —————————————— - — -

Tinh chat: Thé tich hinh hop dung trén 3 véc tou, vvaw

Vz‘(uxv)'w‘:

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.4 Tich c6 hwéng cua hai véc tor

9.4.5 Tich hén tap va thé tich

DPinh nghia: Tich hon tap cua ba véc to u, v, w 1a mot s6 xac dinh
bol: (uxv). w

Gid st u=ayl +a,] + azk, v = b1 + b,] + bk, w = ;1 + C,] + C5K
thi ta co:

AT G s e =Y
I / g
_____ B
a]. a2 a3 ‘ / // //
/ // // //
J
/ /
(uxv)-w=|p b b, o f 14
f /
/ y / !
o A
G 6 G [ w7 s
‘/,’ = ™
j <= — —————————————— - — -

Tinh chat: Thé tich hinh hop dung trén 3 véc tou, vvaw

Vz‘(uxv)'w‘:

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.4 Tich c6 hwéng cua hai véc tor

9.4.5 Tich hon tap va thé tich
Mo men quay
Mot &'ng dung vat Iy hiru dung cua tich vo
hudng lién quan dén moment quay. Gia
st lwe F dwoc dat tai diém Q. khi dé mo
men quay cua lwc F quanh diém P duoc
dinh nghia la tich cé hudng cua véc to PQ
v&i lyc F nhu biéu dién & hinh vé dudi
dav:
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9.4 Tich c6 hwéng cua hai véc to

9.4.5 Tich hon tap va thé tich

Moment quay T cua luc F tai Q quanh
diemPlaT=PQxF
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9.4 Tich c6 hwéng cua hai véc to

9.4.5 Tich hon tap va thé tich

Vi du. Moment quay trén ban |é cua mot
canh clra

Trén hinh vé 1a mot canh cira rong 3 ft
dang m& mot nlra. Mot luvc ndam ngang cé
do lon 30 Ib tac ddng vao canh mot canh
ctra. Tim moment quay cua luwc quanh ban
|é cla canh clra.
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9.4 Tich c6 hwéng cua hai véc to

9.4.5 Tich hén tap va thé tich
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9.4 Tich c6 hwéng cua hai véc to

9.4.5 Tich hon tap va thé tich
Giai:
Ta co F =-30i va tao voi PQ mot goc 45°

z nj:3\5. W2

PO=3|cos—i+smm=j|=—i+——

¢ ( 4 47 )™ > 7
ik

T:PQxF=3‘2/5 3f 0|=45v2k (fi—Ib)
30 0 0



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.5 Puwdng trong R3

9.5.1 Phwong trinh tham sé dwong thang trong R®
Line L

P

Dang tham so cua dwong thang trong R’

Néu L la dwong thdng chira diém Q(xo, yo,zo) va duoc dinh phuong boi vecto
v = Ai + Bj + Ck, thi diém (x, v, z) thudc L khi va chi khi toa @ ciia né thoa man
x—x,=1t4 y=y,=1B z—z,=tC

VO'TI SO t nao do.

CuuDuongThanCong.com https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

9.5 Puwdng trong R3

9.5.1 Phwong trinh tham sé dwong thing trong R®

Vidu: ’ 9 q
Viét phuong trinh tham s6 cua duong thang chtra diem (3, 1, 4) va dugce dinh

phuong boi vectoy = —; + j - 2k . Tim giao diém ctia dwong thing nay véi cac mit phing

toa do va vé duong thang.

Dang doi xirng cua dwong thang trong R

Néu L la duwong thing chira diém (xo, yo,zo) va dwoc dinh phuong boi vecto
v=Ai+Bj+Ck, (4 B, va Cla cac s6 khdc 0) thi diém (x, y, z) thugc L khi va chi khi
toa do cua no thoa man

X=X _ V=W _Z75%
A B C

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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9.5 Puwdng trong R

9.5.2 Phwong trinh tham so6

Xét f,, f, f3 la cdc ham so lién tuc theo bién t trén khoang I, khi do cdc phuwong

trinh

x=£0), y=h), 2=40)

diroc goi ld cac phuwong trinh tham sé (parametric equations) voi tham sé (parameter)

la t. Khi t thay doi trén tdp tham so (parametric set) I, cdc diém
(%2,2)=(£,0), £(0), £(1))

vach thanh mét dwong cong tham so (parametric curve) trong .

Néu z=f(t)=0 thi dwong cong ndm trong mat phdng xy va ta néi day la dwong cong

tham so trong R
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9.5 Pwdng trong R3

9.5.2 Phwong trinh tham so6
Vidu:

1 V& duong cong ¢ phuong trinh tham s6 x = /2 -9, y= %; VO1-3<t<2 .

HD: Cho t cac gié tri nguyén tir -3 dén 2. Noi cac diém (x, y)
twong ung

2. V& duong cong c6 phuong trinh tham s x = sin 71, y = cos 2zt VG 0 <t< 0.5,

HD: Khur t tor hat phuong trinh.
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9.5 Pwoéng trong R3

9.5.3 Tham s6 héa mét dwong cong
Vi du Tham s6 hoa hai duwong cong
Trong mdi truong hop sau, hiy tham s hoa duwong cong duoc cho
a. y=9)62 b. r=5cos’ @ trong toa do cuc
Giai
a. Cach thong thuong dé tham s6 hoa mét parabol 1a gan tham s6 t cho bién duoc binh

2 A~ r ;\ ol ;\ r
phuong: X=%,y=9¢". Hoic cling c6 thé dit ¢ = 3x dé co x:%;, y=1r

b. Trong hé toa d6 cuc ta cO x =rcos@,y=rsin@, vay nén co thé tham s hoa X va y
theo tham s6 6
x=rcosf y=rsinf
= (5 cos’ 6’)(:059 = (5 cos’ Q)Siné’

=5cos* @ =5cos’ @sin @
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9.6 Mat phang trong R3

9.6.2 Phwong phap véc to dé do khoang cach trong trong R3

Dinh Iy. Khoang cach tir mét diém dén mot mit phang trong R3
Cho mit phang c6 phuong trinh Ax + By + Cz + D = 0 va diém

P(Xo,yo,zo) khong thuéc mit phang. Goi d la khoang cach tir P
xudng mat phang, khi d6
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