12.5 TICH PHAN BOI BA

Tich phan bdi ba duoc dinh nghia va phat trién vé co ban twong tu nhu tich phan
bdi hai. Chiing ta tinh cac tich phan bdi ba bang tich phan lap

Dinh nghia tich phan bdi ba

Gia st f(x,y,z) xac dinh trén khdi dac déng va bi chan V chita trong mot
“hinh hop” B trong khong gian.

Chia V thanh mét s8 hitu han cac hinh hop nho bang cdc mat phang song

song voi cdc mat phéng toa d0, nhw hinh vé 12.32.

-A (X3 Y zi'}\ Volume

” i e AV
Typical box in
the panition

| g | Bl e

r Dl ) 2
Y :
-
A y

Figure 12.32 The box B contains D and is subdivided into smaller boxes

Chung ta khong xét dén cac hinh hop chita cdc diém bén ngoai V. Goi
AV,,AV,,...,AV, va ky hiéu cho thé tich ctua cac hinh hdp con lai, va dinh nghia
chuén ||P|| cta viéc chia V 1a duwong kinh dai nhat ctia hinh hop bat ky cd trong su
phan chia d6. Tiép theo, ta chon mot diém tuy y (x:, Yo z:) trong mdi hinh hop
AV,
Va lap tong Riemann ) f (X;, Ve, z:)AVk

k=1

Néu chtng ta 13p lai qua trinh nay v6i nhiéu phép chia hon, sao cho |P|| chuan

tién t6i 0, chung ta c6 thé dan dén dinh nghia sau
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TICH PHAN BOI BA Néu fla mét ham xac dinh trén mién déng va bi chan V,
thi tich phan bgi ba ctia f trén V duoc dinh nghia bdi gioi han

I e (y2)av = fim 5 (. v,z v,

. L& \ Ay .
néu gidi han nay ton tai.

Mot médt cong duoc goi la tron tieng manh néu né dugc tao thanh boi mot
sO httu han cadc mét tron.

C6 thé chi ra rang tich phan bdi ba ton tai néu ham f (x,y,2) lién tuc trén V
va mat bién ctia V' la tron tirng manh.

Tich phan bdi ba cling ¢ cac tinh chét sau, twong tu nhu cac tinh chét caa
tich phan boi hai da liét ké trong dinh 1y 12.1. Trong mdi tinh chat, gia thiét rang
cac tich phan déu ton tai.

Quy luit tuyén tinh

f\_/['[[af (% y,2)+bg(xy,2)]dV =aj\ﬂf(x, y,z)dV +bjﬂg(x,y,z)dv

v4i a, b 1a hang s6.
Quy luat 16n nho
Néu f(x,y,2)>g(x,y,z) trénV,

thi m f(xy,z)dv z‘mg(x,y,z)dv

Quy luat phan chia

Néu mién 1y tich phan D chia thanh hai mién D,

va D, (xem hinh 12.33) thi

Figure 12.33 Dividing a
solid D into two solid
subregions

m f(xy.z)av =I£lff(x, y,z)dv +jDﬂf(x, y.z)dv
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Tich phan lap

Twong tw nhu tich phan boi hai, chting ta tinh tich phan bdi ba bang tich phan lap.
Tuy nhién viéc thiét 1ap cac can 1dy tich phan trong tich phan béi ba lap thuong
kho khan, dat biét néu mién 14y tich phan D la kho hinh dung. Treong hop tuwong
do6i don gian khi B 1a hinh hop chit nhat dac, ta c6 thé tinh dya vao dinh ly sau.
DPinh 1y 12.5 Dinh ly Fubini dung cho khdi hdp chir nhat trong khong gian

Néu ham f(x,y,z) lién tuc trong hinh hop chit nhat B: a<x<b, c<y<d,
r <z <s, thi tich phan bdi ba c6 thé tinh boi tich phéan 1dp sau

m. f(xy,z)dv zjs. ]1 if(x, y, z)dxdydz

Tich phan 1ap nay c6 th€ tinh theo thi tw bat ky, véi sy diéu chinh thich hop véi

cac can 1dy tich phan

dxdydz dxdzdy dzdxdy

dydxdz dydzdx dzdydx

Chitng minh: Chting minh tuong tu trong treong hop hai chiéu, cé thé tim thay

trong phan toan cao cap.

Cic nhin xét vé dinh ly Fubini cho tich phan bgi hai c6 thé dung cho dinh lyj Fubini doi

voi tich phian bdi ba.

Chu y:

Clng gidng truong hop cua tich phan bdi hai trong phan trudc, néu ham
f(xy,2)=f(x). f,(y). f;(z) thi tich phan c6 thé duoc viét

1T £ (xy.2)av = [ 5,000 1,00y 1, (2)ce.

Xem bai tgp 55. Ching ta sé khong st dung cach lam tat nay trong vi du duéi day,
nho dé ching ta chi ra cac lam tong quét hon, nhung d¢€ lai cho nguoi doc xac

nhan rang cach lam tat nay thich hop trong treong hop nay.

Vidu1l Tinh tich phan boi ba sit dung dinh ly Fubini
Tinh [[[z°yedV , trong d6 Bla hinh hop xéc dinhboi 0<x<1, 1<y<2, -1<z<1,
B

Xem hinh hop B trong hinh 12.34
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Gidi Chung ta sé tinh tich phan nay theo thit ty
dxdydz

_mzzyexdv :jjljlzjszzyexdxdydz
B
=Ly
2
(e—l)jllz{y?zjdz
E(e—l)[y—al Je—l
2 3,

Lam lai vi du nay va chi ra rz‘?mg ta thu duoc cing mét két qua véi cach st dung
thit tu 1ay tich phan khac, thi du dzdydx.

1
0)dydz

Figure 12,34 Region B

Tiép theo chiing sé xem cach tinh tich phan boi ba trén mién khong phai la
hinh hop chit nhat. Ching ta gia s rang mién 13y tich phan D 1a mién z-don c6
mat dwdi gidi hanboi z=u(X,y) va mat trén giéi han boi z=v(X,y), va hinh chiéu
A 1én mat phang Oxy 1a loai I hay loai II. Nhu vat thé trong hinh 12.35.

Upper boundary
xsurface z=v (x, y)

Projecte& region A
in'the xy-plane

Figure 12.35 A z-simple solid D

Mién D la tap hop tat ca cac diém (x,y,z) thoa u(x,y)<z<v(x,y) véi moi (X,y)

thudc A. Khi d6 tich phan boi ba ctia ham f (X, y,z) trén mién D c6 thé biéu dién
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nhu 1a tich phan lap véi cac can trong 1dy tich phan (1dy theo z) la u(x,y) va v(x,Y)
Chung ta tong hop lai trong dinh ly sau.

Dinh ly 12.6 Tich phin bdi ba trén mién z-don

Gia st D la mién gi6i han dwdi boi mat z=u(x,y) va gi6éi han trén boi
z=V(X,y) c6 hinh chiéu A 1én mat phang Oxy. Néu A 1a loai I hay loai II, thi tich
phan cua ham lién tuc f(X,y,z) trén mién D la

ny(x,y,z)dl/: ”(V(Ty)f(x,y,z)d% dA

A Nu(x,y)
Chitng minh: Mac du bang chting 1a ngoai pham vi ctia phan nay, ching ta luu y
réng néu A 1a mién don theo chiéu doc (loai I), thi véi mdi gia tri c6 dinh x trén
mdt khoang [a,b], y thay ddi tir g,(x) dén g,(x), va tich phanbodiba cua f(x,y,z)

trén D c6 thé tinh nhw sau
b g(x) v(x,y)

m.f(x,y,z)dvzj [ ] fxy 2)dzdydx

a g (x) u(xy)
Twong tu, néu A 1a mién don theo chiéu ngang (loai II), thi véi moi gid tri ¢6 dinh

y trén mot khoang [c,d], x thay d&i tir h(y) dén h,(y), va tich phan boi ba cta

f (x,y,2) trén D ¢4 thé tinh nhu sau

m f(x,y,2)dVv :fi[ hz_([y) V(TY) f(x,y, z)dzdxdy
D ¢ m(y) u(x.y)

Chung ta sé minh hoa cho phuwong phédp nay trong vi du sau.

Vidu 2 Tinh tich phin boi ba trén mot mién tong quat

Tinh Jﬂ xdV , trong d6 D 1a khdi trong gdc phéan tdm th nhat gidi han boi mét tru
D

X’ +y> =4 vamit phang 2y +z=4.
Gidi Hinh khdi dugc biéu dién trong hinh 12.36
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plane z=4 =2y

Cylinder
- 3

Ll Sl

a. The solid D
Hinh 12.36 Khéi D va hinh chiéu A 1én mat phang Oxy

M3t gi6i han trén ctia D la mat phing z = 4-2y, va mjt giéi han dwdi la mat phang
Oxy, z=0.Hinh chiéu A ctia hinh khéi D 1én mat phéng Oxy la m&t phéan tu hinh
tron X’ +y? <4 véi x>0,y >0 (vi D nam & goc phan tdm tht nhat). Hinh chiéu

nay c6 thé md ta trong loai I dang tap hop cac di€ém (X,y) thoa véi moi gia tri cd

dinh x gifta 0 va 2, y thay d&i tir 0 dén 4 - x> .

Do vay, chung ta dwoc

I.” xdV = ” IO4_2y xdzdA
D A
L I o

= IOZIOWX(4— 2y ) dydx

- I02(4xy —xy? )‘jm dx

= j02(4xﬂ— x(4— xz))dx

2
3
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Thé tich nho cac tich phan boi ba
Cling nhu tich phan boi hai ¢6 thé tinh dién tich cua mién 14y tich phan, tich phan
boi ba cd thé tinh thé tich ctia khdi. B6 13, néu V 1a thé tich caa khoi D, thi

V=j£jdv

Vidu3 Thé tich cia mot tir dién

Tinh thé tich ctia t dién T giéi han boi mit phang 2x+y+3z = 6 va cidc mat phang
toadd x=0,y=0va z=0.

Gidi Tt dién T duoc biéu dién trong hinh 12.37a

Mit trén ctia T1a mdt phang z = %(6 —2x—Y), vamat dudila mat phang z=0.Luu

y rang hinh chiéu cta T 1én mat phang Oxy 1a mot tam gidc, A, nhu trong hinh
12.37b. Hinh chiéu nay c6 thé mo ta trong loai I, tam giac A 1a tap hop cac diém
(x,y) thoéa voi mbi gia tri ¢d dinh x gitra 0 va 3, y thay d6i tir 0 dén 6 - 2x.

-
-

b. Hinh chiéu 1én mit phing xy

a. Tetrahedron in the first octant . . R
Hinh 12.37 Thé tich cia mot

te dién
Thé tich cua vat thé cin tim

vzmdv

[
A
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Vo jogjOGZXJE(GZXY) dzdydx

- I:IO6_2X§(6 —2x—y)dydx

1 s y2 6-2x
:é-[o (6y—2xy—7J

dx =6
D6i khi viéc tinh tich phan bdi ba s& dé hon khi viéc 14y tich phan du tién theo

0

bién x hodc y thay vi z. Vi dy, néu mién 1ay tich phan D dwoc gidi han boi
X=x%/(Y,z) va X=X,(Y,2), va cac bé mat gidéi han c6 hinh chiéu 1a mién A 1én mat

phéng Oyz, nhu trong hinh 12.38a, thi

J..” Fxy,z)dv = ”T f(x,y,2)dxdA

A X

@Spend some time with this figure.

Projection on the yz-planc S

Projection on the
az-plane

I.t =xaly 2)

f[ .:f(.r._v.z)ddi f[ fx, y.2)dydA
s, N

a. A solid D with *front” surface x = xa(y,2)

A
b. A solid D with “side” surfaces y = y2(x,2)
and “back’ surface x = x1{y,2

and y = yi(x,2)
Figure 12,38 Iterated integration with respect to x or y first
Mit khac, néu mién lay tich phan D duoc gidi han bdi y=y,(x,z) va
y = Y,(X,z) va cic bé mit gidi han c¢6 hinh chiéu 1a mién A 1én mat phang xz, nhuw

trong hinh 12.38b, thi

Il oy aav = [ | 10x v, 2)ey0m

Ay
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Pé minh hoa, ching ta sé lam lai vi du 3 bﬁmg cach chiéu tir dién T 1én mat phéng
Oyz.
Vi du 4: Thé tich ctia mot tit dién bang cach d6i thit tw 14y tich phan

Tinh thé tich cua t& dién T gidi han boi va cac mat phéng toa do va mat phéng
2x+Yy+3z =6 trong goc phan tdm thir nhat bang cach chiéu 1én mit phang Oyz.

Gidi Luuy rang T giéi han boi mit phang Oyz va mt phang 2x+y+3z =6 , duoc
chting ta biéu dién 1a x = %(6— y—3z) ( xem hinh 12.39a). Thé tich dwgc xéac dinh

nhu sau

6 y— Sz
V= j”dv jj j dxdA
trong d6 B 1a hinh chiéu 1én mit phang Oyz. Hinh chiéu nay 1a tam gic gi6i han

boi cac duong z=0,y=0 and z= %(6— y), nhu trong hinh 12.39b.

: . 5 1 ¥
Fixed y :
a. The tetrahedron bounded b. The region projected onto
by the plane 2x +y +3z2 =6 the yz-plane is a triangle

and the positive coordinate axcs

Figure 12.39 Volume of a tetrahedron, alternative projection
Nhw vay, véi mdi gia tri c8 dinh y tir 0 d&én 6, z thay ddi tir 0 dén %(6 —y), vataco

—jjeyjeysdxdzdy J'J. 6y3zdzdy
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6 1 3.,
\Y _J.O(Sz—zyz—zz j

6
0

1 1 2
= (3(6—y)—gy(6—y)—5(6—y) ]

0
S(6-y)

dy =6

0

Vidu5 Thiét lap mét tich phan boi ba dé tinh thé tich

Thiét 1ap (khong tinh) mot tich phan boi ba dé tinh thé tich cua khoi D gidi han

trén boi mat cau x* +y® +2° =4 va dudi boi mit phang y+z = 2.

Hinh chiéu lén mat
phang Oxy duwoc
biéu dién nhu

trong hinh 12.40.

Projection on
xy-planc
Hinh 12.40
Gidi Vi phan giéi han béi mit cau va mit phang nam phia trén mit phang Oxy,

nghia 14 z>0. Tir phuwong trinh mét cau x*+y* +2> =4 ta cd nita mt cau phia

trén c6 phuong trinh z =,/4-x*—y?.
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Giao tuyén ctia nita mat cau

Z:m va mat phéng y+z=2 ; | g

la

Jd-x—y? =2—y o X +2(y-1) =2 Lalz Vi 252 “\ ”“"

Do vay hinh chiéu ctaa khoi D 1én mat

Fixed y

phing Oxy (z=0) la hinh elip c6 e K / -
phwong trinh x*+2(y-1)°=2 (nhu B . 1
hinh 12-41) Figure 12,41 The projection of D onto the xy-plane

Ttr phwong trinh X* +2(y -1)° =2 = x= J_r\/2—2(y—1)2 = J_r\/4y—2y2

Do vay mién D xéac dinh boi

0<y<2, —yJAy—2y*> <x< JA4y—-2y?, 2-y<z<4-x2—y?

Do d6 ta c6 cong thire tinh thé tich ctia khéi D la

_J' j;%j; o dzdxdy hodcV = ZI I Tad j 4yx v dzdxdy

Vi du 6 Chon thi tw 13y tich phan dé tinh thé tich

Tinh thé tich ctia vat thé D gidi han bén dudi boi mét paraboloid z = X* +y* va gidi
han trén boi mat phang 2x+z =3.
Giai Hinh vé ctia vat thé D nhu trong hinh 12.42a. Hinh chiéu cua vat thé 1én mat
phang Oxy c6 bién 1a hinh tron (xem hinh 12.42b) c6 phuong trinh

X2 +y? =3-2x & (x+1) +y* = 4
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“\'.\\\"\.\."ul.‘.'y,‘lmlll; » 3, "

a. The solid D b. The projection of D on the xy-plane ¢, The projection of D on the xz-plane

Figure 12.42 The solid £ showing projections on two coordinate planes

V6i hinh chiéu 1én mat phang Oxy nhuw vay ta cé cong thikc tinh thé tich dwoc thiét
lap la

V= ZI J.”XXJ.“Xdzdydx

viéc tinh tich phan nay khong don gian.
Do vay ta thtt chiéu vat thé D lén mat phéng Oxz (y = 0) ta dwoc mién gidi han boi
duong parabol z = x* va duong thang 2x+z =3 (xem hinh 12.42c)

Ta cé thé tich ctia vat thé D can tim la

V= 2_[_3.[3 ZXJ. dydzdx

= 24[73 J‘jfx\/ z — x*dzdx
= Zfag(z - xz)% 0, dx
= iJ:(B— 2X — xz)%dx

:—I ( x+1 )Adx

X2

:5I228cos3 6(2cos6do)
=8r
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12.6 KHOI LUONG, CAC MO MEN VA CAC HAM MAT PO XAC
SUAT

Trong muc nay: Khoi lwong va khoi tdm, mé men qudn tinh, cic ham madt dg xdc sudt.
Chung ta xét cac tng dung cua tich phan béi hai va tich phan bdi ba dé€ giai quyét
cac van dé lién quan dén khéi tam cta cdc ban mong dong chat va khong dong

chat. Chung ta cling xem xét cdc m6 men quan tinh va cac ham mat d¢ xac suat.

Khdi lugng va khoi tim
Mot ban mong (lamina) la mot dia phéng xac dinh mot mién R trong mat phéng
va rdt mong c6 thé xem nhu hai chiéu. Néu m 1a khdi lwong ctia ban mong va A la

- A 7 ? aA \ m \ Ao - A ? 2 kd 72 2 \
dién tich ctia mién R, thi p= Z la khoi lwong riéng ctia ban mong. Ban moéng 1a

dong chat néu khdi lwong riéng ctia nd p(x,y) 1a hang s8 trén mién R va khong
dong chdatnéu p(x,y) thay d6i tai tirng diém. Chung ta xem lai cac ban mong dong
chat trong muc 6.5, va trong phan nay chung ta xét

k%) cac ban mong khong dong chat.

Am = plxp. Vi) AAg
R ENUENN EA e RO R

Hinh 12.4 chi ra m¢t ban mong chiém mién R duoc
chia nho thanh httu han cac hinh chir nhat.

Trong moi hinh chit nhat &6 chon mot diém tuy y

(X: Ve ) , khi d6 khdi lugng ctia ban moéng trong
manh hinh chi nhat tht k dugc tinh gan dung boi
Am, = p(X;, y;)M

5 Chung ta tinh gan dung tdng khdi lwong m boi tong
Figure 12.44 Partition of a ]
lamina in the plane Riemann

Do dé m= IPirBOkZ_;p(x:, Yy ) AA = jij(x, y)dA

Chung ta stt dung cac nhan dinh trén dé lam co sé cho cac dinh nghia sau.
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KHOI LUONG CUA BAN PHANG CO KHOI LUONG RIENG THAY POI
Néu p 1a ham kh6i luong riéng lién tuc trén ban phang tng véi mién phang R,
thi khéi lwgng m ctia ban phang duoc xac dinh boi
m= [[ p(x y)dA
R

Vidu1l Khéiluwong cia ban phang

Tim khoi luwong ctia ban mong c6 khoéi luong
riéng p(X,y) =x* twong ting véi mién R gidi han

boi parabol y =2-x* va duong thang y =x.

——,

Giai Bat dau bang viéc vé parabol va duong

. thang, tim giao diém cta chiing nhu trong hinh

P 1245
Figure 1245 A lamina Phuong trinh hoanh d¢ giao diém
X=2-xX*<x*+x-2=0<=x=1-2
N . : i -2<x<1
Chung ta thay rang mién R la tap hop tat ca cac diém (X, y) thoa -
X<y<2-X

Do vay, ta c6
m= '[ I X*dA
R

it %,
= L L x“dydx
_(tye(o _y2
- Lx (2—x* —x)dx
63

20

M6 men ctia mot vat quanh mot truc thé hién tac dong gay ra sy quay cta

vat quanh truc d6. N6 duoc dinh nghia 1a tich khéi lwgng ctia vat véi khoang cach
ttr gia cua lwec dén truc quay (canh tay don) (xem hinh 12.46)
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Vi viéc chia nhé mién R nhu truede (v6i khoi luong), ta thdy rang cac mo
men M, va M ctia ban mong quanh truc Ox va Oy duoc tinh gan dung boi cac

tong Riemann

Mfiyip(xi,yE)A& Myzzn:x:p(x:,y:)AA( »4

t Gy

Khodng cdch dén truc Ox Khodng cdch dén truc Oy v r
1V
|
N /. L . A? 2 /4 A . 2 AN : Lot
Bang cach 14y gioi han khi chuan ctia cadc phan chia nho tién ‘ x
dén 0, ta thu duoc Figure 1246 The distance
M, = J’J‘ yp(x,y)dA va M, = ”‘ xp(X, y)dA from P to the x-axis is y; and
B B the distance to the y-axis is x;

Khéi tdm cua ban mong tng v6i mién R 1a diém (M) tai

d¢6 khéi lwong cd thé duoc tap trung lai ma khong anh huwong dén cdc moé men M,
va M,, dolamx=M,  va my=M,

Khoi tam (i, 9) c6 thé dugc tudng tuong la diém ma tai d6 ban mong dugc treo

ma khong chuyén dong. D€ tham khao thém, cac nhan dinh trén c6 thé duogc tong
hop trong bang duwoi day

MO MEN CUA KHOI LUONG
BAN PHANG Néu p(x,y) la ham khéi lwong riéng lién tuc trén ban phing
ting v6i mién phang R, thi m6 men khéi lwgng ctia ham khéi lwong riéng quanh
cac truc Ox va Oy, lan luot la
M, = ” yo(x,y)dA va M, = ” xp(X, y)dA
R R

KHOI TAM Hon nira, néu m la khéi lwong ctia ban mong, khoi tam 1a (i, 9) ,

trong do

TRONG TAM Néu trong luong riéng p la hing s8, diém duwoc goi (X, y)la

trong tam ctia mién.

Vi du 2 Tim khéi tim
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Xac dinh khdi tam ctia ban phang c6 khéi luong riéng 1a p(x, y) = x* tng véi mién
R gidi han béi parabol y =2-x* va duong thang y = x. Ban phang nay duoc xac
dinh nhw trong vi du 1.

-2<x<1
Giai Trong vi du 1, ta da xac dinh duoc{ Cy<o_y? (xem hinh 12.47).
X<y<2-X
Do vay, ta co
MX:J.J.yxsz
R
_y _[H yx2dydx
2-x2
(1o
= _Z(EX y J dx
e xz(x4 5x2+4)dx:_—
2 _
2
M, =”xx dA
R
- J'j LH x3dydx
B 1 3 2-x2
= 72(x y)X dx
= (2x3—x5—x“)dx=_—18
-2 5
; f Twrvidu 1, tacd m=—, do vay khdi tam la (i&), trong
| 2 Cdb
y=2-=a | 18
| i N\ L aM s e
B A
\ : 20
; UA 0 o M 9 20
) ‘ y: X :—7:——
m 63 49
Figure 1247 Center of 20

mass for a given variable

density lamina Khoi tam trong vi du 2 la diém mau xanh dwong trong

hinh 12.47.
Hoan toan twong tw, ching ta c6 thé sit dung tich phan bdi ba dé tim khoi lugng
va khéi tdm cua vat trong R? v6i khéi luong riéng la p(X, Y, z) . Khéi lwgng m, cac
mo6 men Myz, Mxz, Mxy theo thtt ti quanh cac mit phang Oyz, Oxz, Oxy va cac toa
do X, y, z ctia khéi tam (xem hinh 12.48) dwoc xac dinh boi
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Khéilugng  m=[[[ p(x, y,2)dV
R

Cacmémen M, = J:U xp(X,y,z)dV
R

Khodng cdch déin mdt phiang Oyz

Figure 12.48 Note the B
distances to the coordinate M, = .[ﬂ yp(x,y,2)av
axes

Khodng cdich déin mdt phing Oxz
M, = Jﬂ zp(x,y,z)dVv
R

Khodng cdch déin mdt phang Oxy

MyZ sz MXV
m'm m

Khéi tim (;,y,z):( ,

Twong tw, néu trong lwong riéng 1a hang 8, khai tam 1a trong tam.

Vi du 3 sé minh hoa cach tim khoi tam bf?mg tich phan baoi.
Vi du 3 Trong tam ctia mot t&x dién

Mot khéi tie dién c6 cac dinh (0,0,0),(1,0,0),(0,1,0), va (0,0,1), hing s& khéi

lwgng riéng p =6. Tim trong tam cua khoi t& dién.

Gidi Tt dién c6 thé duoc biéu dién la mién trong goc phan tam tht nhat, nam
dwéi mat phang x+y+z =1, nhu trong hinh 12.49a.

Bién ctia hinh chiéu ctia mit trén ctia tt dién trong mat phang Oxy dwoc tim
bang cach giai hé cac phuong trinh x+y+2z =1 va mit z=0. Chtng ta tim duoc
hinh chiéu cta t& dién la mién gidi han boi cac truc toa d6 va duong théng x+y=1
(nhu trong hinh 12.49b).

Nghia la véi moi gia tri 6 dinh x ttr 0 dén 1, y thay doi tir 0 dén 1-x.
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(0.1, 0)

a. A tetrahedron b. Projection on the xy-plane
Figure 12.49 The centroid of a tetrahedron

Khéi lwgng ctia khoi ti dién la

m=J[f ooV
R
L e
1 p1-x
= L IO 6(1— x — y)dydx
1-x
=6ﬁ(y—xy—%;)

dx
1 2
= .[03(x—1) dx=1

0

M,, = I_U 6xdV = I:_[;XI;H 6xdzdydx =
R

M, = _[ ”6de = I: I:fXJ'OnyGydzdydx =
R

M,, = ”f 6zdV = Jj I:_XI:_X_V 6zdzdydx =
R

Khi d6 trong tdm ctia khoi té dién 1a

R LT Y SN NG

1
My _4_1
m 1 4
1
__sz_4_1
Y"Tm T17 g
1
oMy _4_ 1
m 1 4
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Trong tam ctia khoi ti dién la 1 : 1 : 1
4 4 4

M6 men quan tinh

No6i chung, mot ban méng co6 khoi luong riéng p(x,y) tng v6i mién R
trong géc phan tu thit nhat ctia mat phang c6 mo men (thit nhat) xac dinh béi tich
phan
M, = [[sdm

R
trong dé dm = p(x, y)dA va s=s(x,y) la khoang cach tir diém dat P(x, y) trong R
dén L. Tuong ty, md men thit hai, hay md men qudn tinh, cia R quanh L duoc dinh
nghia la
I, = J'J' s’dm

R

Trong vat ly, md men quan tinh dgc trung cho mttc quan tinh ctia ban phang trong

chuyén dong quay quanh truc L. Cdc m6 men qudan tinh quanh cac truc toa do
duwoc xac dinh boi cac cong thirc dwdi day.

MO MEN QUAN TINH Céc m6 men quan tinh ctia ban phang c6 khdi lugng
riéng p(x,y) tng véi mién phang R, quanh céc truc 0x, Oy va 0z, lan luot 1a

L =[[y*p(x y)dA
l, = ﬂ X2 p(x, y)dA

I, :”(x2+y2)p(x, y)dA

=1+,

Vidu4 Tim cac m6 men quan tinh

Mot ban phang tng véi mién R trong
mat phang duoc giéi han boi duong
parabol y=x* va cac dwong thing
x=2 va y=1. Khdi luong riéng cua

ban phing tai mdi diém (x,y) la . s

\/ PR
p(X,y)=x’y . Tim cdc md men quan o &
tinh (Iam tron dén hang phan tram) cua e

ban phang quanh cac truc 0x va Oy.

Hinh 12.50
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Giai D6 thi cia mién R nhu trong hinh 12.50.
Chting ta thay rang v6i mdi gid tri ¢ dinh x tir 1 dén 2, y thay ddi tir 1 dén 2.
1, = [[y?dm=[[y?p(x, y)dA= [[ y* (x*y)dA

D R R

Y L :LZLXZ X2y3dydx:% LZ Xz(xg—l)dx:%
:: |y=gx2dm=ijzp(X,y)dA:J;J'XZ(Xzy)dA
1 :.[12.[:2 X4ydde:%J.12X4(X4 —l)dx:%

Mot cach khai quat don gian cho phép chung ta tinh
mod men quan tinh ctia mét vat thé quanh truc L tuy
y. Ddc trung, gia s vat tng véi mién R (xem hinh
12.51) va khoi luong riéng tai mdi diém (x, Y, z) trén
Fixed v R duoc cho boi p(x,Y,2).

- 2 W -
il S

L7

/

Figure 12.50 Moments of
inertia of a lamina

L (%% 2)

Figure 12.51 A typlcal solid R

Vi binh phuong khoang cach ctia mét vat nho dién hinh trong R dén truc
Ox 12 y*+2?, m6 men quan tinh quanh truc Ox la

Ix:I.F[.[ (y'+2?)  p(xy.2)dv

Increment of mass
Square of distance to the x—axis

61

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Twong tw, cdc md men quan tinh ctia vat quanh truc Oy va 0z lan luot la

l, :IJ;I (x2 +zz) p(xy,z)dv l :J‘g (x2 + yz) p(xy,z)dVv

Increment of mass
Square of distance to the y—axis Square of distance to the z—axis

Increment of mass

Vidu5 Mo men quan tinh cua vat

Xac dinh md men quan tinh quanh truc 0z cua khoi t& dién S véi cac dinh
(0,0,0),(0,1,0),(1,0,0),(0,0,1), va khéi luong riéng p(X,y,z)=Xx.

Gidi Trong vi du 3, chiing ta nhan thay rang khéi S c6 thé duoc biéu dién 1a tap
hop cac diém (x, y, z) thoa v6i moi giatricddinhxtr0dén 1, y nam gitta 0 va 1—x
va0<z<l-x-y.

Do vay
|, = m'(x2 +y?) p(x,y, 2)dV

- J':.[sij'jfxfy X(x* +y? ) dzdydx
1

- J':J':_Xx(x2 +y?)(1-x—y)dydx = o

Cac mo6 men quan tinh ¢c6 moét cach dién giai hru ich trong vat ly. Bong
nang ctia mét vat c6 khdi luong m chuyén dong véi van tc v doc theo mot duong

thang duoc dinh nghia trong vat Iy 1a K = % mv®. Gia sit mot ban phang tng voéi

dia tron R c6 tdm la goc toa dd (xem hinh 12.52) quay quanh truc 0z véi van toc
gocla o radians/giay.

Mot vat nho c¢6 khdi legng Am nam cach gdc
toa do r don vi ¢6 van t6c chuyén dong tinh tién

V=re va déng nang tinh tién K, = %(Am)vz, va

lin
bang céch 14y tich phan ta tim dwoc toan bo dia
tron R c6 dong ndng quay la

Ko = Lf%a)zrzdm = %a)zg r’dm

Figure 12,52 Kinetic energy
of a rotating disk
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Tt biéu thikc r? = x* + y?, ta thdy rang tich phan trong cong thitc nay chila mé men
quan tinh cua R quanh truc 0z, do vay dong ning quay cd thé biéu dién la

1

K =Z1w°
rot Z
2

7 A 7 \ re A 7 A v 1 ~ M A
So sanh cong thitc nay voi cong thiec dong nang K|, = 2 mv?, ta thdy rang md men
quan tinh c6 thé xem twong tw chuyén dong quay cua khoéi lwgng hay la quan tinh
quay.

Cac ham mat do xac suat

Gia st ching ta xét s nam thuc dung ctia mot chiéc xe hoi dugc chon ngau nhién
cua mot loai cu thé, can ndng cia mot dira tré duoc chon ngfm nhién tir mot bénh
vién nao d6, hoac luong khi CO: trong khoéng khi ciia mot thanh phd duoc lya
chon mot cach ngéu nhién tt mot vung o An Do. Céc dai lwong nay dwoc goi la
cac bién ngau nhién lién tuc vi gia tri cia chting dao dong trén mot khoang trén
truc s8 thuc. Van dé nay thuong quan trong dé biét xac suat ma mot bién ngau
nhién nhan tap cac gia tri. Vi dy, néu X dai dién cho s6 ndm thyc dung cua mét
chiéc Honda Accord, thi xac suat cia mot lwa chon ngéu nhién chiéc Accord véi
s6 ndm thue dung khong qué 10 ndm duoc ky hiéu boi P(0< X <10).

Mbi bién ngéu nhién lién tuc X ¢4 ham mat do
Xéc suat f c6 tinh chat 1a xac suat ctia X nam gitta s&
a va b duwogc xiac dinh béi tich phan

]

o ey |
Pla s XS b)=[o fx)dx

b
7 P(a<X sb):{f(x)dx

Noéi chung, f(x)=0 vdi moi x, va tie gia tri cua x
ludn ludn 1a médt s6 thue dan dén P (-o< X <0)=1

, do vay

0

j f (x)dx =1

—00

Trong biéu dién hinh hoc, x4c xudt P(a< X <b) Ia

Figure 12.53 Probability as

the area under the graph of dién tich bén dwdi d6 thi ham f trén doan a<x<b
the probability density (xem hinh 12.53)
function

Luweu v ky hiéu giiva biéh ngdu nhién X va s6 thwc x. DE 14y tich phan ta cé thé'lay mot
trong hai ky hiéu.
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Néu X va Y la cac bién ngéu nhién lién tuc, thi ham xac suat mat do véi hai bién
ngau nhién X va Y 1a ham hai bién f(x,y) théa f(x,y)>0 véimoi f(x,y) va

P[(X.,Y)trong D= [[ f (x, y)dA
D
trong d6 P[(X,Y)trong D ] ky hiéu cho xac sudt (X,Y) & trong mién D.

Luuy rz‘“mg P[(X,Y) trén mat phéng XY]= J. I f(x,y)dxdy =1

—00 —00

Trong bi€u dién hinh hoc, P[(X,Y)trong D | duoc xem la thé tich bén dudi mat
z=f(x,y) trén mién D.

Ky thuat xay dung ham mat do xac xuat ti d liéu thuc t€ khong dwgc dé
cap trong muc nay, viéc nay duoc dé cap cu thé trong phan xéc suat va thong ké.
Viéc st dung tich phan boi hai d€ tinh xac suat véi ham mat d¢ cho trudc duoc
minh hoa trong vi du sau.

Vi du 6 Tinh xac suat

Gia st X do thoi gian (don vi la phat) ma khach hang tai mot cra hang cu thé danh

cho viéc mua sam va Y do thoi gian khach hang xép hang thanh toan tién. Mot

nghién cttu cho r?mg ham mat d6 xac suat vdi X va Y c6 thé dwoc md hinh hda la
1 o, —yr0

f(x,¥)=41200° °© véi x>0 vay=0

0 trong cac triong hop con lai

Tim xac suat (phan tram) ma tong thoi gian khach hang & ctra hang khéng qua 30
phut.

Giai Muc tiéu la tim xac suat ma X +Y <30. Trudc hét vé mat hinh hoc, ching ta
mudn tim xac sudt ma mot diém lira chon ngau nhién (x, y) nam trén mién R trong
goc phan tu tht nhat, giéi han bdi cac truc toa do

va duong thang x+y =30 (xem hinh 12.54) ‘\"
X4c sudt nay duoc tinh boi tich phan bodi hai 30

PL(X,Y)isinR]=[ f(xy)dA

X+Y=30
_ J-anj-sofxi ei%o ef%o dde

o 200 ‘
x—30 -
:—_20J~30e—%0.|:e20 —1}dx | X
20070 Figure 12.54 Triangle
_ a3 9a-32 comprised of all points (X, Y)
=¢€ 27" +1 such that

X+Y=<30,X20,Y=0
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Do vay, xac sudt khoang 60% c6 thé mot khach hang phai danh khong qua 30 phat
0 ctra hang.

M6t tinh chat hitru ich ctia xac suat la

P(E)+P(E)=1
trong d6 E va E cling nhau tao thanh tap tat ca cac két qua cé thé (nghia la, ching
la cac bién ¢6 bo sung). Trong vi du 6, vibién c6 E la tap hop cac khach hang phai
danh khéng qua 30 phit & ctra hang va E 1a tp hop cac khach hang danh nhiéu
hon 30 phut ¢ ctra hang 1a bo sung cho nhau, chiing ta c6 thé tim xac sudt ma khach
hang danh nhiéu hon 30 phtit & ctta hang bang cach st dung tinh chat bd sung: 1-
60% = 40%.
12.7 TOA PO TRU VA TOA PO CAU

TRONG MUC NAY Toa dj tru, tich phian véi h¢ toa df tru, toa dg cdu, tich phin voi hé
toa do cau.

Chuing ta biét rang mot s6 duwong cong duwoc biéu dién trong hé toa dd cuec dé dang
hon trong hé toa d6 vudng goc. Trong phan nay chung ta gidi thiéu veé hé toa do
tru va hé toa do cau, cac hé toa do nay khong kém phan hitu ich d€ md ta mot sd
madt va vat thé trong khong gian.

Toa do tru

Toa d6 tru 1a su tdng quét ctia toa dd cuc cia cic mét trong R3 Nhac lai, mot diém
P c6 toa dd vuodng goc (x, y, z) nam trén diém Q (x, y, 0) trong mat phang Oxy 1a z
don vi (ném dwdi néu z < 0). Trong toa do try, ching ta xac dinh diém trong mat
phang Oxy trong toa d6 cuc, véi cling toa d6 z nhu trong hé toa d6 vudng gdéc. Mai
lién hé nay dwoc mo ta trong hinh 12.58

ZA
(x.vw 2)or
(r.9,2)

'uqdm; /
EOETA ) e,

X

Hinh 12.58 Hé toa do tru

65

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Toa d¢ tru thuan tién cho viéc mo ta cac mat try, cac mat quay quanh truc d6i xing
la truc 0z. Mot vai vi du trong hinh 12.59

S —

a. Mat tru b. Mat nén
Phuwong trinh trong hé toa dd Dé-cac X% +y? =a?

X2 + y2 — Z2
Phuong trinh trong hé toa do tru =a

r=z2

¢. Paraboloid d. Hyperboloid
Phuong trinh trong hé toa dd Dé-cac  x* +y* =az
Phuong trinh trong hé toa d¢ tru r’=az

Hinh 12.59 Cac mat st dung toa do tru thuan tién

x> +y?—2z2 =1
r’=z*+1

Chuang ta c6 cac cong thire d6i bién
CONG THU'C POI BIEN TOA PO PE-CAC/ TOA PO TRU

Toa dd tru sang toa do Dé cac Toa d0 Dé-cac sang toa do tru
(r,6,z)to(x,y,z) x=rcosd (r.6,z)to(x,y,2)

y=rsinéd
tanezl

x

Vi du 1 Bién d6i phwong trinh tir toa d6 Pé-cac sang toa d0 tru
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Tim phuwong trinh trong toa do tru cua elliptic paraboloid z = X* +3y?.

Giai

Chung ta st dung cong thitc x=rcosd, y=rsind

Thay vao z=x*+3y? =(rcos6)’ +3(rsing)’ =r (1+ 2sin’9) .

Vay phuong trinh cua elliptic paraboloid trong toa do tru 1a z=r? <1+ 2sin? 0)
Phép tinh tich phan véi toa d0 tru

Mot tich phan boi ba J:U f (x, Y, Z)dV coO thé tinh bf?mg cach doi bién sang toa do
D

tru néu mién 14y tich phan D 1a mién z-don va hinh chiéu cta D 1én mit phang Oxy
1a mién A c6 thé biéu dién bf?mg toa d6 cuc dé hon bf?mg toa do Dé-cac.

Gia st f (x, y, z) lién tuc trén mién 14y tich phan D, &)

vl D={(xy.2):u(xy) <z<v(x,Y), V(X y) e A} "

Do vdy, véi cach d6i bién trong toa dd cuc bz :ff’:(

X=rcosd,y=rsin@ va dA=rdrd@, ta co 1.@:
L
i)

A Lu(xy)
Vo) x,
:H _[ f (rcos@,rsin®,z)rdzdrdé.

A u(x,y)
(xem lai dinh 1y 12.4 va xem hinh 12.60).
Do vay trong toa d¢ tru dV =rdrdé@dz.
Cudi cung, hinh chiéu la mién A, véi
A={(r,0):9,(0)<r<g,(0).a<0<p}.

Ta c6 cong thirc doi bién 14y tich phan sang hé toa d6 tru nhu sau.

jﬂf(x, y,z)dA:H{wTy)f(x, y,z)dz}dA \\f i_ % 7

Hinh 12.60 Thanh phan
thé tich trong toa do tru

TICH PHAN BOI BA TRONG TOA PO TRU
Gia str mién D la khoi voi mat trén z =v(r,0) va mat dudi z=u(r,0), va A la
hinh chiéu cua khoi 1én mat phéng Oxy biéu dién trong toa do cuc. Khi d6, néu
f(x, y, z) lalién tuc trén D, thi tich phan bdi ba cta f trén D la
B £9z(x) py(r,0) ;
J‘JJ f(xy,z)dV = L jgl(x) L(r’g) f (rcosé,rsing,z)rdzdrdd
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]

' i
|
1
s
oy g B
]
a. Lay tich phan theo z b. Lay tich phan theo r c. Lay tich phan theo 8

Hinh 12.61 Céch xac dinh mién 14y tich phan D trong toa do tru.

Vi du 2 Tinh thé tich trong toa d6 tru

Tinh thé tich ctia vat thé trong géc phan tam thit nhat giéi han boi mat tru
X’ +y> =2y, matnon z=4/x’+y*> va mat phang Oxy.

Giai

Gia stt mién 14y tich phan D dwoc biéu dién
Solid D boi vat thé nhu trong hinh 12.62.
r=2siné

Hinh 12.62
Cac mit dé dang biéu dién sang toa do tru nhu sau

Cylinder: Cone:

2 2
X +y — !Jy
— /'r.z + )‘2

=t

(3]

9 .
pe =2rsiné

&3

r=2siné

\ JAVN M 7 A 7 ’ A ’ T A AVN
Vimién D nam trong goc phan tdm tht nhat, ta c6 0<6 < > do vay mién D duoc

biudidnly 0<z<r 0<r<2sind 03932.
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Vay thé tich cua vat thé can tim la

vzjﬂdv

= ”J'Or r dzdrd@
A

=727 [ v dadrdo

- jo% [ drde

(r 2siné
_Io [?j

déo

0

= gj'o% (1— cos? H)Sin 0do

_16
9

Vidu3 Trong tam trong toa do tru

Mot khoi dong chat D véi khdi luong riéng 1a hang s8 p gidi han dudi boi mat

phang Oxy, xung quanh boi mat tru x> +y? =a’ (a>0), va gi6i han trén boi mét

paraboloid z = x*+y?. Tim trong tam ctia khdi.

Gidi Khéi D duoc bidu dién nhu hinh 12.63
Vi khéi gidi han boi mat tru nén ching ta sé tinh tich phan trong toa do tru

Cylinder: Paraboloid: Goi (X’ Y Z) la trong tam. Su
2 +y? =q? y dung tinh chit ddi xting va gia
PRe. E=LTEYT thiét ham khéi luong riéng 13 ham
z=1r° hing, tacd x=y=0.
r=a (a>0) 8 d
<A
Goi m la khéi luwong ctia khoi D. Vi hinh chiéu la 2
i=s
r=a voi 0<0<2r,tatim duoc ¥
.
M ”j zr p dzdrd@ Prac
7—_ % __D : :
m j”rp dzdrde W e
D -
X
2z pa or? T 6
~a
J.o .[o .[o zr dzdrdg _6  _ a_2 Figure 12.63 The solid O

[ L v dzarde Za
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a2
Trong tam la [0,0, ?j

Toa d0 cau

Trong toa do cau, toa d6 diém P la mot b ba (p, 0, ¢), trong d6 p, & va F 1a cac

s0 duoc xac dinh nhw sau (twong tng voi hinh 12.64).

Sso Py, v, o) or
S Pp. 0. )

Hinh 12.64 Hé toa d0 cau

p lakhoang cach tir goc toa do dén P, p>0.
6 la goc cuc (nhu trong toa do cuc), 0<6<2rx.
¢ la goc tie chiéu dwong cta truc 0z dén tia tie goc toa do dén P, 0<gp<rx

Dallas-Fort Ban c6 thé thdy rang toa do cau cé lién quan dén
;'Vl?l"“(‘l 33;;: kinh d0 va vi d6 va dwoc str dung trong dinh vi. Cu
alitude, A? 4 A A A 7 & A A \
W longilude; thé hon, xét hé toa d¢ vudng goc voi goc toa do la
spticaca) N tam cua trai dat, véi chiéu duong ctia truc 0z di qua
coordinates ... 2 . . Y )
(3950, 263°, 57°) cire bac va mdt phang Oxz di qua kinh tuyén goc. Khi

dé mot vi tri cy thé trén bé mat duwgc ky hiéu la
(p,0,9), trong @6 p lakhoang cach tir tAm ctia trai

d4t, 6 1a kinh d¢, va %—qﬁ 1a vi do (vi vi db la goc

tinh tit duong xich dao).

Hinh 12.65 Toa d6 cau trén bé mat trai dat

£ =3,950 mi
Vi duy, Dallas-Forth Worth ¢6 toa do

(p. 6, ¢)=(3,950,263°,57°) nhu trong hinh 12.65.
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Toa d¢ cau thich hop cho mét cau, mat nén hoac mot vai mat phéng. Mot vai vi
du trong hinh 12.66

zA

.3'74.}‘

a. Mi3Naaa it phang b. Mitnén g=a
a>thang ding 6 =a 0<a<Z
0<6<L2x

Hinh 12.66 Cac mat thuan tién vdi toa &0 cau
Chuang ta st dung mdi lién hé trong hinh 12.64 d€ c6 cac cong thire doi bién con
lai. T4t ca cac cong thitc nay 6 thé rat ra tir mdi lién hé gitra cac bién.

CAC CONG THUC DOI BIEN SANG TOA PO CAU
Toa d§ ciu sang toa 4§ Dé-cic  x= psingcosd
(p. 6, ¢) sang (X, Y, 2) y = psingsin @
Z=pCoS¢
Toa d6 cau sang toa do trur = psing
(p,0,¢) sang (r,0,17) 0=6
Z=pCoS¢

Toa d6 Dé-cac sang toa d6 cau  p=+/x*+ Yy’ +7°
(x,y,2) sang (p, 0, ¢) tang =Y
X

z
$=00S"| ——
[«/x2+y2+zzj
Toa do tru sang toa d6 cau p=~r’+7°
(r,0,2) sang (p, 0, 9) 0=6

¢=cos* [;j
Vré+z2
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Vi du 4 Bién ddi cic phwong trinh tir toa do Dé-cic sang toa do cau

Viét cac phuwong trinh sau sang toa d¢ cau
a. Mitcau xX*+y*+z* =a° (a>0)
b. Mt paraboloid z = x*+Yy°
Giai
a. Vi p=+x>+y*+17°
Do vay phuong trinh x* +y® +2? =a* tré thanh p*=a’ = p=a
b. Mat paraboloid
z=x"+y’
pCOSp = p°sin® ¢
= p=cotgcscg
Phép tinh tich phén trong toa d6 cau
V6i khoi D trong toa do cau, thanh phan co ban cta thé tich 1a mot cai “ném” cau
gidihanbdi p < p<p +Ap P <P<g+Ap 6,<0<06,+A0.
Cai “ ném” nay dwoc biéu dién trong hinh 12.67

ZA

Ap
p sin ¢AY

Figure 12.67 A spherical wedge

Trong muc 12.8 chiing ta sé thay rang thé tich cia ném la xap xi véi

dV = p*singd pdgd @ .

Str dung cong thitc nay, chung ta c6 thé phan chia nho va 1ay gidi han cua tong
Riemann néu ton tai ta sé c6 cong thitc tich phan nhu sau.

TICH PHAN BOI BA TRONG TQA PO CAU
Néu f1a lién tuc trong mién bi chan D, thi tich phan boi ba cua f trén mién D

duwoc xac dinh boi
jﬁ f(xy,2)dv :Hjf(psin¢cos<9,psin¢sine,pcos¢)pzsin¢dp do dg
D D

trong d6 D 1a mién D dwoc bidu dién sang toa do cau
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Vidu5 Thé tich ctia khéi cau

Trong hinh hoc, hinh cau ban kinh R c¢6 thé tich la V = gﬂ'Ra. Hay st dung tich

phan chiing minh cong thitc nay.

Giai Chung ta s€ lam viéc trong toa d cau vdi goc toa do la tam caa hinh cau, vi
phuong trinh ctia mat caula p=R véi 0<6<27 va 0<g<r.

Thé tich ctia hinh cau ban kinh R 1a

v=[ffov
D
=[] [ p*sing dpdgde
3 R
_ Ioz [["sin ¢[%)Od¢d0
_ R?SJ'OM(—COS 0|Z)d¢
2R R 47R?

do =
30¢3

Vidu 6 Momen quan tinh s& dung toa do ciu

Chép ctia mot mén d6 choi véi khéi lwong riéng 1a hang s6 p,, c6 nap la chém
cau, day 1a hinh nén, nhu hinh 12.68.

Tam ctia nap hinh chém cau dét & diém ma tai d6 nap quay, va chiéu cao ctia ddy
hinh nén bang véi ban kinh ctia né. Tim md men quan tinh ctia chép quanh truc
ddi xting cua no.

Giai

Ta c6 truc 0z la truc d6i xtng caa chop.

Gia st nap cua chdp 1a mot phan cua nira mat cau

Z2=yR*—x*—y?.

Ttr gia thiét chiéu cao ctia nén bang ban kinh ddy ta

Axis of
symimetry

co ¢ = % Goi chép D la mién ldy tich phan, ta c6

mo men quan tinh I: quanh truc 0z la

— 2 2 — 2 2 ;
eyl i

Chop D trong toa do cau xac dinh boi
0<0<2r, O£¢£%, va 0<p<R
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Ta c6 tich phan trong toa d¢ cau
1, :H (x*+y?)p, dV
D

7 2z R R .
:pOJ'OAJ‘O IO p°sin® ¢ p®sing d pd@d¢

X2 +y?

Jsin3¢d9d¢

7 ju 5 R
ZPOJ.OAJ‘OZ {%

RS
=%(8—5ﬁ)

Vi du 7 Chon hé toa d vao viéc 14y tich phan

«/2 X2 y2

Tinh tich phan | = I I =),

zdzdydx st dung toa d¢ Dé-cac hodc toa dd tru
hodc toa do cau.
Giai
Mién 1dy tich phan
:{(x, y,z): X2 +y? SZS\/Z—XZ-I-yZ,—\/l—XZ <y< 1—x2,—13xsl}

Mién 18y tich phan D gi¢i han dudi boi mat paraboloid z =X’ +y? va trén la ntra

mat cau z=4/2-x*—y*.
Hai mét giao nhau khi z+2* =2
z=1 (nhan) hoac z=-2(loai) (vi z>0)
Hinh chiéu 1én mit phang Oxy 1a hinh tron x* +y* <1 (xem hinh 12.69)
Tich phan trong toa do cau la

2 /
_J' J. _[ (pcosg)p Slnﬁdpd¢d9+I j/
Tuy nhién, néu st dung toa do try, tich phan sé twong d6i don gian hon
| = LZ”J‘:IF zr dzdrd@

rmm (pcosg)p®sinddpdgpde

e z° e
_jo jor 71 drdo
:%I:”I:r[Z—rz—r“]drde

_Ir
12
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24y=1

Figure 12,69 The solid D and the projected reglon in the xy-plane

12.8 JACOBIANS: POI BIEN

TRONG PHAN NAY: D67 bién trong tich phin béi hai va tich phdn béi ba.
Chung ta da thay cach doi bién sang toa do cuc thuwong don gian khi tinh mot sd
tich phan boi hai, va tuwong tu toa do tru va toa d6 cau cé thé dung dé€ tinh tich
phan boi ba. Pay khong phai la cach duy nhat nhung cé thé st dung thudn tién,
va muc tiéu cia muc nay la xem xét cong thirc d6i bién tdng quat trong tich phan
boi.

Dai bién trong tich phan boi hai

Khi d6i bién x=g(u) trong tich phan ham mét bién, ta biét
b d

J f09dx=[ f(g(u)). g'(u)du

trong d6 can 14y tich phan c va d théa a=g(c) va b=g(d). Bang cach doi bién
trong tich phan bdi hai, chung ta mudn bién d6i ham 14y tich phan f(x,y) va mién
14y tich phan dé viéc tinh tich phan dé dang hon. Néi chung, qud trinh nay lién
quan dén viéc dan nhap “ mot phan t& anh xa” twong ty nhu phan tx g'(u) trong
tich phan ham mot bién. Phan t& nay dugc goi la Jacobian va dugc 1ay theo tén
nha toan hoc nguoi Bic Karl Gustav Jacobi (1804 -1851; xem trong phan doc thém
Historical Quest bai 59), 6ng la nguoi thue hién c6 hé thdng dau tién nghién ctu vé
viéc do6i bién trong tich phan bdi vao gitta thé ky 19.
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Gia st chiing ta can tinh tich phan boi hai H f (x,y)dydx bang cach bién doi sang
mot tich phan teong duwong theo cac bién u \D/é v. Viéc d6i bién nay duoc xac dinh
boi mot phép bién dsi (ham s6) T tir mat phang Ouv sang méat phang Oxy. Néu
T(u,v)=(xy), thi (x,y) la anh cta (u,v) boi T, va néu khong c6 hai diém (u,v)
trong mat phang Ouv twong tng voéi cing mot diém (X, y) trong mdt phang Oxy,
thi T la ham 1-1 (song 4nh). Trong trueong hop nay c6 thé c6 thé giai cac phuong
trinh x=x(u,v) va y=y(u,v) d&€ tim u va v theo x va y d€ c6 dugc u=u(x,y) va
V=V(X,Y), cdc ham nay x4c dinh mot phép bién ddi nguoc lai tir mit phang Oxy
sang mit phang Ouv, dwoc goi 1a phép bién ddi nguoc ctia T, va ky higula T .
Thuat ngtt nay dugc mo ta trong hinh 12.72.

Két qua co ban nay chung ta sé st dung dé€ doi bién trong tich phan bdi hai nhw
trong dinh ly sau

vh | | | g 57 W

i
|
|
|
|

|
Figure 12,72 A one-to-one transformation T and its inverse 7-!

Dinh ly 12.7 D6i bién trong tich phéan béi hai

Gia stt f1a mot ham lién tuc bén trong mién D trong mat phang Oxy va bi chin trén
mién do, va gia sit T la ham 1-1 ngoai trtr cac di€m trén bién twong ttng mién D*
trong mat phang Ouv sang mién D béi cach d6i bién x=g(u,v), y=h(u,v), trong
do g va h la cac ham kha vi lién tuc trén D*. Khi d6
jj f(x, y)dydx:” f [9(u,v),h(u,v)]|3 (u,v)dudv

T

D

Q@x

trong do J(u,v) = g; g\’y :%%_%ZV_X

u v
véi J # 0 va khdong phu thudc vao mién D*.
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o(x.y)

o(u,v)

Chitng minh: Phan chiing minh chi tiét 1a van dé ctia toan cao cdp, nhung phan lap
luan vé mat hinh hoc cho dinh ly nay duoc trinh bay trong phan phu luc B.

Dinh ly nay mot lan nita dai dién cho truong hop don gian, va diéu kién
ham f1a mot ham lién tuc bén trong mién D trong mat phang Oxy va bi chan trén
mién la da, chit khong 1a diéu kién can. Dinh ly nay c¢6 thé duoc trinh bay trong
phan toan cao cdp voi nhiéu gia thiét hon cho phép 14y tich phan cia ham f(x,y)

Phan tir J(u,v) duoc goi la Jacobian va con duoc ky hiéu la

theo cdc bién khac. Cac diéu kién véi x=g(u,v), y=h(u,v), tuy nhién ching rat
quan trong nhu da néu. bBiéu kién phai la ham 1-1 qua thong qua cac ham g va h
véi cac dao ham riéng ton tai va lién tuc, va Jacobian khong bao gio bién mét bén
trong mién (ngoai trir c6 thé trén tap khong thi dinh ly van st dung).

Vidul Tim Jacobian

Tim Jacobian trong phép doi bién tir toa do vudng goc sang toa do cuc, dat
X=rcosfd va y=rsing.
Gidi Jacobian ctia phép doi bién la

OX OX
0 PPy 6 -rsiné
(X,y):ar 5,9:@5 2R =rcos’@+rsin’d=r
o(r,0) oy oyl [sin@ rcosé

or 00

Két qua trén diang véi cdng thire da sit dung truede do6
” f (x,y)dxdy :” f (rcos@,rsing)r drdo
D D*

trong d6 D* la mién trong mat phang (r,8)cho twong ting mién D trong mét phang
Oxy nho cong thire d6i bién x=rcosd va y=rsind, duoc md ta trong hinh 12.73.
o(u,v)
a(xy)

khi d6i bién trong tich phan I f (X, y)dxdy co thé tinh boi cong thitc
D
o(uv) o
0

uv)'
(xy) o(

Dai khi dé dang biéu dién u va v theo x va y hon, va tinh Jacobian

o(x.y)
d(u,v)

. Jacobian

| D

X, y):1
u,v

)
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Figure 12,73 Transformation of a region D* by T:x = rcos#, y =rsinf

Vidu 2 Tim Jacobian néu biétu=u (x, y) va v=v (x, y)

Néu u=xy va v=x’-y?, hay biéu dién Jacobian Séi’\;)) theo u va v.
Gidi
o
Ta .06 d(u,v) _|ox oy|_|y _ oy 2y
o(x,y) [ov ov| [2x -2y
oX oy
Mt khac (xz—y2)2+4x2y2 :(X2+y2)2 V2 4 A2 :(x2+y2)2
Do vay
LA BPR PRI o
o(xy)

Vi du 3 Tinh tich phan bgi hai bing cach déi bién

4

Tinh tich phan [f Eﬂj dydx , véi D 12 hinh tam giac gi6i han boi duong thing x+y =1
D X+y

va Cac truc toa do.

Gidgi Péibién u=x—-y, v=x+y

o
Ta.c6 o(u,v) _ ox oy :‘1 —11:2
a(xy) |ov ov| L 1
oX oy
,o(u,v) o(xy) . 0(x, y)_l
I\/laa(x, y) o(u,v) =1.Nen o(uv) 2

[

Hodc ta c6 thé bién d6i x==(u+v), vy =%(v—u).

N
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a. The region of integration D b. The transformed region D*

Figure 12,74 Transformation of D to D*

Dé tim anh D* ctia D trén mat phang Ouv, luu ¥ rang cac duong thang x=0 va y=0
trén D tuong ung Véi u=-v va u =V, tuong ty X+ Yy =1 ung véi v=1. Do vay vai c&ch
doi bién nay mién lay tich phan D* 1a hinh tam gidc c6 cac dinh 1a (0,0),(1,1)va (-1,1)
nhu hinh 12.47b.

Tinh tich phan ta dugc

) Tetpy o, - 1
”(x+yj dydx:J;J;(%j dudv:zj.:j_vu“v 4dudv:E

Trong vi du 3, cach ddi bién dugc lya chon dé ham lay tich phan don gian, nhung
trong mot so truong hop cach doi bien dugc lya chon sao cho mién lay tich phan don gian
hon.

Vi du 4 Poi bién dé don gian héa mién lay tich phan

V'

Tim dién tich ciia mién E gigi han bai elip —+_2 =
b

Gidi Cong thuc tinh di¢n tich A= ” dydx, trong d6 E 1a mién nhu trong hinh 12.75a
E
X 2 2
Vi mién E 14 hinh elip c6 phuong trinh (—} 4 (%) <1
a

Chiing ta c6 thé dit u =2 va v =% khi d6 hinh elip E bién thanh hinh tron
a

C:u®+Vv? <1 nhu trong hinh 12.75b.
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Khi d6 x=au va y=hv, va Jacobian la

oxy) X x| |a 0
ou,v) 1y, Y, [0 b

‘zab

a Al
=+ v-=|

__/ t _\/

=Y

-

=b 1

i‘

l i
a. The elliptical region E b. The transformed region C is a
circular disk

7T\

Figure 12.75 Transformation of the ellipse & to the circle C

Vi ab > 0do vy |ab|=ab, khi d¢ dién tich mién E duoc x4c dinh bai
[[ dydx = [[ ab dudv = ab|[ dudv = ab.S(C) = ab.(z.1*) = abr
C

E C

Vi du 5 Ding phép doi bién d@é tim treng tam

Tim trong tim (1am tron dén hang phan chyc) caa mién D* trong mat phang Oxy gigi han

boi cac duong thang y = % X Vay= g X va cac duong thang xy =1 va xy =5.
Gidi Néu A 1a dién tich cia mién D*, trong tam Ia (X, y ), trong dé
-1 .= 1
XZKJ;-[XdA va y_K'L[ydA
Doi bién dé cho cac dudng cong giéi han mién lay tich phan tro nén don gian bang cach

dat u=2 va v=xy, khi d6 céc bién cia mién ldy tich phan D Ia
X

u:l, u:E, v=1l v=5
4 2
Mién D* va D dwoc biéu dién nhu trong hinh 12.76
_y 1
o(u, u, u 2 = _
Khi d6 Jacobian 1=M= M= x? x=ﬂ=—2u
Joo(xy) [V Vv X
y X
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=
I}
P o ot
=
§}
N

yi Y44 A R
4 5 | ‘ = v=35 4
= i‘.\‘ f 44
i | |
K | il i ,
A\ y=35 : ! .. D ;
| 4P| | L] 2T ¥ 'j
1+ ! I L ! |
| i yl= +x ! ! i
= | T4 < —
2 ——— 11 =t
1.2]3 . —t
| : , Y 10 20Y30 40 50°F
a. Region D* b, Region D

Figure 12,76 Change of variables
Khi d6 dién tich cia mién D* 1a
A= ﬂ dydx
-
50%| —1
= — | dudv
NsP
_1g %
= EL [In u]%dv
- lﬂmi In l}dv
2 2 4
=2In10
Dé tim trong tam ()_(, 9), ta tinh

itaa Lo [
AJ;IXdA_ im0 I \E
Litaal 1

AJDI & 2|n1oIl J% Vv
Trong tdm xap xi diém (2.0,1.6) trong mit phang Oxy.

X

_—1 dudv=2.0
2u

-1 dudv ~1.6

X -
2u

Dai bién trong tich phan bdi ba

Cong thirc doi bién trong tich phan bdi ba cling tuwong tw cdng thie doi bién cho
tich phan bdi hai. Gia st T 1a mot cach d6i bién bién cho twong ttng mién R* trong
khong gian Ouvw sang mién R trong khong gian Oxyz, trong d6

T: x=x(uv,w) y=yuvw), z=z(uv,w).
Khi d6 Jacobian ctia T la dinh thitc
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OX OX OX
u v ow
o(x.y,z) oy oy
o(u,v,w) |ou ov  ow
oz o071 o1
u v ow
va cong thirc d6i bién
m f(xy z)dxdydz=m f[x(u,v,w),y(u,v,w),z(u,v W)]Mdudvdw
t Y o A (u v, w

Vidu 6 Cong thirc 14y tich phan trong toa d§ ciu

Ta c6 cong thire bién doi tich phan boi ba tir toa dd vudng goc (toa do Dé-cac) sang
toa d6 cau.

Gidi
Cong thirc doi bién tir toa dd vudng gdc sang toa do cau la
X = psingcosd y = psingsing Z=pCoS¢

Jacobian ctia phép d6i bién nay la

o X, X, X, [singcos® —psingsingd pcosgcosd
XY,z . . . .
a(—ij))z Y, Yo Ys/=[singsing psingcosd pcosgsing =-p’sing
,01 1 -
zZ, 7, 1, CoS ¢ 0 —psing
Vi0<¢<rz, tacosing=>0,taco M :‘—pzsin¢‘:pzsin¢
o(p.0.9)

Ta c6 cong thirc bién doi tich phan boi ba tir toa dd vudng goc (toa dd Dé-cac) sang
toa do cau la
m f (x,y,z)dzdxdy = m f (psingcosd, psingsing, pcosg)p®sing dp d6 dg
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