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BAI TAP CHUONG 11

11.1 Ham nhiéu bién

Cau 1. Cho ham hai bién f(z,y) = 2%y + ry?. Tim
a. £(0,0) b. f(=1,0) ¢ £(0,—1) d. f(1,1)
e. f(2,4) f. f(t,t) g f(t,t?)  h. f(1—t,¢t)

Cau 2. Cho ham hai bién f(z,y,z) = 2%ye** + (x +y — 2)%. Tim
a. £(0,0,0) b. f(1,-1,1) ¢ f(=1,1,—1)

d d d
i Ly, 1) £ —f(1,1,22

Cau 3. Hay tim tap xac dinh, tap gia tri cua moi ham s6 cho sau day.

a. f(a,y) = Vo =y b flay) = ==
f(u,v) = Vv d. f(z,y) \/5
flz,y)=Iny—ua f. f(u,v) = Vusino
flzy) =/ (x1+ 32+ (y— 12 h. f(z,y) = e@tD/6-2)

f(y) = —— k. flz,y) = ————

f( y) = e f(x,y) N

Cau 4. Vé mot s6 duong miic f(x,y) = C, C > 0, véi moéi ham hai bién cho sau
day, sau d6 hay vé phac hoa do thi ctia chiing.
a. f(r,y) =20 =3y b f(z,y) =2+ c. f(z,y) =2’

d. f(z,y) = a2 +y? e f(z,y)=2—2>—y* f f(z,y)=+/1—22—y?

Cau 5. Vé giao tuyén ctia mdi mat bac hai sau day véi cac mat phéng toa do, sau
do6 hay vé phac hoa mat bac hai sau day:

x? 22

a. 92 + 42 + 22 =1 b.z—l—y2+—:1
2 y29
C.Z+§—22:0 d.z::cQ—i—Z

Cau 6. Néu E(z,y) 1a hiéu dién thé tai méi diem (x,y) trong mat phang thi dusng
mic cia E duge goi 1a duong diang thé. Gia si
7

E(r,y) = e

2




Hay vé mo ta cac duong dang thé ing v6i £ =1,F =2 va E = 3.

Cau 7. Gia st rang khi z may va y gio lam dugdc stt dung méi ngay thi mot nha
may sé san xuat duge Q(z,y) = 10zy chiée dien thoai di dong. Hay mo ta4 mdi quan
hé gita nhitng “dau vao” x va y dé tao ra “dau ra” 1a 1,000 chiéc dien thoai mdi
ngay.

11.2 Gidi han va lién tuc

Cau 8. Hay tinh céc gi6i han néu ching ton tai. Trong truong hop khong ton tai
gi6i han, hay giai thich 1y do:

a. lim  (zy*+ 2%y +5) b. lim ~— Y c. lim - Y
(xvy)ﬁ(_LO) 9 9 ($7y)_>(173) xr — y 1 (Z‘?y)%(070) T — y
—1 —4 Ttan~ —
4l oD -4 o eftany £ lim —Y
(@y)—»(-10) (z—1)(y —2) (z,y)—+(1,3) Y | (z,9)—(0,0) \/T + Y
2 2 _ 3
Cdm =TI L a2 )P b m Y
(z,y)—(1,3) 2 + 42 (z,y)—(~1,0) (z.)—(0,0) 2 4 yb

Cau 9. Hay chi ra gi6i han  lim )f(x, y) khong ton tai d6i véi cac ham cho sau

(z,9)—(0,0
day:

&y x2y2 x4y4
a. f(z,y) = —2— b. flz,y) = —F——
f(z,y) oy f(z,y) @+ )

r—y -ty

flry) = —2 d. f(ry) = —Z

c. flz,y) Y f(z,y) Ry

Cau 10. Kiém tra tinh lién tuc ciia cac ham

a. f(x,y) = mz + yﬁ ('Thy) 7é (070) b. f(x,y) — ZL‘2 T y2 ( ,y) 75 (0,0)
0 (z,9)=(0,0) 0 (z,y) = (0,0)
33 — 3y 222 — 22y? + 29
¢ flw,y)=1q 22— y? (z,y) 7 (0,0) d. f(x,y) = 72+ 92 (z,9)
(A )(Ly) = (0,0) B (z,y)
sin(x? + 32 22y
e fley) =4 g @NFO0 p eyl mr s @y FA00)
0 (z,y) = (0,0) 0 (z,9)=1(0,0)




11.3 DPao ham riéng

Cau 11. Tinh cac dao ham rieng cAp mot va cap hai clia cdc ham s6 sau:

af(z,y) ="+ 2’y +ay’ +y° b fla,y) = (z+zy+y)°
x

Cf(fE,y) - - d. f(xvy) = e

e.f(z,y) = 1n(2rv + 3y) £ f(z,y) = sin(z?y)

g.f(z,y,2) =ay* +yz° +ayz  h. f(z,y) = zye®

iLf(z,y) = In(z + y* + 2%) f. f(x, y) = sin(zy + 2)

~ . P N . 0z 0z <.z . . .
Cau 12. Tinh cac dao ham riéng 7’ 8_y cua ham an xac dinh bdi

a.%—y;—i—%:l b. f(z,y) =32* + 4y* + 222 =5

c.f(z,y) =r+y*+sinzz=2 d. f(z,y) =In(zy +yz +22) =5

Cau 13. Tinh hé s6 goc ciia tiép tuyén véi do thi clia ham theo huéng song song
v6i cac mat phang xz va yz (t6c do thay ddi ctia ham theo huéng Ox, Oy) clia cac
ham s6 da cho tai diém Py:

a. f(r,y) =zy® +23y; P = (1,—-1,-2) b. f(z,y) = xy Py =(1,-1,-2)
c. flz,y)=a*sin(x+y); L =(5.5.0) d f(z,y) =zn(z+y*); P = (e,0,¢)

x2—|—y2

Cau 14. Luu lugng (cm?/s) mau tit dong mach chiy vao mao mach c6 thé duge mo
hinh béi cong thric

C7T{L'2

4
trong d6 hang s6 ¢ > 0, x 14 duong kinh clia mao mach, y 13 ap suat ciia dong mach
va z la 4p suat clia mao mach. Hay tinh téc do thay doi ctia lvu luong méau tuong
ing voi:

F(xay’z): y—=z,

a. duong kinh ctia mao mach.
b. 4p suat dong mach.
c. Ap suat clia mao mach.

Cau 15. San lugng ctia mot nha may duge cho béi ham san xuit Q = K2/3L2/5,
trong d6 K 1a von dau tu (1,000 $) va L dai lugng do lyc lugng lao dong (gio lam).

0 . . 0 )
a. Hay xac dinh a—g (goi 1a hiéu suat bién cia von), va E (goi 1a hiéu suat bién
cia nhan cong).
82 2

b. Hay xac dinh dau ctia dao ham riéng cap hai — v ——

502 ' gz Vo hay giai thich theo

nghia kinh té.



11.4 Msit phing tiép xiic, xap xi va su kha vi

Cau 16. Viét phuong trinh mit phéang tiép xtc v6i mat cong tai diém Py cho trudc:

a. z = /2?2 +y?% By = (3,1,v/10) b.2=10—2* —y* Py = (222)

c. f(x,y) =a®+y* +sin(zy); B = (0,2,4) d. f(z,y) = e"siny; Py = (0,3, 1)

e. f(z,y) :tan_ly;Po =(2,2,%) f.z=Inlz +v%; P = (-3,-2,0)
x

Cau 17. Hay ching t6 rang cdc ham sau day kha vi véi moi (z,y) va tim vi phan
toan phan ctia ching:

a. f(x,y) = zy® + 3zy? b. f(x,y)

c. flz,y) = eV d. f(a,y) =
e. f(z,y) = cos(2z — 3y?)

Cau 18. St dung cong thitc xap xi sb6 gia dé xap xi cac ham tai diém dudc chi ra:
a. f(1.01,2.03), v6i f(z,y) = 3z* + 24*
b. £(0.98,1.03), véi f(z,y) = &° — 2¢°
c. f(5+0.01,5—0.01) véi f(z,y) = sin(z + y)
d. f(\/_ +0. 01 2 —0.01) véi f(z,y) = sin(zy)
e. f(
f.

T
Y
sin(zy)

1.01,0.98), véi f(z,y) = e
£(1.01,0.98), véi f(z,y) = v

Cau 19. Khi hai dién trd c6 trd khang lan lugt 1a P va @Q Ohm duge méc song song
thi tré khang két hop R duge xéc dinh theo cong thiic

11,1
R P Q
Néu P va Q do dugc tuong ting 13 6 va 10 Ohm véi sai s6 khong vuot qua 1% thi
sai sO6 phan tram cyc dai khi tinh R 1a bao nhiéu?

Cau 20. Mot chiéc hop kin c6 chiéu dai 2 ft, rong 4 ft va cao 3 ft véi sai s6 do do
dac mdi chiéu 1a £0.02 ft. Mat trén ctia chiéu hop duge lam tir vat lieu c6 gia 28 /ft?,
trong khi d6 cdc mat bén va ddy hop duge lam tir vat lieu c6 gia 1a 1.50$/ft>. Hay
stt dung s6 gia dé xap xi sai s6 cyc dai trong tinh toan gia ctia chiéc hop.

Cau 21. San lugng ctia mot nha may cho bdi Q = 150K%/3LY3 trong d6 K 1a K
la von dau tu (1,0008) va L dai lugng do lyc lugng lao dong (gio lam). Von dau tu
hién tai 1a 500,000% va 1,500 gio lao dong dugce st dung.

a. Hay uéc luong su thay doi san luong néu von dau tu ting them 700$ va lao dong
tang 6 gio.

b. Ciing cau héi trén nhung néu von dau tu tang them 500$ va lao dong gidm 4 gio.



11.5 Quy tac day chuyéen

Cau 22. Tinh dao ham df /dt biét:
a. f(x,y) =2zy +9y* véioz=-3t*vay=1+1

b. f(z,y) = (4 + y*)x, véi z = e* vay = ¥

c. f(z,y) = (14 2%+ y*)Y/2, v6i x = cos 5t vh y = sin 5t

d. f(z,y,2) =ln(z+2y — 22, véio =2t +1,y =1/t vi z = /1
e. f(x, y, 2)=sinzyz, véiz =1-3t,y ="t va z =4t

f. f(x,y,2) = etV véiz = 2/t, y = In(2t — 3) va z = 2

Cau 23. Cho ham F(z,y) phu thudc vao x va y, trong dé z = z(u,v) vay = y(u,v)
l& cac ham cta u va v. Dat z = Flz(u,v),y(u,v)] va tim cdc dao ham riéng 0z/0u
va 0z/0v theo hai cach: bicu dién tudng minh z theo u v& v rdi tinh hodc st dung
cong thitc day chuyén.

a. F(z,y)=x+y*>, véiz=u+vvay=u—v
b. F(z,y) = 2%+ 9% v6i x = usinv vay = u — 2v
c. Flz,y)=e", véixz=u—vvay=e"

d. F(z,y) = Inzy, véi z = ™’ va y = e™

Cau 24. Gia st phuong trinh cho sau day xac dinh mot ham kha vi y ctia x, hay
tinh dy/dx bang cach sit dung quy tic day chuyén.

a. z¥ + /Ty = 4 b. (22 —y)¥? + 2%y =2

c. ’y+ 2z +y)=5 d. zcosy+ytanlx =2z

e. xe™ +ye ™ =3 f. tanfl(f) = tanfl(g)
y x

Cau 25. Céc chicu clia mot cai hop hinh hop chi nhat (dai, rong va cao) l1a cac
ham tuyén tinh theo thoi gian, d(t), r(t) va c(t). Néu chiéu dai va chiéu rong clia
chiéc hop tang 2 cm/giay va chicu cao gidm 3 cm/gidy, hay tim téc do thay ddi clia
thé tich V va dién tich xung quanh S ctia chiéc hop theo thai gian. Néu d(0) = 10,
r(0) =8 va h(0) = 20 thi V sé tang hay giam khi ¢t = 5 giay? S sé nhu thé nao khi
t =257

Cau 26. Sy tap trung ctia mot loai thudc trong mau ctia mot bénh nhan sau khi
thudc duge tiém vao co cia co thé ¢ gid duge mo hinh héa bsi ham Heinz

1, .
C:b—a(e t—ebt),a>0,b>0,




trong d6 a va b la cac tham sé phu thuoc vao st chuyén héa ctia bénh nhan va loai
thude dudge st dung.

oC 86’ 8(]
Hay tinh toc do —.
a. Hay tinh céac téc do — 5 5 2 B
b. Hay khao sat truong hop a = (Inb)/t, b 1a hing s6 v6i ¢ > (Inb)/b. Ddc bigt néi
riéng, a5 la gi?

Cau 27. Tai mot nha may, lugng khong khi 6 nhiém san sinh ra méi ngay duge mo
hinh héa bdi ham Q(E, T) = 127E*3TY2 trong d6 E 1a s6 cong nhan va T (°C) 1a
nhiét do trung binh trong sudt ngay lam viec. Hién tai, nha may c6 142 cong nhan
va nhiét do trung binh 1a 18 °C. Néu nhiét do trung binh hang ngay giam theo toc
do 0.23°/ngay va s6 cong nhan gidm véi toc do 3/thang thi dicu dé tac dong nhu
thé nao dén tdc do 6 nhiém? Hay biéu dién cau tra 18i theo don vi/ngay (don vi 6
nhiém). Gia thiét ring theo mo hinh nay méi thang c6 24 ngay lam viec.

11.6 Dao ham theo huéng va Gradient

Cau 28. Tim gradient ctia cac ham cho sau day.

o Sl =2 b ) =L+

flx,y) = ze37¥ d. f(z,y) = In(2? + y?)
f(z, y) =sin(z +2y) f f(x,y,2) = vyz?
f(z,

_ y+3z h. ry —
,2) = ze Fa,y,2) = ———

g-

Cau 29. Tim dao ham theo huéng ciia cac ham sau day tai diém da cho P, va
huéng v tuong ting.

Ham Diém P, Véc tav
a. f(z, )—x + xy (1,-2) i+j
b. f(z,y)° (2,-1) —i+]j
c. f(z,y) =1In(z?+ 3y) (1,1) i+
d. f(z,y) = In(3z +y?) (0,1) i—j
c. flz,y) =sec(zy —y*)  (2,0) —i—3j
c. f(z,y) =sinzy (v, /7)) 37— 7j

Cau 30. Tim véc to don vi tryc giao v6i mdi mat cong dude cho sau day tai diém
da dugc chi ra. Tim mit phing tiép xic véi mdi mat cong sau day.



a. 22 +y*+ 22 =3 tai (1,-1,1)
b. xt +y* + 24 =3 tai (1, -1, 1)

c. cosz = sin(x +y) tai (5,5, 75)

. sin(z ) +tan(y + =) = 1 tai (5,5.3)
e In(—2—) = 0 tai (2,5,3)

-z
f. ln(x - y) =z — z tai (1,0,1)

Y+ z

Cau 31. Tim huéng tai diém Py ma ham f da cho ting nhanh nhat va tim do lén
clia toc do tang 16n nhat do.
a. f(x y) =3z +2y—1; Py(1,-1)
bof(z.y) = 1 — 2% — o2 By(1,2)
Sz, y) =23 + v P0(3, -3
d.f(z,y) = Iny/2? + y?; P

o(
(37, )—smxy, PO( \/277

)

1,2)
Y2
Cau 32. Gia st mot cai hop trong khong gian xac dinh bdéi 0 <z < 2,0 <y <
2,0 < z < 2 dugc dicu khién nhiét do sao cho nhiét do tai diem P(z,y,z) trong
chiéc hop duge mo hinh béi T(x,y, 2) = zy + yz + xz. Mot tén lita tim nhiét dang
§ tai vi tri P(1,1,1). Theo huéng nao tén lita sé di chuyén vé phia nhigt do tang
nhanh nhét c6 thé? Téc do thay doi clia nhiét do 16n nhat 1a bao nhieu?

Cau 33. Mot ngudi truct tuyét dang ting toc dé tru’dt Xuéng mot ngon nii. Néu
bé mit clia ngon nii duge mo hinh béi z = 1 — 322 y? (trong d6 , y va z duge
do bing kilomet) va ngudi trugt bat dau tai diem P0(1/4, —1/2,3/16), theo hudng
nao ngudi trugt c6 thé xuéng nai nhanh nhét.

11.7 Cuc tri ctia ham hai bién

WACH!
< flz,y) =227 — day +y° b. f(z,y) = —2° + 92 — 4y°

e. f(a,y) = e T L f(ay) = (@ +2y°)e' =
g flz,y) = e h. f(z,y) = ( 4)111(%)

i f(r,y) =2+ + 322 — 182 +8ly +5 k. f(x,y) = 2% +9° +—y

L. f(z,y) :x2+y3+x7j_8y m. f(x,y) = 3zy* — 22¥ + 362y

9z .

&f(l"y):m b. f(z,y) = e "siny

Cau 35. Tim cuyc tri tuyét déi ctia ham f trén tap déng va bi chian S trong mit
phéng dudc mo té trong cac bai tap sau day.


tien
Pencil

tien
Pencil

tien
Pencil


a. f(z,y) = 2>+ 2y +y% S 1a dia don vi 2% +y% < 1
b. f(z,y) =227 —y% S ladia don via? + 32 < 1
c. f(z,y) =zy— 2x —5y; S 1a mién tam gidc véi cac dinh 1a (0,0), (7,0), va (7,7)

4 flz,y) = 22 +3y*—42+2y—3; S 1a hinh vuong véi cac dinh 1 (0, 0), (3, 0), (3, —3)
va (0, —3)

e. f(x,y) =2sinx + 5cosy; S 1a hinh chit nhat véi cac dinh 1a (0,0), (3,0), (3, —3)
va (0, —3)

f. f<x7y) — eaj2+l’y+y2; S 13 di«a x2+2x+y2 S O
—

Cau 36. Tim dudng hoi quy binh phuong t6i thiéu cho cac diém dit lieu dude cho
sau day.
a. (_2a _2)a (_L _1)7 (Oa 1)7 (17 3)7 (37 5)
b. (0,1),(1,1.6),(2.2,3),(3.1,3.9), (4,5)
c. (3,5.72),(4,5.31),(6.2,5.12), (7.52,5.32), (8.03, 5.67)
d. <_47 2)7 (_37 1)7 (07 0)7 (17 _3)7 (27 _1)7 (37 _2)
Cau 37. Hay giai cac bai toan toi uu sau day:
a. Hay tim tat cd cac diém trén mit cong 32 = 4 4+ xz ma gan goc toa do nhat.

b. Hay tim tat ca cac diém trén mit phing x + 2y + 32 = 4 trong géc mot phan
tam thtt nhat ma gia tri ham f(x,y, z) = r?yz> dat 16n nhat.

< Mot cai hop hinh hop chit nhat khong ¢ nip c6 the tich ¢6 dinh. Céc chiéu cia
né phai nhu thé nao dé lam chiéc hop véi it nguyén vat lieu nhat.

~d. Mot doan day thép c¢6 do dai L duge cach thanh ba doan réi uén thanh mot hinh
tron, mot hinh vuong va mot tam giac déu. Doan day nén dugc cat nhu thé nao
dé tong dien tich cac hinh nay 13 nhé nhat.
e. Tim ba s6 duong c6 tong la 54 sao cho tich ctia chiing 1a 16n nhat c6 thé.
Cau_38. Cho R 1a mot mién tam giac c6 cac dinh 1a (=1, —2), (—1,2) va (3,2). Mot
cai dia ¢6 hinh dang nhu R duge dot nong sao cho nhiét do tai (z,y) la
T(x,y) =22" —ay+y° —2y+1

(don vi 1a °C). Tai diém nao trén R hoac trén bién clia né thi T dat cyc dai? T sé
dat cuc tiéu & dau?


tien
Pencil

tien
Pencil

tien
Pencil


Cau 39. Gia st chiing ta can lam mot chiéc hop hinh hop chit nhat ¢6 nap va c6
the tich 1a 32 dm? tit ba loai vat liu khac nhau. Vat lieu diing dé lam cac miit bén
c6 gia 1$, mat day 1a 3$ va ndp day 1a 5$. Cac chiéu ctia chiéc hop la bao nhiéu dé
gia lam chiéc hop it nhét c6 thé.

11.8 Nhan tw Lagrange

Cau 40. Hay st dung phuong phap Lagrange dé tim cuc tri ¢6 diéu kién trong cac
bai tap sau:

a. Tim cuc dai ctia ham f(x,y) = xy véi diéu kien 1a 2z + 2y = 5.

b. Tim cyc dai ctia ham f(z,y) = 2% + y? v6i dicu kien la z + y = 24.
&Tim cyc dai ctia ham f(z,y) = 16 — 2% — y? v6i dicu kien la o + 2y = 6.

d. Tim cyc dai ctia ham f(z,y) = 22 + y? v6i dieu kien 1a xy = 1.

e\.Tim cyc dai ctia ham f(z,y) = 22 — 2y — y? v6i diéu kien 1a 2% +¢% = 1.

f. Tim cyc dai cia ham f(z,y) = cosx + cosy véi diéu kien 1a y = z + 7/4.
\g‘. Tim cyc dai ctia ham f(z,y) = e®¥ v6i diéu kien 1a 2% + y* = 3.

h. Tim cyc dai cia ham f(z,y) = In(zy?) véi dieu kien la 222 + 3y* = 8 véi
x>0,y > 0.

i. Tim cyc dai ctia ham f(x,y, z) = zyz véi dieu kieén 1a 3z + 2y + 2z = 6.

Tim cyc dai ctia ham f(z,vy, 2) = 2% + y* + 22 v6i diéu kien 1a z — 2y + 32 = 4.

I

k. Tim cyc dai cia ham f(x,y, 2) = 22 +y? + 22 v6i dieéu kien 1a 422 4 2y + 22 = 4.

Cau 41. Mot chiéc hop khong c¢6 nap dude lam tir 96 ft2 mot loai vat lieu. Cac
chiéu ctia chiéc hop la bao nhiéu dé né co thé tich 16n nhat.

10


tien
Pencil

tien
Pencil


Cau 42. Nhiét do T tai diém (z, v, 2) trong mot mién khong gian duge cho béi cong
thitc T(x,y,2) = 100 — vy — xz — yz. Hay tim nhiét do6 thap nhat trén mat phang
r+y+z=10.

Cau_43. Mot nguoi nong dan mudn rao mot canh dong co sat bd mot con song.
Dién tich viing dong ¢ can khoang 3200 m? va khong can rao doc theo bd song.
Tim céc chiéu ctia dong cé sao cho hang rao dude ding 1a it nhat.

Cau 44. C6 320 m hang rao ducc ding dé bao mot manh vuon hinh chit nhat.
Cach dung hang rao nhu thé nao dé c6 thé bao duge ving c¢é dién tich 16n nhat.

Cau 45. Néu z nghin do la duge dung cho nhan cong va y nghin do la duge diing
cho trang thiét bi thi san luong ctia mot nha méay dude mo hinh béi

Q(z,y) = 60z"/*?/*
don vi. Gia su hién tai c¢6 120,000 do la.

a. Tién nén dudc phan bd giita nhan cong va trang thiét bi nhu thé nao dé san
luong dat 16n nhat cé thé.

b. St dung nhan tit Lagrange A\ dé wéc lugng sy thay doi clia san lugng cuc dai clia
nha may néu tien hién c6 cho nhan cong va trang thiét bi dugce tang len 10008.
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