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Chuong 13

GIAI TICH VECTO

Trong chuong nay, ching ta sé st dung nhiing néi dung da hoc truée day nhu phép
tinh vi phan, phép tinh tich phan vi véc to dé nghién ctu vé vi tich phan ctia ham
véc to xac dinh trén tap thuoc R?, R3. Chuong nay sé gidi thieu cac khai niem tich
phan duong, tich phan mat va st dung né dé nghien cttu cac dong chat 16ng. Ngoai
ra, ching ta cling sé trinh bay Dinh ly Green - dinh 1y nay cho phép dua tich phan
duong vé tich phan kép. Md rong cac két qua d6 len khong gian R3, ching ta c6
Dinh lyj Stokes, Dinh lyj phan ky. Nhitng két qua nay sé dude tng dung trong nhicu
linh vue, chang han nhu dong luc hoc chat 16ng, Iy thuyét dien tir.

13.1 Trudng Vector: Div va Curl

13.1.1 Dinh nghia trudng véc to

Dé mo hinh héa dién luc hoc, tit truong, dong lic hoc chat 1éng va nhitng ing dung
khac, ta sit dung khai niém truong véc to. Hinh anh vé tinh dudi day mo ta cuong
do va huéng gi6 trén cac dai duong. D6 1a mot vi du vé trudng véc to, trong dé moi

diém duge gin v6i mot véc to.
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MOAL/DFEL NMFS ‘¢' FERRET Ver 6.82

TIHE : 01-FEB—2002 DATA SET: windaves.ne
FHIADG 181x360 Manthly 20m Surfoce Wi

g 4 100°E L Ll
fmm—> 7.89 LONGITUDE

Surfoce Wind Vecior ond Magnitude (m/s)

NOAA puy

Figure 13.1 The arrows on this world map show wind direction and magnitude

Dinh nghia 13.1.1. Mot trudng vector trong R? 14 mot ham F dit tuong tng

mdi diém thudc mién xac dinh véi mot véc to.
Mot truong véc to véi mién xac dinh D trong R? c¢6 dang
F(x,y,z) = M(z,y,2)i+ N(z,y,2)j + P(z,y, 2)k

trong d6 M, N, P 1a cdc ham s6 xac dinh trén D va dugc goi 1a cic ham thanh
phan ctia F. Truong véc to F duge goi 1a lién tuc néu M, N, P lien tuc, 1a kha vi
néu tat ca cac dao ham rieng ctia M, N, P ton tai.

Vi du

F = 22%yi + €¥*j + (tan g)k

1a mot trudng vector véi cac thanh phan 2z?y; e¥* va tan % (theo thi ty nhat dinh).
Mot truong véc to trong R? c¢6 thé xem nhu mot truong hgp dac biét cia truong
véc to trong R3, tiic 1a boé di thanh phan k va khong chita cao do. Cu thé, mot

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Tai lieuw mon hoc Toan 3 Trang 5

trudng véc to trong R? c¢6 dang
F(z,y) = M(z,y)i+ N(z,y)j.

Dé hinh dung mot cach tryc quan trudng véc to F(x,y, 2), ta thuong chon mot
s6 diém trong mién xac dinh ctia F va vé& mot miii tén v6i diém goc tai P(a,b,c),
huéng 1a huéng clia véc to F(a, b, ¢), chidu dai biéu dién do 16n || F(a, b, ¢)||. Ching
ta goi nhitng biéu dién nhu vay la dé thi cia F. Dudi day 1a vi du vé do thi ctia
truong véc to trong R2.

Hay phac hoa do thi clia truong véc to F = yi — xj.

Lai giai Ching ta sé tinh F tai nhitng diém khac nhau, ching han

F(3,4) = 4i — 3j va F(—1,2) = 2i +j.

Tuong tu nhu vay, ching ta c6 thé tinh dugc céc véc to tai cac diém khac nhau.

Hinh vé sau minh hoa mot so gia tri véc to tai mot so diem.

Céc truong véc to rat kho dé vé bang tay, nén ngudi ta thuong stt dung méay tinh
dé ve.

Mot trong nhiing ting dung quan trong cua trucng véc to la trong dong lic hoc
chat 16ng. Dong liyc hoc chat 16ng 1a mot phan clia co hoc chat 1ong lien quan dén

dong chat 16ng. Dong chay ma su thay doi dién ra trén mot duong thing duge goi
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la dong chay mot chiéu. Dong chay trong dé su thay doi ctia n6 dién ra trong mét
phéng dugc goi 1 dong chay hai chiéu, nguge lai sy thay déi dién ra trong khong
gian thi n6 dugc goi la dong chay ba chiéu. Do thi clia trudng véc to cung cap nhiéu
thong tin hitu ich vé tinh chat ciia truong. Mot dong chay dude goi 1a khong zody
néu van téc goc ctia né tai mot diem bat ki bang khong tai moi thoi diem. Ngugc
lai ta n6i dong chay la xody.

Hinh dudi day mo ta do thi truong vector khong xody va truong xody:

P =
| = N
/////,:_. @\T/T

) NP g
/] » Al

RS

a. An irrotational fluid flow b. A rotational flow

Trong dong lyc hoc chat 1ong, néu cac dao ham theo thoi gian ctia dong chay
triet tieu, thi dong chay dudce goi 1a on dinh. Ngudc lai ta néi dong chay khong on
dinh.

Trong truong, dién truong, tit truong la cac truong véc to quan trong trong vat
ly. Sau day chiing ta sé tim hiéu vé trong truong, dién trudng va tit truong sé duge
trinh bay trong muc sau. Theo luat Newton vé trong truong, luc F(z,y, z) do mot
chat diém c6 khéi lugng m dat tai gbe toa do tac dung len mot don vi chat diém
tai diém P(z,y, z) xac dinh béi

Gm

u(zy, 2)

trong d6 G la hing s6, u 1a véc to don vi véi diém dau la P va huéng dén gbc toa

do. Trusng F dudc goi la trong trudng cla chat diém m. Vi

-1

u(z,y,z) = T

(zi+ yj + zk)

—G'm

Flz,y,2) = (2 44?2 + 22)%

(zi +yj+ 2k).
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Chu y rang trong truong F luon hudéng vé goc toa do va
¢6 do 16n nhu nhau cho moi chat diém khéi lugng m nim
cach diém gbc mot khodng r = /22 4 y? + 22. Nhing
truong véc to nhu vay goi la truong luc huéng tam.

Hinh sau mo t4 mot sb6 truong lic trong vat ly

b. Air flow vector field ¢, Wind velocity on a map

13.1.2 Do phan ky (divergence)

Do phan ky (divergence) va véc to xoday (curl) la hai phép toan quan trong trén
truong véc to. N6 duge dé xuat dé nghien citu cac dong chat 1éng. Do phan ky duge
dinh nghia nhu sau.

Dinh nghia 13.1.2. D6 phan ky cia truong vector kha vi
Viz,y,2) = ulz,y, 2)i+v(z,y,2)j + w(z,y, 2)k
dugce ky hiéu 1a div V va xéc dinh bdi cong thic
0 0 0
iv V(2,9 2) = 50 (0,9,2) + 5 (0,9 2) + 5-(0,0,2)

Do phan ky clia trudng véc to trong R? duge dinh nghia tuong tu.
Vidu 13.1.1. B phan ki cia trudng vector
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a. Do phan ky ctia F(z,y) = 2%yi + z¢°j la:

div F = 22y + 33>

b. Do phan k¥ ctia G(z,y, z) = xi + y32%) + 223k la:
div G =1 + 3y*2* + 3u2*
Gia sit truong véc to
V =u(z,y,2)i+v(z,y,2)j + wz,y,2)k

biéu dién van tdc cia chat 16ng v6i khoéi lugng rieng p(x, y, 2) tai diem (z,y, z) thuoce
mién R trong R3. Khi dé truong véc to pV dudc goi 1a mat doé thong ludng va
dugc ky hieu 1a D. Chiing ta c¢6 thé xem D = pV nhu la do do khéi lugng ctia dong
chét 16ng.

Gia stt rang khong c6 sy tac dong bén ngoai len dong chay theo huéng pha hiy
hay tao ra dong chay. Khi dé div D trai dau va c¢6 do 16n bang toc do thay doi khoi
lugng riéng theo thaoi gian. Thic 1a

Phuong trinh nay thuong duge goi la phuong trinh lién tuc ctia dong luc hoc
chat 16ng.

Khi div D = 0, ta n6i D 1a khéong nén dudc. Dong chay khong nén la dong
chdy trong d6 mat do vat chat la hing s6 trong mién c6 thé tich vo ciing bé va
di chuyén ciing van toc véi dong chdy. Néu div D > 0 tai diém (x,yo,20) thi
diém d6 dugc goi la diém ngudn, néu div D < 0 thi n6 duge goi la diém ro.

divD >0 divD <0 divD =20

N % N R
e - @~
/Cf\ # | \\\

a. Fluid flows from a b. Fluid lows toward a c. Fluid is incompressible
source point sink point

Ching ta c6 thé biéu dién do phan ki bing cach sit dung toan ti del dugce dinh

nghia nhu sau
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Trong muc 11.6, bang cach ap dung toan tit del cho mot ham s6 kha vi f(z,y, 2) ta
duge truong gradient
of. 0. Of,

Vf_a—xl—i-a—y +$

Tuong tit, bang cach 1ay tich vo hudng clia toan tt del V véi truong vée to V(z,y, 2) =
u(z,y, 2)i+v(z,y, 2)j +w(,y, 2)k ta duge do phan ky

o. o, 0 C
V-V= (%1+a—y3+&k).(u1+vj+wk)

_ou o ou
S 0x Oy 0z
=div V.

13.1.3  Véc to xoay (curl)

Dinh nghia 13.1.3. Vector xoay cta truong vector kha vi
Vi(z,y,2) = u(z,y, 2)i + v(x,y, 2)j + w(z, y, 2 )k

duge ky hiéu la curl V va xac dinh béi cong thiic

ow Ov ou Ow., ov  Ou
curl V.= (8_y — &) i+ (@ - %)J + (% - 8_y)k

Cht ¥, st dung tich c6 huéng ta c6 thé bicu dién curl theo céch sau

curlV=V xV
i j k
— |08 9 9
ox Oy 0z
u v w

Mot trudng véc td V ma véc to xody ciia né bang khong tai moi diém duge goi 1a
truong khong zody. Trong truong hgp clia mot dong chat 16ng, van toc dong chay
V 1a mot trusng vécto. Khi dé curl V duge goi 1a do xoay ctia dong. Dong chat
léng dude goi 1a khong xody néu trudng van toc clia né khong xody, titc 1a do xody
curl V bing khong tai moi diém.

Vi du 13.1.2. Vector xo0ay cua trucng vector

Cho truong vector
F = 2%yzi + 29°2j + vy2’k.
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Khi do

2

curl F = (2% — 2y?)i + (22 — y2?)j + (v*z — 2%2)k

Va vector xody clia truong G = (x cos(y))i + zy?j 1a
curl G = (y? + zsin(y) k.

Vi du 13.1.3. Mot trudng vector v6i cac thanh phan 1a hing s6 thi do phan ki va
vector xoay bing 0. Cu thé, gia st F = ai+ bj + ck. Khi d6 div F = 0 va curlF = 0.

That vay,

. ) ) )
div F = 2 (a) + 5-(0) + 5 () = 0.

curl F = 0i — 0j + 0k = 0.

Su két hop ciia do phan ky, gradient, va véc to xody xuat hién trong rat nhieu
ting dung khac nhau. Dac biét, néu f(z,y, z) 1a ham s6 kha vi thi gradient V f clia
no6 la truong vector. Khi do

: >’Pf L OPf  Of
div Vf: 8$2 + 8y2 + 822 - fzx+fyy+fzz
—V.V/.

Toan tit V2 = V - V dudc goi 1a toan ti¥ Laplace va phuong trinh V2f = 0 duge
goi 1a phuong trinh Laplace. Mot ham s6 théa méan phuong trinh Laplace trén
mién D dude goi 1a ham diéu hoa trén D.

Chu y rang néu f(x,y) la ham s6 hai bién theo z va y thl V*f = fo.(2,y) + fuyy)-
Vi du 13.1.4. Chiing t6 rang ham hai bién f(z,y) = e” cos(y) la diéu hoa.

Ta c6

V2f(x,y) = fm(il?,y) + fyy(xay)

= e cosy —e“cosy = 0.

Do d6 f la diéu hoa.

Mot trong nhitng kham pha khoa hoc tuyét voi thé ky 19 1a vé dinh luat dien ti
truong ctia James Clerk Maxwell. Dinh luat dé duge biéu dién mot cach rat tinh té
duéi dang do phan ky va véc to xody. Ngudi ta biét rang Iuc tac dung lén mot vat
mang dién sinh ra béi truong dién tit phu thudc vao vi tri, van téc va luong dién tich

cua vat va khong phu thudc vao cac vat mang dién khac dang hién dién ciing nhu

......................................................................... Trang 10
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viéc cac vat mang dien do6 di chuyén nhu thé ndo. Gia st mot vat tich dien duge dat
tai diém (z,y, z) ¢ thai diém ¢, trudng cuong do dong dien 1a E(x,y, z,t) va trudng
cuong do tu truong H(x,y, z,t). Khi d6 dién tu trudsng duge xac dinh béi

diVEZQ, div (uH) =0
€
_ O(uH) 2 _OE J
curl(E) = — 5% c*(curl B) = T + -

trong d6 @ 1a mat do dién tich, J 1a mat do dong dién, B la mat do thong lugng ti

truong, c 1a toc do anh sang, p, € 1a cac hing s6.

13.2 Tich phan dudng

13.2.1 Dinh nghia tich phan duong

Cho C la mot cung tron trong khong gian xac
dinh béi phuong trinh tham s6 z = x(t), y =
y(t), 2 =2(t),a <t <bva f(z,y,2) 1a ham s6
xac dinh trén mot mién chia C. Ching ta néi
rang C la dinh huéng dugc néu ta c6 thé mo

Figure 13.6 The curve C partitioned into subarcs té’ hu’c’jng Cﬁa C khl t tEulIlg
Chia C thanh n cung nho, ky hiéu do dai cung
nhé thit k 1a Asj,. Chon mot diém (27, y;, z;) tiy ¥ trén cung nhé thi k. Ky higu

|As|| 1a do dai 16n nhat trong s6 do dai cac cung nho.

Dinh nghia 13.2.1. Néu gi6i han ciia tong Riemann

[|As||—0

lim Z f(xZJ yljv ZZ)AS]C
k=1

ton tai thi giéi han d6 duge goi la tich phan dudng cia f trén C va ky hiéu
/ f(z,y,2) ds. Nhu vay,
c

r,y,z) ds = lim T, yr, 21 ) As
/cf( Y, 2) ”As%();f(kyk i) Asy

Néu C 1a mot duong cong kin thi ching ta dung ky hiéu fc f ds cho tich phan duong

cua f tréen C' .

......................................................................... Trang 11
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Ménh dé 13.2.2. Néu C tron va f lién tuc trén C thi tich phan duong cia f trén

C ton tai va ta co

/Cf(fr,yyz) ds =/ Fla(t),y(t), 20))V/[2' (O] + [y (1)]* + [/ (1)]2dt

Chi ¢ 13.2.3. Tich phan dudng ctia ham hai bién f(x,y) trén duong cong tron C
c6 phuong trinh tham s6 z = z(t), y = y(t),a < t < b dugc dinh nghia tuong tu.
Hon nita,

/f(%y) d8=/ Fla(t),y@)V/ [/ (O] + [y (t)]2dt.
C a

Vi du 13.2.1. Tinh tich phan dudng theo ba bién

Tinh tich phan dudng cong / 2%z ds, v6i C c6 dang © = cost,y = 2t, 2 = sint va
c

0<t<m.

Gidi Ta co

[ #2as = [ Ps0VEOF+ FOF+ Ok
C 071-
= /0 (cost)?(sint)/(—sint)2 + 22 + (cost)2dt

= / V5eos?tsintdt

0

cos’t|]

3
_ 25
agadl

C6 thé mé rong dinh nghia tich phan duong cho dudng cong tron timg khic.
Duong cong C' goi 1a tron tiung khiic néu n6é gom hitu han cac dudng cong tron noi
tiép nhau. Hon nita, ta c6 két qua sau.

Ménh dé 13.2.4. Néu C dugc hgp thanh tic hai doan cong (khong giao nhau hodc

chi giao nhau tai cic diem dau) Cy va Cy thi:

/fds: fds+ f ds.
c C

Co
Vi du 13.2.2.Tinh tich phan dudng ciia dudng cong hgp
Tinh / xy ds trong d6 C hop thanh bdi doan thang C; ndi diém (-3, 3) dén (0,0),
c
va phan dusng cong Cs : 16y = z* tit diem (0,0) dén (2,1).
Giai

......................................................................... Trang 12
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il Ta c6 phuong trinh C; 1a y = —z. Phuong trinh tham s6
(-3.3) cua né c6 dang

r=t, y=—t, t€[-3,0].

3 | 10,0) | | 2+ 0
/ zy ds = / t.(—t)\/ 12 + [—1]2dt
Ch

3
Figure 13.8 The curve Cin

0
Example 2 — / —V212dt = —9v/2
-3

Tiép theo, phuong trinh tham s6 ctia Cs 1a
r=2 y=t' tel0,1].

Do do
1
/:cy ds:/ 2t.1*1/22 + [4t3]2dt
Co 0
1
:/ 2t9v/4 + 16t6dt
0
1 1 1
== (14452 = Z(5v/5—1).
S (14492, = S(5v5 - 1)
Tu do ta co
1
/a:de:/ .ryd5+/ zy dS = —9v2 + =(5V5 — 1).
C Cy Cs 9

Dinh 1y 13.2.5. Tinh chadt cia tich phan dwong

Gid st cdc tich phan sau la ton tai, thi vdi hang s6 k bat ky, ta co:

(i) [ kfds=k[.fds
(ZZ) fC(fl +f2) ds = fC f1 dS+fC f2 ds

(i1i) fcf dS = fCl f ds—i—f02f ds + ... +fcnf ds.
trong dé6 C = CLUCy U ... UC, va cic C; chi giao nhau cdc diém dau cuoi.

......................................................................... Trang 13
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13.2.2 Tich phan dudng theo bién x, y, z

Néu thay do dai doan nhé As trong dinh nghia 13.2.1 thanh Az (chiéu vuoéng goc
len Ox) thi gidi han duge dé cap trong dinh nghia tich phan dudng tré thanh tich
phan:

b
/WWMMZ/HWM@AMﬂWt
C a

Tuong tu, ching ta co:

Amw@@—/wmmmﬂmwwt

/Ch(x,y,z)dz:/ hlx(t), y(t), z(¢)].2"(t)dt

Hoac t6 hop:

/[fdx—l—gdy—l—hdz}:/fdx+/gdy+/hdz
c c c c

Vi du 13.2.3.Tinh tich phan dudng véi bién ctia hé truc toa do
Tinh tich phan duong:
/ [ydx — zdy + xdz]
c

trong d6 C 1a dudng cong c6 phuong trinh tham s6 z = 12, y = e, z = ¢!, t € [0, 1].

Giai:
1
/ [ydx — zdy + xdz] = / [e™b.2tdt — e'(—e ") dt + t2e'dt]
c 0

1
= / [2te™" + 1 + t?e!]dt
0

= [~2e7H(t+1) +t + ' — 2t +2)],
—e—4de ' +1

13.2.3 Tich phan dudng cua truong Vector
Dinh nghia 13.2.6. Cho truong vector F(x,y, z) = ui + vj + wk va C la dudng
cong tron timg khic dinh huéng duge véi biéu dién tham s6

R(t) = z(t)i+ y(t)j + z(t)k, t € [a, D]

......................................................................... Trang 14
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St dung biéu thitc dR = dxi + dyj + dzk ta dinh nghia tich phan duong ctia F doc
theo cung C nhu sau

/ F.-dR = /(udm+vdy+wdz)
= / F[R(t)|R/(t)dt
= [ [ule@). 0, 2010 + (0. 900) 200/ 0) + wla(e) 0), 20/

Vi du 13.2.4. Tinh tich phan dudng cta truong vector
Tinh tich phan duong cta truong F(z,y, 2) = (y* — 2%)i+ 2yzj — 2?k doc theo duong
cong C c6 phuong trinh tham s6 x =2, y =2t z=1t, t € [0, 1].

Giai Biéu dién F theo tham s6 ¢
F = [4* — )i + [2.2t.8)j — [t']k
Vi R(t) = t%i + 2tj + tk nén dR = (2tdt)i + (2dt)j + dtk. Tt d6

1
/ F-dR = / 3t (2tdt) + 4t*(2dt) — t*dt
c 0

! 119
= 662 + 82 — tHdt = —.
/0 (6¢7+ ) 30

Vi du 13.2.5. Gia tri ciia mot tich phan dudng 1a doc lap ctia tham sb héa
Cho F = yi+ zj va cho C 1a nita trén duong tron 22 +y? = 4 theo chiéu ngudgc chicu
kim dong ho tir (2,0) dén (-2,0) nhu hinh

y

— b
2.0 1 @2.0) *

Figure 13.9 Graph of the
semicircle C

Tinh tich phan duong / F - dR ting v6i dang tham s6 héa ctia C' nhu sau.
c
a.r=2cosf,y=2sin0,0< 0 <7

b.x=—t,y=v4—12,-2<t<2
Giai a. Ung véi dang tham s6 hoa z = 2cos 6,y = 2sinf tacé 2/ () = —2sin b,y (f) =

......................................................................... Trang 15
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2cosb.
Tu doé

/CF-dR:/C[ydx—l—xdy]
= / [(2s8in6)(—2sinf) + (2 cosb)(2cosb)]do

= / 4(cos® § — sin” 0)df
0

:/ 4 cos 20
0

= 0.

b. Ung v6i dang tham s6 hoa x = —t,y = V4 — 2 ta c6 2/(t) = —1,9/(t) = =

4—t2

Ta co

/C[ydx—i—xdy] - /22 [ﬂ(—l) + (—t) (\/%t?ﬂ dt

7 —442
o VA1

= —tV4 — 22,

= 0.

Ta thay hai két qua la nhu nhau, diéu d6 chitng t6 tich phan duong khong phu
thuoc vao dang tham s6 hoéa ciia dudng cong.
Vi du 13.2.6. Tinh tich phan dudng theo cac duong khac nhau
Cho F = zy?i+ x%yj va tinh tich phan duong [, F-dR tir diem (0,0) dén (2,4) theo
cac duong sau:
a. Doan thang néi hai diém
b. Duong cong parabol y = 22 néi hai diém
Giai Hai duong dé nhu hinh duéi

......................................................................... Trang 16
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(2 4) T (2, 4)

|
(0, 0) 3

=Y

;
(0, 0) 3 X

a. The line segment path b. The parabolic path

Figure 13.10 A line interval along different paths

a. Duong thang da cho c6 phuong trinh y = 22 theo huéng da cho duge tham s6
hoa thanh z = ¢,y = 2t v6i 0 < ¢t < 2. Vi vay R(t) = ti+ 2tj do d6 dR = dti + 2dtj.
Hon nita, F = 4t3i + 2t3j nén F - dR = 4t3dt + 4t3dt = 8t3dt.

Tit d6 ,
/CF ~dR = /O 8t*dt = [2t1]|2 = 32

b. Parabol y = 2? dudc tham s6 héa thanh z = ¢,y = t2 v6i 0 < t < 2. Vi vay
R(t) = ti + t?j nén dR = dti + 2tdtj. Do d6

F = ay’i+a%yj = () )i+ (7)) = 1+ ']

F - dR = t2dt + 2t°dt = 3t°dLt.

2 1 2
/F~dR:/ 3t°dt = {—tG} = 32.
C 0 2 0

Trong vi du trén ta thiy gia tri clia tich phan dudng giong nhau cho ca a. va b.

Tu do ta duge

Nhung khong phéi bao gid cing nhu vay. Dic bigt néu truong hop do xay ra (gia tri
tich phan khong phu thudc dudng di) thi ta néi tich phan duong la déc lap dudng
di.

13.2.4 Ung dung: Khéi luong va Cong

Xem xét doan day dong c¢6 hinh dang doan cong C va p(x,y, z) 1a khdi lugng rieng
(khéi lugng trén moi don vi chic¢u dai) clia né tai diém (z,y, z). Khi d6 khéi lugng

cé doan day la:

mz/p(x,y,Z) ds
C

......................................................................... Trang 17
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Va khéi tam ctia C la diem (7,7, 2)

Z—/xpxy, ) ds, y——/ypwy, ) ds, Z—m/ (z,y,2

Luu y rang khéi tam ctia dudng cong khong nhat thiét thuoc duong cong do.

Vi du 13.2.7. Tinh khéi lugng ctia sdi day dong moéng bing tich phan
dudng

Mot soi day dong c6 dang doan cong C:

x =/2sint, y = cost, z=cost, t €[0,n]

Néu khéi lugng rieng theo do dai tai (z,y, z) 1a p(z,y, z) = xyz thi khdi lugng soi

m:/a;yzds
c

i
= / V/25sin t cos? t\/2 cos?t + sin’t + sin? tdt
0

day la:

:/ 2sin t cos? tdt
0

_ 20033t7r_4
N 3 1, 3

Trong muc 9.3 ching ta da biét ring cong ciia trusng lic F lam vat di chuyén
thang khodng cdch D 1a W= F.D (F la hing s).
Gia st truong lyc F(x,y,z) bién thien lién tuc trén mién D. Duéi tdc dong cla F,
mot vat di chuyén theo dudng cong tron C thudc D, c6 biéu dién tham s6 R(t)theo
chiéu tang ctia t. Chia nhé C thanh cac diem Py, Py, ..., P, nhu hinh vé

a. An object moves along a curve C in b. The work performed as the object
a force field F moves along the kth subarc is
Wk ] Fk . T"-A.S'k

Figure 13.11 Work performed as an object moves in a force field F along a curve C

......................................................................... Trang 18
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Véi k = 1,2,..,n, cho Qx(x},y;, ;) 1a mot diém duge chon tuy ¥ tit cung nhd
Cy (v6i nhitng diém cudi 1a P,y va Py), va cho Fy, = F(z}, v}, z;). Néu do dai Asy,
ctia cung nhoé C, nhd, lyc sé xap xi hing s6 va ta gid st 1a gia tri F, 14 hing s6 trén
cung nhé nay. Huéng di chuyén sé khong thay doi nhiéu trén toan cung nho, vi vay
ta c6 thé gid st vat sé di chuyén mot khodng As;, theo chiéu ciia tiép tuyén don vi
Ty = T(z}, v}, z;) v6i do dich chuyén tuyén tinh 1a Tj, A sp,. Vi vay, ta ¢ thé xap
xi cong cho cung nho thi k boi

Wk %Fk'TkASk.
Xay dung cho n cung nhd, ta duge tong

ZFk'TkASk-

Xap xi nay cho tong cong ctia mot vat di chuyén doc C trong trusng luc F. Khi do
dai 16n nhét ctia cung nhd || A si|| tién vé 0, tong xap xi nay tién vé gid tri clia tich
phan duong [, F.T dS, d6 1a

W = lim ZFk-TkAsk:/F~Tds.
1 Ask[—0 c

Qua quan sat nay cho ta xem céng nhu la tich phan dudng.

Dinh nghia 13.2.7. Tinh c6ng bang tich phan dudng

Gia st truong lyc F bién thién lien tuc trén mién D. Thi cong W khi mot vat di
chuyén theo dudng cong tron C thudc D duge biéu dién béi tich phan

W:/F~Tds
c

trong d6 T 1a vector tiép tuyén don vi tai diém chay trén C.
dx dy . dR

Chung ta da biét trong muc 10.4 rang T = —i+ —j = —. Do d6 cong c6
ds ds ds

thé dugc tinh theo cong thic sau

W:/F-dR.
c

Vi du 13.2.8.Tinh céng bang tich phan dudng

Trong mat phang Oxy, mot vat di chuyén dudi tdc dong cia truong luc F =
y*i + 2(z + 1)yj. Tinh cong ctia F lén vat khi né di chuyén doc theo elip c6 phuong
trinh 22 + 4y? = 4 tit diém (2,0) theo chic¢u kim déng hd dén diém (0,1). Sau dé né
tiép tuc di chuyén vé diém (2,0) theo doan thang.

......................................................................... Trang 19
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vA Giai Goi C 1a duong di khép kin cia vat theo dé bai.
diids Theo cong thiic da trinh bay, cong can tinh 1a:
©, 1 W= ]{ F.-dR
1.0 c
0.5 .
} > Goi (' 1a doan con ctua C thudc elip va Cs 1a doan thang
-0.5 .

con lai trong C. Khi d6 C; ¢6 tham sb z = 2cost, y =

sint, t € [0,7/2] (luu ¥ chidu di chuyén ctia vat 1a chidu

Figure 13.12 The curve C tang cta t). Nghia la trén C; thi Ry (¢) = 2 costi +sintj.

Tinh dR; = R/ (t)dt va dua vao tich phan:

i [ moam

w/2
= / [sin® t(—2sint) + 2(2cost + 1) sint cos t]dt
0

w/2
= / [~2sin®t + 4 cos®t + 2 cost] sin tdt
0
w/2
= / [6cos®t 4+ 2cost — 2](—dcost)
0
0
:—/ (6u® +2u — 2)du = 1
1
Tuong ti véi Cy thi Ra(t) = 261 + (1 — 1)j, ¢ € [0,1] va
Wo— [ FRa(t) - aRs
Ca
[2(1 —¢)* +2(2t + 1)(1 — t)(—1)]dt

J
w/2
= / [—2sin? ¢ + 4 cos® t + 2 cos t] sin tdt
0
/ (6t* — 6t)dt

0

Két qua
W =W;+ W, =0.

BAI TAP 13.2
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13.3 Dinh ly co ban va su doc lap cua duong di

N6i chung, gid tri ctia tich phan duong | o F - dR phu thuoc khong chi diém dau va
diém cudi ma con phu thudc vao hinh dang ciia dudng lay tich phan C. Tuy nhién,
trong mot sd truong hop nhat dinh tich phan sé bang nhau cho tat ca cic duong
trén mién D cho trude véi ciing diém dau P va diém cudi Q. Khi d6 ta néi tich phan

duong la doc lap duong di trong D.

13.3.1 Dinh ly co ban cua tich phan ducong

Dinh ly co ban trong tich phan xac dinh phat biéu rang, néu ham f lien tuc trén [a, b]
thi f f(z)dzx = F(b) — F(a), v6i F 1la mot nguyén ham cua f, tic la F'(z) = f(x).
D6i v6i ham hai hosic ba bién, bing cach st dung gradient thay cho dao ham chiing
ta thu duge dinh 1y co ban sau.

Dinh ly 13.3.1. Cho C la mdt cung tron tung khic, cé
bieu dién tham so6 R(t), t € [a,b]. Truong vector F la
lien tuc trén C. Néu f la ham s6 sao cho F =V f, thi

Figure 13.16 A line integral / F.dR = f(Q) - f(P)
C

Jo F-dR s independent of
path in D if its value is the

;i?fngrpﬂ:'ftzri‘;esoi(’i”i"g trong dé P = R(a) va Q = R(b) lan lugt la diem dau va

diém cuoi ciia C.

Chiing minh. Ta sé chiing minh dinh 1y nay véi truong
hop f(z,y, 2z) 1a mot ham ba bién va F = V f(x,y, 2). Gida st R(¢) = (z(t),y(t), 2(t))
va cho G(t) = flz(t),y(t), z(t)]. Thi ta co6

dG 8fdx 8fdy afdz

dt Oz dt 3y dt 9z dt

......................................................................... Trang 21
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T d6 ta thu duce

/F-dR:/V.dR
c

oo 08, Of
/[axd o+ Sy +&d}

Tofde  Ofdy Ofdz
_/a {8xdt+8ydt+8zdt}dt
b
—dt

a

= G(b) = G(a)

fle(0),y(b), 2(0)] = flz(a), y(a), z(a)]
= [IR(0)] = f[R(a)]

HQ) = f(p).

Vi du 13.3.1. Diing dinh 1§ co ban dé tinh tich phan dudng

Tmmh I = [, F-dR, trong d6 F = V(e"siny — xy — 2y) va C ¢6 biéu dién tham so
béi vector R(t) = [t* sin Zt]i — [5 cos(5t + 5)]j, ¢ € [0,1].

Giai Tru6c hét, ching ta thiy rang cac gia thiét ctia dinh 1y co ban cho tich phan
duong thda man. Tai t=0 thi diém dau P = R( ) = (0,0) va f(P)=0. Tait =1
thi diem cubi Q@ = R(1) = (1,%) va f(Q) = e — 2F. Do do:

/CF-dR: £(Q) — £(P)

13.3.2 Truong thé

Dé ap dung duge dinh 1y co ban clia tich phan dusng thi trusng F phai 1a truong
gradient. Tiép theo chiing ta sé tim hic¢u dudi dicu kién nio thi mot trusng véc to
13 mot truong gradient? Trude tién ching ta sé gidi thieu mot sd thuat ngi.

Dinh nghia 13.3.2. Truong vector F dugc goi 1a trudng thé tren mién D néu ton
tai ham s6 f sao cho
F=Vf, Y(zx,y) € D.

Khi d6 f dude goi la ham s6 thé vi ciia F tren D.

......................................................................... Trang 22
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Vi du 13.3.2. Chitng minh truong vector la mot truong thé
Chitng minh F = 2xyi + 22j 14 truong thé véi ham s6 thé vi f = 2%y.
Giai Ta c6 Vf = 2xyi+ 2%j = F. Vay F la truong thé.

Viéc kiém tra mot trudng 1 truong thé khi da biét ham s6 thé vi kha don gian.
Tuy nhién, trong thyc té, v6i mot truong véc to cho trude, ching ta rat khé dé biét
né6 c6 la truong thé hay khong. Sau day ching ta sé trinh bay mot tiéu chuan dé

dam bao ring F 1a truong thé trén mot mien D c6 cac tinh chat sau.

(i) D la mién lién théng, tic 1a néu vé6i hai diém P, Q bat ky trong D thi luon

c6 thé néi lai bing mot dudng cong tron timg khiic hoan toan ndm trong D.

(ii) D 14 mién don lién, tic 14 moi mién gidi han béi dudng cong kin trong D thi

cling nam hoan toan trong D.

a. A region that is simply  b. A connceled region thal ¢, A region that is nol con-
connected (no holes) is not simply connected ~ nected

Néu D thoéa méan ca hai tinh chat trén thi D dugce goi 1a mién lién théong don.

Dinh 1y 13.3.3. Trong mat phing Oxy, cho truong F(x,y) = ui +vj trong dé u, v
c6 dao ham riéng lién tuc trén tap md, lien thong don D. Khi dé, F la truong thé
trén D néu va chi néu

ou v

a_y<‘r7y) = %(x,y), V(I’,y) €D.

Vi du 13.3.3. Tim ham s6 thé vi
Chiing t6 rang F = (e*siny — y)i + (e cosy — x — 2)j 1a trudng thé va tim ham s6
thé vi tuong ting.
Giai Ro rang, u = e"siny —y va v = e*cosy — ¢ — 2 ¢6 cac dao ham riéng lién
tuc. Hon nita

ou ov

a—y(r,y) = 5 (2,y) = eTcosy — 1.

......................................................................... Trang 23
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Do d6 F 1a truong thé.
Gia st f la ham 6 thé vi can tim, titc la F = Vf = fli+ f}j. Do d6

! T L gz
Jr=u=¢€"siny —y, v=f, =e"cosy—x—2.

Dang thitc thit nhat suy ra f(z,y) = e®siny — xy + k(y) (k(y) la biéu thitc khong
phu thuoc x). Tinh dao ham két qué nay theo y va thé vao déng thitc v = f] thi
suy ra:

e“cosy—x+ kK (y) =e"cosy—x—2 K (y) = -2

Vay k(y) = —2y +c, tiic 1a f(x,y) = e*siny — xy — 2y + ¢ v6i moi hang sd ¢ bat ky.

Chiéng han, chon ¢ = 0 ching ta c6 ham sb thé vi

f(x,y) = e"siny —zy — 2y.

Vi du 13.3.4. Kiém tra mot trudng thé trong mat phing

Kiém tra xem truong vector F = ye™i + (ze® + x)j c6 phai la trudng thé khong,
néu c6 thi tim ham s6 thé vi tuong tng.

Giai Ta c6 u(x,y) = ye™ va v(x,y) = xe™ + .

T do ta duoc,

ou
et L et
2y rye™ +e
’ 5
v xye™ + e 4+ 1
Ox
0 0 .
R6 rang gu =+ 2w vay F khong la truong the.
dy ~ Ox

Dinh 1y sau day la sy tong quét héa ciia tiéu chuan tren dé xac dinh trudsng da

cho c6 1 truong thé trong R3.

Dinh ly 13.3.4. Gid sii truong vector F va vector zody curl F lién tuc trén mién
lien thong don D C R3. Khi dé F la truong thé néu va chi néu curl F = 0.

Nht trong R?, mot mién liéen thong trong R? dude mo ta thong thuong nhu mot

mién khong cé 16 hong.

Chatng minh. Két qua nay sé dude ching ¢ phan 13.6 nhu mot tng dung cta dinh
Iy Stokes. O]

......................................................................... Trang 24
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Chu §: Néu dong nhat R? nhu la khong gian con ctia R? thi dinh ly 13.3.3 1
mot hé qué cta dinh 1y 13.3.4 khi xem F(z,y) = (u(x,y),v(z,y)) 1a G(z,y,2) =

(U,({L‘, Y, 0)7 U(Qf, Y, 0), 0)
Béi vi

i j k
| 8 '; 5 ) ) ov  Ou K

u(r,y,0) v(z,y,0) 0

Ta ¢6 curl G = 0 khi va chi khi
ov  Ou

ox  dy
Khi d6 Dinh 1y 13.4 tré thanh tiéu chuan kiém dinh bing chéo cac dao ham riéng
cho mot truong thé F trong R2.

Vi du 13.3.5. Tim ham sb thé vi ctia trudng thé trong R3
Chiing t6 rang
F(z,y,2) = (202°2 + 2¢%, 4zy, 52* + 32%)

14 mot truong thé. Tim ham s6 thé vi ctia no.

Giai
Vector xoay cua truong da cho la
i j k
_ o) 0 o)
curl F = 5 o 7

20232 + 2y% 4day Sat + 322
= 0i — (202° — 202%)j + (4y — 4y)k = 0.

Do d6 F la truong thé. Gia sit f la ham s6 thé vi, tic 1a Vf = (f1, f,, f) = F.

Do f! = 20232 + 2y* = f(x,y,2) = 52tz + 22y* + g(y, 2), trong d6 g(y, z) khong
phu thudc x.

Dao ham két qua trén theo y va so sanh thanh phan thit 2 cia F:

[y, = 4wy + g, = 4y

Suy ra g, (y,z) = 0 = g(y, 2) = h(z), trong d6 h(z) khong phu thudc x va y.
So sanh dao ham f v6i thanh phan thi 3 cta F:

fl =52+ g, = 52" + 1 (2) = ba* + 322

......................................................................... Trang 25
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Suy ra h/(2) = 32% = h(z) = 2* + .

Chon hing s6 ¢ = 0, chiing ta c6 ham s6 thé vi:
f(z,y, 2) = btz 4 2xy* + 2°

13.3.3 Su doc lap cua dudng di

Dinh nghia 13.3.5. Tich phan duong fc F - dR dugc goi 1a déc lap duong di
trong mién D néu véi hai diém bat ki P va Q trong D, tich phan duong lay doc
theo cac duong cong tron ting khiic ndi P va @ trong D c6 gia tri giong nhau.

Dinh 1y sau day cung cap céc diéu kién tuong duong dé tich phan dudng doc lap
v6i duong di.
Dinh 1y 13.3.6. Cho truong Vector F lién tuc trén tap md lien thong D. Cdc diéu
kién sau la tuong duong:

(i) F la truong thé tren D.
(i) $,F -dR =0 vdi moi duong cong tron, kin trong D.
(i) [ F -dR khong phu thuoc vao hinh dang cia duong cong C C D.

Tt dinh 1y trén, mot hé qua dude suy ra: Cong ciia mot vat di chuyén trén duong
cong kin dudi tac dong clia truong thé 1a biang 0.

Vi du 13.3.6. Cong véi dudng di kin trong trudng luc 1a trudng thé

Chitng minh rang khong c6 cong nao duge sinh ra khi mot vat di chuyén doc mot
duong cong kin trong mot mién lién thong ma truong Iyc tai mién do 1a truong thé.
Giai Gia st F la truong thé v6i Vf = F, trong d6 f 1a ham s6 thé vi ctia F. Vi
dudng di chuyén la kin nén né bat dau va két thic tai cing 1 diém P. Do dé6, cong

duge tinh bdi

W:}{F-dR:f(P)—f(P)zo.
C

Bay gio, ta c6 thé tinh mot tich phan dudng cho trude theo nhidu cach khac
nhau. Ta c6 thé:
(1) Tham s6 héa C va sit dung tham s6 héa dé dua tich phan dudng vé tich phan
thong thuong theo bién ¢ trén doan [a, b].
(2) Kiém tra xem F c6 la truong thé khong. Néu né 1a mot truong thé, tim ham s

......................................................................... Trang 26
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thé vi f clia n6 va sau dé dung dinh 1y co ban cho tich phan dudng.

(3) Néu F la truong thé, tim duong di C; don gian nhat c6 thé, dong thoi C)
c6 cing diém dau va cudi véi C. Vi tich phan duong la doc lap duong di nen
J F-dR = [,F-dR.

Sau day la mot vi du minh hoa.

Vi du 13.3.7. Tinh tich phan fc F - dR trong do
x
y?+1

F(r,y) = [(20 - 2%y)e ™™ + tan " yli + | ot
va C la:

a. Eplip: 922 + 4y = 36

b. dudng cong c6 phuong trinh tham s6 x = t?cos7t, y = e 'sinwt, t € [0, 1]
Giai Ta co
1

_ 3 2\ —x
i x —y2+1+(xy—3x)e 4
(

0
2 O_y[ 22 — 2%y)e ™Y + tan "' g/
Do d6 F la truong thé.
a. Vi F 13 truong thé va C la dudng cong kin nén fc F-dR=0

b. Diém dau ctia C 12 P(0,0) (tuong ting t=0) va diém cudi ctia C 1a Q(-1,0) (tuong
ting t=1). Vi F la truong thé cho néen fc F - dR khong phu thudc vao hinh dang
ctia C. Ching ta c6 thé thay C bang doan thing PQ c6 phuong trinh tham sé
v =—t, y=0, t €[0,1]. Tich phan dudng theo doan thing do6 ta dugc

/F-dR: F-dR/1 [(2(—t)eo+tan_10)(—1)+(—t—(—t)3eo)(0) dt
C PQ 0

1
:/ 2tdt = 1.
0

13.4 Dinh Iy Green

13.4.1 Dinh ly Green

Dinh 1§ Green cho ta moi lién heé gifta tich phan duong lay theo dudng cong kin va
tich phan 2 16p lay trén mién gidi han bdi dudng cong kin d6. Trude khi trinh bay
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Dinh 1y, ta sé gi6i thieu mot s6 khai niém lien quan. Dudng cong Jordan la mot
duong cong kin khong ty cit.

Cho C' la duong cong Jordan. Huéng duong trén C' la huéng ma khi mot ngusi
di chuyén trén duong cong theo huéng dé thi mién giéi han bdi duong cong nim
bén trai ciia ngusi di chuyeén.

Person is walking in (he
direction of increasing 1.

A simply connected region
A Jordan curve

Not a Jordan curve Naot a simply connected region; A positively oriented boundary
a Jordan curve in £ whose interior curve, The region is “on the left”
contains points not in the region of the curve.

Figure 13,19 Jordan curves and simply connected regions

Dinh 1y 13.4.1. Gid s D la mién lién thong don gidi han bdi duong cong Jordan
kin tron tung khic, dinh hudng duong C va F(z,y) = M(x,y)i+ N(z,y)j la truong

vector khd vi lién tuc trén D. Khi do
ON OM
Md Ndy) = — — — |dA.
7{C( v+ Ndy) //(8:70 ay)
D

Vi du 13.4.1. Chiing t6 rang cong thic Green dung déi véi tich phan duong
Jo(=ydz + xdy), trong d6 C la dudng cong kin nhu hinh ve.
Giai

Trude hét, ching ta ap dung cach tinh khong
dung dinh 1y Green. Dudng cong C bao gom
2 doan: doan thang C; tit (—1;0) dén (1;0);
va ntia duong tron Cs tit (1;0) dén (—1;0).
Tham s6 hoa C; va Cy:

Figure 13.22 Path C

(Cl):x:ta y:O, tE[—l;l]
(Cy) : & = cost, y =sint, t € [0;7]
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Tu do, ta ducgce

1 ™
/ (—ydx + xdy) = / [—0dt + td0] + / [—sin¢(—sint)dt + cost(cost)dt]
c - 0

1

= / (sin®t + cos® t)dt
0

:/ 1dt = 7.
0

Sau day ching ta tinh lai tich phan trén bang cach ap dung Dinh 1y Green. RS rang

14 cac diéu kien ctia dinh 1y théa man. Do d6

/( ydr + xdy) = // 81’ y( y))dA
:LhM

ZQSD:’]T.

0 day D la mién nita hinh tron ban kinh bang 1 nén Sp = 3
Vi du 13.4.2. Tinh céng véi dinh 1y Green
Cho duong cong kin C' nhu hinh vé. Tim cong dé di chuyén mot vat doc theo C
trong truong lic

F(z,y) = (x +2y*)i + 2(z%y — y*siny)j.
Giai Cong W dugce tinh béi tich phan duong 560 F -dR. Cht § rang F c¢6 dao ham
lién tuc trén mién D gidi han béi C, va vi D lien thong véi bién dinh huéng duong
(C) nén cac gia thiét ctia Dinh ly Green duge théa man. T do

W:%FdR
//{ (2% — 2¢° Smy)—g%(w+wy )} dA = // Ay — 2zy)dA

—2//xydydx—2/ —xy?

1
Zig dx—/ (z — 2°)dx
0

Il
|
N —

8

[\

|
D=

8

[«
—

— §'
13.4.2 Tinh dién tich st dung tich phan ducng

Dinh 1y 13.4.2. Cho D la mién lién thong don trong mdt phang gidi han bdi duwong
cong kin, tron tung khic, dinh huong duong C. Khi do dién tich Sp ciua D duge zac

......................................................................... Trang 29
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dinh bdi mot trong cdc tich phan duong sau day:

1
SD:]{xdy:—]{ydx:—j{[:vdy—yda:]
C c 2 Jeo

Vi du 13.4.3. Tinh dién tich mién D tao béi elip E:

2 2
x—+‘Z—2 ~1. (13.1)

Giai Phuong trinh tham s6 ctia Elip E cho bdi: x = acost, y = bsint, t € [0, 27]
(lvu ¥ chiéu trén E 1a nguge kim dong ho khi t ting). Do do:

1
Sp = —j{[xdy—ydx]
2 Je

! /0 [(acost)(beos t)dt — (bsint)(—asin )

2
1 2
=3 / [abcos® t + absin® t]dt
0
2m
- %b [1]dt = mwab.
0

13.4.3 Dinh ly Green cho mién da lién

O tren ching ta da phat biéu dinh 1§ Green cho mién lien
thong don. Tuy nhién, Dinh 1y d6 c¢6 thé duge mé rong cho

* Y g v ¥
Q mién lien thong, da lién, tiic 14 mién c6 mot hodc nhiéu 16
R

thing. Hinh bén minh hoa cho mién 2 lién v6i mét 16 thing.

(& N < . < ~

a. A doubly-conneeted region Bién ctia mien d6 gom mot duong cong ngoai C; va mot
with oriented boundary curves N ) ) N
duong cong trong Cs. Chieu duong ctia bién cta mien do la
chiéu ma di doc trén bién theo chiéu d6 thi mién R giéi han béi bien luon nam beén

trai. Tic 1a, C) c6 chiéu nguge kim dong ho va Cy cling chiéu kim dong ho.

Dinh 1y 13.4.3. Cho R la mién hai lién, lién thong vdi cic bien C; va Cy dinh
hudng duong nhu trinh bay trén. Néu cdc bién va truong vector F(xz,y) = Mi+ Nj
théa cdc gid thiét cia dinh lj Green thi ta cé

// 3_N_3_M dA — (de+Ndy)+j{ (Mdz + Ndy).
y Ch Co

......................................................................... Trang 30
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f—ydm%—xdy
c rrtyr

trong d6 C la duong cong tron jordan bao quanh goc toa do (0,0).

Vi du 13.4.4. Tih

— X
, N(z,y) = ———
x2+y2 ( y) x2_|_y2

rang tai moi diém khac diém goc thi
ON oM  y*—a?
or Oy (22 +y?)?

Gidi Dat M(z,y) = . Dé thay

Figure 13.26 The region R
for doubly connected reaions

Goi C; 1a duong tron tam tai gbc va c6 ban kinh r di nhé dé
N . s oM

n6 nam hoan toan trong C. Ky hiéu R la mien gitta C va . Vi %—JZ =5, trén R
Y

cho nén theo dinh 1y Green cho mién da lién,

—ydz + xdy —ydz + xdy // ON OM
= — ——)dA=0.
fc z? + y? +j{cl 2 4+ y? (893 8y>
R

Nhu vay

j[ —ydx +xdy j{ —ydx +xdy ]{ —ydzr + xdy
C x? + y2 o x? + y2 —C x2 + y2 ‘
Trong d6 —C 1a C) sau khi doi huéng. Nén nhé ring dé a4p dung dinh 1y thi C; 1
bién trong nén chiéu trén C; cung chiéu kim dong ho. Do d6 —C; c6 chiéu ngugc

kim dong ho. Phuong trinh tham s6 cia —C) (theo chiéu ngugc kim dong ho) la:
x =rcost, y=rsint, t € [0,2x]. Tt d6 ta dugc

f —ydr +xdy ]{ —ydx + xdy
o 2?4yt S 2?4y
_ /27r —rsint(—rsint)dt + r cost(r cos tdt)
0

r2cos?t + r2sint?
/2” r2sin®t + r? cos?t
0

dt

r2 cos? t + 12 sin?

27
:/ dt = 2.
0

13.4.4 Cac dang biéu dién khac ctia dinh 1§ Green

Dinh 1y Green c6 thé biéu dién dudi 2 dang khac, va tit hai dang do gitp ta cé thé

md rong dinh 1y lén khong gian R3. Trude tién cht y ring curl ciia truong vector

......................................................................... Trang 31
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F(z,y) = Mi+ Nj xéc dinh béi

i j k
0 0 0 L , ,
curl F = g oy 0:] 0i + 0j + (N, — M, )k.

(z,y) N(z,y) 0

Do do ON 6M
// —_— - dA://(curlF-k)dA
% D

Mat khac

j{F~dR:?§F-d—Rds:7{F-Tds
c c ds c
) de, dy. .. i < PSRN < N
trong do T = d—1+ s j la vector tiep tuyén don vi trén duong cong. Két hgp nhiing
s s
N M
froar— // a__a_ a4
j{F-Tds://(curlF-k)dA
D

Ta sé md rong két qua nay cho mat trong R3, va n6é dudc goi 1a dinh lyj Stokes &
muc 13.6.
Ta vita biéu dién Dinh 1y Green dugc dudi dang F.T , thanh phan tiép tuyén cta

két qua trén ta dugc

truong vector F. Két qua sau chi ra ring dinh 1y Green ciing c6 thé duge bicu dién
duéi dang F - N, thanh phan phap tuyén ctia F. Khi két qui nay dudc md rong ra
R3 trong phan 13.7, né dudc goi 1a dinh lyj phan ki.

Dinh 1y 13.4.4. Gid si rang F(x,y) = M(z,y)i + N(z,y)j xdc dinh trén mién D
vdi bién kin tron tung khic sao cho cdc gid thiét dinh lj Green théa man. Khi do

fF~Tds://(curlF~k)dA
¢ D
]{F-Nds://diVFdA.
c
D

......................................................................... Trang 32
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Chitng minh. Dang thiic dau da duge chitng minh & trén. Ta chi can chiing minh
déing thitc sau. Tham s6 héa dudng cong C véi tham s6 1a do dai cung s sao cho no
dinh huéng duong, trong d6 R.(s) = z(s)i+ y(s)j 1a véc to vi tri trén C. Véc to tiép
tuyén don vi trén C cho béi T = R/(s) = 2/(s)i + y/(s)j. Tu do, véc to phap tuyén
huéng ra ngoai 1la N = ¢/(s)i — 2/(s)j.

b .o dy . dx
%CF-Nds:/a(Pl—i—QJ)(d_S—d—S)d

= fb( Qdx + Pdy)

- [ G 22y

13.4.5 Dao ham theo phap tuyén

Dinh nghia 13.4.5. Dao ham theo phap tuyén ctia f, ky hicu df/0n, la dao
ham ctia f theo huéng phap tuyén don vi N. Nhu vay

af
=Vf-N
on I
~ s 2 P . 2 dy dx
trong d6 N la vector phap tuyén don vi. Trong R*, N = 71 — 73 la mot
S S

vector phap tuyén don vi. St dung dinh 1y Green ching ta chitng minh duge:

/ / V2 fdady = ]i g—zdt
D

Vi du 13.4.5. Cong thic Green cho tich phan cta Laplacian

Gia stt f 1a mot ham s6 v6i dao ham riéng cap 1 va cap 2 lien tuc trong mién lién
thong don D. Néu duong cong déng tron tiung khic dinh huéng duong c6 bién D,
chiing minh

0
/ V2 fdxdy = 8f

......................................................................... Trang 33
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v6i V2f = fuo + fyy & Laplacian cta f va af = Vf. N la dao ham phap tuyén cta

f.
Giai Chou:—g—fvav:g—f Thi ta 6 V2f = fup + fyy = ou _ v o

oxr 0Oy
//Vfdxdy—// — - dxdy

= 7{ (udz + vdy) dS
c

§ (s +vg) 48

-/ <—%i§—2 v oL o) as
:}’{ < —Jy dS> d5
fw(ﬁi CZ;') s
ijf.N 49

13.5 Tich phan mat

Dinh nghia 13.5.1. Mat cong tron, mat cong tron tirng manh
Mot mit cong goi 1a tron néu tai mdi diém trén né c6 mot vector phap tuyén khac
0. Mot mét cong goi 1a tron titng manh néu né hgp thanh tit mot s6 hitu han cac

mat cong tron.

13.5.1 Dinh nghia tich phan mat

Dinh nghia 13.5.2. Cho ham ba bién g(z,y, 2) lién tuc trén mit cong tron ting
méanh S. Chia S thanh n manh nhé. Manh tht & ¢6 dién tich AS;, va chon trén do
diém bat ky P} (z}, 5, zk) Ky hieu |AS]| 1a dién tich ciia ménh nhé 16n nhéat.

Néu gidi han IIA%IIP . Z g(PF)AS), ton tai thi ta goi gidi han d6 la tich phan
k=

......................................................................... Trang 34
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mat ctia g(z,y, z) trén S va ky hiéu

/S/g(x,y,z) ds

Nhu vay
Surface 5 p¥ d = 1 P* A .
,,.?”, //g(:r,y,Z) S ”A}gm%;g( V) AS)
A7) 7 S =

13.5.2 Cach tinh

x Region &

Construction of a Riemann sum Ménh dé 13.5.3. Gld S phu’dng trinh cta S la z =

f(z,y) va R la hinh chiéu vuong géc ciia S lén mat phdng
Ozy. Gid st f,, f, lien tuc trén R. Khi do

// g(z,y,2) dS = // (z,y, f(z,y)) \/1 12+ [f)2dA

Vi du 13.5.1. Tinh tich phan

//(xz + 22% — 3xy) dS
S

trong d6 S la phan mit phing c¢6 phuong trinh 2z — 3y + 2 = 6 nam phia trén
(z > 0) hinh vuong R = {(z,y)|2 <2 <3;2 <y <3}

Giai Phuong trinh mat S duge viét lai 1a 2 = 6 — 22 + 3y = f(z,y). Kiém tra thay
rang f(z,y) > 0 tai moi diém trén R. Theo ménh dé ta c6

//g dS://(x(G—Q:p—I—?)y)—I—QxQ—3xy)\/md14
s s

= // (6 — 22 + 3y) + 222 — 3zy]V/14dzdy

_w_/ :de/ dy

= 15V/14.

Meénh dé 13.5.4. Néu mat S la tron tung mdnh thi dién tich cia né dude zdc dinh

A:é/ as

......................................................................... Trang 35

boi cong thic sau

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Tai lieuw mon hoc Toan 3 Trang 36

Mot trong nhitng ing dung hitu ich ctia tich phan mit 1 gitp tinh khdi tam ctia
mot ban mong ¢6 dang 13 mot phan mit cong S cho trude. Néu ky hieu p(z,y, 2) 1a
khéi Iugng rieng (khdi lugng trén mdi don vi dién tich) tai diém (z,y, z) trén mot
ban moéng S thi tong khéi lugng m clia ban méng cho bdi cong thiic

m://p(x,y,z) ds

Va khéi tam ctia S 1a diém C (7,7, Z) véi

1 1 1
T:—//x.pdS,gz—//y-pdS,5:—//Z-pd5
m m m
s s s

Vi du 13.5.2. Tim khdi lugng ctia ban moéng S ¢6 khoi lugng rieng 1a p(x,y, 2) = z
v& c6 hinh déng ntta mit cau z = (a? — 2% — y?)/2.

Giai Tu phuong trinh ctia S suy ra

ds = \/[z;]2+[z;]2+1d,4
=)+ ()

22 y2
= + + 1dA
\/GQ_xQ_yQ a2 — 12 — 2

adA
N Y2

Do vay khéi hugng S 1a

mZ//p(l’,y,Z) ds
s
// adA
= z
e
_ (a% — 2% — 2)1/2 adA
N Y fa — 2 — o2

S
:a//dA:ﬂa3.
R

Luu ¥y rang R 1a hinh chiéu ctia S lén Oxy nén né 1a hinh tron ban kinh a. Nghia
la dién tich R 1a S = ma?.

......................................................................... Trang 36

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Tai lieuw mon hoc Toan 3 Trang 37

13.5.3 Tich phan thong luong

Tich phan mat la cong cu quan trong dé nghién citu dong

chat 16ng qua mot mat. Dé trinh bay tng dung dé, ching N
. B Outer normal

ta can mot so khai niém sau.

Dinh nghia 13.5.5. Ta n6i mat cong S la dinh huéng

dudc néu S c6 mot truong vector phap tuyén don vi bién

thién lién tuc trén dé.

Nhitng mit thong thuong nhu mat cau, mit nén, mat
tru 1a dinh huéng duge. Tuy nhién ta c6 thé dé dang xay dung nhitng mat khong
dinh huéng dugc, ching han dai Mobius. Néu S 1a mat dinh huéng duge, thi moi
véc to phap tuyén N c6 thé huéng vao trong S hodc huéng ra ngoai S nhu minh
hoa & hinh bén.

Dinh nghia 13.5.6. Xét mot mat S véi truong véc to phap tuyén don vi lién tuc
N va mot chéat 16ng chay 6n dinh qua mot bé mat S. Mat do thong lugng 1a dai
luong do lugng chat 16ng chdy qua mot don vi dién tich bé mat trong mot don vi
thoi gian.

Trong vat 1y co ban, nguoi ta da chi ra rang dai lugng d6 ti lé thuan véi s6 véc
to trusng di qua mit S. Diéu nay c¢6 thé duge hinh dung nhu mot dong nuée chay

qua mot tam ludi.
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Gia stt AS la dien tich ctia mot manh nhé ctia mit S. Khi d6 luong chat 1ong chay
qua manh dé c6 thé duge xap xi bang thé tich ctia hinh tru véi chiéu cao F.N va
dién tich day 1a AS (hinh vé), titc la AV =~ (F - N)AS.

Veclor
hield ¥

Nhu vay ta c6 thé do toan bo thé tich ctia chat 16ng chdy qua bé mit trong mdi
don vi thoi gian bang cach st dung tich phan mat ctia F.N, dai lugng d6 dudc goi
la thong luong.

Dinh nghia 13.5.7. Truong vector F c6 cac thanh phan ma dao ham riéng lién
tuc trén mat S. Mt S dinh huéng theo phap tuyén don vi N. Khi d6 thong luong

cua F qua S dinh bdi
Flua:://F-NdS.
s

Gia st mat S c¢6 phuong trinh z = z2(x,y), (z,y) € R. Khi d6 vector n =

(=2, —2,,1) la mot vector phap tuyén tréen S va N = ﬁ la phap vector don vi
huéng 1én ctia S (thanh phan thit 3 duong). Nguge lai, N = —- 1a phap vector

[l

don vi huéng xudng ctia S. Bdi vi dS = \/[ng + [2,]? + 1dA = ||n||dA, cho nén

ta ¢c6 ménh dé sau.

Meénh dé 13.5.8. Néu S dinh hudng lén thi

[/F.N ds = 4/F($,y72($,y))<—2;a—z;,1)dA.
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Néu S dinh hudng zuong thi

//F N dS = //F(x,y,z(x,y)xz;, 2, —1))dA
S R

Chu ¥ rang khi tinh tich phan thong lugng (tich phan mat loai 2), ching ta phai
chi r6 huéng ctia mat S 1a lén hay xudng.
Vi du 13.5.3. Tinh thong lugng ctia F = xyi + 2j + (x + y)k qua S vé6i S la phan
mat phang c6 phuong trinh x4y + 2z = 1 thudc géc phan tam thi nhat. Phap vector
trén S dinh huéng lén.
Gidi Tu phuong trinh S suy ra n = (-2,,-z,1) = (1,1,1) cho nén

flux://F-NdS://(xy,l—x—y,x—iry)-(1,1,1>dA
S R

://(xy~|—1—a:—y+:v+y)dA

R
1 1—x
:/ dx/ [zy + 1]dy
0 0
) 13

:/0 [x“_T‘”+(1—x)]dm: =

Vi du 13.5.4. Tinh dong nhiét bang tich phan théng lugng

Cho R la mién bi chin trén bdi paraboloid z = 9 — 22 — y? va bi chan duéi béi
mit phang zy (hinh vé).

Thi nghiém chi ra réng téc do ctia dong nhiét duge cho béi truong vector H =
~KVT, v6i T(z,y,2) = 2z +y — 32% 1a nhiét do tai mdi diém P(z,y, z) trong mién
va K 1a hdng s6 (hang so dan nhiét, duge do bang thic nghiém cho cac bé mat véi
vat chat khéc nhau). Tim tong nhiet [[ H.N dS chay ra khéi mién (nghia la phap

R

tuyén don vi N huéng ra ngoai, xa diém goc).
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Figure 13.41 The surface
S bounded by the region A

Giai Cha y rang VT = (2,1,—62) va bé mit S duge hgp thanh bdi mat tren
Si:z=9— 22 —y? va mat day la dia tron S, : 22 + ¢y < 9. Hon nita, S, chinh 13
mien D thu duge khi chiéu S 1én mat phing xy.

Déi vdi Sy: Dat G = z + 22 + y* — 9. Khi d6 VG = (2z,2y,1). Mat trén S ¢6
véc to phap tuyén huéng lén nén tich phan thong hugng S; 1

//H N, dS = / —KVT.VG dS
// —K(2,1,—-62) - (22,2y,1)dA

= / —K[4x 4+ 2y — 6(9 — 2° — y*)]dA

2 24
:—K/ [360050+18sin9—73 do
0
= 2437 K.

Vi Sy: Véc to phap tuyén Ny = —k = (0,0, —1) huéng xudéng nén tich phan
thong lugng xac dinh bdéi

//HN2dS/ —K(2,1,-62).(0,0, —1)dA
:—K//6sz

:—K//OdA(Viz:()trénSQ)
D
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Vi vay tong nhiét chay ra ngoai la

/ H~NdS://H-N1d5+/ H- N, dS

S S1 Sa
=243rK +0
= 2437 K.

13.5.4 Tich phan theo phuong trinh tham sé ctia mit cong

Trong muc 12.4, chiing ta biét ring néu mot mét cong S cho dudi dang phuong trinh

tham s6 bdi ham véc to
R(u,v) = z(u,v)i+ y(u,v)j + z(u,v)k, (u,v) € D

xac dinh trén mién D ndm trong mit phéng zy thi dien tich mit S cho béi cong
thiic
/ IR, x R, || dudy

D
Tu do ta thu duge cong thitc sau

Meénh dé 13.5.9. Néu S tron,f lien tuc trén S thi:

//f(w,y, 2) dS://f(R)HRu X Ry || dudv
S D

Va thong lugng chay qua mat S xac dinh boi

//F.Ndsz//F.(Ruva)dA.

Vi du 13.5.5. Tich phan mit cho bé mat dude dinh nghia theo tham sb
Tinh [[(z+y+ 2) dS v6i S la bé mit duge dinh nghia theo tham s6 sau
s

R(u,v) = 2u+v)i+ (u—2v)j+ (u+ 3v)k

vii0<u<1,0<v <2

Giai Ta co
//(a:+y—|—z) dS://f(R)HRuxRUHdu v
S D
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Dau tien, ta can tim nhiing thanh phan cho tich phan m#t bén phai. Dung R(u,v) =
ri+yj+ 2k, tathiy r =2u+v,y=u—2v,z=u+3vvavi f(r,y,2) =r+y+2
nén
fR) = fu+v,u—2v,u+ 3v)
= (2u+v) + (u—2v) + (u + 3v)
= 4u + 2v.

Tiép theo ta c6 R, = 2i+j+k va R, =i — 2j + 3k. Tu d6 suy ra

i j k
R, xR,=|2 1 1|=03+2)i—(6—1)j+(—4— 1)k =5i—5j— 5k.
1 -2 3

Vi vay Ry x Ry|| = /52 + (—=5)2 + (=5)2 = 5v/3. Thé nhimng gia tri nay vao vé
phai cong thiic ban dau, ta dugc

//(“y+z> dS = //ﬂR)HRu % Ry || dudv

= /02 /01(4u +20)(5V/3)dudv
= 5\/§/02[2u2 + 2uv)} dV

= 5\/5/02(2 + 20)dv
= 5vV/3[2v 4 03
= 5V/3(8)
= 40V/3.
Vi du 13.5.6. Tinh thong lugng ctia truong F = zi + zj + (y + 2)k qua mat cong
S ¢6 phuong trinh tham so:
R(u,v) =wi+ (u—v)j+ 2u+v)k, (u,v) € D

Mién D giéi han bédi cac duong u =0, v =0, u+v = 1.
Giai Tai mot diém trén mit cong thi © = wv, y = u — v, 2 = 2u + v cho nén tai
do

F(u,v) = (2u + v)i + uvj + 3uk.

Trang 42
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Hon nita, R, =vi+j+ 2k, R, =ui—j+ k nén

ik
R, xR,=v 1 2[=3i+Q2u—-v)j—(u+v)k
v —1 1

Vay thong lugng

//F-NdS—//F-(RuxRU)dA

= //(2u + v, uv, 3u) - (3,2u — v, —u — v)du dV
D
1 1-u
= / du/ (2u*v — 3u® — uwv? — 3uv + 6u + 3v)du dV
0 0

_ /1 137
0

(u — 1)(8u* — u* — 16u — 9)du = 50"
13.6 Dinh ly Stokes

|~

Dinh nghia 13.6.1. Trén mat cong dugc dinh huéng S, cho duong cong kin C co
dinh huéng. Ching ta néi huéng trén C la tuong thich véi huéng trén S néu
mot ngudi ding tren C, huéng dau theo phap tuyén N (hudéng ra ngoai) cia S, di

theo chiéu trén C thi mién giéi han bdi C nam bén tay trai.

Direction along C is
counlerclockwise N )
relative to N, i
N
C_g Surface §
ettt 5
—————— e ettt
- <,
I’ k
KJ_.)
a. Positive direction (counterclockwise) b. Fingers point in the positive direction

Figure 13.46 Compatible orientation

Dinh ly 13.6.2. Cho mat dinh hudng S cé bién la duong cong Jordan tron tung
khiic C. Hudng trén C la tuong thich vdi hudng trén S. Néu truong vector F khd vi

ﬁF-dR://(curlF'N)dS

lien tuc trén S thi

Trang 43
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Vi du 13.6.1. Tinh tich phan duong

1
7{ (zyPdx + 2dy + xdz)
c 2

v6i C la giao tuyén ctia mat phéng « + z = 1 va mat ellipsoid z? + 23> + 22 = 1.
Huéng tren C 1a huéng dudng (nguge chiéu kim dong ho) néu nhin tir phia trén

xuong.

Plane Curve C with
counterclockwise 2

i ‘ v
prientation - L4200
ore (-“1‘) T YRS
or

- Projected B 24
(1.0.0) / disk

2
Giai Tich phan can tim 6 dang . F - dR trong do F = %i +2j + zk. Ap dung

iF-dR://(cuﬂF-N) ds

C6 rat nhiéu mat giéi han béi dusng cong C, ta chon mit S 1a phan mat phing
x + z = 1. Tiép theo, ta sé tinh cac thanh phan cia tich phan bén phai. Ta c6

dinh ly Stoke, ta ¢

i j k
_|lo o o|_ _i_
curl F = % 3 s =—-i—j—yk
L 2 ox

Tt phuong trinh S, véc to phap tuyén don vi huéng lén ctia S 1a N = \%(1, 0,1).

T do suy ra
-1
curl F- N = —(1+4y).

V2
Hon nita, dS = \/ [21]2 + [2]2 + 1dA = v/2dA.

Cubi cting, vi C' 1a giao tuyén clia trinh mit z+2z = 1 véi ellipsoid 224+2y*+2% = 1,

bang cach thé z = 1 — x vao phuong trinh Ellipsoid ta dugc

Trang 44
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Cho nén hinh chiéu ctia S len Oxy la hinh tron (z — %)2 +y? < i. Trong toa do cuc
thi bién hinh tron nay c6 phuong trinh r» = cos 6. Vay

]i(%yzdwrzdyﬂ:dz) :]€F~dR://(cur1F-N) s
://\_/—%(1+y5)\/§dA

cos
/ d@/ (1+rsinf)rdr
0 0

T 1 1
= /0 [—COSQQ—I—gCOSBQSin@]CZGZ—%,

2

Vidu 13.6.2. Cho S la phan mat phéng = +y+ 2z = 1 thudc géc phan tam thi nhat,

C 1a bien ctia S (huéng tren C 1a nguge chiéu kim dong ho nhin tit phia trén - theo
2

) 3
z). Hay kiem ching dinh 1y Stokes véi S va trusng vector F' = —%i — 2zyj +yzk.

Giai Truéc hét ching ta tinh §, F - dR.
Duong cong C' bao gom ba doan thang thudc ba mit phang toa do. Diat F; :
y+x =1, 2 = 0 la phan cia C thudoc mit phang z=0. E; c¢6 huéng tit (1,0,0)

dén (0,1,0) nén c¢6 phuong trinh tham s6: z = 1—¢t, y=+¢, 2 =0, ¢t € [0,1], hay
3t?
R(t) = (1 —t,t,0) = dR = (—dt,dt,0) va F(t) = —7i —2t(1 —t)j. Do d6

Y7, 1
F-dR = [ (zt* —2t)dt =~
£, 0 2 6

Tuong ty véi By : y + 2z = 1, x = 0 huéng tir (0,1,0) dén (0,0,1) v E3 : o + 2 =
1, y = 0 hudng tit (0,0,1) dén (1,0,0) thi

1 1
/F-dR:/(l—t)tdt:—,/F-dRzO.
FEs 0 6 E3

1
F-dR+/ F-dR+/ F-dR =_.
Es E3 3
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Tiép theo, ching ta tinh [[(curl F - N) dS. Tu F suy ra curl F = zi 4+ yk. Véc
s
to phap tuyén don vi huéng len ciia S 1a N = %(1, 1,1). Viz=1—2 —ynén
1 1
curl F - N = (zi+yk)(—=(i+j+k)=—1—-—ax—y+y) =
( Z/)(\/g(J ) \/g( y+y)
Hon nita, tit phuong trinh ctia S ta duge dS = v/3dA.
Mit khéc, hinh chiéu vuong géc D ctia S lén mat phang Oxy gi6i han béi 1a
r=0,y=0,2+y=1. Két hop lai ta dugc

//(curlF "N) dS = //%(1 — 2)V/3dA

/daz/ (1 - 2)dydz
:/0(1—:1;)619;:5.

Vay dinh ly Stokes dugc duge thoa man.

L(1—3:').

V3

Dai khi chiing ta diing dinh 1y Stokes dé thay thé mit cong phiic tap bing miit
cong don gidn hon (c6 ciing bién) dé tinh tich phan mit.
Vi du 13.6.3. Tinh [[(curl F - N) dS, trong d6 S la phan mat cong z =1 — 2 —
292, 2> 0va F = (x,syg, ze™).
Giai Dat S la phan mit phing z = 0 giéi han béi 22 + 2y? < 1. Khi d6 S va S,
c6 chung bien C la duong elip 22 + 2y*> =1, 2 = 0. Vay

// (curl F - N) dS = ]{ -dR = // (curl F - N)

Khi d6 tinh vé phai don gian hon. That thé, phuong trinh S; : z = 0 cho nén
curl F = zzre™i — zye™j = (0,0,0) va véc to phap tuyén don vi ctia S; 1a N = k.

//(CurlF-N) s = //(curlF~N) dS = 0.

Surface E‘

Nhu vay

Bound wry

Boltem ; o 2-“' =1
surface $*
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13.6.1 Cac tng dung ly thuyét ctia DPinh 1y Stokes

Trong vat 1y ciing nhu cac linh vyc khéac, dinh 1y Stokes thuong duge dung nhu mot
cong cu dé thiét lap cac tinh chéat tong quat. Chang han, sau day ching ta sé ting
dung n6 dé chitng minh Dinh Iy .

Chitng minh Dinh 1y [13.3.4

Néu F truong thé va f 1a ham sd thé vi cta F, tiic la Vf = F. Thi cwrlF = VX F =
V x (Vf) = 0. Nguogc lai, néu curl F = 0, ta sé chi ra rang F thi truong thé bang
cach chiing minh ring tich phan duong ctia né khong phu thudc vao hinh dang
dudng cong. Cho P; va P, 1 hai diém bat ki trong mién lien thong don D va C4
va Cy 1a hai duong khong giao nhau tit P, dén P, trong D. Goi C' 1a duong cong
Jordan di tut P, va trd vé P, ¢6 duge bang cach ghép C; va —Cy. Vi D 1a mien lién
thong don nén ton tai mot mat S tron ting khic ¢6 bien C. Theo dinh 1y Stokes

fF-dR: F.-dR — F-dR
c el Ca
://curlF-NdS

S

0.

Nhu vay,
/ F.-dR = F - dR.
Cl C2

Ttc la tich phan duong §C F - dR khong phu thuéc duong di. Vi vay F la truong
thé.

Vi du 13.6.4. Phuong trinh Maxwell

Trong vat 1y, nguoi ta ching minh duge rang néu I 1a dong dién chdy qua mat S c6
bién la duong cong kin C', thi

j{H-dR:IVa //J-NdS:]
c
s

v6i H 1a mat do tu tinh, va J 1a mat do dong dién. Stt dung thong tin do, hay ching
minh phuong trinh mat do dong dién Maxwell curl H = J.

Giai Tu du kién ta ¢6
%H~dR:I://J~NdS
c
s
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Theo dinh 1y Stokes, §, H-dR = [[(curlH-N) dS. Vi 2 tich phan mat déu bang
s

//J-NdS://(curlH-N) ds

§CH-thacé

hoac tuong duong

//(J—curlH)-NdS:O.

Vi phuong trinh nay ding cho moi mat S ¢6 bién C, nén ta co

J —curl H = 0 hoac
J = curl H.

13.6.2 Biéu dién vat 1y cho Dinh 1y Stokes

Néu V la truong van toéc ctia dong chat 1ong, thi curl V- do mic do xody ciia chat

16ng(xem hinh vé).

Figure 13.52 The tendency
of a fluid to swirl across the
surface S is measured by
curl V. N

Néu dong chat 16ng chdy qua bé mat S, xu huéng quay thay doi tit diém nay
dén diém khac trén bé miit, va tich phan mat / / (curl V- N) dS 1a do do xu huéng

quay tich lily trén toan bo bé mat.
Dinh 1y Stokes néi rang mtic do xu huéng quay tich liiy bang tich phan duong
j{ V.dR. Dé giai thich tich phan duong nay, nhéc lai ring n6 duge viét dusi dang
C

V - T ds v6i s 1a tham s6 do dai cung va T 1a tiép tuyén don vi ciia dudng cong.
c

......................................................................... Trang 48
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Vi tich phan duong 1a tong céc thanh phan tiép tuyén clia trudng van téc V, no do
téc do chay ciia khéi chat léng quanh C. Vi 1§ do nay né duge goi 1a luu sb cia F
quanh C. Néu curl V = 0, luu s6 bang 0 va 'V dugc néi 1a khéng xoady. Tom lai

//(Cuer-N) dS:ng-Tds.

13.7 Dinh 1y d5 phan k¥

Dinh 1y 13.7.1. Cho S la mdt cong kin tron, dinh hudng duge, gidi han mot mién
R C R3 va F la truong vector lién tuc, cdc thanh phan ciia né c¢é cic dao ham riéng

lién tuc trén mot mién md chiéa R. Khi dé

é/F-N dS:/R//diVFdV

trong dé N la truong véc to phdp tuyén don vi hudng ra ngodi ciia S.

Vi du 13.7.1. Tinh tich phan mat dung dinh ly phan ki
Tinh [[ F.N dS v6i F = 2%i + zyj+ 2°y’k va S 1a bé mét clla mot t¢ dien gidi han
S
béi mit phang x +y + 2 = 1 va cdc mat phang toa do. Vector phap tuyén don vi N
huéng ra ngoai.
Giadi Ta sé dung dinh 1y phan ki. Chi ¥ réng
0

9, 9]
iv F=—(22)+=— —(2%®) =2 = 3z.
div 8$(x)+ay(xy)+az(xy) r+2+0=3z

a, The surface § b. Projected region D in the xy-plane

Figure 13.59 A tetrahedron in B3

T dien 1a tap R: gom tat ca diém (x,y,2) ching han 0 < 2 < 1 — 2 — y Vdi
0<y<1—2va0<z<1. Hinh chiéu D ctia ti dién len mit phing zy la tat ca

......................................................................... Trang 49
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(z,y)) v6i0<y<l—zvii0<z<l.
Ap dung dinh 1y phan ki, ta dugc

é/F.NdS:/R//diVF av

1 1—x l—x—y
= / / / 3rdzdydx
o Jo 0
1 11—z
/ / 3x(1 — z — y)dydx
o Jo
1

3/0 [x(l —x)y — %ny] 1_Idx

0

3/01 [x(l — )% — %z(l - x)z} dx

1
=3
Vi du 13.7.2. Kiém chiing dinh Iy do phan k¥ trong truong hop F = 2xi—3yj+ 52k
va S 1a mat tao bdi nita mit cau ¢ z = m va hinh tron 2% +y? < 9
trong mat phang xy.

Giai Trudc hét, ching ta tinh [[F-N dS.
S

Mat S gom hai phan, phan mit cau S; : 2z = /9 — 22 — y? va day 13 hinh tron
Sy:z=0, 22 +y*><9. Do dé

//F-N dS://F-N dS+//F-N ds
S S1 Sa

Trén Sy, huéng ra ciia véc to phap tuyén don vi N 14 huéng lén, nén

N:<_ \/9—_mx2—y27_\/9—_xy2—y2’1>.

Hinh chiéu vuong goc ciia S; lén mit phang xy 1a hinh tron D : 22 + y?> < 9 hoic

......................................................................... Trang 50
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r = 3 trong toa do cuc. Tu do

F-NdS= [[(2z,~3y,52)-( — - 1)dA
Zl/ //(x v:52) < VI—22 -y /9 —a? —y? >

222 —3y
+95 — 2?2 —y?|dA
AN ==
27 2
_/ d@/ 27’ cos® 0 — 3rsm9+5\/9—7r2}7’dr

—T2

= / [81 — 90 sin? A]df = 727
0

Trén S,, huéng ra ngoai ciia N 1a huéng xuéng nén N = —k va z=0 nén

//F-NdS://—5zdS:0
Sz 52

Tudosuyra [[F-NdS =T72r
S
Tiép theo ching ta tinh tich phan boi ba [[[ div FdV.
R
Tacédiv F=2—3+5=4 vathé tich V ctia R chinh 14 mot niia thé tich hinh

cau ban kinh bang 3 cho nén

/R//div FdV:4/R//dV:4V:727T.

Do6i khi ching ta mudén dung dinh 1y do phan ky nhung mat cong S 1a khong
kin, hodc véc to phap tuyén trén S huéng vao trong. Viéc ddi huéng phap vector 1a
don gidn vi chi can doi dau tich phan. Trong truong hop S khong kin, ching ta c6

thé tim mot mit cong Sy don gian sao cho S U Sy kin va théa cac diéu kien dinh ly.

Khi do6
//F-N dS:///div F dV—//F-N ds.
S R So
2 2|i;:1“:ﬁ:2";f:;_‘"""“ Vidu 13.7.3. Tinh éf F-F dS, trong d6 F = (zy,0, —2?%) va

S 1& 5 mét cia hinh lap phuong = € [0,1], y € [0,1], z € [0,1]

: (gdom 4 m#t bén va mat phi trén) v6i N hudéng ra.

" Giai Ro rang S khong kin. Nhung néu thém mit diy Sy cta
hinh lap phuong da néu trén thi S U .Sy kin va mién R gidi
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han béi n6 chinh la hinh 1ap phuong.
Ap dung dinh 1y phan k¥ ta dugc

J[FNas- ///dldeV

SUSy
/dm/ dy/ —2z)d
(y—Ddy = —=
UAREE

Sau d6, tinh tich phan mit trén Sy v6i luu ¥ rang phuong trinh Sy : 2 = 0, = €
[0,1], y € [0,1] va trén d6 N huéng xuéng hay N = (0,0, —1):

Vay chiing ta c6

13.7.1 Ung dung cta dinh 1y phan ki

Giong nhu dinh 1y Stokes, dinh 1y phan ki thuong duge diing cho muc dich 1y thuyét,
diic biet né la cong cu dé suy ra tinh chat tong quat trong toan ly. Hay xem trudng
vector 6 hinh duéi

A ARR A AR AR Vs
2NNz
i CIE I ERUN A R
i v g ok s ol e
Zl?{)Z\, ’-I:;
ESeHT R
%:::91;“: ‘“U}%%
A X
il

Figure 13.63 Interactive A vector field F

Cha ¥ rang cac vector ma két thic gan P, hodc P, thi ngan hon cac vector bat
dau gan P, hodc P, . Nghia la dong chay huéng ra ngoai gan nhitng diém nay, vi
vay div F(P,) > 0 va P, 1a mot nguon néu y > —x. Ngudc lai, ta thay rang nhing
vector di viio gan @1 hodc Q, thi dai hon vector tit diem dé di ra ngoai. Nghia la
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dong chay tai nhitng diém nay huéng vao trong, tic 1a, div F(Qg) < 0 va Qy, 13 mot
diém ro néu y < —z. Ta c6 thé kiém tra nhiing quan sat nay la ding cho truong véc
to F = 2% + 9?%j. Ta c6 div F = 22 + 2y. Vi vay div F > 0 néu 2z + 2y > 0 hoic
néu y > —x.

Vi du sau trinh bay mot tinh chat quan trong ciia dong lic hoc chat 16ng.

Vi du 13.7.4. Phuong trinh lién tuc ctia dong luc chat long
Gia st mot chat 16ng véi khoi lugng rieng p(x,y, z) chdy trong mot mién thuoc
khong gian véi van toc F(z,vy, z,t) tai diém (z,y, z) vd § thoi diém t. Gia sit khong

2 + 2 X « 2 N 2 . ™
c6 diem nguon hay diem ro, ching minh rang

Giai Goi D 1a mién c¢6 dinh bao quanh bdi bé mat kin S, phap tuyén N ctia S

huéng ra ngoai . Trong vat 1y, khi khong c¢6 diém théo hay nguon, téc do thay ddi

ctia tong khéi luong m trong D biang véi tong thong luong chay ra khéi mién D qua

S trong mot don vi thai gian (trong truong hgp nay, tong thong lugng chay ra khoi

S chinh la tong khéi lugng chay ra khoi S) va né duge xac dinh béi [[ pF - N dS.
S

Mat khac, khdi luong lai duge xéc dinh thong qua tich phan ba 16p ctia khdi luong
riéng trén mién D, va do do, su thay ddi ctia khéi lugng theo thai gian dude cho béi

w5
e ff[ 5w

Dau trit ¢ vé phai la do dong chdy huéng vao trong.
Mat khac, theo dinh ly phan ki, ta c6

é/pF-NdS:/D//divadV.

Tit hai déng thic tren, ta c6

/// div pF + }dv 0.
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Phuong trinh nay ding cho moi mién D, nghia 14 ham lay tich phan phai bang 0.
Do do

Ngoai ra, ta biét 13 tong nhiét duge chita trong mot vat thé c6 dang mién D, véi
ham mat do déu p va nhiét lugng rieng o 1a [[[ opT dV v6i T la nhiet do.
D

Vi vay lugng nhiét di ra khoi D trén mot don vi thoi gian duge cho bdi dao ham
0 oT
- T d ] - —opZd
sl [[f oo )= ][ -orG v
D D

Trong vi du sau, st dung két qua nay ching ta sé thu dugc mot cong thitc quan
trong trong toan ly.

Vi du 13.7.5. Dao ham ctia phuong trinh nhiét

Cho T(z,y, z,t) 1a nhiét do tai mdi diem (z,y, z) trong mot vat thé dac D & thoi
diém t. Gia st van toc ctia dong nhiet trong vat thé dac 1a F = —KVT véi hing s6

duong K (goi la tinh dan nhiét), chiing t6 rang

or K
— = VT
at  op
v6i o 1a nhiét lugng rieng ctia vat thé va p 1a mat do ctia no.

Giai Goi S 1a bien kin ctia D. Vi F 1a van toc ctia dong nhiét, lugng nhiét di ra
khoi D tren mot don vi thoi gian 1a [[ F.N dS. Theo dinh ly phan ki

//F.N dS:///div (—KVT) dV
S :/D//(—KV.VT) qv
:/D//(—KV2T) dv

Vi day la lugng nhiét di ra khoi D trén mot don vi thoi gian, tr vi du trude, ta

/D/ / ~KV?TdV = /D/ / —ap%—zdv

Phuong trinh nay khong chi ding toan bo vat thé, ma con ding véi mdi phan ciia

co
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vat thé, dit n6 nhé c¢d ndo. Vi vay, ta c6 thé co vat thé vé mot diem don. Do do,

ham duéi dau tich phan phai biang nhau

oT

_KV2T = —
AV Upat
o K 27
o o) L

. . ., 0 Loz
Nhé lai rang trong phan 13.4, dao ham phéap tuyen a—g ctia ham so the vi g duge
n

dinh nghia trén mit dong S 1a dao ham c6 huéng ciia g theo huéng ctia vector phap

tuyén don vi N huéng ra ngoai S; tic 1a
99
4 —_vVg-N
on 9

Ta sé dung phuong trinh nay trong vi du sau

Vi du 13.7.6. Ching minh néu f va g 1a cdc ham s6 sao cho F = fVg kha vi lien

tuc trong mieén dac D vé6i bien 1a mit kin S, thi
2 dg
[fV?g+ V[ Vyg] dV = f% ds.
D S

N6 duge goi la deztng thic Green th@ nhét.
Giai Ta sé ap dung dinh 1y phan ki cho trudng vector F (cht y F kha vi lién tuc),
nhung dau tién ta can biéu dién div F & dang t6t hon

div (fVg) =V.(fVg)
_ [2 L 95y aﬁk} [f@i+f@-+ @k}

8z ' ay o oyt T 52
81,997 9r.9g7 07,0
=515 T 57 3,) * 3: 7
2 2 2
~ (o) + oy o Faphl + [5oe + /52

of dg Of dg Of 0Og 0%g 0%g 0%
[8x or Ty oy "oz 8z}+f[@+3_y2+@]
= (Vf).(Vg) + [V?g.
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Tt cong thitc nay ta thu duge

///[fv2g+Vf.Vg] dV = ///div (fVg)dV
- [[ve) was
://fg—i ds.

13.7.2 Biéu dién vat ly ctia su phan ki

Trong 13.6 ta ding dinh 1y Stokes dé dua ra mot biéu dién clia vector xody nhu mot
do do xu huéng xody ciia dong chat 16ng. Vi du cudi clia chiing ta sé trinh bay mot
biéu dién tuong tu cho dinh 1y phan ki. Dac biét, ta chi ra ti 16 thuc ctia khéi chat
16ng chiy xa diém P, cho bdi div Fy. Day 1a 1i do Py 14 ngudn néu div Fy > 0 (khdi
lugng ra ngoai khoi diém Py) v mot diém 1o néu div Fg < 0 (khdi lugng chay ve
lai Py).

Vi du 13.7.7. Giai thich vat ly cta sy phan ki
Cho F = pV la mat do thong lugng, p 1a khoi lugng rieng va 'V 1a van toc clia dong
chat 1éng. Goi Py 1a mot diém trong mot mién dic ma nhitng diéu kién cta dinh 1y

phan ki thoa. Chiing minh réng

: o1
S(r)

v6i div Fy 1 gid tri ctia div F tai diém Py, va S(r) la hinh cau c6 tam tai Py vdéi
thé tich V(r) = g,
Giai Ap dung dinh 1y phan ki cho hinh cau dic B(r) véi bé mit S(r), ta dugc

//F.NdS:///dideV

S(r) B(r)

Dinh Iy gia tri trung binh cho ta

V%?") ///div F dV =div F*
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v6i div F* ki hiéu cho gia tri ctia div F tai diém P*, ta c6

//F.N ds = ///div F dV =V (r)div F*
5(r) B(r)

1
F.N =div F*
Vi // dS = div

S(r)

Hay

Vi diém P* nim trong mat cau B(r) ¢6 tam Py, suy ra P* — Py khi r — 0. Do d6

div F* — div Fy va ta c6

1
lim / F.N dS = limdiv F* = div Fy.
r—0 V(r) r—0

S(r)
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